Glasgow Math. J. 44 (2002) 411-418. © 2002 Glasgow Mathematical Journal Trust.
DOI: 10.1017/S00170895020201405  Printed in the United Kingdom

MAGNETOHYDRODYNAMIC APPROACH TO
SOLVABILITY OF THE THREE-DIMENSIONAL
STATIONARY EULER EQUATIONS

TAKAHIRO NISHIYAMA

Department of Mechanical Engineering, Fukuoka Institute of Technology, Fukuoka 811-0295, Japan
e-mail: nisiyama@fit.ac.jp

(Received 11 December, 2000; accepted 23 August, 2001)

Abstract. A sequence of solutions to the Galerkin approximation of a nonsta-
tionary magnetohydrodynamic system is proved to converge to a measure-valued
solution, in the sense of R. J. DiPerna—A. J. Majda, to the three-dimensional sta-
tionary Euler equations.
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1. Introduction. Letu (: @ — R*) and p (: @ — R) be the velocity and pressure,
respectively, of a steady-state inviscid incompressible fluid with unit density in a
three-dimensional domain Q. They satisfy the stationary Euler equations

u-Vu=—Vp, V.-u=0. (1)

In the two-dimensional and the axisymmetric cases, the existence of a solution
to (1) with nonvanishing vorticity has been investigated by variational methods in,
for example, [2,3,5,9,11,16,19,20] and by some other methods in [17,18,22]. On the
other hand, in the three-dimensional case, these methods seem inapplicable and, as
far as the author knows, the existence has not been rigorously proved, except under
a special situation accompanied with a leakage in [1] or under the condition that u
and V x u are parallel in [4,12,23].

To obtain solutions to (1), Moffatt [14] proposed the nonstationary equations
for a viscous and perfectly conductive magneto-fluid:

vi4+v-Vv=—Vg+ B-VB—V(B|*/2) + Av,
B, +v-VB=B-Vy, (2)
V-v=V-B=0.

Here the density and viscosity are equal to unit and (v,B,q):Q x {t > 0} —>
R} x R® x R stand for the velocity, magnetic field and pressure, respectively. He
asserted the relaxation of (2) (with appropriate initial data) to an equilibrium

v =0, B-VB=V(q+|B/)2), V-B=0,

as the time ¢— oo, which means that u = B|,_,, is a solution to (1) with
p = —(q+ |B*/2)|,—00. This is worthy of remark. However, to justify it rigorously,
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we need the existence of a temporally global solution to (2) in the sense of distribu-
tion in space at the weakest. In fact, the existence seems difficult to prove because of
the perfect conductivity of the magneto-fluid. Moreover, even if it is proved and the
decay v — 0 (as 1 — o0) in L*(Q) (= (L*(Q))?) is obtained, we cannot derive v, — 0
in L*(Q) as easily as Moffatt asserted. Moffatt [15] considered the relaxation of
another magnetohydrodynamic system which has the same mathematical difficulty.

In [21], Vallis et al. introduced the nonstationary system of equations for an
inviscid and perfectly conductive magneto-fluid with artificial terms:

vi4+v-Vv=—=Vg+B-VB—V(B?/2) +av, x (V x v),
B, +(+av,) -VB=B-V(v+ av), 3)
V.vyv=V.-B=0.

Here « is a nonzero constant. They asserted the relaxation of (3) to a steady state as

t — oo. However, it is also difficult to prove rigorously. In fact, even if the smooth

solvability is assumed globally in time, we do not know whether B; — 0 as t — oo.
Combining the ideas of Moffatt and Vallis et al., we introduce

vi+v-Vv=—Vg+B-VB—V(BJ*/2)+ v, x (VX v)+ Av,
B, +(v+v)-VB=B-V(+v), @)
V.vy=V.-B=0.

For this system, if we assume the temporally global and smooth solvability, which
seems difficult to prove as well as for (2) and (3), then we can show that v — 0,
v, — 0and B, — 0 as t — oo.

The aim of this paper is to prove that a sequence of solutions to the Galerkin
approximation of (4) converges to a measure-valued solution to (1) when we let ¢
and the number of basis functions go to infinity simultaneously. The concept of
measure-valued solutions was applied to the nonstationary Euler equations by
DiPerna and Majda [7,8]. They justified its utility as a tool for discussion of complex
phenomena in Euler flows (see also [6]).

2. Preliminaries. Let us introduce our notation. We assume that Q (C R®) is an
open, bounded and simply connected domain whose boundary 99 is sufficiently
smooth. By C3°(2), we denote the set of all co-times continuously differentiable
functions defined on Q whose supports are compact. By C¢° (€2), we mean the set of
all three-dimensional divergence-free functions whose components belong to Cg°(£2).
The product (-, ) and the norm || - || are defined by

(fg) = /Q A g dx and (7] = (£

The spaces H, and H[', represent the closures of €7, (€2) with respect to || - || and
|- ll1, respectively, where || -|; (j € N) is the norm in the vector-valued Sobolev
space of the j-th order denoted by Wj(Q).

