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Abstract. Let3 be a finite-dimensional hereditary algebra over a finite fieldk,H(3) andC(3) be,
respectively, the Hall algebra and the composition algebra of3, P be the isomorphism classes of
finite-dimensional3-modules andI the isomorphism classes of simple3-modules. We defineδα and
αδ, α ∈ P , to be the right and left derivations ofH(3), respectively. By using these derivations and
the action of the braid group on the set of exceptional sequences of3-mod, we provide an effective
algorithm of calculating the root vectors of real Schur roots. This means that we get an inductive
method to expressuλ as the combinations of elementsui in the Hall algebra, wherei ∈ I andλ ∈ P
is any exceptional3-module. Because of the canonical isomorphism between the Drinfeld–Jimbo
quantum group and the generic composition algebra, our algorithm is applicable directly to quantum
groups. In particular, all the root vectors are obtained in this way in the finite type cases.
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1. Introduction

1.1. Let g be a semisimple Lie algebra over the complex fieldC, U(g) be the
universal enveloping algebra ofg. It is well-known thatg has a root space decom-
position

g= g0

⊕∐
α∈8

gα

with the root system8. Moreover, for anyα ∈ 8, dimCgα = 1. Choose a complete
set of simple roots in8 and denote it byI, then the root system8 is divided into
two parts:8 = 8+

⋃
8−, where8+ and8− are positive and negative roots,

respectively. Thereforeg has a triangular decomposition

g= g−
⊕

g0

⊕
g+.

For anyα ∈ 8+, choose nonzeroxα ∈ gα such that{xα ∈ gα|α ∈ 8+} constitute
a basis ofg+. Moreover, it is possible to choosexα ∈ gα(α ∈ 8+) such that
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162 XUEQING CHEN AND JIE XIAO

{xα ∈ gα|α ∈ 8+} is a Chevalley basis ofg+. The vectors{xα ∈ gα|α ∈ 8+}
are calledroot vectors.Of courseg ⊂ U(g) as Lie subalgebra andU(g) has the
triangular decompositionU(g) = U− ⊗ U0 ⊗ U+ which satisfiesg+ ⊂ U+,
g− ⊂ U− andg0 ⊂ U0.

It is well known that the semisimple Lie algebrag itself cannot be quantized, but
according to Drinfeld and Jimbo, the universal enveloping algebraU(g) of g admits
a nontrivial quantization withq as a parameter, that is the so-called quantum group
or the quantum enveloping algebraUq(g) of g. Whenq 6= 1, there is no longer
g⊂ Uq(g). However according to Lusztig [L], there is an action of the braid group
on Uq(g). It is still possible to obtain a family of linearly independent elements of
U+q (g) by applying the braid group action in an admissible order on the generators
of U+q (g). Those elements obtained are degenerated into a basis ofg alongq → 1.
So we also call those elements theroot vectorsof U+q (g).

1.2.Given any Dynkin diagram1 of typeAn,Bn, Cn,Dn,Ei(i = 6,7,8), F4 and
G2 and any finite fieldk, there exists a finite-dimensional hereditaryk-algebra3
corresponding to1. Let P be the set of isomorphism classes of finite-dimensional
3-modules. The Hall algebraH = H(3) is by definition the freeZ[v, v−1]-
module with the basis{uα|α ∈ P } wherev2 = q andq = |k|; the multiplication is
given byuαuβ = v〈α,β〉∑λ∈P g

λ
αβuλ for all α, β ∈ P , where

〈α, β〉 = dimk Hom3(Vα, Vβ)− dimk Ext3(Vα, Vβ)

with Vα ∈ α, Vβ ∈ β andgλαβ is the number of submodulesX of Vλ such that
Vλ/X andX lie in the isomorphism classesα andβ, respectively. LetI ⊂ P be
the set of isomorphism classes of simple3-modules. Ringel [R2,R3] has proved
there exists a canonical isomorphismη between the Lusztig’s quantum groupf
andH(3) such thatη(θi) = ui, i ∈ I , if they enjoy a common Dynkin diagram.
Furthermore, the generic formH(1) of H(3) is canonically isomorphic to the
Drinfeld-Jimbo quantum groupU+q (g) if they both enjoy a common Dynkin dia-
gram. Under the canonical isomorphism, Ringel has shown that the set{uλ|λ ∈
P , Vλ indecomposable} just provide a complete set of root vectors ofU+q (g).

1.3.One may ask the question: how to decompose the root vectors into the combin-
ations of the generators ofU+q (g)? If we apply the Lusztig’s braid group operations
on U+q (g) to deal with this question, a trouble appears immediately. Namely, we
cannot expect that the computation is undertaken in the interior ofU+q (g). Oppos-
itely, it often goes across into the negative partU−q (g), although the final result of
the calculation lies inU+q (g). Ringel has pointed out in [R4] that the braid group ac-
tion on the exceptional sequences of3-mod in the sense of Crawley-Boevey [CB]
may provide an inductive constructure of root vectors. We will give a refinement of
his idea in the present paper. Namely, we will give an accurate recursive formula
to expressuλ as the combinations ofui(i ∈ I ) for any exceptional moduleλ ∈ P .
According to our formula, the whole calculation is going on in the interior ofU+q (g)
moreover, it does not depend on the constructure of the exceptional sequences.
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It is well known that any indecomposable3-module is exceptional if3 is finite
representation type. So our result is suitable for the quantum enveloping algebra of
semisimple Lie algebra. In fact our research is made in the Hall algebras and the
composition algebras of any type. Because of the fundamental theorem of Green
and Ringel, namely, there exists a canonical isomorphism betweenU+q (g) and the
generic composition algebra (see [Gr], [R5]), our result is also suitable for the
quantum enveloping algebra of any symmetrizable Kac–Moody algebra.

A complete statement of our result is Theorem 5.1.

2. The Hall Algebra of a Hereditary Algebra

2.1. Let 3 be a finite-dimensional hereditary algebra over a finite fieldk, P be
the set of isomorphism classes of finite-dimensional3-modules,I ⊂ P the set of
isomorphism classes of simple3-modules. We choose a representativeVα ∈ α for
anyα ∈ P . Given3-modulesM,N , let

〈M,N〉 = dimk Hom3(M,N)− dimk Ext3(M,N).

Since3 is hereditary,〈M,N〉 depends only on the dimension vectors dimM and
dimN . Forα, β ∈ P we write 〈α, β〉 = 〈Vα, Vβ〉. So the Ringel form〈−,−〉 is
defined onZ[I ]. The Ringel symmetric form(−,−) is given by(α, β) = 〈α, β〉 +
〈β, α〉 on Z[I ].
2.2.LetR be a commutative integral domain containingQ(v), wherev2 = q, q =
|k| and Q(v) is the rational function field ofv. The Hall algebraH(3) is by
definition the freeR-module with the basis{uα|α ∈ P } and the multiplication
given asuαuβ = v〈α,β〉∑λ∈P g

λ
αβuλ for all α, β ∈ P . It is easy to verify thatH(3)

is an associativeN[I ]-gradedR-algebra with the identity elementu0. The grading
H(3) = ⊕r∈N[I ]Hr is defined as follows: for eachr ∈ N[I ], Hr is theR-span
of the set{uλ|λ ∈ P ,dimVλ = r}. Ringel [R2, R3] has proved that the elements
ui, i ∈ I satisfy the quantum Serre relations

1−aij∑
t=0

(−1)t
[

1− aij
t

]
εi

utiuju
1−aij−t
i = 0

for anyi 6= j in I , whereaij = 2(i,j)
(i,i)

, εi = dimk End(Vi).

