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The Solution of Mathieu’s Differential Equation.
By Dr JorN DouGALL.
(Read 10th March 1916. Received 20th June 1916.)

The determination of the harmonic functions of elliptic and
hyperbolic cylinders depends on the solution of Mathieu’s differ-
ential equation. This equation, it has been remarked by Professor
Whittaker,* is the one which naturally comes up for study after
the hypergeometric equation has been disposed of. TIts solution
presents difficulties which do not arise in connection with the
hypergeometric equation or its degenerate cases, and it cannot, I
think, be said that any discussion of the equation has yet been
given with which the student of analysis can rest content. The
treatment given below, though certainly incomplete at some
points, seems to follow the lines along which a thoroughly successful
theory may be hoped for.

Two independent solutions are obtained in terms of series
which are proved to converge absolutely and uniformly for all
values of the variable. The coeflicients of these series are expressed
in the form of multiple series which can in fact be summed in a
finite number of terms involving known functions, but the actual
carrying out of the summations is not effected for the general term.

The equation for the troublesome index with which students of
the equation are familiar is found in an interesting and com-
paratively simple form. Here also the general term is left as a
multiple series, but a method is explained by which this can be
evaluated in terms of simple functions, at the cost indeed of serious
algebraical labour, and the evaluation is actually completed for a
few of the earlier terms.

* Whittaker, Proc. of Fifth International Congress of Mathematicians,
1912, Vol. L., p. 366.

Several papers have recently appeared in our own Proceedings, Vols.
XXXIIL and XXXIII. In these papers other references will be found,
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A second form of solution of Mathieu’s equation is given in
series involving Bessel functions, It is remarkable that the
coefficients in these series are the same as in the first or standard
form of the solution. A very valuable feature of the solutions in
Bessel functions is that they exhibit at a glance the asymptotic
character of the solutions for infinite values of the variable.

1. Elliptic cylindrical coordinates o. and 8 are connected with
ordinary rectangular coordinates x and y by the equations

x = c¢ cosh o cos 3, }
y=csinh o sin 8,

or, in one equation,

z+iy=ccosh(a+iB) «ccooovriniiinni, (2)
The wave equation
eV v
el + 3’3/—2 + k=0 it (3)
becomes
2 a?
% + aﬁV; +3x2c* (cosh 2 —c0s 28) V=0. ............ 4)
If u(a) v (B) is a solution of this equation, we must have
2
% + (3x*c*cosh 2 ~ ) u =0, ...ccooiiiiiiinnnin. (5)
Z—%,_, -(3x*ctcos 2B -s)v=0, .coooociiiiiii, (6)

where & is a constant.

Since (6) may be derived from (5) by changing « into 1§, it is
sutlicient to deal with (5), which is in effect Mathieu’s differential
equation.

The problem attempted in the present paper is the complete
solution of (5) on the supposition that the constants « and s are
given.

2. According to the theory of linear differential equations, a
solution of (5) exists expressible in the form

L

u= P . éMMe )

N - 0

where ¢, and v are constants to be determined.
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Substitution in (5) gives

{Cn+v) -5} ec,+ 3P+ Ca) =0, coienennin, (8)
or, if Ca=(=1"Cy it 8y
n+}v) - 46
C,.+,+C,_,=g—jmi— Coe eovereereeenen ©)
If we write
%V=f“’
ts=r, } ................................ (10)
ixc= A.,_
this becomes
2 _
Conrt Coa= L= e )

1\2
It is the treatment of this recurrence equation which constitutes
the distinctive feature of the following analysis.
In (11) the variable » is an integer, but it will be convenient to
deal with the general difference equation
2 —~9?
W F W === Wy e (12)
in which z is a complex variable.
If w, is any solution of (12), then obviously
Coa=Wupp wooiereviriniiiniiiiiinneans (13)

1 A (14)
are solutions of (11).

The method of procedure will be as follows.
We shall find a solution of (12), say w,=¢(z), vanishing when

the real part of z is infinite and positive. Then

¢(n+p)=0, when n= +w ;

and ¢(-n-p)=0, when n= -,

But we can choose u so that the solutions ¢ (n+ ) and ¢ (- n—p)
of (11) are the same except for a constant factor; for the two
solutions ¢ (n+pu) and 4 ¢ (-~ n —p) are identical if they are equal
to each other for two cousecutive values of n, say n=0and n=1;

that is, if
$(Lrp=d(~1-p),
and ¢(P)=A (f)(—[l«), } .................. (15)
80 that the equation for u is
() e(-p-1)—¢(-p)d(p+1)=0. ........... (16)
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3. We have now to find a solution ¢ (z) of the difference
equation
_1-2

¢(z+1)+¢(z-1)=z2/\2 G(2)) erereenannn, an

such that ¢ (¥ +ai) => 0 when & ~» o, where @ and N are real.

