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ABSTRACT. Modeling microwave back-scattering and emiSSIOn from snow
packs requires the knowledge of snow pack characteristics and their dynamics to select 
an appropriate model. Both theory and field data show that microwave back
scattering coefficients and brightness temperatures are sensitive to parameters 
describing snow-microstructure. Stereological methods and other techniques can be 
applied to images of sections cut from undisturbed snow, and are used to obtain 
accurate and unbiased estimates of snow-microstructure parameters for discrete 
scatterer modeling. Assuming that the ice particle-size distribution can be 
characterized as a log-normal distribution function, we show that the parameters 
describing the distribution can be obtained from section images. The results show 
that, in addition to snow density and ice-particle size, the particle-size variation has 
great effect on dry-snow extinction properties. The optically equivalent ice-particle 
size for Rayleigh scattering in a snowpack with grain-size variations can be 
determined from the stereological measurements from snow sections. 

INTRODUCTION 

The main problem in estimating snow properties from 
remote-sensing data is understanding the links between 
the electromagnetic interactions in different parts of the 
spectrum and the physical properties of the snow. Both 
theory (e.g. Ding and Tsang, 1988; Tsang, 1992) and 
field measurements (Huppe, 1986) of microwave signals 
from snowpacks show that the back-scattering coefficient 
and the microwave brightness temperature are sensitive 
to parameters describing snow microstructure. Repeat
able and unbiased estimates of snow microstructure and 
grain-size indices can be obtained from stereological 
methods applied to images of sections cut from undis
turbed snow. 

Stereology is a statistically based method by which 
quantities measured directly from a two-dimensional 
plane intersecting a three-dimensional body are used to 
obtain average values for the three-dimensional structure 
of the body (Underwood, 1970). In practice, this involves 
filling the pore space of snow specimens collected from the 
field, then preparing polished sections from which images 
are constructed. Recent snow studies on stereological 
methods applied to snow (Davis and Dozier, 1989) show 
that the first-moment statistical parameters - mean 

values, such as ice-profile size, effective number of 

particles per unit volume and structure anisotropy, can 
be obtained from the measurements of the plane sections. 
For example, a grain-size index equivalent to the sphere 
with equal surface-to-volume ratio of the ice matrix has 
been shown to be very close to the optical grain-size in the 
visible and near-infrared spectrum (Dozier, 1989). These 
measurements can be made without assuming specific 
shapes. 

In situations where Rayleigh scattering dominates, 
such as the microwave spectral region, larger particles 
play a more important role than smaller ones in the 
interactions between the electromagnetic waves and the 
ice particles. Because ice particle-size variations are 
always expected in natural snowpacks, significantly 
different extinction properties will be observed. There
fore, it is necessary to evaluate the effects of variations in 
ice-particle size on snow-extinction properties. In this 
work, we describe the stereological measurements 
required to estimate the ice particle-size distribution 
and its parameters. The effects of ice-particle variation on 
dry-snow extinction are evaluated for discrete scatterer 
modeling and Rayleigh scattering. We then demonstrate 
a particle-size measurement to determine the optically 
equivalent grain-size for a snowpack. 
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STEREOLOGICAL DETERMINATION OF DRY
SNOW PROPERTmS 

The snow parameters required by discrete-scatter models 
include the mean ice-particle size and the variance of 
particle sizes or size distribution. The volume fraction of 
ice, dielectric property of ice, and shape and orientation 
of particles are required, if they cannot be described by 
spheres. All of the above dry-snow properties can be 
directly measured from plane sections. 

Measurements from a section plane are generally 
based upon three counting methods: point, line and area. 
The ice-volume fraction Vt obtained from the measuring 
one of the point fraction Pp, lineal fraction LL and area 
fraction AA. 

(1) 

where, for example, the point fraction is the ratio of pixels 
falling on ice to pixels falling on pore space in an image. 
Other important parameters needed for ice-grain indices 
are the surface density Bv, intercept density NL and mean 
intercept length L, as described by Underwood (1970), 
and applied to microwave remote sensing of snow by 
Davis and Dozier (1989). 

