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Abstract. We say that a Kripke model is a GL-model (Gddel and Lob model) if the
accessibility relation < is transitive and converse well-founded. We say that a Kripke model
is a D-model if it is obtained by attaching infinitely many worlds ¢, 5, .... and #,, to a world ¢
of a GL-model so that 7y > #; > t; > - > t,. A non-normal modal logic D, which was studied
by Beklemishev [3], is characterized as follows. A formula ¢ is a theorem of D if and only if
® is true at #, in any D-model. D is an intermediate logic between the provability logics GL
and S. A Hilbert-style proof system for D is known, but there has been no sequent calculus. In
this paper, we establish two sequent calculi for D, and show the cut-elimination theorem. We
also introduce new Hilbert-style systems for D by interpreting the sequent calculi. Moreover,
we show that D-models can be defined using an arbitrary limit ordinal as well as w. Finally, we
show a general result as follows. Let X and X be arbitrary modal logics. If the relationship
between semantics of X and semantics of X is equal to that of GL and D, then X can be
axiomatized based on X in the same way as the new axiomatization of D based on GL.

§1. Introduction. We say that a Kripke model is a GL-model if the accessibility
relation < is transitive and converse well-founded. Then, a D-model is obtained by
attaching infinitely many worlds #1, #5. ... (called ‘tail’), and ¢, (called ‘bottom’) to a
world 7y of a GL-model so that 7y = t; = t, = --- = 1, (Figure 1, Left). A non-normal
modal logic D, which was studied by Beklemishev [3], is characterized as follows. A
formula ¢ is a theorem of D if and only if ¢ is true at the bottom of any D-model. !
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Figure 1. (Left) D-model by Beklemishev. (Right) New D-model.

D is a provability logic as follows. A formula ¢ is a theorem of D if and only if
any ¢* is true in the standard model of arithmetic where ¢* is obtained from ¢ by
interpreting the modal operator O as the provability predicate of a c.e. extension of
Peano Arithmetic that is ¥;-sound but not sound. In this paper, we do not argue D from
the perspective of provability logics, but we consider D as an interesting modal logic
which is non-normal (not closed under the necessitation rule) and has simple Kripke-
style semantics. We establish sequent calculi, cut-elimination, and new Hilbert-style
axiomatizations for D; furthermore, we show that we can define D-models using an
arbitrary limit ordinal A as well as w (Figure 1, Right).

D is closely related to the well-known provability logics GL and S (see, e.g.. [5. 12]
for the basic results on GL and S)’. A Hilbert-style proof system for GL is known
as K+ O(Op—¢)—Op. A Hilbert-style proof system for S (we call this system Sg)
is as follows. The axioms are all theorems of GL and all formulas Op—¢; and sole
inference rule is modus ponens. Then a Hilbert-style proof system for D (we call this
system Dy) is known to be obtained from Sy by restricting ¢ in the axiom scheme
Op—s¢ to be L or OwVOo (see [3]). Therefore D is an intermediate logic between GL
and S.

As for sequent calculi, GL has been well studied (see, e.g., [8] and its references),
and S has been studied in [2, 9, 10]. But there has been no sequent calculi for D. The
sequent calculus for S in [2, 9, 10] was inspired by the Hilbert-style system Sy; so
one may try to make a sequent calculus for D based on the system Dy. However, this
attempt does not seem to work well because the axiom O(OwVOs)—(OwVOs) does
not seem to be translatable into a rule of sequent calculi.

In this paper, we establish sequent calculi for D so that the completeness with
respect to D-models naturally holds. A key idea of our calculi is the use of three kinds
of sequents. While Kushida [10] used two kinds of sequents to make the calculus for
S. we add one more kind. We call the three kinds ‘GL-sequents’, ‘S-sequents’, and
‘D-sequents’; these respectively correspond to the truth at the GL-model, at the tail,
and at the bottom in Figure 1. Moreover, as the names suggest, these correspond to
the provability of GL, S, and D, respectively.

2 Following [3. 6. 14], we use the name S, while it is called GLS in [5, 9, 10], G* in [4]. and G’
in [12].
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Strictly speaking, we give two sequent calculi, called Dgeq and Dg’eq. The latter calculus
Dgeq is cut-eliminable, and the former calculus Dgeq is not fully cut-eliminable but has
the subformula property (we call this property ‘analytic’). We show semantic cut-
elimination for both calculi (i.e., completeness of cut-free Dg’eq and analytic Dfeq) and
syntactic cut-elimination for Dgeq. These semantic arguments are extensions of that for
S in [9], and the syntactic cut-elimination is reduced to that for S by [10].

REMARK 1.1. 4 proof in Dgeq has three layers with three kinds of sequents, and the
syntactic cut-elimination for the bottom layer (with D-sequents) is reduced to that for the
middle layer (with S-sequents). Similar arguments—a proof has layered structure and
the cut-elimination for the lower layer is reduced to that for the upper layer—are found

in[11].

Then, two new Hilbert-style proof systems (we call these D%{ and Dil) for D are
obtained by interpreting the sequent calculi Dgeq and Dg’eq, respectively. Here, not only
the existing system Dy but also the new systems D7; and D3, have ‘all theorems of
GL’ as their axioms; so it is natural to argue a generalization as follows. Let L be an
arbitrary modal logic, and let Dy[L], D[L]. and Df{[L] be the Hilbert-style systems
obtained from Dy, D%{, and Dil, respectively, by replacing the axioms ‘theorems of
GL’ with ‘theorems of L’. On the other hand, let 7 be a class of Kripke frames, and
let ‘D[F]-model’ denote any Kripke model described as Figure 1 in which ‘GL-model’
is replaced with ‘F-model’. Then we show the following:

If L is characterized by F and if a certain condition is satisfied, then
the following conditions are equivalent: (1) ¢ is true at the bottom of
any D[F]-model. (2) ¢ is a theorem of D}[L]. (3) ¢ is a theorem of
D} [L].

This statement is just the completeness theorem of D7; and Dy, if L = GL and F is
the class of transitive and converse well-founded frames. It seems that the condition
‘o is a theorem of Dy[L] is not equivalent to the above three conditions. This fact
shows that the new proof systems—D%{, DI3_I, and the two sequent calculi—well reflect
the essence of the modal logic D, and that the new systems are more natural than the
existing system Dy.

The structure of this paper is as follows. In Section 2, we present results that are
known or will be shown in later sections. In Section 3, we recall the sequent calculi for
GL and S, and we introduce two sequent calculi Dgeq and Dg’eq. In Section 4, we give
syntactic arguments on the sequent calculi. In Section 5, we show the semantic cut-
elimination. In Section 6. we introduce Hilbert-style systems D7, and Dj;. In Section 7,
we show the general result on D;[L] and D[L].

