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1. Introduction
Throughout this note it will be assumed that

(i) unless otherwise stated, k is a positive integer,
@) az0; m>-—1,
(iii) ¢ = 1; ¢ is the conjugate number to ¢, and is defined by

_1+—1;=1’
9 4

(iv) the functions ¢(w), Y(w) are defined in [0, co) with absolutely con-
tinuous kth derivatives in every interval [a, W],

(v) ¢(w) is non-negative and unboundedly increasing,

(vi) 2 = {4,} is an unboundedly increasing sequence with 4, >0.

ol
Given an infinite series, ). a,, define
n=1

Y (w—A)"a, if w>A
Apw) = {3

0 otherwise,
and write
A(w) = Ag(w).
0
If w™™A,,(w) tends to a finite limit, S, as w— o, the series Y a, is said

n=1
to be summable (R, 4, m) to sum S. If, in addition, w™™A4(w) is of bounded
variation with respect to w in the range [0, o0), the series is said to be absolutely
summable (R, A, m) to sum S, or summable | R, 4, m | to sum S. Further, if
there exists a number, S, such that

f I Ap_y()~St™1 qut = o{wim~ a1}
)

the series is said to be strongly summable (R, A, m) with index g to sum S,
or summable [R, 1; m, q] to sum S. Here it is assumed that mq’>1.1 Strong

_ 1 That mg’>1 is essential is pointed out by Glatfeld in § 1 of (8). However, he uses a
different notation and definition.

19
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summability with index 1 is usually written as summability [R, 4, m].
The object of this note is to obtain conditions sufficient for the truth of

the proposition:

P: ap(2,) is summable [R, ¢(4); k, q] whenever

18

a, is summable [R, 4; k, q].

ISR

I prove the following theorems:
Theorem 1. [f there exists a function y(w), positive for w = a, such that

() (a) WY@ (w) =0 [{l’(‘_”)}k_"_w] forn=0,1, ... k—1and w=a,
w
(b) Wy (w) = 0(1) for w = q,
© f "Ly di <o,

(i) (@) y(w)¢'(w) = O{¢(w)} for w = a,
(b) {y(W)}"~1d™M(w) = 0{p'(W)} forn=2,3,..., k and w = a,

and i
(iii) there is a positive number, N, such that 92'(77 is non-decreasing for w Z a,
w

then P
Theorem 2. If

(D) ¢(w) is a logarithmico-exponential function,t

¢ (W)
O S gy
W) = o(w) "—”"'i
(iii) y(w) {——wd)'(w)} )
then P.

The following theorems are known [in theorems A and B, Srivastava does
not restrict k£ to integer values. In the case 0<k<1, of theorem B, additional

restrictions are required}:
Theorem A. If
D) ¢(w) =e",
(i) Yw) = WD,
then P,

1 For definition of logarithmico-exponential functions, see (10).
1 kg'>1sincek =1 and ¢'>1.
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Theorem B. If
(1) ¢(w) is a logarithmico-exponential function,
(i) ¢(w) = O(w®) for some 6> 0,
(i) Y(w) =1,
then P,
Theorem C. If
(D) W) = ¢'(w) = ... = ¢WAw),
(ii) w™*p(w) is monotonic increasing for w = a,
(i) Y(w) = wlF+ 1D,
then P.

Theorem A, due to Srivastava (15), is a particular case of Theorem 2.
Theorem B, a particular case of Theorem 1, with y(w) = w, is also due to
Srivastava. For the proofs of the cases ¢ = 1, g> 1, see (13), (14) respectively,
Theorem C, due to Hsiang (11), is included in Theorem 1, with y(w) = 1.
N = k and Y(w) = wk+1/e,

To complete the set of theorems analogous to those known for ordinary
and absolute Riesz summability, we can deduce as a particular case of Theorem 1:

Theorem D. [f

@D ¢w) = w,
(ii) Y(w) is a logarithmico-exponential function tending to a finite limit,
then P.

Theorems similar to Theorem 1 exist for ordinary and absolute summability :
for ordinary summability when k is a positive integer, see Borwein (2); and
when k is any positive non-integral number, see Borwein and Shawyer (3):
for absolute summability when k is a positive integer, see Dikshit (6); and
when k is any positive non-integral number, see Dikshit (7), Borwein and
Shawyer (4) and Ahmed (1).