Small-particle systems can be commonly character
ized by log-normal size distributions. This has been 
measured for falling snow in the absence of large 
aggregates by Koh (1984) and is suggested from the 
results of Wakahama (1960) and Colbeck (1986) for 
metamorphosed snow. The log-normal distribution 
function can be uniquely defined by Dg (the geometric 
mean diameter) and C7g (the geometric standard deviation 
of diameters). Underwood (1970) showed that for log
normally distributed particles, Dg and C7g can be 
estimated by simple stereological counting without 
knowledge or specification of the distribution curve. 

2 (PPNA) log C7g = log NL 2 + log K", (2) 

and 

2 (NL
8

) 10gDg = log 5 3 + 10gKD NA Pp 
(3) 

where KD and K" are two shape-factor terms, which can 
be determined by 

K _ 256oh,3 
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where 0:, (3 and')' are the shape-sensitivity factors. 

(4) 

(5) 

An expression for the number of particles in a 
containing volume Nv has also been given by DeHoff 
( 1965) for a size distribu tion of particles, which all have 
the same shape 

(6) 

where L, L2 and L3 are related to the mean of the first, 

second and third moments of the intersection lengths, 
respectively. Using Equations (I )-(9), we find 
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(7) 

and 

Therefore, the two parameters Dg and C7g can also be 
obtained without knowledge of the statistical shape. The 
only assumption made here is that all ice particles have 
the same shape. In terms of the particle diameters D, the 
log-normal distribution is given by 

1 [0 5(logD -10gDg)2] y= exp- . . 
10gC7gV21r 10gC7g 

(9) 

EFFECTS OF SNOW PARAMETERS ON EXTINC
TION PROPERTm S 

An attractive approach to modeling snow in the 
microwave spectrum assumes that snow can be described 
as discrete scatterers. The discrete-scatter model char
acterizes the ice particles as spheres with radius a, 
permittivity fs and fractional volume of scatters Vt, or 
multi-size aj, permittivities fBj and fractional volume of 
scatterers Vj, imbedded inside a homogeneous medium 
with permittivity f . The Rayleigh-scattering theory is 
used to calculate the volume-scattering coefficient of snow 
because the ice-particle size is much smaller than the 
wavelength. Under the near-field consideration, the 
coherence of random scatterers can be taken into 
account by introducing an effective propagation constant 
K and analytically modifying the extinction coefficient 
and albedo (Ding and Tsang, 1988; Tsang, 1992). This is 
the so-called dense radiative-transfer theory. The scatter-
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Fig. 1. Comparison of the effect of both particle size and 
size variation on the extinction properties of dry snow at 
frequencies of 9.6 CHz (solid line) and 5.3 CHz (dashed 
line) for a single particle-size system (on the left) and a 
multi particle-size system with a log-normal distribution 
function (on the right). The volume fraction of ice and 
geometric mean of ice particles are 0.32 and 0.12 cm, 
respectively. 
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ing properties of snow under the near-field consideration 
are calculated by the quasicrystalline approximation with 
coherent potential using the Percus-Yevick pair-distrib
ution function . 

Figure 1 shows the comparison of the effect of both 
particle size and size variation on the extinction proper
ties of dry snow at frequencies 9.6 GHz and 5.3 GHz for a 
single particle-size system (on the left) and a multi 
particle-size system with a log-normal distribution 
function (on the right). Ten classes of ice-particle sizes 
and particle-number densities were sampled from the log
normal distribution function determined by the given 
snow parameters. Scattering increases significantly with 
the increase of the microwave frequency and the particle 
size. This is because the scattering coefficient is inversely 
proportional to the fourth power of the wavelength and is 
directly proportional to the third power of the particle 
radius for a given snow density. Since the absorption 
coefficient is only proportional to the inverse of the 
wavelength, increases in the scattering coefficient are 
much greater than the absorption coefficient for a given 

snow density and particle size when increasing frequency. 
For small particles (diameters less than 0.5 mm), the wave 
interaction is dominated by absorption. When the 
particle size increases, scattering increases significantly. 
This suggests that particle-size variation has a great 
impact on the determination of the scattering properties 
of dry snowpacks even when there are few large ice 
particles in a given layer. 