2.3. Of course, a strong feature of a quantum group is its Hopf algebra structure.
According to Ringel–Green theory, we can get the Hopf algebra structure on the
Hall algebra by adding the torus algebraT to it. Let H(3,T) be a freeR-module
with the basis{Kαuλ|α ∈ Z[I ], λ ∈ P }, it is a Hopf algebra under the following
operations (see [X]).

(1) Multiplication:

uαuβ = v〈α,β〉
∑
λ∈P

gλαβuλ for anyα, β ∈ P ,
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Kαuβ = v(α,β)uβKα for α ∈ Z[I ], β ∈ P ,

KαKβ = Kα+β for α, β ∈ Z[I ],
with identity elementu0 = K0 = 1.

(2) Comultiplication:

r(uλ) =
∑
α,β∈P

v〈α,β〉
aαaβ

aλ
gλαβuαKβ ⊗ uβ, whereλ ∈ P ,

r(Kα) = Kα ⊗Kα, whereα ∈ Z[I ],
with counitεuλ = 0 for anyλ 6= 0, λ ∈ P andεKα = 1 for anyα ∈ Z[I ].

(3) Antipode:

σ (uλ) = δλ0+
∑
m>1

(−1)m
∑
π∈P

λ1,...,λm∈P1

v2
∑
i<j 〈λi,λj 〉 aλ1 · · · aλm

aλ
×

×gλλ1···λmg
π
λ1···λmK−λuπ σ (Kα) = K−α,

whereλ ∈ P , α ∈ Z[I ] andP1 = P − {0}.
We denote byC(3) theR-subalgebra ofH(3) which is generated byui (i ∈

I ), by C(3,T) the subalgebra ofH(3,T) which is generated byui (i ∈ I ) and
Kα (α ∈ Z[I ]). ClearlyC(3,T) is a Hopf subalgebra ofH(3,T). The subalgebra
C(3) is called thecomposition algebra.

As an important case, when3 is finite representation type, i.e, the corres-
ponding Lie algebrag is finite-dimensional complex semi-simple, the Hall algebra
coincides with its composition subalgebra.

2.4.The above fact depends on the following Green formula.
For anyα, β, α1, β1 ∈ P , let

N1 = N1(α, β, α1, β1) =
∑
λ∈P

gλαβg
λ
α1β1

aαaβaα1aβ1

aλ
,

N2 = N2(α, β, α1, β1) =
∑

ρ,σ,σ1,τ1∈P
q−〈ρ,τ 〉gαρσg

α1
ρσ1
gβσ1τ

gβ1
στ aρaσaσ1aτ

thenN1 = N2 (see [Gr])

2.5. Let k̄ be the algebraic closure ofk. For anyn ∈ N, let F(n) be a subfield
of k̄ such that[F(n): k] = n. We define3(n) = 3 ⊗k F (n), then3(n) is
a finite-dimensional hereditaryF(n)-algebra corresponding to the same Cartan
datum as that of3. We also have the Hall algebraHn = Hn(3(n)) of3(n). Define
5 = ∏n>0 Hn. Let v = (vn)n ∈ 5 wherevn = √|F(n)|. Obviouslyv lies in the
center of5 and is transcendental over the rational fieldQ. Let ui = (ui(n))n ∈ 5
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satisfy thatui(n) is the element ofH(3(n)) corresponding toVi(n),whereVi(n) is
the simple3(n)-module which lies in the classi. The generic composition algebra
C(1) of the Cartan datum1 is defined to be the subring of5 generated by the ele-
mentsv, v−1 andui (i ∈ I ). Let U+q (g) be the positive part of the Drinfeld–Jimbo
quantum group corresponding to the Cartan datum1. A fundamental theorem of
Green and Ringel concludes that the mappingη:U+q (g)→ C(1) with η(Ei) = ui
(i ∈ I ) is a bijection as associative algebras. Moreover, if we extendU+q (g) to the
Borel part ofUq(g) andC(1) to C(1,T), thenη can be extended canonically to
be a bijection as Hopf algebras.

In the following, our results are stated for the Hall algebraH(3) and for the
composition algebraC(3). Without any changes, the same conclusions hold for
the corresponding generic composition algebraC(1). For any Cartan datum1 =
(I, (, )) (see [L]) and any finite fieldk, there exists a finite-dimensional heredit-
ary k-algebra3 such that the symmetric Ringel form(−,−) of 3 together with
the index setI of simple3-modules gives a realization of1 (see [R5]). So our
result is really for the quantum groupU+q (g) of any symmetrizable Kac–Moody
algebrag.

2.6. An indecomposible3-moduleVα is calledexceptionalprovided Ext13 (Vα,
Vα) = 0. Note that the endomorphism ring of an exceptional3-module is always
a division ring; in our case, it is a finite field. A pair(Vα, Vβ) of exceptional3-
modules is called anexceptional pairprovided we have in addition

Hom3(Vβ, Vα) = Ext13(Vβ, Vα) = 0.

A sequence(Vα1, Vα2, . . . , Vαn) is calledexceptionalprovided any pair(Vαi , Vαj )
with i < j is exceptional. An exceptional sequence(Vα1, Vα2, . . . , Vαn) is said
to becompleteprovidedn = |I |: the number of isomorphism classes of simple
3-modules.

For any exceptional sequence(Vα1, Vα2, . . . , Vαs ), let C(α1, α2, . . . , αs) be the
smallest full subcategory of3-mod which containsVα1, Vα2, . . . , Vαs and is closed
under extensions, kernels of epimorphisms and cokernels of monomorphisms. By
Crawley-Boevey [CB] and Ringel [R6], we know thatC(α1, α2, . . . , αs) is equiv-
alent to the module category of a finite-dimensional hereditary algebra with pre-
ciselys isomorphism classes of simple modules. Moreover, the functor fromC(α1,
α2, . . . , αs) to this module category is exact and induce isomorphisms on both Hom
and Ext. Thus we can talk about simple objects, projective and injective objects of
C(α1, α2, . . . , αs), exceptional sequence forC(α1, α2, . . . , αs), etc.

Since the endomorphism ring of any simple object ofC(α1, α2, . . . , αs) is a
finite field, C(α1, α2, . . . , αs) is equivalent to the module category of a finite di-
mensional hereditary algebra over a finite field. In particular, if(Vα, Vβ) is an
exceptional pair, thenC(α, β) is equivalent to the module category of a finite-
dimensional hereditary algebra over a finite field with two isomorphism classes of
simple modules. Since this kind of algebras have no regular exceptional module,
(see [R1]),(Vα, Vβ) must be one of the following cases:
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(1) (Vα, Vβ) are slice modules in the preprojective component ofC(α, β).
(2) (Vα, Vβ) are slice modules in the preinjective component ofC(α, β).
(3) (Vα, Vβ) is orthogonal pair, i.e., Hom3(Vα, Vβ) = Hom3(Vβ, Vα) = 0. In this

case,Vα is the simple injective object andVβ is the simple projective object of
C(α, β).

