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Abstract. An automorphism ¢ of a group G is said to be normal if (H) = H
for each normal subgroup H of G. These automorphisms form a group containing the
group of inner automorphisms. When G is a non-abelian free (or free soluble) group,
it is known that these groups of automorphisms coincide, but this is not always true
when G is a free metabelian nilpotent group. The aim of this paper is to determine the
group of normal automorphisms in this last case.

2000 Mathematics Subject Classification. 20E36, 20F28.

1. Preliminary results. In a group G, consider a map ¢ : G — G of the form
@ x> xe, 'Y w7

where uy, ..., u, are elements of G, the exponents A(1), ..., A(m) being integers (as
usual, the commutator [a, b] is defined by [a, b] = a~'b~'ab). When G is metabelian,
using the relation [xy, u] = y~'[x, u]y[y, ul, it is easy to see that ¢ is an endomorphism.
These endomorphisms appear in [4] (also see [1]). Such endomorphisms are not
necessarily automorphisms. But in a nilpotent group, each map of the form

x > wox*Owx*@ Xy, (with (1) + AQ2) + - - - + A(n) = £1)

is bijective [2, Theorem 1]. Hence we have:

PROPOSITION 1.1. In a metabelian nilpotent group G, every map ¢ : G — G of the

form ¢ : x> x 1, Ix, u]? (w; € G, A(i) € Z) is an automorphism.

For convenience sake, in a metabelian nilpotent group, an automorphism of the
form x > x [, [x, u]"® will be called a generalized inner automorphism.

Asusual, in a group, the left-normed commutator [x1, . .., x,] is defined inductively
by
X1 oo ] = [0, X 17 s s X P
=[x1,..., xn—l]_lx;l[xlv ce Xpm1)Xe

The next technical result will be useful in the following.
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PROPOSITION 1.2. In a group G, consider a map ¢ : G — G of the form

o(x) = x] [lx, virs - vio@]™ () € 2),

i=1

for some function o : {1,...,n} — N\ {0} and elements v;; € G (1 <i<n, 1<j<
o (i)). Then ¢(x) can be written in the form

o(x) = x[x, i PV x w2 (G € Z, u; € G).

Proof. By induction, using the relation [x, y, z] = [x, y]"'[x, 2] '[x, yz] O

Frequently in this paper we shall make use of well-known commutator identities
(see for example [7, 5.1.5]). In particular, we have the following relations, valid in a
metabelian group G, for any x, y,z € G, t € G'and A € Z:

[xt, y] = [x, [t 1. [*, y] = [t. )1,
[,y zlly, z, X[z, x, y] = 1, [t,x, )] =[t, p, x].

PROPOSITION 1.3. The set of generalized inner automorphisms of a metabelian
nilpotent group G forms a (normal) subgroup of the group of automorphisms of G.

Proof. If ¢ and ¢ are generalized inner automorphisms, the fact that ¢ o ¢ is a
generalized inner automorphism follows from Proposition 1.2. It remains to prove
that ¢! is a generalized inner automorphism. For that, it suffices to construct for each
integer k > 1 a generalized inner automorphism v such that ¥ o ¢ is of the form

m
Yiog:x > x[ [Ixvin .o vl

i=1

for some function o : {1,...,m} — N\ {0} and elements v;; e G(1 <i<m, 1 <j<
o (7)), and where each commutator is of weight > 1 + 2¥=! (namely, o (i) > 2¥-! for
i=1,...,m). Indeed, since G is nilpotent, this implies that v, o ¢(x) = x for k large
enough, thus ¢! = v is a generalized inner automorphism, as required. We argue by
induction on k. The result is clear when k = 1 by taking for v, the identity map. Now
suppose that for some integer £ > 1, there exists a generalized inner automorphism
Y such that ¥y 0 o(x) = x [T, [, vits -« -5 Vig]"@, with o (i) > 2K fori = 1,...,m.
Put Y41 = ¥ o Y, where ¥ is defined by ¢'(x) = x [T/, [x, vit, - - -, vio@] ™. We
have

m
Yir1 0 (x) = xl_[[x, Vils - oo Vo]

i=1

m m —n(j)
X 1_[ |:X [X, Vils+ees U,‘,a(,-)]n(l), Ujlyenns Ujvg(]‘):| .
j=1 i=1
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m m —n(j)
1_[ |:xl_[[X, Vily-ves U[,U(i)]n(l)y Ujlyevns Uj,a(/):|

j=1L =1

m m m
= H[X’ Uj,lv RN vj,o'(j)]_n(j) 1_[ l_[[x7 U[,lv RN Ui,a(i)v Uj,lv R vj,a(f)]_n(i)n(j)’
i=1 j=1i=1

we obtain

m

m
Yit1 0 @(x) = Xl—[ l_[[X, Vids + o5 Vig(i)s Vjids - - - » Vo (] 1OV
=1 =1

and this completes the proof of the proposition. ]