For a given geometric mean of particle size and snow 
density, increasing the particle-size variation results in a 
decrease of the maximum height of the particle-size 
distribution curve. It also changes both the range of 
particle sizes and volume fractions occupied by each class 
interval of particle size. As long as the particles follow a 
log-normal distribution, an increase in the size range 
increases the volume fraction of particle-size classes that 
are greater than the geometric mean. Because the 
volume-scattering coefficient is proportional to the 
third-power of the particle radius, the large-size particles 
play a very important role in the extinction properties of 
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Fig. 2. Effect of snow density on the volume-scattering 
albedo at a frequency of 5.3 CH;::. The volume fractions of 
ice are * - 0.15; + - 0.25; # - 0.35. 

snowpacks. Therefore, a significant increase in both 
extinction coefficient and albedo is observed when 
greater particle-size ranges are present. 

For a given frequency, the volume-absorption coeffic
ient is proportional to the volume fraction of ice particles. 
Figure 2 shows the effect of snow density on the extinction 
properties at a frequency of 5.3 Hz. The sensitivities of 
scattering interaction to the particle size at different snow 
densities have a peak value at which the volume fraction 
of ice particles is about 0.15. In the case of a small volume 
fraction of scatterers, such as clouds, the independent
scattering assumption is still valid in the microwave 
region because the particles are spatially distributed far 
from each other. Ice particles in natural snowpacks are 
generally considered as densely distributed scatterers, 
which means the distances between the particles are much 
smaller than the wavelength. The near-field effect causes 
greater coherent scattering from ice particles at higher 
densities. For a given particle size, increasing snow 
density increases the number of scatterers per unit 
volume. But the increasing rate of absorption is much 
greater than the rate of scattering because the near-field 
effect on scattering also increases. As a net result, the 
volume-scattering albedo and the sensitivity of the 
scattering properties to particle size are negatively 
related to snow density. 

SELECTING THE REPRESENT A TIVE GRAIN
SIZE 

It is a long-standing problem to find an appropriate 
grain-size measurement for the purpose of relating snow 
physical properties to its microwave-extinction properties. 
For microwave modeling and interpreting radar back
scattering signatures, we are interested in the effect of ice
particle size on the extinction properties of snowpacks, 
and we would like to express this by specifying a 
representative particle size. The optically equivalent particle 
size is defined as a particle size at which the extinction 
properties from a natural snow volume is equal to that 
obtained from an ideal snow volume of a uniformly 
distributed collection of ice particles with a single size. 
Generally, natural snowpacks show a particle-size 
distribution at a given snow depth which varies along 
the vertical profile. In Rayleigh scattering, the determin
ation of the particle size is not important for calculating 
the volume-absorption coefficient for dry snow because it 
is only related to the total volume fraction of ice particles. 
On the other hand, knowledge of the particle size is very 
important in determining the volume-scattering coeffic
ient for dry snow. We represent the optically equivalent 
particle size as a mean size, which is weighted with respect 
to the scattering properties for a natural snowpack. 
Mathematically, we can write this idea as 

(10) 
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The left side of the equation represents the volume
scattering albedo for a single-size, single-species particle 
system. The right side of the equation is the volume
scattering albedo for a particle system with a distribution 
of particle sizes. ii. is the optically equivalent particle size, 
Ke is the volume-extinction coefficient, K is the effective 
wave number in the snowpack. VSI is the fraction of 
species 8 of size f, Vt is total volume fraction of ice 
particles, taken as the sum of the volume fractions of the 
size classes, and nSj is the number density of the species in 
a size class. In addition 

L 

D = 1 - L VS/YSI (11) 
sl=1 

(12) 

Here kSj is the wave number in ice, the only species, and 
Hsjsl (p) is the structure factor, which is the Fourier 
transform of the pair-distribution function g'j't (r ) ' This is 
defined by 

1 J . Hs ·sl(p) = --3 dr[gssl(r) - 1] exp( -tpr) . 
J (27r) J 

(13) 