§2. Preliminaries and results. Formulas are constructed from propositional vari-
ables, propositional constant 1, logical operator —, and modal operator O. The other
operators are defined as abbreviations as usual. The letters p, ¢, ... denote propositional
variables and the letters ¢, , ... denote formulas. The set of propositional variables is
called PropVar and the set of formulas is called Form. Parentheses are omitted as, for
example, Op Ay —0OnVe = ((Op)Ay)—((On)Va).
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Hilbert-style proof systems GLy., Sy, and Dy are known as follows, where the
subscript H denotes ‘Hilbert-style’.
Axioms of GLy: Tautologies, O(¢p—w)—(Op—Ow), and O(0Op—¢)— 0.
o=y @ ®
Rules of GLy: — (modus ponens) 4,4 Op (),
Axioms of Sy: Theorems of GLy and Op— .
Rule of Sy: Modus ponens.
Axioms of Dy: Theorems of GLy, —0.1, and O(OpVOy)—OpVOy.
Rule of Dy: Modus ponens.

The symbol  denotes provability as usual. We have (GLy F ¢) = (D - ¢) =
(SH I ), but the converse does not hold in general; for example, Op— p is provable
in Sy but not provable in Dy. Note that neither Dy nor Sy has the inference rule (O).
For example, we have Dy - -0 but Dy I/ O-0_1.

A Kripke model (W, <, V') consists of a non-empty set W of worlds, an accessibility
relation < C W x W, and a valuation V : W x PropVar — {true, false}. The domain
of V is extended to W x Form by the following:

V(w, L) = false.
V(w, o—w) = true <= V(w, ) = false or V(w, ) = true.
V(w, Op) = true <= (Yw' = w)(V(w’, @) = true).

(W, <) is called the Kripke frame of this model, and (W, <, V) is called a Kripke
model based on the frame (W, <). We say that a formula ¢ is true at a world w if
V(w, ) = true.

A Kripke frame (W, <) is called a GL-frame if < is converse well-founded (i.e., there
is no infinitely ascending sequence x; < x, < x3 -+ ) and transitive. A Kripke model
based on a GL-frame is called a GL-model. The completeness of GLy is well-known
as below (see, e.g., [5]).

ProposITION 2.1 (Completeness of GLy). The following are equivalent:

e GLyt .
e < is true at any world of any GL-model.

To describe the semantics for Sy and Dy, we need further definitions.

DEFINITION 2.2. Let A be a limit ordinal. We say that a frame (W™, <") is a A-extension
of (W, <) if the following two conditions hold for some ty € W.

WH=Wuw{t,|0<a<i}.
<t =<U{(ta.1p) |0< p<a<i}U{(ta.x) |0 < a < Aand (1. x) € <}.

(Refer to Figure 1, inwhich the ellipse is (W, <).) The infinite set {to, | 0 < a < A} is called
the tail and the world t; is called the bottom of this frame. If a valuation V" coincides
with V for any worlds in W, then we say that the Kripke model M = (W, <t V')
is a A-extension of M = (W, <. V). Moreover, M is called a constant or a strongly
constant A-extension of M if the following condition holds, respectively.

Constant:  (Vp € PropVar)(Va, f < A = ,
Strongly constant:  (Vp € PropVar)(Va, f < A)( (ta.p) =V*(tg.p
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We say that a formula ¢ is eventually always true in the tail of M+ if (Ja < 1)(a <
VB < A)(V(15.) = true).

The following proposition is easy to be proved. This will be used implicitly in this
paper.

ProposITION 2.3. If (W, <%, V1) is a J-extension of (W, <, V'), then for any world
w € W and any formula o, we have V*(w, p) = V(w, ).

The completeness of Sy is described below, which will be proved in Section 5.

PRrROPOSITION 2.4 (Completeness of Sy). Let A be a limit ordinal. The following are
equivalent:

(s1) Sy F .

(s2) ¢ is true at the bottom of any strongly constant J-extension of any GL-model.

(s3) ¢ is eventually always true in the tail of any (strongly) constant J-extension of
any GL-model.

(s4) @ is eventually always true in the tail of any A-extension of any GL-model.

REMARK 2.5. The completeness of Sy has been expressed in several different statements
in [3, 4, 6, 9, 14], but all of them are essentially included in the 1= w case of
Proposition 2.4. In this paper, we extend it to arbitrary limit ordinals.

REMARK 2.6. The limit ordinal /. is arbitrarily fixed at the beginning of Proposition 2.4.
On the other hand, we can consider propositions in which A is bound at each sentence; for
example, there are two variants of the condition (s2) as follows:

(s2%) ¢ is true at the bottom of any strongly constant 1'-extension of
any GL-model, for any limit ordinal X .

(s27) @ is true at the bottom of any strongly constant A'-extension of
any GL-model, for some limit ordinal J!.

The conditions (s27). (s27). and (s2) are equivalent for any A, because we have the
following implications.

(2%) = (s2)) "7 (s1) "L (s2).

So. from now on, we will not mention conditions like (s27) or (s27) (except for a condition
in Theorem 7.7).

The completeness of Dy is described below, which will be proved in Sections 5 and 6.

ProposiTiON 2.7 (Completeness of Dy). Let 4 be a limit ordinal. The following are
equivalent:

(dl) DH H @Y.
(d2) o is true at the bottom of any constant A-extension of any GL-model.
(d3) ¢ is true at the bottom of any J-extension of any GL-model.

REMARK 2.8. Beklemishev [3] proved the equivalence between (d1), (d2) for A = w. and
another condition using ‘accumulating root’. In Section 5, we will show the equivalence
between (d2) and (d3). In Section 6, we will show the equivalence between (d1) and
others.
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§3. Sequent calculi. We introduce sequent calculi. From now on, letters I 4, ...
denote finite sets of formulas. As usual, the expression ‘I, ¢, w, A°, for example, stands
for the set I U {¢, w} U 4, and ‘OI" stands for the set {00y | y € I'}. Sub(I”) denotes
the set of all subformulas of formulas in 7.

We use three different arrows =, =, and == to define three kinds of sequents I" = 4
(called GL-sequent), I' = A (called S-sequent), and I == 4 (called D-sequent).

The following is the well-known sequent calculus for classical propositional logic;
we call it LK-. .

Initial sequents: ¢ = ¢ and | =
Inference rules:

% (weakening), wherel” C I’and4 C A'.
I'=4¢ w.I =4 p. I = Ay .
s T = A (%left) m (—)I'lght)

I'=s4,¢ oIl =X
Iil= 4%

(cut).