By M(G), we denote the space of Radon measures on G = Q, R? or $2, where S2
stands for the unit sphere. The total variation ||, of each u € M(G) is given by
the supremum of | fG ¢ du| for all continuous functions ¢ on G such that the support
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of ¢ is compact and |¢| < 1. By MT(G), we denote the subspace of nonnegative
measures in M(G). The subspace of measures with unit total variation in M1 (G) is
denoted by ProbM(G).

By w H}T N WS(Q) (k=1,2,3,...), we denote eigenfunctions for the problem

Aw = Vs — Iw, V-w=0, W50 =0, Iwl =1

with functions s = s and eigenvalues 4 = 11 ; such that Vs; € Wé(Q), 0 <dik < Akt
and limg_ o A1 = o0 ([13, Chapter 2]). Then {w’]‘},f‘;l is a complete orthonormal
system in H,.

By wh € H, N W;(Q) (k=1,2,3,...), we denote eigenfunctions for the problem

Vxw=.w, w-n|yo =0, lwl| =1

with eigenvalues 4 = 4 ; such that 0 < |Ay | < |A2k+1] and limy_s o |A2.k] = 00 ([23]).
Here n is the unit outward normal vector on 3Q. Then {w5}?>, is a complete ortho-
normal system in H,,. It should be noted that const.w! for an arbitrary k satisfies (1).
Indeed,

wh - Vwh = (V x wh) x wh + V(w512 /2) = v(Iwh |2 )2).

The reason for using {w’2‘ o, is that we can obtain (15) below.

For vectors f= (f1, />, f3) and g = (g1, 2, £3), we denote the matrix whose (i, j)-
component is equal to fig; by f® g. By Vf, we denote the Jacobian matrix of f(x).
We define the product of 3 x 3-matrices F=(f;) and G=(g;) by F:G=

3 3,
>oict 21 Jiif-

3. Result. Let us consider the system of equations for {a,r()};_, and
{bui(D)}i—, with n € N fixed:

da, Z " ey dan n n n n ok 7
dtqk + D x ) x Wy wh) dt.l =(B"-VB"—v"- W' W) — A kani, (5
J=1
dbn,k n n n n n n k
T =(B"- V0" +v])) =" +))- VB", wy), (6)

where

n n
V= Z“m/(l)wf’ B" = me/(l)%.
J= J=

It is an approximation of (4) with the 2n basis functions {wf}/_,, {w5}{_,. Indeed, (5)
can be rewritten as

"+ (V x v x v, wh) = (B"-VB" —v" - V" + AV', wh)).
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The initial conditions to impose on (5) and (6) are
@, (0) = (0, W), buil0) = (Bo, Wh), (7)
where vy € H}, and By (# 0) € H, are arbitrary. The following is our main theorem.

THEOREM. The initial value problem (5)—(7) has a unique smooth solution globally
in time. There exist sequences {n, € N|n, <n,1} and {t,10 <ty < b1,
Fm

limyy o0 1y = 00} (m =1,2,3, ...) such that |[v"|,_, I, IV xv*|_, | and |vi"|,|
converge to zero and |B"™|,_, 1? converges weakly-* to a measure y in M(Q) satisfying

il ae) < Ivoll® + IV x voll* + [|Bo 1> (8)
In addition, if
o0
7—1 TW\2
> A5 (Bo, wi) #0, ©)
Jj=1

then || yq) > 0 holds. As m — oo, the system (5)~(7) with n = n,, and t = t,, yields
the existence of a u-measurable map x (€ Q) 1—{v| 5, v2.¢} (€ M*(R®) @ ProbM(S?))
such that {jx, vy x, va.x} is a measure-valued solution to (1) in DiPerna—Majda’s sense,

that is,
/V<I> : (/ l®idvz,x>duzo, (10)
o) s lul  ul

u

are satisfied for all ® € C§,(Q) and all ¢ € CF(Q). Here h is the Radon—Nikodym
derivative of the absolutely continuous part of u with respect to the Lebesgue measure.

Proof. Since the matrix whose (k, j)-component is given by ((V x v") x w’i, w’f))
is anti-symmetric and all its eigenvalues have zero real parts, the problem (5)—(7) has
a unique smooth solution at least locally in time.

Multiplying (5) by a,« or (d/df)a,«, we get

1
IR = (W 50 BB ) — [V P,
ny2 n n n noo.n 1d ny2
vi°=(B"-VB" —v"- V", V,))—EEIIVXV [

Here we noted that (f- Vg, h) = —(f- Vh, g) (=0 if g = h) holds for f, g and h
satisfying V- f=0 and (g - h)(f- n)|;o = 0. On the other hand, (6) yields

1d

o ny2 _ n n 7 n
S5 IB"I? = (B" - V0" +)). B").
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From these equalities and (v" - Vv*, v}) = ((V x v") x v", ¥/)), we derive

1d

2 )2 2y — o112 _ 2
5 (1P 1V P4 IBTI) = =1 = IV 0",

which yields

!
IV I12 4+ 1V < v 12+ 118”1 + 2/ (V712 + IV > v"[1%)de
0

n n n 12
= ol + IV X V' ]ol® + 1Bl (12)

< Ivoll* + IV x woll> + || BoI*.