Theorems analogous to Theorem 2 also exist for ordinary and absolute
summability: for ordinary summability and all positive values of k and for
absolute summability when k is a positive integer, see Guha (9); for absolute
summability when k is any positive non-integral number, see Borwein and
Shawyer (4). The case, ¢ = 1, of Theorem 2 is known: see Borwein and
Shawyer (5).

2. Lemmas
The following lemmas are required:
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Lemma 1. If there exists a number, S, such that
J | Ay_y(8)— St |7dt = ofwk~a*1}
°

then w™*4,(w)—S as w—oo, This result is due to Srivastava (12).

Lemma 2. The n-th derivative of { f(1)}™ is a sum of constant multiples of
terms like

oy I ooy

where ay, a,, ..., o, are non-negative integers such that

1

A

1pa

o =p=

v=1 v
Further, if m is a positive integer, then p < m.
This simple result is a special case of a theorem due to Faa di Bruno. See
(16), pp. 88-89.
Lemma 3. If0(¢) = 0, m>0 and m—n>0, then the two assertions

jw 8()dt = o(w™)

0o

v, = A.
1

and

jw t7"0(t)dt = o(Ww™™")
V]

are equivalent, it being assumed that both integrals converge at the origin.
Compare Lemma 2 in (8).

Lemma 4. Ify(w) is a logarithmico-exponential function satisfying Yy(w) < 1,
then, for any integer k 2 1, y®(w)<w™* and

J Y D(ndt < oo.

a
Proof. For k = 1, y'(w)<w™1!, since, otherwise y'(w) > w™! which is in
contradiction to the convergence of

J "W,

The truth of Yy®(H)<w™* for k = 2 follows from (10), § 5.22.
Also, y**1)(r) is of constant sign for # greater than some definite value,

say b. Thus
J &) dt = ij &+ (e,
b

b
By integrating by parts k times, this is equal to a sum of a constant and constant

multiples of
Wi O0w), W ET D), L, d(w).
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Since y®(w)<w™*, we deduce that
J & | $<+ (1) dit <o
b

3. Proof of Theorem 1

Assuming without loss of generality that S = 0, and that A(w) = 0 for
0 < w £ q, from the hypotheses of the theorem and using Lemma 3, we can
immediately deduce that

r M| Ay (1) [2dt = ofwt~Dar1-My (3.1)

forw = a, where 0 £ M<(k—1)g+1.
[t is sufficient for the proof of Theorem 1, to show that there is a number,
o, such that, for w = a,

f” FO| Foer()—o{( " [1dx = o(((0}E- DY), (32)
where ’

Fy(x) = J {6(x)— ¢(OFY(DdA).
On integrating by parts, F,_,(x) can be expressed as a sum of constant

multiples of
Ii(x) = Ay 1) ()}~ ')
and

x k
L(x) = f Aemr(0) (a%) (B — pOY (.

Consider first 7,(x). In view of (3.1) ¥ and conditions (i) (a), (i) (b) and
(iii) of Theorem 1, we have that, for w = a,

j " 9| Lfrd
= |7 | Aem G} D01 | ()|

o

~["o [l Aol BT {y(—")}q(k-lm] dx

Ja {)’(X)}(k— 1)g+1 X

_ Fw 0 [X(N— 1){(k—1)g+1} | A, 1(x)lq {lﬁ(:)}(k-l)ﬂ 1] dx
x

Ja

=0 l:{‘ﬁ(w)}(k-m“ Jw x(N—l)((k—l)q+l)| Ak—l(x)lqu

wh ,,

=o[{g(w)}*~ 1], 33)

t Here, for 3.1), M = (1—N){(k—1)g+1} <(k—1)q+1 since N>0.
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Consider next I,(x). Using Lemma 2 and Leibniz’s theorem on the
differentiation of a product, I,(x) can be expressed as a sum of constant multiples
of integrals of the types