2.7. If (Vα, Vβ) is an exceptional pair, then there are unique modulesL(α, β) and
R(α, β) with the property that(L(α, β), Vα) and (Vβ, R(α, β)) are exceptional
pair in C(α, β). Moreover, ifA = (Vα1, Vα2, . . . , Vαn) is a complete exceptional
sequence, let 16 i < n, there are uniquely determined exceptional sequencesB =
(Vβ1, Vβ2, . . . , Vβn) andD = (Vγ1, Vγ2, . . . , Vγn) such thatVβj = Vγj = Vαj for all
j 6∈ {i, i+1} andVβi+1 = Vαi , Vβi = L(αi, αi+1), Vγi = Vαi+1, Vγi+1 = R(αi, αi+1).
Recall that the braid groupBn in n−1 generatorsσ1, σ2, . . . , σn−1 is the free group
with these generators and the relationsσiσi+1σi = σi+1σiσi+1 for all 16 i < n−1
andσiσj = σjσi for j > i + 2. We defineσiA = D,σ−1

i A = B, in this way,
we obtain an action of the braid groupBn−1 on the set of complete exceptional
sequences (see [CB] [R6]). The above result is valid for arbitrary hereditary Artin
algebra, it is not necessary to assume the basis field is an algebric closed field (see
[R6]).

The effectiveness of our algorithm will base on the following three facts:

(1) Any exceptional module can be enlarged to a complete exceptional se-
quence. (Bongartz Lemma).

(2) The action of the braid groupBn−1 on the set of complete exceptional
sequences is transitive. (the theorem of Crawley-Boevey).

(3) LetVλ andVρ be two exceptional modules, if dimVλ = dimVρ , thenVλ '
Vρ . (for example, see [Ke]).

2.8. In the quantum group and the Hall algebra, the following notations and rela-
tions are often used.

(1) [s] = vs − v−s
v − v−1

= vs−1+ vs−3+ · · · + v−s+1, [s]! =
s∏
r=1

[r],
[
s

r

]
= [s]!
[r]![s − r]! , |s] = qs − 1

q − 1
= qs−1+ · · · + q + 1,

|s]! =
s∏
r=1

|r],
∣∣∣∣∣ sr
]
= |s]!
|r]!|s − r]! .

We setq = v2, there are the following relations:

|s] = vs−1[s], |s]! = v s(s−1)
2 [s]!,

∣∣∣∣∣ sr
]
= vr(s−r)

[
s,

r

]
.
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If we assumeq = |k|, then
[ s
r

]
is just the number ofr-dimensional subspaces of

ks. For given a polynomialf ∈ Z[v, v−1] and an integera, we denote byfa the
polynomial obtained fromf by replacingv by va.

The following formula is often used too.

(2)
s∑
t=0

(−1)tvt(s−1)

[
s

t

]
= 0, for s > 0.

(3) For any exceptional moduleVλ, set u(t)λ = (1/[t]!ε(λ))utλ in Hall
algebras, whereε(λ) = dimk End3Vλ. We have the following identities:u(t)λ =
(vε(λ))t (t−1)utλ, whereutλ = uλ⊕ λ · · · ⊕ λ︸ ︷︷ ︸

t

.

2.9.LetA,B,X ∈ 3-mod, there is a homological formula to calculate the filtration
numbergXA,B according to Riedtmann [Rie] and Peng [P].

LEMMA. For anyX,A,B ∈ 3-mod, we have

gXA,B =
|Ext13(A,B)X||Aut3X|

|Aut3A||Aut3B||Hom3(A,B)| ,

whereExt13(A,B)X is the set of all exact sequence inExt13(A,B) with middle
termX.

3. Some Derivation of a Hall Algebra

3.1. For anyα ∈ P , we denote byδα andαδ such thatδα, αδ ∈ HomR (H(3),
H(3)) given by respectively,

αδ(uλ) =
∑
β∈P

v〈α,β〉gλαβ
aβ

aλ
uβ = v〈α,λ〉−〈α,α〉

∑
β∈P

gλαβ
aβ

aλ
uβ,

δα(uλ) =
∑
β∈P

v〈β,α〉gλβα
aβ

aλ
uβ = v〈λ,α〉−〈α,α〉

∑
β∈P

gλβα
aβ

aλ
uβ,

whereλ, α ∈ P . In particular, for anyi ∈ I ,

iδ(uλ) =
∑
β∈P

v〈i,β〉gλiβ
aβ

aλ
uβ, δi(uλ) =

∑
β∈P

v〈β,i〉gλβi
aβ

aλ
uβ,

whereλ ∈ P . It is easily checked that fori, j ∈ I ,

iδ(uj ) = δij

ai
= δij

(v(i,i) − 1)
, δi(uj ) = δij

ai
= δij

(v(i,i) − 1)
.
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PROPOSITION 3.2.For anyi ∈ I andλ1, λ2 ∈ P , we have

(1) iδ(uλ1uλ2) = iδ(uλ1)uλ2 + v(i,λ1)uλ1(iδ)(uλ2),

(2) δi(uλ1uλ2) = v(i,λ2)δi(uλ1)uλ2 + uλ1δi(uλ2).

Proof.We only prove (1), It is similar for (2).

iδ(uλ1uλ2) = iδ

(∑
λ∈P

v〈λ1,λ2〉gλλ1λ2
uλ

)

=
∑
λ∈P

v〈λ1,λ2〉gλλ1λ2i
δ(uλ)

=
∑
λ,β∈P

v〈λ1,λ2〉+〈i,β〉gλλ1λ2
gλiβ
aβ

aλ
uβ,

iδ(uλ1)uλ2 =
∑
β1∈P

v〈i,β1〉gλ1
iβ1

aβ1

aλ1

uβ1

uλ2

=
∑

β,β1,∈P
v〈i,β1〉+〈β1,λ2〉gλ1

iβ1
g
β

β1λ2

aβ1

aλ1

uβ,

uλ1(iδ)(uλ2) = uλ1

∑
β2∈P

v〈i,β2〉gλ2
iβ2

aβ2

aλ2

uβ2


=

∑
β2,β∈P

v〈i,β2〉+〈λ1,β2〉gλ2
iβ2
g
β

λ1β2

aβ2

aλ2

uβ.

In order to prove (1), we only need to prove the following equation(∗):∑
λ∈P

v〈λ1,λ2〉+〈i,β〉gλλ1λ2
gλiβ
aβ

aλ

=
∑
β1∈P

v〈i,β1〉+〈β1,λ2〉gλ1
iβ1
g
β

β1λ2

aβ1

aλ1

+ v(i,λ1)
∑
β2∈P

v〈i,β2〉+〈λ1,β2〉gλ2
iβ2
g
β

λ1β2

aβ2

aλ2

. (∗)

Let

N1 = N1(λ1, λ2, i, β) =
∑
λ∈P

gλλ1λ2
gλiβ
aλ1aλ2aiaβ

aλ
,

N2 = N2(λ1, λ2, i, β) =
∑

ρ,σ,ρ1,σ1∈P
|k|−〈ρ,σ1〉gλ1

ρρ1
gλ2
σσ1
giρσ g

β
ρ1σ1

aρaσ aρ1aσ1.
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We know thatgiρσ 6= 0 if and only ifρ = 0, σ = i or ρ = i, σ = 0. ρ = 0, σ = i
impliesρ1 = λ1. ρ = i, σ = 0 impliesσ1 = λ2. Thus

N2(λ1, λ2, i, β) =
∑
ρ1∈P
|k|−〈i,λ2〉gλ1

iρ1
g
β

ρ1λ2
aiaρ1aλ1 +

∑
σ1∈P

g
λ2
iσ1
g
β

λ1σ1
aiaλ1aσ1.

By replacingρ1 by β1 andσ1 by β2, we have

N2(λ1, λ2, i, β) =
∑
β1∈P
|k|−〈i,λ2〉gλ1

iβ1
g
β
β1λ2

aiaβ1aλ2 +
∑
β2∈P

g
λ2
iβ2
g
β
λ1β2

aiaλ1aβ2.