We consider the permittivity of all particles in dry snow to 
be the same, so this relation can be further simplified to 

(14) 

This measurement of the particle size can be considered as 
an equivalent particle size for characterizing a dry 

snowpack with a particle-size distribution. 
Figure 3 shows that the optically equivalent ice

particle size is nearly proportional to the standard 
deviation of the ice-particle sizes and the ice-volume 
fraction, as well as the geometric diameter. The optically 
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Fig. 3. The calculated optically equivalent ice-particle 
size. The geometric mean of ice particles is 0.12 cm. The 
volumefractions ofice are * - 0.15; + - 0.25; # - 0.35. 

equivalent ice-particle size increases as the standard 
deviation increases for a given geometric mean dia
meter. A larger ice-particle size is required to produce the 
same amount of scattering in denser snow because of the 
near-field effect. 

In Equation (14), we show that the optically 
equivalent particle size is independent on both the 
frequency and the permittivity of ice as long as Rayleigh 
scattering can be assumed. It is possible to determine the 
optically equivalent particle size from measurements only 
of snowpack parameters without sampling the particle
size distribution and calculating the structure factors. 
This is because the structure factors HSjsl are only 
functions of snowpack parameters (particle sizes, number 
densi ties and volume fractions in each particle-size class). 

The log-normal distribution possesses moments of any 
order. The mth moment about the origin is denoted by 
J.L'm(D), and, in general, can be expressed as 

Based on this relation, the statistical ice diameters can be 
obtained which can be related to definite geometrical 
properties of ice particles, such as particle volume, surface 
area and linear dimension. Moreover, the statistical 
diameters are weighted differently by particle-number 
densities, by weight or volume, or by particle surface. A 
convenient general expression for classifying the statistical 
diameters is 

= ['E,NiDi] l /(m-n) = [J.L'm(D)] l / (m-n) 

Dm,n ENDn I (D) , 
t , J.Ln 

(16) 

where m and n are integers whose values determine the 
various types of averages. For example, the mean
weighted diameter is 

J.L~(D) 
D4,3 = J.La(D) , (17) 

considered to be a volume-weighted diameter. The goal is 
to select a suitable particle-size measurement from which 
the extinction properties can be characterized . By 
comparing the optically equivalent particle size obtained 
by Equation (14) and the measurements of different 
statistical particle sizes for different snow densities and ice 
particle-size distribution parameters, we find that the 
volume-weighted diameter D 4,3 is directly proportional to 
the representative particle size for a given snow density. 
We now need to consider the effect of the ice-volume 
fraction on determining the optically equivalent particle 
size D~ because of the near-field effect. The statistical 
relationship can be written as 

(18) 

This equivalent or representative grain-size accounts for 
the range of particle sizes in a log-normal size distrib
ution and the near-field effect in dense media, such as a 
snowpack. 

CONCLUSIONS 

The critical issue in remote sensing of snow physical 
properties is how to relate actual snow parameters to 
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remote-sensing data at the frequencies of interest. This 
requires accurate measurements of the snow parameters 
and accurately describing the extinction properties as a 
function of the snow parameters. Ice particle-size 
variation has a great impact on interpreting the relations 
between observed microwave signals and snowpack 
parameters using discrete-scatterer theory. In this study, 
we assumed that the ice particle-size distribution in 
seasonal snow can be characterized as a log-normal 
distribution function . The required parameters (the 
geometric mean diameter and standard deviation of 
particle diameters) for fully describing the particle-size 
variation and distribution can be directly measured by 
the ste'reological variables, the mean of the first, second 
and third moment intersection lengths from snow 
sections. The dense-media model requires the size 
distribution and the structure factor. In the scattering 
behavior, each size contributes to its own scattering as 
well as to the interference from its neighbors as weighted 
by the pair-distribution function . Using the concept of the 
optically equivalent particle size, we found that for a 
snowpack with particle-size variations, the optically 
equivalent particle size can be determined from snow
pack parameters-snow density, geometric mean dia
meter and standard deviation of particle diameters. 
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