Since ¢ (n+p) is the coefficient of the term of order » in a
power series which we expect to converge rapidly, it is natural to
agsume tentatively that in (17) ¢ (2 + 1) is negligible in comparison
with ¢ (z - 1) when the real part of z is great and positive.

Thus, approximately,

-1
¢(z-1)= v Y ) N (18)
an equation of which one solution is
A?Z
4)(2):1_1 (z+7¢) H (z-r) 3 treetresiesseraaan
and this satisfies the condition at infinity.
Looking now for a solution of (17) which shall have (19) for its
asymptotic form when & (2), (the real part of 2), tends to + w0, we
write in (17)

2
@ (2) = Tt r)xl'[ PR Uy vevereneniinns (20)
and obtain for v, the equation
Ad
Grn Gara D) (eor) r1) o0t U =
or, changing z into z + 1,
V== a 42 eeeees (21)

_(z+r+ DE+r+2)@-r+1)(z-7+2) ks
We shall find a solution of (21) in the form of a series of
ascending powers of A%, say
v,=1-MAMNF A4 _AN24B 4 (22)
where the coefficients 4., 4.”, ... all tend to 0 as R (z) tends
to +o0.¥

* It will be found interesting to apply a similar process to the difference
equation for the Bessel function J, (\), viz.,

T (N +Jea (V) = _‘3% J: (A).
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4. For brevity write
1

Trr+ ) (ztr+2) (z-r+ 1) (e-r+2)
Then (21) is

a,

oo (23)

U=V = A V. (24)
From (22)
V=1 -NMAU ML, (25)
-NMav, .= —-Ma, +AX%a, 4.0, ... (26)
80 that
V= ty= —AMAN AN+ N4 -4,8)..., ... . (27)

From (24), (26), (27), by equating coetlicients of the various
powers of A,

AW —A M =a,, i (28)
AP~ A8 =a, 4,8}, i (29)
AP 4.8 =a, 4,0}, ..cocoiiiiin (30)
and so on.
A solution of (28) is
AMN=a, 40, 4 Gat oy oo i (81)
and this is easily proved to tend to 0 as R (z) tends to + .
Similarly
AP =a 4. +a A N+a A0+ . (32)
= a; (a’z+2 + az+3 + az-H + .. )
F ) (Bt O+ s+ .. I, (33)
F O (O + Qs+ O+ ))
e e e ,
AP =a, 4.9 +a A B+a 4,8+, (34)
and so on.
More formally,
«o
Az“‘ = z a,'z+p ¥
Pl=0 1
w a
A0 = 2,0 (az-H" 2 Betp +p, )2
p= p =2
2 SN (35)
L CD‘ ('O‘
49 =2 {ayy Z (Vrp1p 2 Cupyip )}
p)=0 1 112=2 1 2 p;—'? 1 2 3/)
il 3
Az('”z 24 App 2 Aogy o voe 2-4 Qpgp +p +.cbp
p1=0 1 ‘{2“'3 1 2 pq:‘l 1 2 7
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5. We shall now show that the repeated series of (35) are
absolutely convergent and that with the definitions (335) of
49, A2, ete., the series for v, in (22) is absolutely convergent.

Put | gy | = Mgy e v, (36)
Also put B for the repeated series obtained from 4. by replacing
each « by its modulus.

Thus B is the sum of all the g-ary products of the quantities

My Mogry Megaseon
with the omission of all products in which any two of the sutfixes
differ by unity. Thus Bis less than the sum of all the g-ary
products, without restriction, of

M,y My, Moy,

and therefore, as is obvious by the Multinomial Theorem, less than
1 Y]
71 (m,+m +m o+ )

which, from the definition (23) of «a,, is clearly finite.