Similarly the sequent calculus LK~ (or LK_., , respectively) consists of the above initial
sequents and inference rules where all ‘=’ are replaced with ‘=’ (or ‘=", respectively).
Next we introduce five rules (GLO), (GLtoS), (SOleft), (GLtoD), and (StoD) as below

I'Dr0p = ¢

O = Op (GLD)

p. "= 4

[=4 (GLtoS)(used in Seeq. D2, BT o4

=4 seq

(SOleft) (used in Syeq. D2,)

seq

[,O0r =04
ol == 04

or = 04

2
(GLtoD) (used in D2,,) o7 = O

seq

(StoD) (used in D2,,,).

seq

Using these, we define four sequent calculi GLgeq, Sqeq. Dgeq, and Dgeq according to
Table 1. GLyq (= LK_, + (GLO)) is a well-known sequent calculus for GL, and has
been widely studied; see [8] and its references. Sseq (= GLseq + (GLt0S) + (SOleft) +
LK ) is a sequent calculus for S using two kinds of sequents (GL- and S-sequents),
and it (or similar calculi) has been studied in [2, 9, 10]. The two calculi Dgeq and Dgeq
are new, and they are obtained as below

D2, = GLgq + (GLtoD) + LK_,.

seq

D, = Sseq + (StoD) + LK., .

seq

2

seq USES

The superscripts ‘2’ and ‘3’ denote the number of kinds of sequents; that is, D

two kinds (GL- and D-sequents) and Dseq uses three kinds of sequents.

Proofs in each calculus are called GLgeq/Sseq/Dieq/Dieq-Proofs. In general. an Sqeq-

proof has two-layered structure (the upper layer consists of GL-sequents and the

lower layer consists of S-sequents). Similarly, a D%eq-proof has two layers (upper: GL-

sequents; lower: D-sequents), and a Dgeq-proof has three layers (top: GL-sequents;
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Table 1. Four sequent calculi

LK. LK» LK. (GLO) (GLtoS) (SOleft) (GLtoD) (StoD)

GLeq Vv v
Sseq v v v v v

D%, v v v v

D3 v v v v v v v

middle: S-sequents; bottom: D-sequents). Note that only LK_, -rules can have D-
sequents as assumptions. Therefore the bottom layer of a Dgeq /Dgeq-proof consists of
only LK_., -rules.

As usual, the term ‘cut-free’ means ‘without using the cut rule’. The following
examples are cut-free DZ,, /D3, ,-proofs. where ‘w.” stands for ‘weakening’. and (Vleft).
(vright), and (—right) are suitable combinations of rules in LK (since V and — are
abbreviations).

EXAMPLE 3.1. Cut-free D3, = == O(OpVOy)—OpVOy.
Op = 0Op Oy = Oy

OpvOy = Op. Oy
OpVOy, O0(0pVOy) = Op, Oy

(Vieft)
(w.)

(GLtoD)
O(OpVOy) = Op, Oy (vright)
0(OpVOy) = OpVOy (right)

== 0(0pVOy)—OpVOy
EXaMPLE 3.2. Cut-free D}, - == D(OpVOy)—OpVOy.

Op = Op Oy = Oy

TV Oy = Op.Op (Vieft)
(SOleft)
D(Dp vV Oy) = Op, Oy
O(Op vV Oy) = Op, O (StoD)
Lt L (vright)

O(0p Vv Oy) = Op V Oy
== 0(0p vV Oy) — Op V Oy

(— right).

EXAMPLE 3.3. Cut-free D%, F = —0OL.
5T (W)
—————— (GLtoD)

0l = .
= ol (—right).

The correspondence between sequent calculi and Hilbert-style systems is the same
as in classical logic, as below.

ProPOSITION 3.4. The following are equivalent:

o GLyqt I = 4.
e GLyF AI'—\/ 4.

https://doi.org/10.1017/51755020325000036 Published online by Cambridge University Press
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PrROPOSITION 3.5. The following are equivalent:

o Seqb I = 4.
o Suk A=V 4.

ProPOSITION 3.6. The following are equivalent:

o DI, I =>4
o D} I =4
e Dk A=\ 4.

Propositions 3.4 and 3.5 are well-known and easy to prove. Proposition 3.6 will be
shown in Section 6.

REMARK 3.7. Dgeq is obtained from Syq by adding some rules, while the logic D is

strictly weaker than S.

In the rest of this section, we mention the calculus for S by Kushida[10], which we
call Skyshida- Written in our notation, the calculus Skyshida consists of LK—,, LK~ , and
the four rules below

Do T = 4 (Kushida-GLtoSOleft) o7 04 = Ogp (Kushida-GLO)
. I'= 4 O, 4,0¢ = ¢ .
Op. I = 4 (SOleft) Orod= Op (Kushida-GLtoSD).

Consequently, Skysniga 1s obtained from S,q by replacing the two rules

{(GLO), (GLtoS)} with the three rules {(Kushida-GLtoSOleft), (Kushida-GL0O),

(Kushida-GLtoSO)}. Note that sequents in [10] consist of multisets of formulas, while

our sequents consist of sets of formulas. However, this difference is not critical because

of the existence of the contraction-rules in [10]; so I, 4, ... here denote sets of formulas.
The following lemma can be easily proved by induction on Sgyshiga-proofs.

LemMA 3.8 (The rule (GLtoS) is cut-free admissible in Sk ushida). 1f Skushida = I = 4.
then Sgushida & I = 4. If cut-free Skushida = I = A4, then cut-free Sgyshida = I’ = 4.

Then we have the following theorem.

THEOREM 3.9 (Skushida and Seeq are equivalent). Let » € {=.=}. Skyshida & I’ » 4 if
and only if Seeq = I » A. Cut-free Sgushidza = I” ™ A if and only if cut-free Seeq = 1" » 4.

Proof. Each rule in Skyshida 18 cut-free derivable in Sgq: for example, the rule
(Kushida-GLtoSO) is shown below

Ol 4,0p = ¢
ST 04T 400 59 ™)
07,04 = Ogp (GLO)

On the other hand, each rule in Sq is cut-free admissible in Skyshida (the rule (GLtoS)
is shown by the previous lemma, and the rule (GLO) is trivial). Hence, this Theorem 3.9
is easily shown by induction. O
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§4. Syntactic arguments. In this section, we show some basic properties of our four
calculi, which can be shown by syntactic method (i.e., induction on proofs).

While the logics S and D are proper extensions of GL, the sequent calculi Sgeq. Dgeq,
and D}, are conservative extensions of GLgq with respect to GL-sequents. Moreover.
D}, is a conservative extension of S.q with respect to S-sequents. These are shown by
the following theorems.

TueoREM 4.1 (Conservativity of provability of GL-sequents). The following four
conditions are equivalent: GLgeq = I' = A: Sqeq - I = A: Dy = I = A: and D
I = 4.

THEOREM 4.2 (Conservativity of provability of S-sequents). The following two condi-

tions are equivalent: Seeq = I = A and Dfeq FI'= 4.