In order to prove(∗), we need to show the following identity:∑
λ∈P

gλλ1λ2
gλiβ
aiaβaλ1aλ2

aλ

=
∑
β1∈P

v〈i,β1〉+〈β1,λ2〉−〈λ1,λ2〉−〈i,β〉gλ1
iβ1
g
β

β1λ2
aiaβ1aλ2+

+
∑
β2∈P

v〈i,β2〉+〈λ1,β2〉+(i,λ1)−〈λ1,λ2〉−〈i,β〉gλ2
iβ2
g
β

λ1β2
aβ2aλ1ai.

We may assume here that

dimVλ1 = dimVi + dimVβ1, dimVβ = dimVβ1 + dimVλ2,

dimVλ2 = dimVi + dimVβ2, dimVβ = dimVλ1 + dimVβ2,

thus

〈i, β1〉 + 〈β1, λ2〉 − 〈λ1, λ2〉 − 〈i, β〉
= 〈i, β1 − β〉 + 〈β1− λ1, λ2〉
= 〈i,−λ2〉 + 〈−i, λ2〉
= −2〈i, λ2〉〈i, β2〉 + 〈λ1, β2〉 + (i, λ1)− 〈λ1, λ2〉 − 〈i, β〉
= 〈i, β2〉 + 〈λ1, β2〉 + 〈i, λ1〉 + 〈λ1, i〉 − 〈λ1, λ2〉 − 〈i, β〉
= 〈i, β2 + λ1〉 + 〈λ1, β2 + I 〉 − 〈λ1, λ2〉 − 〈i, β〉
= 〈i, β〉 + 〈λ1, λ2〉 − 〈λ1, λ2〉 − 〈i, β〉 = 0.

So in order to prove(∗), we just verify the following identity∑
λ∈P

gλλ1λ2
gλiβ
aiaβaλ1aλ2

aλ
=
∑
β1∈P

v−2〈i,λ2〉gλ1
iβ1
g
β

β1λ2
aiaβ1aλ2 +

∑
β∈P

g
λ2
iβ2
g
β

λ1β2
aiaλ1aβ2.
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But we have setv2 = |k|, sov−2〈i,λ2〉 = |k|−〈i,λ2〉. This is just the equationN1(λ1,
λ2, i, β) = N2 (λ1, λ2, i, β) by the Green formula in 2.4.

3.3. We call iδ andδi the left and right derivation of the Hall algebraH(3) re-
spectively. In general, ifα 6∈ I , αδ, δα have not the property as the same asiδ, δi in
Proposition 3.2. We callαδ, δα the high order derivations ofH(3).

3.4.We consider the following linear maps:

φ1:H(3) −→ HomR(H(3),H(3))

uλ −→ λδ

φ2:H(3) −→ HomR(H(3),H(3))

uλ −→ δλ,

whereλ ∈ P .

PROPOSITION.

(1) φ1 is an anti-homomorphism, i.eφ1(uλ1uλ2) = φ1(uλ2)φ1(uλ1)

(2) φ2 is a homomorphism, i.eφ2(uλ1uλ2) = φ2(uλ1)φ2(uλ2).

Proof.We only prove (1), the proof of (2) is similar.

φ1(uλ1uλ2) = φ1

∑
λ3∈P

v〈λ1,λ2〉gλ3
λ1,λ2

uλ3


=

∑
λ3∈P

v〈λ1,λ2〉gλ3
λ1,λ2

φ1(uλ3),

φ1(uλ1uλ2)(uλ) =
∑
λ3∈P

v〈λ1,λ2〉gλ3
λ1,λ2

φ1(uλ3)(uλ)

=
∑
λ3∈P

v〈λ1,λ2〉gλ3
λ1,λ2

(λ3δ)(uλ)

=
∑
λ3∈P

v〈λ1,λ2〉gλ3
λ1,λ2

∑
β1∈P

v〈λ3,β1〉gλλ3,β1

aβ1

aλ
uβ1


=

∑
λ3,β1∈P

v〈λ1,λ2〉+〈λ3,β1〉gλ3
λ1,λ2

gλλ3,β1

aβ1

aλ
uβ1,
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φ1(uλ2)φ1(uλ1)(uλ) = φ1(uλ2)(λ1δ(uλ))

= φ1(uλ2)

∑
β∈P

v〈λ1,β〉gλλ1,β

aβ

aλ
uβ


=
∑
β∈P

v〈λ1,β〉gλλ1,β

aβ

aλ
(λ2δ)(uβ)

=
∑

β,β1∈P
v〈λ1,β〉gλλ1,β

aβ

aλ

(
v〈λ2,β1〉gβλ2,β1

aβ1

aβ
uβ1

)

=
∑

β,β1∈P
v〈λ1,β〉+〈λ2,β1〉gλλ1,β

g
β

λ2,β1

aβ1

aλ
uβ1.

At the same time we have

dimVβ = dimVλ2 + dimVβ1, dimVλ = dimVλ1 + dimVβ,

dimVλ = dimVλ3 + dimVβ1, dimVλ3 = dimVλ1 + dimVλ2.

So

〈λ1, β〉 + 〈λ2, β1〉 = 〈λ1, λ2+ β1〉 + 〈λ2, β1〉
= 〈λ1, λ2〉 + 〈λ1+ λ2, β1〉
= 〈λ1, λ2〉 + 〈λ3, β1〉.

In order to prove (1), we only need to prove∑
λ3∈P

v〈λ1,λ2〉+〈λ3,β1〉gλ3
λ1,λ2

gλλ3,β1

aβ1

aλ
=
∑
β∈P

v〈λ1,β〉+〈λ2,β1〉gλλ1,β
g
β

λ2,β1

aβ1

aλ
.

It is reduced to∑
λ3∈P

g
λ3
λ1,λ2

gλλ3,β1
=
∑
β∈P

gλλ1,β
g
β

λ2β1

The two sides of the above equal togλλ1λ2β1
. This completes the proof.

Remark3.5. From Propositions 3.2 and 3.4, ifuα ∈ C(3), thenαδ (C(3)) ⊆
C(3) δα(C(3)) ⊆ C(3). Moreover ifuα is expressed as the combination ofui,
i ∈ I , thenαδ is immediately expressed as the corresponding combinations ofiδ,

i ∈ I , and completely same for the expression ofδα by δi .
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4. Exceptional Pair

Let (Vα, Vβ) be an exceptional pair of3-mod, we denote by

n(α, β) = 〈α, β〉〈α, α〉 = 2
(α, β)

(α, α)
, m(α, β) = 〈α, β〉〈β, β〉 = 2

(α, β)

(β, β)
.

4.1. THE CASE OFn(α, β)dimvα > dimvβ

LEMMA 4.1.1. In C(α, β) there exist the relative AR-sequence

0 - Vγ - n(α, β)Vα - Vβ - 0,

whereL(α, β) ' Vγ
Proof. If n(α, β)dimVα > dimVβ , then(Vα, Vβ) are the slice modules in the

preprojective component or in the preinjective component ofC(α, β). The relative
irreducible map space IrrC(α,β)(Vα, Vβ) equals to Hom3(Vα, Vβ). Assume

0 - Vγ - nVα - Vβ - 0

to be an relative AR-sequence inC(α, β), then we know thatn = [IrrC(α,β) (Vα, Vβ):
End3 (Vα)] = [Hom3 (Vα, Vβ): End3(Vα)]. Since Ext13(Vα,Vα) = 0,Ext13 (Vα, Vβ)= 0, we haven = n(α, β). This completes the proof.