Put m+m  +m o+ ...=M

Thus BY < L My i (87)

q!

‘ 1
and | 47| < o Mi i, (38)
Hence, if we put [ A =L in (22), i (39)

2 2
fo.| < 1+LM +L—.#——+

L Bppp reereen e e (40)

so that the series (22) converges absolutely.

We see now that the repeated series which defines 4, in (35)
may be treated as a multiple series, and the terms taken in any
order.

Again, when E(z) = + o, clearly M/ —> 0, so that »,~> 1,
and ¢ (z) as defined by (20) and (22) has actually

AZ;A
H(z+r) I (z-17)
for its asymptotic form as B(z) = + =.

Finally, in the series (7), when ¢, = (- 1)" ¢ (n+ p), the general
term for a large positive » has the asymptotic form

( _ l)u A+ (A_,,,+2p,)a.
Mn+p+r) I (+p-7)
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and the series therefore converges at the upper end, (n = + ),
absolutely and uniformly for every .

As for the nature of the convergence at the lower end,
(n = - ), we have, as explained at the end of §2,

#rrn) = 4 (-n-p)
¢> (/L) An—ep
- O(-n-p+r)d(-n-p-r)’

asymptotically, and the general term of (7) for a large negative n
has the agymptotic form

EETVR () A2 (2n+2u) @
AT S I ) e R
so that the convergence is absolute and uniform at this end also.
The convergence at the lower end depends, of course, on p being
a root of (16). We have now to consider in some detail the
character of the equation for p.

6. We take, according to the definitions (20), (22), (23), (35),

A‘..z
¢ (=)= z+r)I(z-7) {1-
and consider the function f(z) defined as

AAD LA L} e, (43)

S@)=d()d(-2-1)-d(-2)P(z+1). ... (44)
We have, by (17), for every z
(2+1)+¢(z-1)——~— (=),

so that also

Pt

- 2z).

Eliminate between these. Thus

AZ
d(-2)$(z+1)+¢(-2) ¢(z-1)
=$(@) ¢(-2+1)+¢(2) ¢ (-2-1),
or d(R)p(—-2-1)-¢p(-2)d(z+1)
=¢(z-1)é(-2)-¢(-2+1)¢(2).
By the definition (44) the right-hand member here is f(z-1) and
also f( - 2).
Hence S@E=fz-1)=f(=2), .ccocervirininninn (45)

and f(z) is an even periodic function of 2, with period unity.
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Thus
J(z)= Lt. f(n+2)

n= -0

= ILt. {p(n+2)p(-n-2-1)-p(-n-2)p(n+z+1)}..(46)

n=-—a

Now, (20),
AQ:
PO TEE I ™
so that f(2)

A |
- 1s On+z+r)d{(n+e-r)Id(-n-2-1+r)II{-n-2z-1-7) Yt Vonia
A= - A
T(-n-2+n I (-n-z-r1l(ntz+l+r) L (ntatlopy —Onen
.................. (47)
But, (§5), Lt v_,_,= Lt. v_,_,_, =L ...l (48)
n=-w n=-~wn
Also (22), D=1 =AMA N4 0 - (49)

and, as we see by writing n+2 for z in (35), and then changing
p into p, - n, 4.} differs from 4,9 only in having n to « instead
of 0 to w for the limits of the p, summation.

Write Lt. 4,0=49. ... (50)

n=-w

It is easily proved, after the manner of § 5, that this limit is finite,
and that Lt. v,,, may be taken term by term on the right of (49).

n= -0
Hence
Lt" Vg = Lt' CANPEE] \‘
n=-w r=-w L e (51)
—l-n404 0.0
™
rai —-—x— = - 2
Again, D) (-z-1) g NP TR (52)
By using (48), (51), and (52) in (47) we find
flay=SnEF ”):2;“ Eon)T o0 NAE Y (53)