Theorems 4.1 and 4.2 are trivial because any Sq /Dg‘:q /Dgeq-proofs of GL-sequents

consist of only the rules of GLgq, and any Dgeq—proofs of S-sequents consist of only
the rules of Seq. These two theorems and their cut-free versions (e.g., cut-free GLgeq
I' = Aif and only if cut-free Sqeq - I” = 4) will be used implicitly from now on.

The fact ‘both the logics S and D are extensions of GL’ is expressed by the following.

THEOREM 4.3. If GLgeq = I" = A. then we have Sgeq b I' = A, D3y = I" => 4. and
D3 - T == 4.

seq

Proof. Suppose there is @ GLgq-proof P of I' = A. Sieq - I' = 4 is trivial because
of the rule (GLtoS). On the other hand. Dg,, /D3, - I == 4 is shown by induction

on P. If the last inference rule of P is (GLO), then I" = A4 is of the form OII = O,
and we get Dgeq- and Dgeq-proofs as below without using the induction hypothesis.

. P P
oIl = Oy Oll = O
11,011 = Oy E"Cv}i b 011 = Op (((S}Lt];s)
017 = Oy toD) 07 = Op Ot° )-
In other words, a GLg4-proof
I1.OI1.0p = ¢
Ol = Op (GLD)
LK_ -rules
I'=4
is translated into the following DZ, - and D, -proofs.
HVD]Y,I':kp:>(p H,DH.,I'j(p:><p
oIl = Oy (GLD) oIl = O (G(LGLSD)
11,011 = Oy EVCV}IZ 5 0/l = Op st tg))
O == O toD) Ol = 0p >°
LK_. -rules LK_. -rules
I'=4 = 4.
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The fact ‘logic S is an extension of D’ is expressed by the following theorem.

THEOREM 4.4. If D3, = I' = A. then Seq = I' = A. If Dy = I' = A. then Seq -
=4

Proof. Roughly speaking, we translate the D2, - and D3, -proofs

seq seq

Y. OY = 0@ oy = 0o

OV = 00 (GLtoD) 0V = 06 (StoD)
: LK, - rules : LK, — rules
I'=4 I'=4
into the following Sy.q-proofs respectively.
Y O ' = 0@
v Ov = 0o ESDthOfS) :
ov = 00 ¢ Ov = 0
: LK -rules : LK< -rules
I'=4 I'= 4.

To be precise, we show this Theorem 4.4 by induction on the Dgeq- and Dg’eq—proofs of

I = 4. O
The following theorem is expected to be hold as a matter of course.

THEOREM 4.5 (Equivalence between D2, and D3,,,). D3+ I' = difand only if D}, -
I' == 4.

The only-if part is easily shown by induction on Dgeq—proofs of I' = A; we use
the rules (GLtoS), (SOleft), and (StoD) if the last inference rule is (GLtoD). On the
other hand, the if-part is not trivial because of the existence of S-sequents in Dg’eq-
proofs. We need some lemmas as below. In the following, ref(2) will denote the set

{Oo—0c | ¢ € X'} (the name ‘ref” comes from ‘reflection’).

LEMMA 4.6. If Seeq & I = A, then there is a finite set X of formulas such that GLgq F
ref(X), I' = A.

Proof. By induction on the Syq-proof P of I' = A. If Pis

. P
P, H.é A
PNEY (SOleft)
then we have
: i.h. forP’

Op = Op ref(Z'),g.a,H =4
Op—p. ref(27), Op, IT = 4.

(w.)(—left)

LEMMA 4.7. If GLgeq F 1ef(X), 0% = 0O, then D2, - O¥ =% 0.

seq
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Proof. 1t is easy to show that GLq has the following property, which we call
(—left™h): If GLgeq - o=y, I' = 4, then GLgq - I" = 4, ¢ and GLgeq - w. 1" = 4.
Now assume GLgq F ref(2), 0¥ = O® where 2 = {0}.0>.....0,}. For any subset
X' C X, wehave D2, - OX/. 0¥ = 0®,0(X \ 2’) as below.

seq

GLyq - O01—01. ....00,—0,, 0¥ = 0@ (Assumption of the Lemma)
GLq F 2. 0¥ = 00, 0(2\ 2) (By n-times application of (—left!))
D, 0. 0% = 00.0(2\ 2). (By weakening and (GLtoD))

Then, by using the cut rule to the 2" D-sequents, we have Dfeq FOY = 0. For
example, if n = 2, the proof is below.

OY = 0¢.00).00, 0O0,.0¥ == 0, Uy O¢). 0¥ = 0¢, 00y UOg.007.0¥ = 0O
0¥ =» 00, 0o, (cut) Oc). 0% = 00 (cut)
Ov =» 0o (cut)
O
Proof of if-part of Theorem 4.5. By induction on Dgeq-proof Pof I' = A If Pis of
the form
. P
oY = 0o
ov = oo OtoD)
then we have D2, - O¥ =» 0O® by Lemmas 4.6 and 4.7. O

seq

Two calculi Dgeq and Dgeq are equivalent as above; however, they are not equivalent

with respect to cut-eliminability.

TueoREM 4.8 (Cut-elimination for D). If D - ¥ == ®. then cut-free D}, +
¥ = &

Proof. Combining cut-free versions of Theorems 4.1 and 4.2, Theorem 3.9, and the
syntactic cut-elimination for Sgyshida (Shown in [10]), we have cut-free admissibility of
the cut rules for GL- and S-sequents in Dgeq; that is, we have the following:

(cut—) Ifboth I" = 4. p and . IT = X are cut-free provable in D, .
thensois I Il = A4, 2.

(cuts) Ifboth I' = 4. and ¢. IT = X are cut-free provable in DJ,,.
thensois I Il = A4, X.

Then we show this property for D-sequents; that is, we eliminate

I'==4,¢ <p,H:,‘$>Z(
Tl = A2 Cut_s ).
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As usual, this is shown by double induction on the length of the cut-formula ¢ and
sum of the length of the left and right upper proofs. In the case of

: P : 0
O = 04,0 O, 0Ol = 0X
or = 040, O°D) 5. Er =0z
Or,oll = 04,0

(StoD)
(cut—,

we have the following:

: P o
O = 04,0p Op, 01 = 0%

OOl = 04,02

Oor,o0ll = 04,0

(cuts)
(StoD).

The other cases are easily done by the standard method. O

Note that the above proof is an indirect cut-elimination in the sense that it relies on
cut-admissibility of other systems which is obtained by proof translations in previous
theorems. A semantical proof of it will be given in the next section.