2. Main result. We recall that a normal automorphism ¢ of a group G is
an automorphism such that ¢(H) = H for each normal subgroup H of G. These
automorphisms form a subgroup of the group of all automorphisms of G. Obviously,
this subgroup contains the subgroup of inner automorphisms of G. It happens these
subgroups coincide, for instance, when G is a non-abelian free group [5], a non-abelian
free soluble group [8], or a non-abelian free nilpotent group of class 2 [3]. On the other
hand, the subgroup of inner automorphisms is of infinite index in the group of normal
automorphisms when G is a non-abelian free nilpotent group of class & > 3 [3]. Also
note there are exactly two normal automorphisms in a (non-trivial) free abelian group:
x> xand x > x7 L.

Certainly, in a metabelian nilpotent group, each generalized inner automorphism
is a normal automorphism, but a normal automorphism need not to be a generalized
inner automorphism. However, our main result states that the converse holds in a
non-abelian free metabelian nilpotent group.

THEOREM 2.1. In a non-abelian free metabelian nilpotent group, the group of normal
automorphisms coincides with the group of generalized inner automorphisms.

3. Proof of Theorem 2.1. In all this section, we consider a fixed set S of cardinality
>2 and we denote by M} the free metabelian nilpotent group of class k > 1 freely
generated by S. In other words, My, = F/F"y;.1(F), where F is the free group freely
generated by S and yy1(F) the (k + 1)th term of the lower central series of F. The
normal closure in a group G of an element « is written (a®).

LEMMA 3.1. For any distinct elements a,b €S and any integer t, the
subgroup ((@'b)M¥) N y(My) < My, is generated by the set of elements of the form
[a’b, Clyvvns Ck_]], withey, ..., cr—1 € S.

Proof. First suppose that =0 and consider an element w € (b™*) N y(M}).
Hence w is a product of elements of the form [co, ci, ..., ci_1]*!, with ¢; € S. More
precisely, we can write w = wow;, where wy (resp. w;) is a product of elements of the
form [co, c1, . .., cx—1JF! with ¢; € S\ {b}, (resp. with ¢; € S, the element b occurring
once at least in [co, ¢, ..., cx—1]). In fact, substituting 1 for the indeterminate b in
the relation w = wow; and using the fact that w lies in (b™*), we obtain wy = 1.
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Thus w is a product of elements of the form [c, ¢y, ..., ci—1]*!, with ¢; = b for some
ief0,...,k—1}.Ifi =1, we can write [co, b, ..., ck_1] = [b, co, ..., e 7L IF i > 1,
we have [cg, ¢1,...,b, ..., ck—1] =[co, 1, b, ..., ck—1] and it follows:

[co, €1y vesby ookt = [bycrycoy vy chmtllby coscry ey ]

Thus we have shown that any element of (hM+) N y(My) is a product of elements of
the form [, c1, . .., ceo1 =), with ¢; € S. Since [b, c1, . . ., cr_1] € (BM) N y(My), the
lemma is proved when 7 = 0.

Now consider the general case. Actually, since clearly S = {a’b} U S\ {b} is a free
basis of M, we can use the result obtained in the particular case. It follows that
((a'bYMy Ny (My) is generated by the set of elements of the form [a'b, ¢y, ..., ck—1],
with ¢; € S’. But, in fact, we may take ¢; € S and so conclude, since

[d'b,c,...,d'h,...,ci_1]=[d'b,c1,....a, ...,ce_1)[a'b,c1,....b, ..., ci1].

g

As usual, the expression [x,, y] is defined in a group by [x,0¥] = x and [x,,y] =
[[x,,—1 y], ¥] for each positive integer n.