The equation (16) for u is f(n) =0, so that
sin(p+r)wsin(p—r)r (124 ‘B+ A4 ‘;“"’— ) =0. ... (54)
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7. We have still to examine the nature of the functions
4 o Am ‘;’, etc. Tt will be shown that

o, i
() F,(r)
@ i sin(p+r)wsin(p-r)w’

where F, (r) is a function of » only of the form
F,(r)=C,(r)cos 2rx+ .5, (r)sin 2rm, ............ (56)
where C,(r) and S, (r) are rational functions of ». The equation
(54) for u therefore takes the form
sin (u+7)wsin (u—r)m - AF, (r) + AF,(r) - ... =0, .... (57)
or
o8 2pm =cos 2r 7 - 2X{C, (r) cos 2r x + .8, (r) sin 2r 7r}} (58)
+2X8{C,(r)cos 2rm + 8, (r)sin 2rm} —...) 7
The values of F)(r) and F,(r) will be given explicitly, and a
method explained by which 7, (r) could be found for any assigned
numerical value of ¢. The process for ¢=3 and ¢=4 could be
carried out without much trouble, but for higher values of ¢ the
algebraical calculations become more and more laborious.

8. By (35), (50),

where

Pk s prrt D (ntptr+2) (ntp—r+l) (ntp-r+3)
which, in partial fractions,

1 1 1 1
=21'(2r-l) ntp+r+l 2r2r4l) ntp+r+2
1 1 ) 1 1
+2r(21'+1) n+p-r+l 2r2r-1) ntp-r+2°
- But n=§-w ('r_zj-——O —;—;j—_g) = 7r(cot fr - cot ¢7")- ........... (60)
Hence
0= il - — )T} i 61
4, Y Y CEI {eot (u+7r)m - cot (u—r) =} (61)
T sin 2rw

T Tr@r-1)(@r+1) sin(p+r)wsin(u-r 7’
which agrees with (55) and (56).
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9. We have by (35), (50),
4, ,Z= zZ Z Z .- Aty Pptp 4p - Ohip4p +..c..4p
’ 1 1 2 12 q°"

(62)
In this absolutely convergent multiple series the p, summation can
be taken first.

The function of y summed in (62) has 4¢ simple poles, for 2¢ of
which p + 7 is an integer, and p — 7 for the other 2¢. 1f the sum of
the residues of the function at the poles for which u - r is an integer
is o, then the sum of the residues at the poles for which p +r is an
integer is — o, since the sum of all the residues is zero.

Also each residue, and therefore o,, is independent of p,.
Hence

PR)

% o). e(63)

0

=2 9
=2 P =2
3 2

4, m=m{cot (p-r)m —cot (u+r)m} =2
’ p=2 p
2

Write now 4, for 4_ ‘;’2 and Z, for the multiple series on the

right of (63), so that =, is a function of r only.
Thus A,=7{cot(m-r)m—cot{p+r)w} . ... (64)
=, is therefore the residuc of the function 4, of u at any one of
the poles for which p — » is an integer. This suggests the following
method of' turning the difficulty of a direct evaluation of the

. C s
multiple series Z,.

10. The g¢-ple series in (62) may be regarded (cf. §5) as the sum
of all the ¢g-ary products of the quantities

v By By By ey

with the omission of all products containing two consecutive a’s.
Henee the coefficient of a,., in 4, is the remainder when from

4

,—1 18 subtracted all terms containing one or more of a, ., , @4 .1n)

a'u,+n+l .
Consider 4, as a linear function of the independent variables

By Bpy Qugry oo
04

¢

Then the coefficient of «,,, in 4, is " .
+n

For brevity write ¢, for a, ., -

13 Vol. 34
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Thus
04, 04, 04, 04,
at” = Aq—l = <tn—l p) t, 1 +i, ot, thn 0 tsa >)
o } —— (65)
Flu by
1541 3 t,,_l a tn+l ’

for, in subtracting from 4,_, the terms containing ¢, ,, those con-
taining ¢,, and those containing ¢,.,, we are subtracting twice
those which contain the product ¢,_,¢,.,.

‘We can use (65) as a reduction formula by repeated application

of which %ﬁ is finally expressed in terms of 4,_,, 4,_,, ..., 4,,and

a certain finite number of the ¢'s adjacent to ¢,, viz,

baegs bngirs -+oy bnyq. Weo take 4j=1.
‘We find
04
-571 =g T (tn—l + tn + tn+l) A9—2

SR USE A UNIE L ARVE AL AP AR 3 SIS Y
SN AULE X N TS V- SUPY e e (66)
=4, + X "4+ XA, 4+ + XA+ X0, (67)
where X, is a rational integral homogeneous function of
Lu—rs burirs «ooy tag, Of degree r.