THEOREM 4.9 (Failure of cut-elimination for Dgeq). There is a D-sequent that is provable
but not cut-free provable in D,

Proof. We have a D2, -proof:

seq
O0p = 00p Op=0p
5005 = o0, (W)(GLtoD) gr5,=515 (w)(GLtoD)
O00p = Op (cut)

This last sequent is not cut-free provable because otherwise the last inference should
be one of the following rules:
0O0p.000p = Op
= O p Oaa p = =
oy =0y W) oomp=op W) ooop =y (W)

But none of these upper sequents are provable. The fact GLq ¥ OOp, O0Op = Op
can be shown using the soundness of GLgq (i.c.. combination of Propositions 2.1
and 3.4) and a GL-model ({x,y}, <. V) where <= {(x,y)} and V(y, p) = false
(thus. V' (x.Op) = false and V (x.00p) = V(x.000p) = true). The other sequents
(=+ 0Op), (O0Op == ), and ( == ) are easily shown to be cut-free unprovable. O

In the next section, we will show a weaker version of cut-elimination for Dgeq—we

can eliminate all but the cuts that have subformula property—by a semantical method.

§5. Cut-free completeness. In this section, we prove cut-free completeness of the
sequent calculi. As shown above, D2, does not have the full cut-elimination property:

seq
so, for Dgeq, we show the completeness of ‘analytic D2’ which is defined below.

seq
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DEFINITION 5.1. Analytic Dfeq is a restriction of Dgeq where cut is allowed only in the
Sform
I' = 4,0p Op I =2
Iil=42.

(cut—,) Proviso : Op € Sub(I. 4.1, X).

The following are key notions for proving the completeness.
DEFINITION 5.2. Let b€ {=,=,=>}.

o A GL/S/D-sequent I' » A is —-saturated &, (Vep, w € Form)((p—y €

I'=opcdorycl)and(p—y € A= p T andy € A)).

o A GL/S/D-sequent I » A is O-left-saturated &, (Vo € Form)(Oyp €

I'=pel). wr
e,

e A GL-sequent ¥ = &7 is a GLgg-saturation of ¥ = & <& ¥ C
Y+ CSub(Y,®); d C dT C Sub(¥,d); ¥+ = & is —-saturated; and cut-
free GLgeg f ¥ = &7,

. def
o An S-sequent W' = @ is an Ssq-saturation of ¥ = @ My C
Y+ CSub(Y.®);® C & C Sub(V,D); ¥ = & is —-saturated and O-left-
saturated: and cut-free Seeq tf ¥ = &7
def

o A D-sequent ¥ = & isa D -saturation of ¥ = & & WY CY¥TC
Sub(¥V,®); d C & C Sub(V¥,d); ¥+ == & is—-saturated; Op € ¥ U DT
Sor any Og € Sub (¥, ®); and analytic Dgeq VPt = ot
o A D-sequent W = ®V isa Dseq-saturation of ¥ = @ &) yCcytcC
Sub(¥,®); & C & C Sub(¥,D); ¥ = & is —-saturated:; and cut-free
Dl /¥ = &
The following lemma is a standard tool for the semantical cut-eliminations.
LEmmA 5.3.

(1) If cut-free GLgeq I/ ¥ = @. then there is a GLgeq-saturation of it.
(2) If cut-free Sseq tf ¥ = @. then there is an Seq-saturation of it.
(3) If analytic D, tf ¥ =» . then there is a D% -saturation of it.
(4) If cut-free DY tf ¥ == . then there is a D} -saturation of it.

Proof. A proof of (1) is well-known. We add proper formulas to ¥ and @ step by
step (to be precise, if ¢ — is in the left-hand side, we do either adding ¢ to the right
or adding w to the left; if ¢o— is in the right-hand side, we add ¢ to the left and
v to the right) while preserving cut-free unprovability, and eventually we obtain an
—s-saturated sequent. The same proof can be done for (4). For the proofs of (2) and
(3). we combine the following step with the above procedure. (For 2): If O¢ is in the
left-hand side, then we add ¢ there. (For 3): If Oy € Sub(¥, @), then we add Oy to

either the left-hand or right-hand side while preserving analytic unprovability. O

THEOREM 5.4 (Soundness and cut-free completeness of GLseq). For any GL-sequent
¥ = @, the following three conditions are equivalent:

(1) GLyg F ¥ = ®.
(2) Cut-free GLseq = ¥ = @.
(3) A\¥—\/ @ is true at any world of any GL-model.

Theorem 5.4 is well-known; see, e.g.,[1] for the proof.
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Before showing the theorem for S,.q, we state a proposition.

PROPOSITION 5.5. If GLgg = ¥ = @, then )\ ¥— \/ @ is eventually always true in
the tail of any A-extension of any GL-model, for any limit ordinal .

This proposition is trivial because a A1-extension of a GL-model is also a GL-model.
The reason for stating such a trivial proposition is as follows. We will generalize the
results of this section in Section 7, where the generalized proposition is not trivial but
considered as a hypothesis.

THEOREM 5.6 (Soundness and cut-free completeness of Sqeq). Let A be a limit ordinal.
For any S-sequent ¥ = @, the following six conditions are equivalent.

(1) Sseq - ¥ = @.

(2) Cut-free Seq ¥ = @.

(3) N¥—\/ @ is true at the bottom of any strongly constant J-extension of any
GL-model.

(4) N¥Y—\ D is eventually always true in the tail of any strongly constant A-
extension of any GL-model.

(5) AN¥—\ @ is eventually always true in the tail of any constant i-extension of
any GL-model.

(6) \¥—\/ @ is eventually always true in the tail of any A-extension of any GL-
model.

Proof. Note that the implications ‘(6) = (5) = (4)’ and ‘(2) = (1)’ are trivial.

(Proof of (1) = (6)) By induction on the Ssq-proof of ¥ = &. When the last
inference rule is (GLtoS), we use Proposition 5.5. When the last inference rule is
(SOleft), we use the fact that Op— ¢ is eventually always true in the tail {t, | 0 < a < A}
of any J-extension of any Kripke model. (Proof of this fact: If ¢ is true at all the worlds
in the tail. then so is Op—¢. If ¢ is false at 7, for some ., then Op—¢ is true at 74 for
any f such that o < f < A.)

(Proof of (4) = (3)) Let M = (W, <. V) be a strongly constant A-extension of
a Kripke-model, 7, be the bottom, and {7, |0 < a < A} be the tail of M. For
any formula ¢, we consider four conditions below. (AT): V(¢;.¢) = true. (AF):
V(t).p) =false. (ET): Ga < A)(a < VB < A)(V(tp.¢) =true). (EF): Ga < )(a <
VB < A)(V (15. ) = false). By induction on ¢. we can show two implications ‘(AT) =
(ET)’ and ‘(AF) = (EF)’. Therefore we have ‘(ET) = (AT)’ because the conditions
(ET) and (EF) are exclusive, and the condition (AT) is the negation of (AF).