For a fixed subset {ag, ..., a.} € S and a function A : {0, ...,r} — N, we define
in My, the symbol [x, y, A] (x, y € My) by

[x, v, Al =[x, ¥, a0) @0, A1) a1, - - - 5 () Ar)-

Note that for any sequence by, ..., by of elements of {ay, ..., a,}, there is a function
A {0, ...,r} = Nsuch that [x, y, by, ..., bg] =[x, y, A], with A(0) + --- + A(r) = k.
If j,j/ are distinct given integers in {0, ..., r} and if A(j) # 0, we define the function
Ag)) :{0,...,7} -> N by

AV = AG) — 1, AL =AG)+1 and
AU = AG) forall i€ {0,.... 1)\ /).

When A is not the zero-function, we shall denote by m(A) the least integer j such that
A()) # 0.

If S is ordered, we may define in M basic commutators (see for example [6,
Chapter 3]). Recall that a basic commutator of weight k' (2 < k' < k) is a commutator
of the form [by, by, ..., bi] (b; € S), with by > by and b, < b3 < --- < by. Any set of
these commutators freely generates a free abelian subgroup of M, .

In the next lemma, we aim to express a product of commutators of the form
[as, a;, A] as a product where only basic commutators occur.

LEMMA 3.2. Let {ay, ..., a} be a finite subset of S (r > 0). Choose an integer
s €10, ..., r}and consider an element w € My, (k > 0) of the form

w = [ [lay, @, AFY (e, A) € 2),

iA

where the product is taken over all integers i € {0, ...,r}\ {s} and all functions A :
{0, ..., 1} = Nsuch that A(O) + --- + A(r) = k. Then:
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(1) We have
w= 1_[ lag, a;, A]FGY 1_[ [a;, ag, A]70-2)
i<s, i<m(A) s<i, s<m(A)
©) —e(i,A) () e(i,A)
S 1_[ I:aiv Am(A)» A(,,,(A)):I l_[ I:a‘\'v Am(A)» A(m(A)):I
m(A)<s, m(A)<i m(A)<s, m(A)<i

(in all these products, i lies in {0, ..., r}\ {s}).
(i1) We have w = 1 only if all exponents e(i, A) with i € {0, ..., r}\ {s} occurring in the
expression of w are zero.

Proof. (i) First we write w as a product of two factors:

w = 1_[ lag, a;, A]F¢D) 1_[ lag, a;, A]FGY).

i<m(A) m(A)<i

The first factor can be expressed in the form

1_[ Las. ai. A]E([’A) - l_[ lag, a;, A]e(LA) l_[ lag, a;, A]é(i,A)

i<m(A) i<s, i<m(A) s<i<m(A)
= ] lawa. A" ] laa. AT
i<s, i<m(A) s<i<m(A)

In the same way, we have

1_[ [aS’ ai, A]e(i,A) = 1_[ [a.s‘v da;, A]G(IA) 1_[ [aS9 di, A]E([’A)

m(A)<i s<m(A)<i M(A)<s, m(A)<i
= [I twaar ™ Tl a a1,
s<m(A)<i m(A)<s, m(A)<i

Therefore Lemma 3.2(i) is proved if we show the relation

. —€(i,A)
[T laar®™=T] [a am(A%AEZ(A»] -
m(A)<s, m(A)<i m(A)<s, m(A)<i
@) €(i,A)
X l_[ [as, Am(A)» A(m(A))] : (1)

m(A)<s, m(A)<i

For that, write more explicitly the commutator [a;, a;, A] (in the following equalities,
we write m instead of m(A)):

lag, ai, A] = [as, ai,a@©) G0, - - -, A@) r]
= [a‘\'v a;, A(m) Ay v v » A(F) ar]

= [a,, a;, s A(m)—1 Ams -+ < 5 A(r) ar].
Since [ay, a;, a,,] = [ai, ap, as]*1 [am, as, ai]*1 = [a;, ay, as]*1 lag, am, a;], we obtain
) 7—1 i
[a3‘7 ai? A] = [a[’ ama AE;S;)] [asy anz, AEZ)]. (2)

Relation (1) is now an immediate consequence of (2).
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(i1) Choose an ordering of S such that a; is the lowest element. Then, since [a;, a;, A] =
[a;, a;, A]~', all commutators involved in w are inverses of basic commutators, and the
basic commutators that occur are distinct. The result follows. O

LEMMA 3.3. Let ¢ be a normal automorphism of My, (k > 0) acting trivially on
M2/ Viera(Mys2). Then, for all distinct elements a, b € S, there exists a generalized
inner automorphism r of My, such that p(a) = ¥ (a) and ¢(b) = ¥ (b).