A recurrence formula connecting X", X, ..., X ) may be
found by applying (67) to the case where all the ¢’s vanish except
those which appear there explicitly, that is to say, those from
tygi1 O byyy .y, the values of 4., 4, etc,, being written down
for this case by inspection from the property stated in the first
sentence of this § 10.

11, Value quw":z.
By (64)
A,=Am‘"z=1r{cot (p—r)ym—cot (u+7r)w} Z,. ...... (68)
Thus Z, is the residue of 4, at the pole p=». Now the terms
of 4, which are infinite for p=r are those involving a,_, and

aus. Asat (65) the coefficient of @, _, in 4, is

A, - (ap_n_) + a[l._n + a'[l.—u+l) .
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Also
1
BT (et D) () (A 1)
1
aﬂ_z_(i‘-"")(l’-‘r—l) (p+r)(u+r-1)
Hence
1
2= gy A~ (st S+ 0] 1
R e (69)
- §r_(_2—;——-_l-) [4 - (@ustauatany)]u=r

The functions in square brackets are easily evaluated for u=r by
expansion in ascending powers of u -, the value of 4, being as
given in (61).
We thus find
s - weobt 2rw
P (2 - 1) (2r 4+ 1)

1 LWL, 1
'21-2<_2r.-1)(2r+1)2( * o 2r+1>

1 11
T2 (2r - 1)2(2r+1)( 'é—r'ET_—l)

1 1
Y@ o1 @r-9) @iy @)

............ (70)

12. From (65) explicit expressions in terms of series that can
be summed can be derived from 4,, 4,, 4,, ... in succession.
Since 4, is a homogeneous function of ¢ dimensions of the
variables ¢, we have
04
gd, =3 (t,, =

od 04 04
=4,,2¢t,-2 {t,, (t,,_ 14y o1 ““)}
o s e, T T

+ 2 (tatt,yy)

=4,,2¢,-2 { by (famr + t, + n) i:;_l}

Pl N, .(T1)

+2 (t,,_l by tuta TN
=1 'n+1
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Thus
242=4,Zt,-Z¢, (4, +1E,+1,,,)
=4,2¢,-3t2-25¢, b,
=CLP =8 =28, 60 e, (72)
34, =43¢, —Z{t, (t s+ b, + 6, ) (St =t~ b ) St 8 b

or A;=2(2tY-13¢2¢2-2¢,35¢,¢,,+55¢)] }
+ 2+ 0,05 + 2t b
and so on without difficulty.

These formulae are obviously analogous to the expressions for
the coetlicients of a rational integral equation in terms of sums of
powers of the roots, to which in fact they reduce if we take
every alternate ¢, to be zero.

All such summations as those of (72), (73) are easily effected
by the partial fraction method of §8 in terms of cot(u-7r)w,
cot (u +7) 7 and their successive p-derivatives, the coefficients being
rational functions of r.

In the above the summations are all from n= —20 to n=w.
The same formulae (72), (73), etc,, still hold when the n-summation
is taken from a finite value of % to n =0 ; we have only to suppose
all the variables ¢, to be zero when = is less than this finite
number. The formulae therefore hold when instead of 4, we take
the function 4,” of §4 ; ¢, being there a,,,, and the n-summations
from O to .

We thus see that the functions 4. are all expressible in finite
terms by means of ¢ functions (Gauss’ function ¢ (x) being

d . . N
Im log I (z) ), and their successive derivatives.
x

13. A modification of the method just explained leads to a
proof of (56). From (67)
qd, =4, 2t +4, .2, X))+ ...
+ 4, 3, XD+ 2(X,M }

¢—2 ¢—1

By expressing ¢, X, in partial fractions we find 2 (¢, X,!") as a
linear function of cot(u—r)m, cot(u+7)m and of the first r
p-derivatives of these. Moreover, since the sum of the residues
of £, X, is zero, the coefficients of cot(pn—r)w and cot{u+r)m

are equal but of opposite sign.
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Now the p* u-derivative of cot (i + a) = is a function of u of the
form {1+cot®(p+a) 7} multiplied by a rational integral function
of cot (u+a) 7 of degree p - 1.