LEMMA 4.1.2. LetVα, Vβ, Vγ be the same as those in Lemma4.1.1, if f : n (α, β)
Vα → Vβ is an epimorphism, then kerf ' Vγ or ker f ' Vλi ⊕ iVα with
16 i 6 n− 1, moreover hereVλi can be embedded intoVγ and no longer contain
direct summands which are isomorphic toVα.

Proof.We know that there exists a relative AR-sequence inC(α, β)

0 - Vγ
b- n(α, β)Vα

a- Vβ - 0

andf is a nonsplit epimorphism, so the diagram

0 - kerf - n(α, β)Vα
f - Vβ - 0

0 - Vγ

?
d

b- n(α, β)Vα

?
c

a - Vβ

wwwww
- 0

commutates. The morphismc has the formc = (cij )n×n with n = n(α, β) and
cij ∈ End3Vα. But End3Vα is a finite field ,so there exist inverse transformation
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h1, h2 ∈ Mn(End3Vα) such thath1ch2 =
(
I 0
0 0

)
, whereI is an unit matrix. We

consider the following diagram

0 - kerf
gh−1

1- n(α, β)Vα
h1f - Vβ - 0

0 - Vγ

?

d

bh2- n(α, β)Vα

?

(
I 0
0 0

)
h−1

2 a - Vβ

wwwwww
- 0.

The second exact sequence is also a relative AR-sequence inC(α, β). If c is non-
degenerate, i.eI = In×n, then kerf ' Vγ . If c is degenerate, then kerf '
kerh1f ' ker(

(
I 0
0 0

)
)h−1

2 a). This completes the proof.

LEMMA 4.1.3. LetVα, Vβ, Vγ , Vλi be the same as those in Lemma4.1.2, then we
have

[Ext13(Vβ, Vγ ) :End3Vβ]
= [Ext13(Vβ, Vλi ⊕ iVα) :End3Vβ] = [Ext13(Vβ, Vλi ) :End3Vβ] = 1.

Proof.We know that Hom3 (Vβ, Vα) =Hom3(Vβ, Vγ ) =Hom3(Vβ, Vλi ⊕iVα)= 0, Ext13 (Vβ, Vα) = Ext13(Vβ, Vβ) = Ext13 (Vα, Vα) = 0, so dimk Ext13 (Vβ,
Vγ ) = −〈β, γ 〉 = −〈β, n(α, β)α + β〉 = −〈β, n(α, β)α〉+ 〈β, β〉 = dimk

End3Vβ . It follows [Ext13(Vβ, V γ ):End3Vβ] = 1. By the same reason, we have
[Ext13(Vβ, Vλi ⊕ iVα):End3Vβ] = 1. Since Ext13(Vβ, Vα) = 0, we also have
[Ext13(Vβ, Vλi ) : End3 Vβ)] = 1.

For any exceptional moduleVλ, we denote byε(λ) = 〈λ, λ〉 = 1
2(λ, λ) =

dimk End3Vλ and for any exceptional pair(Vα, Vβ), n = n(α, β) for convenience.

LEMMA 4.1.4. LetVα, Vβ, Vγ be the same as those in Lemma4.1.1, then in the
Hall algebra

uβuγ = v〈β,γ 〉 (q
ε(β) − 1)anα
aβaγ

unα + v〈β,γ 〉 aβ⊕γ
aβaγ

uβ⊕γ ,

whereaπ = |Aut3Vπ | for π ∈ P .
Proof.By definitionuβuγ = v〈β,γ 〉∑λ∈P g

λ
βγ uλ. According to the homological

formula in 2.9,

gλβγ =
|Ext13(Vβ, Vγ )Vλ|aλ
aβaγ |Hom3(Vβ, Vγ )| ,

where Ext13(Vβ, Vγ )Vλ means the set of all exact sequences in Ext1
3(Vβ, Vγ ) with

middle termVλ. We know that[Ext13(Vβ, Vγ ) : End3Vβ] = 1 by Lemma 4.1.3 and
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End3Vβ is a finite field, thus any nonsplit exact sequence is equivalent to an exact
sequence of the form

0 - Vγ - nVα - Vβ - 0.

So we have|Ext13(Vβ, Vγ )nVα | = |Ext13(Vβ, Vγ )| − 1= qε(β) − 1. Also by the fact
Hom3(Vβ, Vγ ) = 0. This completes the proof.

LEMMA 4.1.5. In the Hall algebraH(3), we have

βδ(unα) = v−ε(β)
∑
λ∈P
gnα
βλ
6=0

uλ = v−ε(β)
uγ + n−1∑

i=1

∑
λi∈P

gnα
βλi⊕iα 6=0

uλi⊕iα

 ,
whereλi for 16 i 6 n− 1 andα, β, γ, λi are the same as those in Lemma4.1.2.

Proof.By definition of the derivation, we know that

βδ(unα) = v〈β,nα〉−〈β,β〉
∑
λ∈P

gnαβλ
aλ

anα
uλ.

Since(Vα, Vβ) is an exceptional pair, i.e Hom3(Vβ, Vα) = 0 and Ext13(Vβ, Vα) =
0, it follows that〈β, nα〉 = 0. BecauseC(α, β) is equivalent to the module category
of a finite-dimensional hereditary algebra with two simple modules and(Vα, Vβ)

are slice modules, then Hom3(Vβ, Vλ) = 0 if gnαβλ 6= 0. From Lemma 4.1.3 we
know that[Ext13(Vβ, Vλ):End3Vβ] = 1. As same as in the proof of Lemma 4.1.4,
any nonsplit exact sequence in Ext1

3(Vβ, Vλ) is equivalent to an exact sequence of
the form

0 - Vλ - nVα - Vβ - 0.

By the homological formula in 2.9 We have

gnαβλ
aλ

anα
= |Ext13(Vβ, Vλ)nα|
aβ |Hom3(Vβ, Vλ)| =

qε(β) − 1

aβ
= 1,

then

βδ(unα) = v−ε(β)
∑
λ∈P
gnα
βλ
6=0

uλ.

According to Lemma 4.1.2,

βδ(unα) = v−ε(β)
uγ + n−1∑

i=1

∑
λi∈P

gnα
β,λi⊕iα 6=0

uλi⊕iα

 .
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This completes the proof.
In general, ifgnαβ,λ⊕iα 6= 0, then[Ext13(Vβ, Vλ):End3Vβ] = 1 by Lemma 4.1.3.

In factgnαβλ⊕iα 6= 0 if and only ifg(n−i)αβλ 6= 0. We also have

g
(n−i)α
βλ

aλ

a(n−i)α
= 1,

accordingly we have the following results.

LEMMA 4.1.6. In the Hall algebraH(3), we have

βδ(uα) = v−ε(β)
∑
λn−1∈P
gα
β,λn−1

6=0

uλn−1,

βδ(u2α) = v−ε(β)

 ∑
λn−1∈P
gα
β,λn−1

6=0

uλn−1⊕α +
∑
λn−2∈P
g2α
β,λn−2

6=0

uλn−2

 ,
· · ·

βδ(uiα) = v−ε(β)
i∑

j=1

∑
λn−j ∈P
g
jα
β,λn−j 6=0

uλn−j⊕(i−j)α,

for 1 6 i 6 n andα, β, λn−i are the same as those in Lemma4.1.2, in particular
we takeλ0 = γ .

Proof. It is the direct consequence of the above consideration.

The following Lemma is well known.

LEMMA 4.1.7.