Proof. Let a, b be two distinct elements of S. Then a~'¢(a) and b~ ¢(b) belong to
(@™e2) Ny 1o(Mpyo) and (DM42) N yri0(Myo) respectively. By Lemma 3.1, there is a
finite subset {a¢ = ay, a1, ..., a, = b} C S such that

p(a) = ¢(ag) = ao H[ao, a;, AI*C®  (a(i, A) € 7),
i,A

o(b) = p(a,) = a, [ [lar. ai. AJPEY (B, A) € Z),

i,A

where the two products are taken over all integers i € {0, ..., r} and all functions A :
{0,...,r} => N with A(0) + --- + A(r) = k (as in Lemma 3.2, [ay, a;, A] is defined by
lay, a;, A] = [ay, ai,a@) 0, - - -, a¢) ar]). Note that if |S| = 2 (and so r = 1), Lemma 3.3
is easily verified by taking the generalized inner automorphism i defined by

¥ = x [ v, ar, A Tl a0, APO.
A A

Thus we shall assume in the following that |S| > 2. By Lemma 3.1, for any positive
integer ¢, (af)a,)_l(p(af)ar) can be expressed as a product of elements of the form

[af)a,,, Cly .., ckH]il, with ¢y, ..., crr1 € S. But (agar)’lgo(af)ar) = (a(’)a,)’l(p(ao)Qp(a,)
belongs to (ag, ai, ..., a;). Therefore, substituting 1 for all indeterminates in S\
{ag, a1, ..., a;} in the expression of (af)a,)‘l(p(af)a,), we can assume that ¢y, ..., ¢y €
{ao, ay, ..., a}. It follows that ¢(afa,) can be expressed in the form

(i, A .
p(apa,) = ayay l_[ [abay, a;, A]" @A) (n:(i, A) € Z)

i, A
= apa [ [lao, ai, ATV T Jlar, @i, AT,
LA i,A

Thus the relation ¢(aja.) = ¢(ao) ¢(a,) implies

H[Clo, ag, A6 H[ah PN
LA LA

= [ [lao, @i, AT [ lar, ai, AP, 3)
i,A IL,A

Choose an order in S such that ¢y < a; < --- < a, and express each product in (3)
as a product of basic commutators (or their inverses). Considering, for instance, the
left-hand side of (3) (the treatment of the righthand side is similar), we have

H[ao, a;, A" = l_[ [a;, ag, AT

iA i#0, A
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and, by using Lemma 3.2(i) with s = r,

l_[[ar, ai, AR = 1_[ [y, a;, A]"GS)

i,A i#r i<m(A)
() =i, A) (i) (i A
X 1_[ [aia am(A)» A(m(A))] 1_[ [ar’ aAm(A)» A(m(A))]ﬂ ¢ )
i#r, m(A)<i i#r, m(A)<i

Thus relation (3) can be written in the form

1_[ [a;, ag, A]"GA) l_[ [ar, a;, A]"G™)

i#0, A i#r, i<m(A)
G —m(i.A) ) (i, A)
X l_[ [ai’ am(A)a A(,”(A))] 1_[ [ara am(A)» A(m(A))]
i#r, m(A)<i i#r, m(A)<i
= []laa, a7 [T laa AP
i#0, A i#r, i<m(A)
() —B@i,A) (i) BG.A)
X l_[ [ai. ama). A(m(A))] l_[ [ar, dm(a). A(m(A))] NG
i#r, m(A)<i i#r, m(A)<i

Now consider an integer i € {1,...,r— 1} and a function A : {0,...,r} — N, with
A(0) + - - - + A(r) = k (we can always suppose that r > 1 since |S| > 2). By identifying
the exponents of the basic commutator [a;, ag, A] of each side of relation (4), it is easy
to see that

G &)+ (1. AD)) = 1 A)+ B (i, AD)) (5)

if A(r)> 0, and n,(i, A) = a(i, A) if A(r) =0. We prove by induction on A(r) that
actually, we have always the equality n,(i, A) = «(i, A). At first observe that if A(r) > 0,

we have AE?)) (r) = A(r) — 1 and so n,(i, A(O)) = a(i, A(O)) by induction. Hence relation

") ")
(5) implies
o (i af) = 8 (i AD) = tlali. &) = n G A).