1) = J T A (O{B0)— SO Y YO0 de

and
T, (x) =J‘ A1 (PE(D{$() - (O} 17~ l:[l {$CXD)}~dt,
where o, a5, ..., &, are non-negative integers such that

o, = [ va, = m

1

n[\/]s
IA
s

-

v

andl1 S u<sk-1,1=smgk

v

Consider first I3(x). Now

k f Ay (OWO(DdL = ALNDO) — f AOYE DL,

Since S = 0, in view of Lemma I, we have that
A (x) = o(x*) for x = a.
Hence, using this and condition (i) (b) of Theorem 1, we have that, for x = a,
A,CO(x) = o(x* . x7%) = o(1).
Further, in view of condition (i) (¢) of Theorem 1, it follows that, for x = a,

Jx Ap—1(DYP(0dr = [ +0(1)],

a

and hence that, for x = a,

I3(x) = [o+o(D)H(x)} ",

so there exists a number ¢ such that, for x = a,

Iw | I:()— o {@(x)}*™* "¢'(x)dx = o[ {$(w)}*~ D2+ 1]. (3.4)

Finally, consider 1,,(x). First assume that g>1. Let 6 be any number such
that

k—1/q">0>k~1/q'—N.

In view of the Holder inequality and conditions (i) (@), (ii) (@) and (b) and
(iii) of Theorem 1 and (3.1),} it follows that, for w = a,

T For(3.1), M = bg<(k—Ng+1. Also, pg'—1—{(k—8)q'—1}/N> —1since 8 >k—1/g'—N.
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m ‘q

| (0] = ”x A (W EP(O{$) - d(OF 7 [T {#A0)dt |

v=1
q* q=-1
ol
S {p(x)}*tmma | g0 I Ak—l(t)lth

' { I 0 [teq’ 0) i U0l el dt]““},
. ke {‘y(t)}('" 1)
o [{qs(x)}‘k-‘-wqx(k-l-vw . { j "o [—-—{fffﬁf: ¢'<z)] dt}q_l],

= f 170 | A (1800 — (O}~ edt

o I:{¢(x)}(k- L=mway(k—1-6)g+1

. (jx 0 [{f#’:)}[(k‘-a)ql - 11/N{¢(t)}uq'— 1-[(k—8)q — 1]/N¢/(t):| dl)q_ I:I’

= o[ {4(}*~"]

sincepy = land k—1—u = 0.
Also, when ¢ = 1, in view of conditions (i) (a), (ii) () and (b) and (iii) of
Theorem 1, and (3.1),1 it follows that, for w = g,

Ln(x) =

[ Auer0t6- gt 11, toooyear |

—of tocor= 7+ 7] aucso ZQF 0K 41|

=0 [{¢(x)}k_ 1-pu fx | Ak_ 1(Z)I{I—N¢(t)}llthly—kdti!’
= o[ {$(x)}*""]

sincepu2land k—1—p = 0.
Hence if follows that forg = 1 and w 2 q,

JW ()| T@0)|dx = o[ {B(w)} =~ D1+1]. (3.5)

Thus, in view of the Minkowski inequality and (3.3), (3.4) and (3.5), there
is a number, g, such that (3.2) is true.
This completes the proof of Theorem 1.

t For 3.1), M = k— Nu<k.
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4. Proof of Theorem 2
We show that Theorem 2 is a particular case of Theorem 1. Define

_ $w)
"= Gy
Condition (ii) (@) of Theorem 1 is now trivially true. In view of Lemma 1 (V)
of (5)
™(w) < 4"(“’)}" 4.1
¢"(w) ¢(W){ Yo, “4.1)
whenever
1_ &) 4.2
w > g0n) *2

That (4.1) is also true, when (4.2) is replaced by the weaker condition (ii) of
Theorem 2, is given by the argument of (10), Theorem 24. (Here, this result
is not explicitly stated, but the * < ™ is replaced by “ ¥ >*.) Hence condition
(ii) (b) of Theorem 1 is satisfied.

Further, in view of (4.1), the argument in (5), Lemma 7, with index “ k>
replaced by “(k—1/g")”, shows that condition (i) (@) of Theorem 1 holds,
and that condition (i) of Theorem 2 is equivalent to condition (iii) of Theorem 1.

Finally, since the hypotheses imply that y(w)<1, conditions (i) (b) and (c)
of Theorem 1 follow from the results of Lemma 4.

This completes the proof of Theorem 2.
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