Write x=cot (pu—7)m,
, et 8:”;#_ | (75)
Thus (74) becomes
94, =4,.,Ci(z-y)
+ 4,5 {("+1) Py(2) + (3 +1) € (y) + O (2~ 9)}
+4, (@D P @+ D) QW)+ 0= | g

+ 4 {(@+1) Pps(@) + (5" +1) Qs () + O (@ - 9)}
+ @ +1) Py () + (5" + 1) Qe (9) + C, (- %) }5
where P, (x), @,(y) are rational integral functions of =z, y
respectively of degree =, the coeflicients in which are functions of
r, and C,, is a function of r only.
Also by (64) 4, has the form B, (x ~y), where B,=72, is a
function of r only.

Thus
0=-g¢B,(z-y)
+B ., (2-y) Ci(x-y)
+B, @ -y){(a*+1) Pox) + (4" +1) Qo) + Co (@ -9)} - (T7)
+ {@+1) Py (@) + (5 +1) Qs () + Co( — )}

Here the rational integral function of = and y on the right is
not necessarily identically zero, for # and y are not independent.

In fact,
cot 2rm=cot (ptrm—p—rm)
sy+1
Ty’
8o that xy—(x-y)eot 2ro+1=0. ...l (78)

Thus all we can infer is that the right of (77) is divisible by
ay ~ (x - y) cot 2rw + 1.
It will still be so divisible after we subtract
{2y ~ (@-y)cot Irm+ 1} {P, (%) + Qe (¥)}
from its last line, which then becomes
(@ = y) [2P)os (%) — YQo2 (¥) +{ P, 2 (%) + Q2 (¥)} cOt 2r 7+ C,].
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The modified right of (77) is then divisible by « -y, and the
quotient is still divisible by @y — (x —y) cot 2rw +1; in fact, it is
identically zero, since it is the sum of a function of = alone and a
function of y alone.

In the identically null quotient put z =y =1, and we get

=98, + i {Pys(8) = Qs (O} + { Poz () + Qs (9)} cOt 2r m+ €, =0
or, say,
B,=C,(r)cot 2ra+8,(r) voeriiiiiieiniannns (79)

Thus A,=B, {cot (u-r)m ~cot (u+r)w}

C,(r)cos 2rw+ .S, (r)sin2rx
T sin (p-r)rsin(ptr)r
which proves (55) and (56).

14, Summary of fundamental results.

In the preceding paragraphs we have defined a solution of
Mathieu’s equation

d*u 2,2 9 N
%—2+(éxc cosh 2a —®) u =0, ....oooouinnnne. (81)
say, u=J(¥, 8 KC &)y coviviriiiiianiiieennn, (82)
where J (v, 8, kCy ) =ﬂ_f]; (- 1)"¢(n+%v)e(2n+”)“, ...... (83)
where, if ts=r, }
JeomA, J s (84)
the function ¢ (z) is defined as
A A4 00 NBA @ _ 24O
du(z)_n(z_*_r)n(z_r){l—)nd, +AAP - A24 04 ), (85)

in which

» o @ @
(a9} —
Azq = 2 2 2 eo 2 a’t+pl a‘+1’l+pz tee a'+P|+pg+"'+pﬂ’ B (86)
P1=0p,=2p,=2 pg=2
1

and a’=(z+r+l)(z+r+2)(z—'r+1)(z—r+2)' ........ (87)

If =g, (88)
the equation for u is

d(w)d(-p-1)-d(-p)d(p+1)=0,..c....... (89)

which reduces to the form
sin(u+rywsin(u-r)= {1 - )\‘Aw“,’#+ )U’Aw‘z,’“- ...}=0,... (90)
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where 4.0 differs from 47 as defined by (86) only in having the

p-Summation from p,= - top, =w.
It is proved that
40 - C,(r)cos 2rm+ :.Sq (r)sin 27w
o, p sin(p—r)wsin(u+r)w

y ererenererens (91)

where C, (») and S, (r) are rational functions of . These are found
explicitly for »=1 and r=2, and a process is explained by which
they may be calculated for any assigned value of ¢.
The equation for v is
cos vir = cos s - 2 (} xe)* {C, (3s) cos sw + 8, (}s) sin sw}} (90)

................................................