Consequently, each positive integer ¢ divides the integer «(i, AE?))) — B(, AES)) ), which

is independent of z. It follows that «(, AE?))) = B(, AE?))) and so n,(i, A) = a(i, A), as
required.
Using theses relations and taking ¢ = 1, relation (3) implies

1_[[(10’ al'? A]’](ﬂA) l_[[ar7 ai? A]’I(i»A) = H[a()v al‘s A]O[(I‘,A) 1_[[(1]'» ai9 A]ﬁ(hA)
A iL,A

A LA

(we write n for n;) and so

[ [tar ai. AV =T lar. ar, AT | Jlar, ag, AP0,
i,A

i, A A

Since ¢(a,) = a, []; alar, a;, APP*S), we obtain

o(ar) = a, | [lar, ai, AV [ lar, ao, AFCS 7102 (6)

I,A A
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Now consider the generalized inner automorphism ¢ defined by

w(x) - x 1_[ [x’ a;, A]a(i,A) l—[[x’ ao, A]a(r,A)wLn(O,A)fn(r,A)'
i=1,..., rA A

We have
Ya)=ar [] lao. ai AT = g(ap).

i=1,...,r, A

In the same way,

vad=a ] lana AFOO T lan ap, AR 020
i=1,..,r=1,A A

=aq, 1_[ la,, ai, A" H[a"’ ag, AJAH10.8)=n(A)
i=1,.r—1, A A

= a.[ [lar. ai, ATV T [lar, ao, AP-D 710
i, A A

and so ¥(a,) = ¢(a,) by (6). This completes the proof of Lemma 3.3. Il

LEMMA 3.4. Let ¢ be a normal automorphism of My, (k > 0) acting trivially on
Mj.i2/Visa(Mya2). Then ¢ is a generalized inner automorphism of Mj.».

Proof. We can assume that |S| > 2 (otherwise Lemma 3.4 is a consequence of
Lemma 3.3). Consider two distinct elements a, b € S. According to Lemma 3.3, there
exists a generalized inner automorphism ¢ such that ¢(a) = ¥ (a) and ¢(b) = ¥ (b). It
suffices to prove that for any ¢ € S'\ {a, b}, we have ¢(c) = ¥(c). For that, apply again
Lemma 3.3: there are generalized inner automorphisms ¥’, " such that p(a) = ¥'(a),
@(c) = ¥'(c) and @(b) = ¥ (b), p(c) = ¥”(c). There exists a finite subset {ag, ..., a} C
S, containing a, b, ¢, such that ¥, ¥', ¥ can be defined by the equations

w(x) — xl_[[x’ a;, A]e(i,A)
i, A
1p/(x) — xl_[[x’ ai, A]e/(i,A)
i, A
() = x [ [ix @, A1
i, A

(the products are taken over all integersi € {0, ..., r} and all functions A : {0, ..., r} —
N with A(0) 4 - - - + A(r) = k). Since ¥ (a) = ¥'(a), we have

a[ [la, ai, AFC® = a] [la, @i, AT
A i A

and so

[T, ai, A=< =1,
i, A

Applying Lemma 3.2(i1), we obtain €(i, A) = €'(i, A) for all functions A and all
integers i € {0, ..., r} such that a; # a. Similarly, we have €(i, A) = €"(i, A) if a; # b
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and €'(i, A) = €"(i, A) if a; # c. It follows that €(i, A) = €'(i, A) for all function A and
all integer i € {0, ..., r}, hence ¥ = ¢'. Thus ¢(c) = ¥'(c) = ¥(c), as required. ]

Proof of Theorem 2.1. We argue by induction on the nilpotency class k of M. Ifk =
2, the result follows from [3, Theorem 2(ii)] (in this case, each normal automorphism
is inner). Now consider a normal automorphism ¢ of M, with k > 2. Then ¢ induces
a normal automorphism on the quotient group M} /yx(My). By induction, since this
quotient is isomorphic to Mj._, there exists a generalized inner automorphism v :
M. — M such that ¢(x) = ¥(x)0(x), where 0(x) is an element of y,(M}). It follows
that ¥~ (¢(x)) = x¢¥~1(8(x)). Thus ¥ := ! 0 ¢ is a normal automorphism of M
acting trivially on My /v (My). By Lemma 3.4, v/’ is a generalized inner automorphism,
and so is ¢ = ¥ o ¥'. This completes the proof of Theorem 2.1. ]
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