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Transversals of squares

N.H. Williams

Let K and A be cardinal numbers. Take any family

A= {‘4\); Vv € N} where each A, 1is a product 4 =B, X c, with

IBVI=|Cv|=Na,suchthat if BXxCgA x4, (for u#EvV)

v
then [B|, |€] < A . We investigate under what conditions on
@, K, A end |N| there will be a set T with 1 = l7ra)| <

for each v .

This note discusses the following question. Let K and A be
cardinals (finite or infinite). Let {4 o V€ N} be a family of sets

vhere each 4, is of the form B X C, with (B,] = ‘Cv] =N, such that
if BxCCA x4, (for u#v ) then |B|, |C|] < A . For which values
of a, K, A and |¥| is there a set T such that 1 < ‘TM\,, < K for
each Vv in N 7

The corresponding question when one supposes that IA\, l = Ba and
IAur\Avl <A if M # VvV has been extensively discussed by ErdSs and Hajnal

[7]. We shall use methods based on those in [1] to obtain the positive

results here.
The Generalized Continuum Hypothesis will be assumed throughout.

NOTATION. Given a set 4 , define the two-dimensional cardinality
flall of A (when it exists) by [l4ll = k if there are B, C with
|B} = ]| =x for which B x C €A , and the same is not true of any

B', C' with |B'| = |C'| > x . A family A={A,; v €N} will be called
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a kxXk-fanily if each A, 1is of the form B X (, where

|Bv| = |c,| =k . Define Sq(A) to be the least cardinal X such that
HAunA\)H <A (for u#v from ¥ ). A set T will be called a
A-transversal of A if 1= |TM | <A for each A, in A . Here we

always suppose A < |A\)| , Since otherwise possibly T n .4\) = A\) . For a

set A, put dom(4) = {a; 3b({a, b) € 4)} and
codom(4) = {b; Jalla, b) € A)} .

Cardinals will be identified with initial ordinals. If K 1is a
cardinal, Cf(k) is defined to be the least A such that K can be
written as a union of X sets each of power less than K . Thus K is

regular just when Cf(k) =x , and Cf(Kk) = 2 when K is finite {(and
K >1 ). Define k' to be the least cardinal greater than K .
We start by making the following trivial observation.
LEMMA 1. Let R, S be sets of power Na . Let A= {AV; v < k} be

an Naﬂ*a-fwnily. Suppose that either

(i) x <R and for some AR, ”AVG(RXS)” < A for each
v, or

(ii) x < cr(xa) and A NRS)II < K~ for each v .

Then R xS ¢ UA.

Proof. Suppose (7) to hold. For each V , either IRndom(Av)l <A
or lSncodom[Av]l < X . Since IU{Rndom(Av); ]Rndom[/‘le] <A} = x < K, >
we may choose zx in R - U{dom(Av); ]Rndom(A\))l < A} . Similarly we may
choose y in S - U{codom(Av]; ISncodom(Av]l < A} . But then
(xz, y» € (RXS) = UA , so R xS ¢ UA . The situation is similar if (i)
holds.

COROLLARY 2., Let A= {Av; v < Kk} be any Raxxa-farmlly such that
either

(1) x < Na and 8Sq(A) < Na , or
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(i1) «x <Cf(Na] and Sq(A) Sxa' Then A has a 2-transversal.

(Note that a 2-transversal is a genuine transversal, in the

usual sense.)

Proof. By the Lemma, for each V we may choose z,, in

A, - U{Au; W#Vv} . Then T = {x\); Vv <k} is a 2-transversal of A .

Examples show that if K is increased above the limits in Corollary
2, then a 2-transversal may not always exist. For (Z), the following
result from (1, §4.5] may be used. Given A < Ra , there is a family

{Bv;

" .
v <M.} of sets each of power B_ such that lBunB\)l <X if

U # v , for which there is no set T such that 1 < [Bvrﬂ'| < X for each
v . If one now tekes the family A = {Ra X By V< Na} , then clearly A
is an Rax“a-family with Sq(A) = A , and yet A has no A-transversal.

Using the same method with the appropriate family constructed in [7, §k.}]

gives an Raxﬁa—fa.mily A={4;v< Cf[NaJ} with Sq(A) = Na which has

\)’

no A-transversal for any A with A < Cf[?*a] .

These examples show that the results in the next two theorems are the
best that can be expected.

THEOREM 3. Let A ={a; v <Cr(8 )} be an R R -family with

Sq(A) = By + Then there is a Cf(Ra]-transversaZ for A .

Proof. Given the family A , we shall construct a Cf(ﬁa]—transversal
T . By Lemma 1 (¢Z), for each Y with 1 < Cf(Na] we have that

Au ¢ U{a; v < u} , and so we can choose x, € AIJ -ula ; v<ul. Put

v} N

T = {xu; p < Cf(Na)} . Then for any V it follows that
TnA,C {xu; u = v}, and so ITnAvl < Cf[Na] . Thus 7T is indeed a
Cf(Na)-tra.nsversa.l for A .