(Proof of (3) = (2)) We show the contraposition. Suppose cut-free Sseq I ¥ = &.
We will construct a strongly constant -extension of a GL-model such that A ¥— \/ @
is false at the bottom. First we apply Lemma 5.3(2) to ¥ = @, and we get an Seeq-
saturation ¥ = @*. The GL-sequent ¥ = &7 is not cut-free provable because of
the (GLtoS)-rule, and this sequent is not cut-free provable also in GLgq. Then we
get a GL-model (W, <, V') such that A\ ¥™—\/ @ is false at a world #,, by the cut-
free completeness of GLgeq (Th.5.4). Thus, we have the following: (A) If p € ¥, then
V (t9, p) = true. (B) If p € @7, then V (¢, p) = false. (C) If Oy € ¥, then V (x,y) =
true for any x € W such that 7y < x. (D) If Oy € &%, then V (x, w) = false for some
x € W suchthatz, < x. Then we define a strongly constant A-extension (W ™, <*, V1)
of (W, <. V) where {1, | 0 < a < A} is the tail, #; is the bottom, and V*(z,.p) =
V (tg, p) for any a < A and p. (In Figure 2 (left), the essence of (W™, <, VT) is
illustrated: each world is a sequent, and the goal is to show that each formula in the
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(W, =,V) W, <,V)
w\ifw H\if ¥
wt ? P+ =X
T

Ut = ot =X

1 G o1

: v 0w i 08"
vt = ot Ut = ot

Figure 2. (W™, <", V™) in Theorem 5.6 (left) and in Theorem 5.7 (right).

left (or right) hand side is true (or false, resp.) there.) Now, for any formula ¢ and any
ordinal number o < A, we prove the following two properties by induction on ¢. (L) If
o € W, then V' (t,, ) = true. (R) If ¢ € @, then V' (1,, @) = false. In the case of
¢ = p.weuse thefacts (A) and (B). In the case of ¢ = Oy, we use O-left-saturatedness,
the induction hypothesis, and the fact (C) to show the property (L); and we use the
fact (D) to show the property (R). Thus we have V™ (z;, \ ¥— \/ @) = false. O

THEOREM 5.7 (Soundness and analytic completeness of Dseq) Let 4 be a limit ordinal.
For any D-sequent ¥ =2 @, the following four conditions are equivalent:

(1) D Seq FY = o.

(2) Analytic DL+ ¥ = @.

3) N¥=V cb is true at the bottom of any constant A-extension of any GL-model.
(4) \¥—\/ D is true at the bottom of any A-extension of any GL-model.

Proof. The implications ‘(2) = (1)’ and ‘(4) = (3)’ are trivial.

(Proof of (1) = (4)) Let M+ = (W', <", V') be a l-extension of a GL-model.
We prove, by induction on the DZ,,-proof of ¥ == &, that A\ ¥—\/ @ is true at the
bottom ¢; of M. Here we show the case that (¥ =+ @) = (0¥’ == 0¢’) and the last
inference rule is (GLtoD); that is, we have the hypothesis () GLseq - ¥/. 0%’ = 0@/,
We assume A O%’ is true at ¢,;; then, the goal is to show \/O@’ is true at z;.
By the assumption and the definition of <*., we have both A ¥’ and A OY’
are true at any world in the tail. Then the hypothesis (1) and Proposition 5.5
imply that \/ O@’ is eventually always true in the tail {¢, | 0 < a < 4}. Therefore,
there must be a formula Oy € 0@’ such that the condition (i) (Va < A)(a <
3B < 2)(V*(15. D) = true) holds because otherwise every Oy € 0@’ satisfies (o <
Ma <V < A)(V*(t5.0p) = false). and this contradicts the fact that \/ D@’ is
eventually always true. This formula O is also true at the bottom ¢; because the
condition (}) implies (Vo < A)[(V T (ta. @) = true) and (Vx =T 1,)(V 1 (x, @) = true)].
Thus, we have V" (z;,\/ O®') = true.

(Proof of (3) = (2)) We show the contraposition. Suppose analytic D2, i/ ¥ =+ ®.
We will construct a constant A-extension of a GL-model such that A ¥ —\/ @ is
false at the bottom. First we apply Lemma 5.3(3) to ¥ == &, and we get a Dgeq-
saturation ¥+ =» @T. Let ¥* = {y | Oy € Y*}and @* = {p | Op € &*}. The GL-
sequent ¥*, O¥* = 0" is not cut-free provable in GLsq because otherwise analytic
D2, F ¥+ == &+ bytherules (GLtoD) and weakening. Then applying Lemma 5.3(1),

seq
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we get a GLgq-saturation /1 = X of ¥*, O¥™* = 0O®*. We show that /T = X is D-
left-saturated:

Suppose Oz € I1. Then On € Sub(¥, @) (because I = X isa GLgeq-
saturation of ¥*, O¥Y* = O®* which consists of the elements of
Sub(¥, ®)), and we have either On € ¥+ or On € &+ (because
¥+ = &' is a D, -saturation of ¥ =» @). But the latter condition
On € @ does not hold because, if Or € &, then Or € O&* and
IT = X is cut-free provable from the initial sequent Oz = Oz by the
weakening rule in GLgq. Therefore the former condition Oz € ¥+

holds, and we have n € ¥* C I1.

The remaining part is similar to the proof of (3) = (2)’ of Theorem 5.6. We get
a GL-model (W, <, V') such that A IT—\/ 2 is false at a world 7, by the cut-free
completeness of GLgq. Then we define a constant A-extension of (W™, <*, V') of
(W, <. V) where {7, | 0 < a < A} is the tail, 7; is the bottom, V' (¢4, p) = V (t9. p)
for any a < A. and V' (¢;, p) = true <= p € ¥*. (In Figure 2 (right), the essence of
(W, <, V) is illustrated.) We consider four properties below, where a < 4. (L) If
@ € I, then V' (t,,p) = true. (R) If ¢ € X, then V' (t,. @) = false. (LA) If ¢ € ¥,
then V¥ (t;, ) = true. (RA) If ¢ € ®F, then V*(t;, ) = false. The properties (L)
and (R) are proved in the same way as that in Theorem 5.6 for any ordinal number
a < A. Note that IT = X is O-left-saturated as shown above (while ¥+ =+ &* may
not). Finally, we prove the properties (L) and (R4) by induction on ¢. In the case of
p = 0Oy € P, for example, the proof is done as follows.

Oy et def ol 1 w el A V*(ty. w) = true forany a < A. (1)
Oy eyt deL ol 17 Oy ell L V*(tg, Oy) = true =
V*(x,w) = true for any x € W such that 7y < x. €3]

Oy eyt O V' (t;. Ow) = true.
O

THEOREM 5.8 (Soundness and cut-free completeness of DY, ). Let 2 be a limit ordinal.

For any D-sequent ¥ = @, the following four conditions are equivalent:
(1) Dg’eq FY = o.
(2) Cut-free D3y - ¥ = @.
(3) AN¥Y—\/ @ is true at the bottom of any constant J-extension of any GL-model.
(4) \¥Y—\/ @ is true at the bottom of any A-extension of any GL-model.