It v, be any one value of v, the solution of this equation is
V2N £ V5, coriiiieiiiiiirieienrerans (93)
where X is any integer.

But obviously (93) does not give more than two distinct
solutions, say from v=v, and v= —~v,, for in (83) increase of
v by 2 and diminution of n by 1 only changes the sign of the
function.

Further, when v, is an integer, v, and —v, differ by twice an
integer, and the solutions coincide. A second solution for this
case may be found by a well-known process. We prefer to define
it, however, in connection with another form into which the
solution of Mathieu’s equation may be put, a form which has
important advantages, and to which we now proceed.

15, Solutions of Mathieu's equation in terms of series of Bessel

Sfunctions.
In (5) write temporarily } xc=#, and the equation becomes

u

W+(k’ &+ P -g)u=0. ... (94)
If Jo=d,(ke™ %), |

(ke ) } ........................ (95)
J,=J, (ke,
where J denotes the ordinary Bessel function,
a@J, B

then Tt (Be—n?)J, =0, .cocvvrvennrinnannen. (96)
and ‘i;{;-+(kze‘” - J=0. 97)
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Hence
2
diz (J,,J,)+(k’e""+k’e"“—n’—-tz)J,,J,
oL
y 47 47,
do do
= = R T e e (98).
Thus

T+ e R e ) T

Y S AR AN LR T 2 (99)
NOW 2Jn’=J—l“Jn+)) } 0
’ et LI SRS 0
00, =Jrs ~Jeps (100)
s0 that 8T T = (s = Tss) (Tt = o) « wevereene (101)
Also
2
':LaJn=Jn—l+Jn+11
’“2 ..................... (102)

t
e Je=dr+ 1,
(100) and (102) being fundamental formulae in Bessel functions,
so that

dnt

= Jude = (Jary ¥+ Joi) (Jea + Jip1) v vevinninninn (103)
From (101) and (103)
2nt

2, I} = ~ % udot Tor g + T T+ eevenn, (104)

Hence the right-hand member of (99)
={(n+) -} J,J, - B (S Jer + Son o) o enenn (105)

Put t=n+v and try in (94)

u=ﬂ§anJ,,(%Kce_“)Jn+v(%Kce“). ......... (106)

We require by (105)
S0, [{(2r4v) -6 S, - 36 (s o+ T )] = 0.

In this series the coefficient of J, J, will vanish if
CoA@Cnr+v) -8} =1 (Crn+Coy)y ooovnnnn (108)
which is the same as (9).
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Thus we may take C,=¢ (n+ 4v), with v as before.
The series
S pn+d)Ju(Groe™ N T, , (Bree®) e, (109)
n= -0

can be seen in a moment to be absolutely and uniformly convergent.
It therefore defines a solution of Mathieu’s equation.

16. Since the function (109) is the product of ¢* by a uniform
function of ¢**, this solution must be a constant multiple of the
solution J'(v, &, x ¢, «) defined in (83), say, '

n=i;m¢(n+%v)J"(%Kce—a) Jn+v(%Kcea)=CJ(V: 8 KCy O")- (110)

The constant C may be determined by assigning any special value
to o, say o =0. This leads to a complicated expression for C, and
it turns out that we get the value of C in a much simpler form by
considering the limiting forms of the two sides of (110) as B («)
tends to + o .* It is convenient to keep the imaginary part of
o constant, and such that }xce® is a positive pure imaginary,
say, iy, with phase 3.
Then in (109)
. (3xce)= YA ()

i J2TY)y e, (111)
for any fixed n, where the symbol — means ‘“is asymptotically

equal to.”

Also since J_,, =( - 1)"J,, the value of the other J factor in the
general term of (109) is small if n differs from 0, and its order of
smallness increases by 1 as n increases by 1 numerically. The
most important term of (109) is therefore that for n=0. If we
assume that it is more important than the sum of all the other
terms, it follows that the asymptotic form of (109) is

b (3v) Ty (iy) = & (30) & &) J2TY). e (112)

* The process of determining the limiting forms of functions defined by
series with general terms so complicated as those of (110) is, of course,
delicate and difficult, and although I believe the conclusions stated in the
remaining part of the paper to be true, I am far from claiming that I give
adequate proof of them.
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On the other side of (110) consider now the asymptotic form of
J (v, 3, ke, ),
In (83) the term of order n, when n is large and positive,
=(-1)" ¢ (n+}v) brtrde