We need to make use of the following result, the proof of which comes
from a simple modification to the proof of an analogous result of Tarski
{2, Théoreme 5].
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LEMMA 4. Let S be a set of poaver Ra » and suppose that
Cf(ﬁa] #Cf(A) . Then S x S cannot be decomposed into a family A of
more than Na subsets where Sq(A) = A, with [lA]l 2 A for each 4 in
A

LEMMA 5. Let X and B be given, and if B =y + 1 suppose that

Cf(NY) # Cf(A) . Let S be any set with |S| < Rg » and suppose
B={B,; Vv ¢ N} is a family with Sq(B) = X , where always B,c§x8

and IIB\)II =z X. Then |N] < NB .

Proof. Since |B| = |5|7, if |s|T <R, then certainly |N| <®

8 B’

+
Ang if |[S]| = NB , then Lemma b applies to give the result.

THEOREM 6. Let X and a be given, and if a =Y + 1 suppose that

either )\=NY or Cf(A) #Cf(RY) . Then every Raxxa-fwmlly A of R,

. +
gets with S8q(A) = X has a X -transversal.
Proof. The case when )\+ = Na is covered by Theorem 3, s0 we may
suppose 2 < Non . Take a suitsble family A = {AV; v < Na} .

Write A~ X for {(a, b)€A4; af dom(X) and b § codom(X)} .
Use transfinite induction to define elements xu when U < Ra as

follows. Put X = {z,; v <u} ang x5 = dom(Xu] x codom[Xu) . Write
- - . > .
4 (Au'\:Xu) uta,; ]ApﬂXu] = A}

: . r _ = .
Choose zy in Ao . When u>0 , if AU =9 put :z:“| Ty 3 otherwise

f Al .
choose xu rom "
Since IXu] < Ru when 1 < Na , by applying Lemma 5 to
= *. ] > 5 B <N, i X,
Bu {Aanu, IlAanu" > A} , it follows that | Ul Ny The choice of v
ensures that HAan;ﬂ = A exactly when prr\Xul > A . Now since

"Ali” = R also "Au"'Xu" = 30‘ and so Lemma 1 () shows that

o k]
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AN X ¢ U{Ap; |Aanu| 2 A} , unless of course |AUnXlJ| > A . Thus either
IAunXul 2 A or else z, €A, .

Put T = {xv; v < Na} ; so always |TnAv| 21 . And for any AU , if
for some p it happens that [Aun{x\); Vv < p}l = A , then for all v ,

where VvV = p , either z, = x5 or z, kAu . Hence always ITnAul =i,

+
and so T is a A -transversal for A .

In the case a =Y + 1 , I do not know if the restriction on A in

Theorem 6 can be lifted. However, by changing BU to

{Apnxﬁ; HAan{:Il > A} , one establishes the following result.

THEOREM 7. For all X, if A s any NaxNa-famiZy of Na sets
with 8Sq(A) = X, then A has a A - transversal.

In the case of an NaXNa-family of power greater than Na , one cannot
always expect to find even an 3a-tra.nsversal. This contrasts with the
results of [1]. Consider the following Naxxu—family A of NoH-l sets
with Sq(A) = 2 , for which any transversal must meet some member of A in

a set of power Ror. .

Let S, for Vv < Na be pairwise disjoint sets each of power Ra .

+1
Now put
R =5, x {R; R UlS; v <8 .} end |R| = Na} ,
so |R| = B 41 - Thus there is an enumeration {(yv, Rp; v < Ra+1} of
R. Put

- . 3 .
A= 8y xSy v < Byylv {({yv}u‘s\ﬁl) X Rys v < Now-l} )

Then A is indeed an Naxxa-family with [A] = &oﬁ and Sq(A) = 2.

1
However, let T be sny transversal of A . In particular, T meets each

of the sets So x S\) ; choose (:z:v, y\)) €ET n (SOXS\)) . Since

ISO| = Na » there are z in S, and HCR . with |g] = Na such

0 1 +1
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that x =« for all Vv in H . Choose R with |R| = R, such that

Rc {y,s v € H} . Then there is W with < Ry for which

(z, Ry ={x,, R) . But then ITn[({yv}uSu+l) x Ru)[ =8 .
In view of this negative result, one may wish to modify the definition

of a transversal. Let us call T a AXA-transversal of A if

1 =<I7dl <A for each 4 in A . It is however trivial that if

A {Av; v < Na} is any family of &a sets with HAVH =R then A has

1A

a b
a 2%x2-transversal. One chooses inductively Zs yv

€ dom(4,) - le,; w < v} and

for Vv < Na so that
(.’x:\), y\))EA\) > X,
y, € codom(Av) - {yu; Bk <v}l. Then T = {(xv, Yy v < Na] is a
2x2-transversal of A .

For Naxxa—families of more than Ra sets one can now establish the

following theorem by modifying the construction in §5 of [1].

THEOREM 8. Let o and B be given. For all Yy with
Yy <o+ Cf(NB) s i A=AV < xY} is any B R ~family with

Sq(A) = NB then there is an 88+lx38+1-transversal for A .
In fact Theorem 8 is true under the weaker assumption that
= = R
lAvl “Avﬂ o (for each Vv ).
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