Proof. Proof can be done in a similar way to Theorem 5.7. Points of differences
between two proofs are below. In the proof of ‘(1) = (4)’, we use ‘(1) = (6)” of
Theorem 5.6 instead of Proposition 5.5. In the proof of ‘(3) = (2)". we use a D,
saturation ¥ = &1 of ¥ =+ @ (by Lemma 5.3(4)) to define the valuation V' at
the bottom; and we use an Sgq-saturation I7 = X of O¥* = 0O¢* (and the GL-
sequent /7 = X which is not cut-free provable in GLsq) to define the valuation V' at

the tail. O
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§6. Hilbert-style systems for D. Corresponding to Dfeq and Dgeq, we introduce new
Hilbert-style proof systems, called D3, and Dj;:

Axioms of D?;: Tautologies, and formulas of the form A OI'—\/ 04
such that A\ (7, O7I')— \/ O4 is a theorem of GLy.

Rule of Df;: Modus ponens.

Axioms of D3;: Tautologies, and formulas of the form A\ OI'—\/ 04
which is a theorem of Sy.

Rule of Dy;: Modus ponens.

Similarly to Propositions 3.4 and 3.5, we have the following.

PROPOSITION 6.1. D2+ I" = A if and only if D{ = N\ I'—\/ 4.

seq

PROPOSITION 6.2. D3 = I" = A ifand only if D}, = N\ I'—\/ 4.

seq

These are proved by induction. To be exact, for the if-parts, we show ‘Déeq F (=)
if D{; ¢’ by induction on the D;-proof of ¢. Note that Propositions 3.4 and 3.5 and
Theorems 4.1, 4.2, and 4.3 are used in the proofs.

Now the logic D has three Hilbert-style systems Dy, D and D};: and the equivalence
of these is shown by combining Proposition 2.7 (for 4 = ), Theorems 5.7 and 5.8 (for
/A = w), and Propositions 6.1 and 6.2. But it is a natural question whether we can
show this equivalence syntactically (since the above combination uses soundness and
completeness). Syntactic proof of equivalence between D and D3, can be obtained by
Theorem 4.5 and Propositions 6.1 and 6.2. In the following, we show a syntactic proof
of equivalence between Dil and Dy: consequently the equivalence between the three
systems is shown syntactically.

THEOREM 6.3. D%_I F ¢ if and only if Dy F ¢.

Proof. (Proof of only-if-part) We show the following by induction on Df_l—proof of
@: If D} F . then Dy I . If ¢ is the axiom A OI'— \/ 04, an outline of the proof
is as follows.

(1) GLugF /\(F ar) — \/ 04 (By definition of the axiom)
(2) GLygk /\(DR oar) - o \/ 04 (By (1) and inference in GLy)
(3) GLyx /\ ol — 0O \/ 04 (By (2) and the fact GLy F Oy — OOy)
4) puko\/o4-\/o4 (Lemma 2.7.1 in [3])

(5) Duk /\ ar — \/ 04. (By (3). (4), and definition of the axioms of Dy.)

(Proof of if-part) First we show the following claim by induction on the GLy-proof
of : If GLy I ¢. then D} I . A point is that the axioms O(¢—y)—(Dp—0y)
and O(Op—p)—0¢ and the conclusion of (O)-rule are respectively equivalent
(over classical propositional logic) to formulas of the form A OI'—\/ D04 such
that A\ (7. OI')—\/ O4 is a theorem of GLy. For example, O(p—yw)—(0p—0y) is
equivalent to A\ O(p—y, p)— 0w, where A(p—y, ¢, O(p—w. ¢))—DOy is a theorem
of GLy. Then we show the following claim by induction on the Dy-proof of ¢: If
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Dy F o, then D2 I . For the axioms —01 and O(0pVOy)—OpVOy, proofs are
done correspondmg to the DSeq proofs in Examples 3.3 and 3.1. O

§7. Generalization. In this section, we generalize the completeness of Sy, D%{, and
D,

In the following, L denotes an arbitrary set of formulas. We define five sets of
formulas depending on L.

DEerFINITION 7.1 (MP[-], S[-]. D[-]. D?[-]. D’[-]).

MP[L] is the smallest set of formulas that contains L and is closed
under modus ponens;

S[L] = MP[L U {Op—¢ | ¢ € Form}];

D[L] = MP[L U {-01} U{0(OpVOy)—0pVOy | ¢,y € Form}];

D?[L] = MP[Taut U {\ OI'—\/ 04 | A(I.OI)—\/ D4 € L}]:
and

D3[L] = MP[TautU { A OI'—\/ 04 | AOI'—\/ 04 € S[L]}]:

where Taut is the set of tautologies.

For example, S[GL]. D[GL]. D’[GL]. and D3[GL] are the sets of theorems of Sy.
Dy. D3, and Dy, respectively, if GL is the set of theorems of GLy.

DEFINITION 7.2. Let F be a class of Kripke frames and L be a set of formulas. We say
that a Kripke model is an F-model if it is based on a frame in F. We say that L is
characterized by F if the following two conditions are equivalent for any formula ¢.

o el
e ( is true at any world of any F-model.

Moreover, we say that L is A-tail-sound for F if any formula in L is eventually always
true in the tail of any A-extension of any F-model, where A is a limit ordinal.

For example, GL is characterized by and /-tail-sound for the class of GL-frames.
The following are the generalization of the completeness of Sy, D%I, and Df;[.

THEOREM 7.3. Let A be a limit ordinal. If L is characterized by F and A-tail-sound for F,
then the following five conditions are equivalent:

(1) ¢ € S[L].

(2) @ is true at the bottom of any strongly constant j-extension of any F-model.

(3) ¢ is eventually always true in the tail of any strongly constant j-extension of any
F-model.

(4) @ is eventually always true in the tail of any constant A-extension of any F-model.

(5)  is eventually always true in the tail of any A-extension of any F-model.

THEOREM 7.4. Let A be a limit ordinal. If L is characterized by F and J-tail-sound for F,
then the following four conditions are equivalent:

(1) ¢ € DL].

(2) ¢ € D[L].