(1) Let Vλ be an indecomposable3-module withdimk End3 Vλ = s and dimk

rad End3 Vλ = t , thenaλ = (qs−t − 1)qt .
(2) Let Vλ ' s1Vλ1 ⊕ · · · ⊕ stVλt such thatVλi 6' Vλj for any i 6= j , then

aλ = qsas1λ1 · · · ast λt , wheres =∑i 6=j sisj dimk Hom3(Vλi , Vλj ).
(3) Let Vλ = sVρ with End3Vρ = F andF is a field, thenaλ = |GLs(F )| =∏

16t6s(d
s − dt−1), whered = |F | = q[F : k].

4.1.8.We follow Lemma 4.1.6, ifgjαβλn−j 6= 0, thenVλn−j is isomorphic to a submod-

ule ofVγ . We have Ext13(Vλn−j⊕(i−j)α, Vα) ' Ext13(Vλn−j , Vα) = 0 by Auslander–
Reiten formula. By definition

uλn−j⊕(i−j)αu(n−i)α = v〈λn−j ,(n−i)α〉+〈(i−j)α,(n−i)α〉gλn−j⊕(n−j)αλn−j⊕(i−j)α,(n−i)αuλn−j⊕(n−j)α.
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Since dimVλn−j + dimV(i−j)α = dimViα − dimVβ and〈β, α〉 = 0, we obtain

〈λn−j , (n− i)α〉 + 〈(i − j)α, (n− i)α〉
= 〈iα, (n − i)α〉 − 〈β, (n − i)α〉 = i(n− i)ε(α).

We claim that

g
λn−j⊕(n−j)α
λn−j⊕(i−j)α,(n−i)α =

aλn−j⊕(n−j)α
aλn−j⊕(i−j)αa(n−i)α |Hom3(Vλn−j⊕(i−j)α, V(n−i)α)|

.

By using the fact Ext13(Vλn−j , Vα) = 0 and Hom3(Vα, Vλn−j ) = 0, it follows from
Lemma 4.1.7 that

aλn−j⊕(n−j)α = q〈λn−j ,(n−j)α〉aλn−j a(n−j)α.
Also

〈λn−j , (n− j)α〉 = 〈jα − β, (n − j)α〉 = j (n− j)ε(α),

thenq〈λn−j ,(n−j)α〉 = (qε(α))j (n−j). Thus

aλn−j⊕(n−j)α = (qε(α))j (n−j)aλn−j a(n−j)α.
Similarly

aλn−j⊕(i−j)α = (qε(α))j (i−j)aλn−j a(i−j)α.
Recall that|Hom3 (Vλn−j⊕(i−j)α, V(n−i)α)| = q〈λn−j+(i−j)α,(n−i)α〉 = q〈jα−β+(i−j)α,
(n−i)α〉 = (qε(α))i(n−i), we obtain

g
λn−j⊕(n−j)α
λn−j⊕(i−j)α,(n−i)α =

(qε(α))
j (n−j)

aλn−j a(n−j)α
(qε(α))

j (i−j)
aλn−j a(i−j)αa(n−i)α(qε(α))

i(n−i)

= a(n−j)α
a(i−j)αa(n−i)α(qε(α))

(i−j)(n−i)

= g
(n−j)α
(i−j)α,(n−i)α

=
∣∣∣∣∣ n− ji − j

]
ε(α)

= (vε(α))(i−j)(n−i)
[
n− j
i − j

]
ε(α)

.
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So we have the following Lemma.

LEMMA 4.1.9.

uλn−j⊕(i−j)αu(n−i)α = (vε(α))i(n−i)
∣∣∣∣ n− ji − j

]
ε(α)

uλn−j⊕(n−j)α.

PROPOSITION 4.1.10.Assume(Vα, Vβ) to be an exceptional pair of3-mod and

n = n(α, β) = 〈α, β〉〈α, α〉 = 2
(α, β)

(α, α)
.

If n(α, β)dimVα > dimVβ andγ ∈ P such thatL(α, β) ' Vγ , then in the Hall
algebraH(3), we have

uγ =
n−1∑
r=0

(−1)r(vε(β))(v−ε(α))(n−r)(n−1)
βδ(u

(n−r)
α )u(r)α .

Proof.Let

f (r) = (−1)r(vε(β))(v−ε(α))(n−r)(n−1)
βδ(u

(n−r)
α )u(r)α ,

we only need to proveuγ = ∑n−1
r=0 f (r). By using the notation in 2.8u(t)α =

(vε(α))
t (t−1)

utα, we have

f (r) = (−1)r(vε(β))(vε(α))
−(n−r)(n−1)+(n−r)(n−r−1)+r(r−1)

βδ(u(n−r)α)urα.

By Lemmas 4.1.6 and 4.1.9, we see

f (r) = (−1)r(vε(β))(vε(α))
−(n−r)(n−1)+(n−r)(n−r−1)+r(r−1)

v−ε(β)
n−r∑
j=1

∑
λn−j ∈P
g
jα
β,λn−j 6=0

(vε(α))(n−r)r
∣∣∣∣∣ n− j
n− r − j

]
ε(α)

uλn−j⊕(n−j)α

= (−1)r(vε(α))r(r−1)
n−r∑
j=1

(vε(α))(n−j−r)r×

×
[

n− j
n− r − j

]
ε(α)

∑
λn−j ∈P
g
jα
β,λn−j 6=0

uλn−j⊕(n−j)α.
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So

n−1∑
r=0

f (r) =
n−1∑
r=0

n−r∑
j=1

(−1)r(vε(α))(n−j−1)r

[
n− j

n− r − j

]
ε(α)

∑
λn−j ∈P
g
jα
β,λn−j 6=0

uλn−j⊕(n−j)α.

Since

n−1∑
r=0

n−r∑
j=1

(−1)r(vε(α))(n−j−1)r

[
n− j

n− r − j

]
ε(α)

∑
λn−j ∈P
g
jα
β,λn−j 6=0

uλn−j⊕(n−j)α

=
n∑
j=1

n−j∑
r=0

(−1)r(vε(α))(n−j−1)r

[
n− j

n− r − j

]
ε(α)

∑
λn−j ∈P
g
jα
β,λn−j 6=0

uλn−j⊕(n−j)α.

By using the equation in 2.8 (2):

n−j∑
r=0

(−1)r(vε(α))(n−j−1)r

[
n− j

n− r − j

]
ε(α)

= 0

for anyn− j > 0. We haveλ0 = γ , so

n−1∑
r=0

f (r) = uγ +
n−1∑
j=1

n−j∑
r=0

(−1)r(vε(α))(n−j−1)r

[
n− j

n− r − j

]
ε(α)

×

×
∑

λn−j ∈P
g
jα
β,λn−j 6=0

(vε(α))(n−r)ruλn−j⊕(n−j)α = uγ + 0= uγ .

This completes the proof.

4.2. THE CASE OF 06 n(α, β)dimVα < dimVβ

In fact, in this caseVα, Vβ are the two projective objects inC(α, β), moreoverVα
is the simple projective object ofC(α, β), let γ ∈ P such thatL(α, β) ' Vγ , we
also know thatVγ is the simple injective object ofC(α, β).

PROPOSITION.Let (Vα, Vβ) be an exceptional pair, denote byn = n(α, β) =
2((α, β)/(α, α)). If 0 6 n dimVα < dimVβ, let γ ∈ P such thatVγ ' L(α, β),
then in the Hall algebra

uγ = (vε(α))
n

[n]!ε(α) (δα)
n(uβ).
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Proof. In C(α, β), there exists an exact sequence

0 - nVα - Vβ - Vγ - 0.