) (1K66a ;Mm+v
=(-1) gkee’)

v+s v-8\"’
H(n+——2—)H(n+ 5 )
4 Gy ; 0
L2 (since I(n+0)=n II(n
and this is just the #'* term in the expansion of J, (iy).
From this it is not difficult to deduce that, with o as supposed
just before (111),

by (41)

J(v, 8, ke, o)==y (ty).
Hence C=h(3¥), ccvveemrimrenrnnnicenrnnn, (113)

and (110) becomes, for all values of a,

@

1
ey n=2_w ¢ (n+3v) J, (hrece-9) J, (} xce?).
...(114)
It may be noted as remarkable that while the function on the
left here and therefore that on the right also only changes in
sign when v is increased by a multiple of 2, the general term on
the right is completely altered when this change is made, and we
have really an infinite number of different series of the type on the
right of (114), all equal in value, and all equal to the solution
J (v, 8, ke, o) of Mathieu’s equation.

J (v, 8 ke, &) =

17. Besides the solutions J(#*v, s, k¢, &) it is obvious from
equation (5) itself that there are two other solutions

J(xv, 8 ke, —a).

The relations of these to the former solutions are easily determined.
.Thus

J(v 8 ke, —a)= § ¢(n+%v)e—(3n+v)a’
n=—ow
or, changing = into - n,

= 3 ¢(—n+§v)e(2"—")“

n= -

=2 S e
F(~ =B
(§ 2 near 15),
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so that
$(3v)
Jv, 8 ke, —a)= J{=v, 8 K€ &)\ cvuiiniiinen 115
( )= e T (<5 5 k0 0) aw)
18. We can now (cf. end of § 14) define a solution of Mathieu’s
equation, analogous to the Bessel function of the second kind,
which will always be distinct from J (v, 5, k¢, o).
In (114) write — v for v, and change the sign of =.
Thus
J(~v, s, Kc, o)

= 3 elon-W) g oo (Groe®)

wiia $(-Y)
- 3 B i ey, o). . (116)
Multiply (114)by e -i»m, subtract from (116),and finally multiply
by 2si’;wr. Thus
gy (T (= s xea) =67 T(n s, ke @)}
=n§w¢g»(;§)v)J(%Kce a)'m_n(:mr « e (117)

(J_,_, (rce®) -t 7 (dece®))

The Bessel function of the second kind @,, (z) is defined as

Gn(2)= m——{ Jon@) = T T (@)} e e (118)

By analogy, take as definition

G(v, 8 ke, )= {J(-v,8 ke,o)~e” '"J(v, 8, ke, &)}

9sinvrw

Then (117) is

Gtsnnn= 3 EB g Geea6, ,, roe®). . 120)
Cf. with (114). '

19. It need scarcely be said that the really striking feature of

the series on the right of (114) and (120) is that, although they are
highly convergent analytical series, they serve the purpose, usually
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achieved by the use of asymptotic series, of determining to any
required order of approximation the forms of the functions
J(v, 8, ke, o) and & (v, 8, k¢, o) as R (o) tends to + 0. In each
case the term for n=0 is of lower order in the infinitesimal e™ ®
than any other term, and may be taken as giving the asymptotic
value of the functien. Moreover, by using the analytical ascending
power expansion of J,(4xce” %) and the asymptotic expansions of

Jpiy(Brce®) and € (3xce”), and collecting the terms of ome

and the same order, we obtain asymptotic expansions not involving
Bessel functions and involving the constant v only in & very simple
way, gince the functions ¢ must drop out in virtue of the difference
equation connecting them.

It is also easy to find the asymptotic forms of the solutions J
and @ for R (a) tending to — « by making use of equation (115).

The asymptotic solutions referred to in this article have been
given by Maclaurin (Zrans. Camb. Phil. Soc., Vol. 17, 1899) and
Marshall (Amer. Journ. Math., Vol. 31, 1909).

These writers do not succeed in finding the exact numerical
relationships between the various asymptotic solutions. These are
easily found by the theory just briefly sketched. But a fuller
treatment of these and other asymptotic expansions must be left
over for the present.
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