(3)  is true at the bottom of any constant A-extension of any F-model.
(4) o is true at the bottom of any A-extension of any F-model.
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Table 2. Rewriting for generalization

Terms in Section 5 Replaced with

GL-model F-model

(cut-free) GLgeq - 1" > 4 ANI—=\/4€L

(cut-free) Sseq - I » 4 NT—\/ 4¢€S[L]
(analytic) D3 1" » 4 AT —\ 4D L]
(cut-free) D3g F " » 4 ANT—\/ 4€D3L]
Theorem 5.4, Proposition 5.5 assumption of the theorem

Proof of Theorems 7.3 and 7.4. Suppose that L is characterized by F. If X is L. S[L],
D?[L]. or D’[L], then X contains all tautologies, and X is closed under tautological
consequence; therefore, X can simulate LK as below.

o (Initial sequents) p—p € X.
e (Inference rules) X is closed under the following rules:

m (weakening), wherel” C I''and4 C A',
ANT=\(4.0) Ay, I)—=\ 4 N(p. )= \/ (4, )

(—left), (—right),

Ne—=w. I)—=\/ 4 NT—=\ (4. o=y)
ANT—=\N(4.¢) N )=\ X
A= \/(4. %)

Using these, we generalize the arguments of Section 5. Roughly speaking, this is done
by replacing terms according to Table 2. In the following, we show a detailed proof of
Theorem 7.3.

First we redefine “Sy.q-saturation’:

(cut).

An S-sequent ¥ = @& is an Syq-saturation of ¥ = @ PN

Y CWPTCSub(VP.®); @ C &t CSub(¥.d); PrH= bt is —-
saturated and O-left-saturated; and A ¥+—\/ &* & S[L].

Then we show the generalization of Lemma 5.3(2):
If NVP—\/ @ ¢&S[L]. then there is an Sqq-saturation of ¥V = P.

This is shown by simulating the proof of Lemma 5.3(2). Note that the rule (SOleft) is
available in S[L] as below

Nlp.T)—V\ 4
NOp.I)=\/ 4

because Op—¢ € S[L]. Then we prove the generalization of Theorem 5.6.

(SOleft)
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The following five conditions are equivalent:

(1) NA¥—=\/ @ e S[L].

(2) AN¥—\/ @ is true at the bottom of any strongly constant
A-extension of any F-model.

(3) A\ ?—\/ @iseventually always true in the tail of any strongly
constant A-extension of any F-model.

(4) AN¥—\/ @ is eventually always true in the tail of any
constant A-extension of any F-model.

(5) AN¥—\/ @ is eventually always true in the tail of any i-
extension of any F-model.

Note that ¢ € S[L] if and only if A 0— \/{¢} € S[L]; therefore, showing the above
equivalence is sufficient for Theorem 7.3.

(Proof of (1) = (5)) We show that each element of S[L] is eventually always true in
the tail of any A-extension of any F-model. This is easy because of the definition of
S[L]. the assumption that L is A-tail-sound for F, and the fact that Op—¢ is eventually
always true (this was shown in the proof of <(1) = (6)’ of Theorem 5.6).

(Proof of (5) = (4) = (3)) Trivial.

(Proof of (3) = (2)) Shown in the proof of ‘(4) = (3)” of Theorem 5.6.

(Proofof (2) = ( )) We generalize the proof of ‘(3) = (2) of Theorem 5.6. Suppose
N ¥P—\ @ ¢S[L]. By the ‘generalized Lemma 5.3(2)’, we get an Sq-saturation
Y+ = @F of ¥ = &. By the definition of Syq-saturation, we have A\ ¥+—\/ &* &
S[L]; therefore A\ ¥*™—\/ @ ¢ L because of the definition of S[L]. Hence, there is
an F-model (W, <. V') such that A\ ¥*—\/ @ is false at a world 7y because of the
assumption that L is characterized by F. The rest of the proof is the same as in the
proof of ‘(3) = (2)’ of Theorem 5.6.

This completes the proof of Theorem 7.3. Similarly, Theorem 7.4 can be proved by
generalizing the proofs of Theorems 5.7 and 5.8. O

REMARK 7.5. In the proof of Theorem 6.3, we use the following particular properties
of GL: Op—00¢ € GL, and GL C D*[GL] (due to the property of the axioms of GL
specified in the proof of Theorem 6.3). Therefore, in general, the condition ‘o € D[L]’
seems nonequivalent to the conditions (1)—(4) of Theorem 7.4.

In the rest of this section, we show an application of Theorem 7.4 to the extensions
of GL and D with linear order models.

Let 4 be a limit ordinal, and M be (W, <, V). We define ‘finite linear GL-model’,
‘linear GL-model’, and ‘A-GL-model’ as below.

M is afinite linear GL- model <L (W.<) ~ {a| o < n},>)forsome

natural number n. (We call ({a | a < n}, >) afinite linear GL-frame.)

M is a linear GL-model < (W, <) ~ {a|a< p}.>) for some

ordinal number f > 0.
M is a A-GL-model < (W, <)~ {a|a < i}, >).

Then we define logics LinGLF | LinGL, LinD”, and LinD as below.

LinGLF = {¢ | ¢ is true at any world of any finite linear GL-model.}
LinGL = {¢p | ¢ is true at any world of any linear GL-model.}
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Figure 3. A J-extension of a finite linear GL-model and its submodel.

LinD”* = {¢ | ¢ is true at the bottom of any A-GL-model.}
LinD = {¢ | ¢ is true at the bottom of any 4’-GL-model, for any limit
ordinal /'.}

THEOREM 7.6. LinGL' = LinGL. (Therefore, LinGL is characterized by the class of
finite linear GL-frames.)

Proof. LinGL" is known to be axiomatized by adding an axiom scheme
O(0p—w)VO(yAOy—¢) to GLy ([7, sec. 25]). We call this system LinGLy.
The soundness of LinGLy with respect to LinGL is easily shown. Therefore
LinGL" C LinGL is shown as below: ¢ € LinGL" = LinGLy ¢ = ¢ € LinGL.
The converse inclusion LinGL" D LinGL is trivial by the definition. O

THEOREM 7.7. Let 1 be a limit ordinal. The following conditions are equivalent:

(1) ¢ € D*[LinGL].

(2) ¢ € D*[LinGL].

(3) @ is true at the bottom of any J-extension of any finite linear GL-model.
4)

@ Is true at the bottom of any A'-extension of any finite linear GL-model. for any
limit ordinal A'.

(5) ¢ € LinD".
(6) ¢ € LinD.

Proof. If M is a A-extension of a finite linear GL-model, and if M’ is a submodel
of M as in Figure 3, then M’ is a -GL-model and the truth value of each formula at
each world is inherited from M. Using this, we can show the following three facts. (i)
LinGL is /-tail-sound for the class of finite linear GL-frames. (ii) The conditions (3)
and (5) are equivalent. (iii) The conditions (4) and (6) are equivalent. Then, the fact
(i) and Theorems 7.6 and 7.4 imply the equivalence between the conditions (1), (2),
and (3). Finally, ‘(3) <= (4) is shown similarly to Remark 2.6. O

REMARK 7.8. Also the condition ‘p € D[LinGL]’ is equivalent to the conditions
in Theorem 7.7 because we can show D?[LinGL] = D[LinGL] in the same way as
Theorem 6.3, using the Hilbert-style system LinGLy (mentioned in the proof of
Theorem 7.6). A cut-free sequent calculus for LinGL was discussed in [13].
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