If there is another exact sequence of the form

0 - nVα - Vβ - Vλ - 0

thenVλ ' Vγ . By defination,δnα(uβ) = v〈γ,nα〉gβγnα aγaβ uγ . We also havegβγnα = 1

and〈β, α〉 = 0, 〈γ, nα〉 = 〈β − nα, nα〉 = −n2〈α, α〉, n2〈α, α〉 − n〈α, β〉 = 0,
aβ = qε(β)−1,aγ = qε(γ )−1. Thusaγ = qε(γ )−1= q〈γ,γ 〉 −1= q〈β−nα,β−nα〉 =
q〈β,β〉−1, thereforeaγ = aβ . So we haveuγ = v−〈γ,nα〉δnα(uβ) = (vε(α))n

2

δnα(uβ).
Since we have known

unα = (vε(α))−n(n−1)

[n]!ε(α) (uα)
n,

thus we have

δnα = (vε(α))
−n(n−1)

[n]!ε(α) (δα)
n

from Proposition 3.4, then

uγ = (vε(α))
n

[n]!ε(α) (δα)
n(uβ).

The proof is finished.

4.3. THE CASE OF〈α, β〉 6 0

In this caseVα, Vβ are the two simple modules inC(α, β), Vβ is the simple project-
ive object andVα the simple injective object. Without loss of generality, we may
assume〈α, β〉 < 0. In C(α, β), there exists the standard exact sequence

0 - Vβ - Vγ - nVα - 0,

whereVγ is the other indecomposible injective object and

n = −n(α, β) = −〈α, β〉〈α, α〉 = −2
(α, β)

(α, α)
;

in factn = 〈γ, α〉/〈α, α〉 and〈α, γ 〉 = 0, then−〈α, β〉 = −〈α, γ −nα〉 = n〈α, α〉.
We also know〈γ, α〉 = 〈β + nα, α〉 = n〈α, α〉, thus−〈α, β〉 = 〈γ, α〉.
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LEMMA 4.3.1. For 〈α, β〉 < 0andn = −n(α, β), if there exists an exact sequence

0 - Vβ - V - nVα - 0,

thenV ' Vλn−i ⊕ iVα,0 6 i 6 n, whereVλn−i does not contain direct summands
which are isomorphic toVα, moreover there exist monomorphismsVλi −→ Vγ ,
for 06 i 6 n, in particularVλn ' Vγ andVλ0 ' Vβ .

Proof. SinceVγ is the other indecomposible injective object, We have the fol-
lowing commutative diagram

0 - Vβ - V - nVα - 0

0 - Vβ

wwwww
- Vγ

?
f

- nVα

?
g

- 0.

By the same reason as those in Lemma 4.1.2, without loss of generality we may
assumeg = (I 0

0 0

)
, whereI is the unit matrix with rankn− i, so kerg ' iVα. The

following diagram

0 - kerf ' - iVα

0 - Vβ

?
- V
?

- nVα

?
- 0

0 - Vβ

wwwww
- Vγ

?

f

- nVα

?

(
I 0
0 0

)
- 0

is commutative, where kerf ' iVα, thusV ' Vλn−i ⊕ iVα. This completes the
proof.

4.3.2.By definition

unαuβ = vn〈α,β〉
n∑
i=0

∑
λn−i∈P

g
λn−i⊕iα
nα,β

6=0

g
λn−i⊕iα
nαβ uλn−i⊕iα.

We also knowgλn−i⊕iαnα,β = gλn−i(n−i)α,β andVλn−i has a unique simple subobject which

is isomorphic toVβ in C(α, β), sogλn−i⊕iαnα,β = gλn−i(n−i)α,β = 1, therefore

unαuβ = vn〈α,β〉
n∑
i=0

∑
λn−i∈P

g
λn−i⊕iα
nα,β

6=0

uλn−i⊕iα.
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Moreover, in general, for 06 j 6 n we have

u(n−j)αuβ = v(n−j)〈α,β〉
n−j∑
i=0

∑
λn−j−i∈P

g
λn−j−i
(n−j−i)α,β 6=0

uλn−j−i⊕iα,

whereα, β andλn−j−i are the same as in Lemma 4.3.1.
Since any extension of the form

0 - jVα - V ′ - Vλn−j−i ⊕ iVα - 0

is split, then

uλn−j−i⊕iαujα = v〈λn−j−i+iα,jα〉gλn−j−i⊕(i+j)αλn−j−i⊕iα,jα uλn−j−i⊕(i+j)α.

Because that

〈λn−j−i + iα, jα〉 = 〈β + nα − jα, jα〉 = j (n− j)〈α, α〉
and

g
λn−j−i⊕(i+j)α
λn−j−i⊕iα,jα = g(i+j)αiα,jα =

∣∣∣∣∣ i + jj
]
ε(α)

,

therefore

uλn−j−i⊕iαujα = (vε(α))j (n−j)
∣∣∣∣∣ i + jj

]
ε(α)

uλn−j−i⊕(i+j)α.

Thus

u(n−j)αuβujα

= v(n−j)〈α,β〉
n−j∑
i=0

∑
λn−j−i∈P

g
λn−j−i
(n−j−i)α,β 6=0

uλn−j−i⊕iαujα,

= v(n−j)〈α,β〉(vε(α))j (n−j)
n−j∑
i=0

∣∣∣∣∣ i + jj
]
ε(α)

∑
λn−j−i∈P

g
λn−j−i
(n−j−i)α,β 6=0

uλn−j−i⊕(i+j)α,

= (vε(α))−n(n−j)+j (n−j)
n−j∑
i=0

(vε(α))ij

[
i + j
j

]
ε(α)

∑
λn−j−i∈P

g
λn−j−i
(n−j−i)α,β 6=0

uλn−j−i⊕(i+j)α.
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PROPOSITION 4.3.3.Let(Vα, Vβ) be an exceptional pair of3-mod. If〈α, β〉 6 0
andγ ∈ P such thatVγ ' L(α, β), then in the Hall algebraH(3)

uγ =
n∑
j=0

(−1)j (vε(α))n−ju(n−j)α uβu
(j)
α ,

where

n = −n(α, β) = −〈α, β〉〈α, α〉 = −2
(α, β)

(α, α)
.

Proof.Let

f =
n∑
j=0

(−1)j (vε(α))n−ju(n−j)α uβu
(j)
α .

Then by 4.3.2

f =
n∑
j=0

(−1)j (vε(α))n−j (vε(α))(n−j)(n−j−1)(vε(α))j (j−1)(u(n−j)αuβujα)

=
n∑
j=0

n−j∑
i=0

(−1)j (vε(α))j (i+j−1)

[
i + j
j

]
ε(α)

∑
λn−j−i∈P

g
λn−j−i
(n−j−i)α,β 6=0

uλn−j−i⊕(i+j)α,

since(n−j)+(n−j)(n−j−1)+j (j−1)−n(n−j)+j (n−j)+ij = j (i+j−1).
Let t = i + j , since

n∑
j=0

n−j∑
i=0

=
n∑
t=0

t∑
j=0

,

then

f =
n∑
t=0

t∑
j=0

(−1)j (vε(α))j (t−1)

[
t

j

]
ε(α)

∑
λn−t∈P

g
λn−t
(n−t)α,β 6=0

uλn−t⊕tα.

According to 2.8 (2),

t∑
j=0

(−1)j (vε(α))j (t−1)

[
t

j

]
ε(α)

= 0
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for t > 0, andλn = γ , we obtainf = uγ . The proof is completed.
By completely similar proofs, we have a sequence of propositions which are

dual to the above ones.

PROPOSITION 4.4.Let (Vα, Vβ) be an exceptional pair of3-mod,

m = m(α, β) = 〈α, β〉〈β, β〉 = 2
(α, β)

(β, β)
.