Clearly, this means that the problem (5)—(7) has a unique smooth solution globally
in time. Furthermore, using Rellich’s theorem, we have the existence of a sequence
{n, e N|ny, <nyue (m=1,2,3,...)} such that v"» converges strongly in H, and
weakly in H:,, uniformly on an arbitrary countable set of ¢. Since (12) yields the
square integrability of ||V x v"| and ||v}|| over (0, 00), we also have the existence of a
sequence, for example {t,, | 2"~ < t,, <2" (m=1,2,3,...)}, such that

1
m 2 m 2 2 2 2
(A0 S PR | o PR 2,,,(IlvOII + IV x vl + 1 Boll"),

that is,

IV v, I =0, V"=, I > 0, v

"=z, = 0 (13)

as m — oo. Indeed, if we suppose the nonexistence of this {¢,,}, then we have
2)’71

1
AV v 2 iBde > S vl + 1V < woll? + 1 Boll),
2m—

which conflicts with (12).
Let @ € C§,(2) be an arbitrary function and define ®" € H; N WS(Q) by

n
"= (P, w)w].
=1
Then, summing up the products of (5) and (®, wt) from k = 1 to n, we obtain

O] +(Vxv) xv!, &)= —/ V® : B"® B'dx +f V(® — ®"): B"® B"dx (14)
Q Q

+ ((vl‘l . v@l’l’ vﬂ)) + ((vﬂ’ A@I’l))

By (12) and the stationary version of [7, Theorem 1], we have the weak-* con-
vergence of |B™|,_, I to a measure u in M(Q), which yields (8), and the limit

lim [ V&®:(B"™ ® B™)|_, dx = / Vo < / i®iduz,x)du
Q Q 52

m—>00 |u| " |ul
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with a u-measurable v, : Q — ProbM(S?). Since

: B 0"
8)61' Bxi

su
i—1 (x1,%2,x3)€Q

< const.||[® — ®"||; (— 0 asn— 00)

follows from Sobolev’s embedding theorem and [13, Chapter 2, Theorem 7], we
derive (10) by using (13) in (14).

From the equality (V¢, B") =0 for any ¢ € C3°(£2), we deduce (11) by the
stationary version of [7, Theorem 1].

Lastly, let us prove ||y ) > 0 under (9). Multiplying (6) by ii}cbn,k and sum-
ming up the products from k = 1 to n, we have

1d ld~,_1»
——(B", AB") = ——
2dt(( , ) 2d[k2:;’12,kbn,k
=SV X (" + ) x B, 75 kbuiwh) (15)
k=1
=3 "(("" + ") x B", b wh) =0.
k=1

Here A = (Vx)™' : H, » {f € H, |V x f € H,)} (see [23]). Therefore,

(B". AB") = (B". AB")|.—o — (Bo. ABo) = Y _ 13 }(Bo. W)’ #0 (16
j=1

as n — oo. Now, suppose that |u] ) = 0, that is, lim,, fQ |B”m|,:,m|2¢ dx=0is
valid for any ¢ € C°(€2). Then, since

I4B"|IT < CIB" > < C(lIwoll* + IV x woll* + 11 Bol*)

is obtained, where C is a positive constant independent of n, and

|(AB""|,—,,,. V x ®)| = [(B""|,=,,. ®)
12
< (/ dx/ |Bnm|”m|2|¢,|2dx> (— 0as m— o0)
e} Q

holds for any ® € C{ (), we have the convergence AB"|,_, — 0 strongly in H,.
It means that (B", AB")|,—,, — 0, which conflicts with (16). Hence || @) > 0 is
deduced. O

REMARK. As was mentioned in Section 2, the function cw’§ (k € N) with an
arbitrary nonzero constant c¢ satisfies (1) with u - n|;o = 0. It can be regarded as a
measure-valued solution:

k
du = czlwzlzdx, Vix=24 Vo = (Scwg(x)/\pwg(x)p (17)

¢ w§ (x)>
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where 8y is the Dirac measure at f. It is open whether or not our Theorem really
means the existence of a measure-valued solution which is different from (17).

In the two-dimensional case, which will be discussed in another paper, we can
obtain an analogous result to the Theorem by choosing another set of smooth
solutions to (1) as {w}> .

In [10], Freedman investigated (2) assuming the existence of a solution on a closed
3-manifold. He proved that a magnetic field with a nontrivial link has a positive lower
bound of energy even if the magnetic helicity is equal to zero. The condition (9) in our
theorem means that By has a nonzero magnetic helicity. It is open whether or not we
can obtain || o) > 0 without (9) by applying Freedman’s theory.
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