Letλ ∈ P such thatVλ ' R(α, β). If mdimVβ > dimVα, then in the Hall algebra
H(3),

uλ =
m−1∑
r=0

(−1)rvε(α)(v−ε(β))(m−r)(m−1)u
(r)
β δα(u

(m−r)
β ).

Proof.This is dual to Proposition 4.1.10.

PROPOSITION 4.5.Let (Vα, Vβ) be an exceptional pair of3-mod,

m = m(α, β) = 〈α, β〉〈β, β〉 = 2
(α, β)

(β, β)
.

Let λ ∈ P such thatVλ ' R(α, β). If 0 < mdimVβ < dimVα, then in the Hall
algebraH(3),

uλ = (vε(β))m

[m]!ε(β) (βδ)
m(uα).

Proof.This is dual to Proposition 4.2.

PROPOSITION 4.6.Let (Vα, Vβ) be an exceptional pair of3-mod andλ ∈ P
such thatVλ ' R(α, β). If 〈α, β〉 < 0, then in the Hall algebraH(3),

uλ =
m∑
j=0

(−1)j (vε(β))m−ju(j)β uαu
(m−j)
β

where

m = −m(α, β) = −〈α, β〉〈β, β〉 = −2
(α, β)

(β, β)
.

Proof. This is dual to Proposition 4.3.3.

Remark4.7. Let(Vi, Vj ) be an exceptional pair consisting of two simple mod-
ules.
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(1) In Proposition 4.3.3, since -dimkVγ + ε(γ ) = −εin whereεi = ε(i), then

v−dimk Vγ+ε(γ )uγ =
n∑
r=0

(−1)rv−εi ru(n−r)i uju
(r)
i ,

wheren = −aij . It exactly corresponds to the braid group operationT ′′i,1 on θj in
the sense of Lusztig (see [L] Chapter 37).

(2) In Proposition 4.6, since−dimkVλ + ε(λ) = −εjm, then

v−dimk Vλ+ε(λ)uλ =
m∑
r=0

(−1)rv−εj ru(r)j uiu
(m−r)
j ,

wherem = −aji. It exactly corresponds to the braid group operationT ′j,−1 onθi in
the sense of Lusztig (see [L] Chapter 37).

These facts were first observed by Ringel in [R4].

5. Exceptional Sequences in a Hall Algebra

For 1 6 s 6 |I |, where|I | is the number of isomorphism classes of simple3-
modules, letBs−1 = 〈σ1, . . . , σs−1〉 be the braid group on thes − 1 generators,
which define relations are the following:

σiσi+1σi = σi+1σiσi+1 for 16 i 6 s − 1,

σiσj = σjσi for |i − j | > 2.

According to Crawley-Boevey and Ringel, there exists an action of the groupBs−1

on the set of exceptional sequences of lengths in 3-mod (see [CB] and [R6]). The
action is given as follows.

Let A = (Vα1, . . . , Vαs ) be an exceptional sequence in3-mod, thenσiA =
(Vβ1, . . . , Vβs ) such thatVβj = Vαj for all j 6∈ {i, i + 1}, Vβi = Vαi+1 andVβi+1 '
R(αi, αi+1); σ

−1
i A = (Vγ1, . . . , Vγs ) such thatVγj = Vαj for all j 6∈ {i, i + 1},

Vγi ' L(αi, αi+1) andVγi+1 = Vαi . The action is transitive ifs = |I |.
Our main result is the following.

THEOREM 5.1. For 1 6 s 6 |I |, let Bs−1 = 〈σ1, . . . , σs−1〉 be the braid group
on s − 1 generators,A = (Vα1, . . . , Vαs ) any exceptional sequence of lengths in
3-mod. Denoted by

m(i, i + 1) = 〈αi, αi+1〉
〈αi+1, αi+1〉 = 2

(αi, αi+1)

(αi+1, αi+1)

and

n(i, i + 1) = 〈αi, αi+1〉
〈αi, αi〉 = 2

(αi, αi+1)

(αi, αi)
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and assume thatσiA = (Vβ1, . . . , Vβs ) andσ−1
i A = (Vγ1, . . . , Vγs ) for 1 6 i 6

s − 1. Then, in the Hall algebraH(3), we have

(1) If m(i, i + 1)dimVαi+1 > dimVαi , then

uβi+1 =
m(i,i+1)−1∑

r=0

(−1)rvε(αi) ×

×(v−ε(αi+1))(m(i,i+1)−r)(m(i,i+1)−1)u(r)αi+1
δαi (u

(m(i,i+1)−r)
αi+1

).

(2) If 0< m(i, i + 1)dimVαi+1 < dimVαi , then

uβi+1 =
(vε(αi+1))m(i,i+1)

[m(i, i + 1)]!ε(αi+1)

(αi+1δ)
m(i,i+1)(uαi ).

(3) If m(i, i + 1) 6 0, then

uβi+1 =
−m(i,i+1)∑

r=0

(−1)r(vε(αi+1))−m(i,i+1)−ru(r)αi+1
uαiu

(−m(i,i+1)−r)
αi+1

(1′) If n(i, i + 1)dimVαi > dimVαi+1, then

uγi =
n(i,i+1)−1∑

r=0

(−1)rvε(αi+1) ×

×(v−ε(αi))(n(i,i+1)−r)(n(i,i+1)−1)(αi+1δ(u
(n(i,i+1)−r)
αi

))u(r)αi .

(2′) If 0< n(i, i + 1)dimVαi < dimVαi+1, then

uγi =
(vε(αi))n(i,i+1)

[n(i, i + 1)]!ε(αi)
(δαi )

n(i,i+1)(uαi+1).

(3′) If n(i, i + 1) 6 0, then

uγi =
−n(i,i+1)∑
r=0

(−1)r(vε(αi))−n(i,i+1)−ru(−n(i,i+1)−r)
αi

uαi+1u
(r)
αi
.

Proof. It is the sum of the last section.
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Obviously, all possibilities are listed by Theorem 5.1. Combining with Propos-
ition 3.4, we obtain an algorithm which starts from the complete exceptional se-
quence consisting of simple modules. The algorithm being effective and complete
also depends on the properties (1), (2) and (3) in 2.7. We stress here that our al-
gorithm in fact only depends on the Cartan datum, in the language of representation
theory of3, that is, the symmetric Ringel form and dimension vectors.

COROLLARY 5.2 (Ringel, see [Z]).If λ ∈ P is an exceptional module, then the
corresponding elementuλ lies in the composition subalgebraC(3).

Proof.Because the action of the braid group on the set of complete exceptional
sequences is transitive and any exceptional module belongs to some complete
exceptional sequence.

Remark. In fact, we may have a stronger assertion than Corollary 5.2. Letλ ∈
P be an exceptional module, our algorithm provides a universal formula to express
uλ as a combination of monomials ofui, i ∈ I , that is, the formula is unchanged
whenever we chose differentk for the realization of3 corresponding to a given
1. So the elementuλ belongs to the generic composition algebra, that is, to the
quantum group.

Let S be aR-subalgebra ofC(3). If for any x ∈ S we haveφ1(x)(S) ⊂ S and
φ2(x)(S) ⊂ S, whereφ1 andφ2 are given in Proposition 3.4, thenS is called a
derivation subalgebra ofC(3).

COROLLARY 5.3. LetA = (Vα1, . . . , Vαn) be any complete exceptional sequence
of 3-mod. Then the derivation subalgebra generated by{uα1, . . . , uαn} coincides
with the wholeC(3).

Proof.Since we can get the complete exceptional sequence consisting of simple
modules by the action of the braid group onA.
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