SUMMATION OF INFINITE SERIES

H. L. MANOCHA and B. L. SHARMA
(Received 13 January 1966)

Abstract. In this paper we obtain the sum of some infinite series involving hypergeometric
functions of one or more variables.

1. Introduction

In this paper an attempt has been made to seek the aid of fractional
derivatives, which has enabled us not only to prove the results already
obtained by Carlitz [2] and Halim and Salam [5] but also to generalise
quite a few of them.

For the sake of convenience the rules for fractional integration and
differentiation are given below. Following Erdélyi {3] we write the rules
governing fractional integration by parts in the form

b arv b au
1 - = V— _dzx.
M f Vio—ap @ f dw—ap

The fractional derivatives occurring in (1) can be defined by integrals,
if the real part of 4 is negative.

Thus
AU 1 A
d(z—a)* = F(—l)fa (z—y)* U (y)dy
(2) A . R(3) <o.

= = Th ), 0=V @

If U and V are expressible by means of the series of the types
(3) U=73A,(x—a)r+-1, V=7 B,(b—z)t+1,

then the fractional derivatives are obtainable by differentiating these series
term by term and using the definition

d»\w/;—lz I'(u) AL,
dow I'(u—2)

(4)
which holds for all values of 1 except 4 = pu.

We denote (4) by the operator notation as
470

https://doi.org/10.1017/51446788700004948 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700004948

2] Summation of infinite series 471

I'(u)

) w, p—1 { ] I"(,u-;.) [ ]:
d/l - p—1
'here D3 p—1[@*] will stand for %\——1 .

We give below a few elementary results which will be used in our in-

estigation.
I
) DEAy[(1—z)~=] = F%) Py, 13 4; )
r
1) DR [(1—ay)*(1—a2)*] = 1,—‘(’;7) PP (43 o, B; 4 2y, 72)
8) DEA, (e (1—2)7] = f—% A1, (u; B; 4 ay, 72)
0) DA, [ (1—az)*(1—aU) ] = ﬂ%f— bl o, B: 4 2y, 72, ).

‘or the definitions of hypergeometric series of two or more variables,
ee [11.

In our investigation, we require the definition of Laguerre polynomial,
tainville [6, p. 200] as follows

_ (4,

10) L (z) = m Fy (—n; 14-«; 7).

10) can be expressed in the following forms:

(&) _ (_x)” _ e ___l
11) L) = <k oFo (=~ =5 —
r
a—n (—.’E)" 1
12) Ly ™) = al oFo ("”: *05}—;——;)-
2

Let us start with the elementary result

1ot — gt st

Iultiplying both the sides by (1—U=z)™ and employing the operator
nr ., we get

z,a=12
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(13) 2 n F1 —n, —m; y; x, Uz)t" = et¢,(a; —m; y; —at, Ux).
n=0

Assuming U = 1 and using the formula [4, p. 239]

(14) Fl(a; ﬂ’ ﬁ’; '}’; z, x) = 2F1 (a’ ﬁ+ﬁ';%' .’E),
in (13), it gives

o n

t
(15) 2 1 oFy (—m—n, a; y; ) = e*dy(a; —m; y; —xt, x).

n=0
If in (15) we replace z by z/« and let a — o0 then using (10), we get

a9 3 )

——— LY (x)t" = ety (—m; 1t+y; x, —xt).
ot n!(1+y)m+n ( ¢3( 7 )

In case m = 0, (16) reduces to a well known generating function, Rainville
[6, p. 201].

But if in (15) we multiply = by y and let y — o0, with the help of (12),
we obtain

[ (m+n) ! xm+nL(_a—m-n) (__ l_) m
o min! min x

m 1 t
— o*(14at) (l-txt) Liem (_ *:)

which on changing «, ¢ and « into —1/x, —zf and —a—m respectively, it
becomes the formula due to Carlitz [2]

) > (’”*") LEM @) = (1442 et La[z(1-+4)].

n=0 m

3

Returning to (13), we replace ¢ by (1—y)¢, multiply both the sides by
(1—vy)* and apply the operator D4~} | thus getting

v, B-1
o0 tﬂ
’Z:o pr Fila; —n, —m; y; z, Ux)F,(8; —n, —k; 8; y, vy)
(18) ot 2 () (B)n (xyt)” by (at-n; —m; yn; —at, Uz)

n=0 (¥)n (8)n
¢ (B+n; —k; 0+-n; —yt, vy).

On putting U = v = 1 and using (14), (18) becomes
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S L Fu(men, @i y; )y Fy (—h—m, B 0;9)
n=0 1!
(19) — ¢t E (0)n(B)n (xyt)™ & (at-n; —m; ytn; —at, z)

n=0 (¥)n(8)s n!
¢ (B+n; —k; 6+n; —yt, y)

which on putting m = &2 = 0 further reduces to

ootu

S — oFy(—n, a; y;2) s F1(—n, B; 6; y)

n=0 ”l
2 (@00 )
(20) = 2 )@, nl

1Filatn; y4n;, —at)
1F1(B+n; 64+n; —yt).

Now if we put x = 1, y = 1 and § = y—a« then with the aid of Kummer’s
transformation [4, p. 253]

1Fi(a; ¢; x) = e* Fy(c—a; c; —x),
(20) yields the most interesting result of the paper

(@B (-
Fy(a YV ) =
ey TS B .

1Fi(adn; y+n;t)
1F1(B+n; y—atn; t).

Further on putting « = —m, 8§ = —k and changing y into y+1 in (21)
and using the result (10), we obtain a known result due to Carlitz [2]

min(m k) {__\n
e ("o ="% Sl opeeorgmo.

Turning now- to (19), if we multiply z and y by y and 8 respectively and
let both ¥ — o0 and 8 — oo and using (11) we get after a little simplification

G A k
SR e w)

Ne=0 n! m
(23) = e (1—at)? (l_yt)a'go (—“—m);!(~—ﬂ—k),.

™M

(1—a) (1—g1)

On putting m = 0, £ = 0, (23) yields a known result due to Carlitz [2].

% [ | ES 0] Lty —s)).
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o0 tﬂ
3 L@ g
(24) =t

= Blemvt(1—yt)»BHPL ) [_ (1—=t) (1—yt)] '

¢

Returning to (18), we take m = 0 and replace z by zy then taking y — o,
we obtain with the help of (12) and (11)

3 Ly (@)Fy(8; —n, —k; 8, y, vy)t»

(25 ™° yt
— a ,—xt . T 1 AN
= ((l—{—t) e (B; —ao, —k; b; ayt, Tt vy),
and
Zo " LO @) Fy(B; —n, —k; 8 9, vy) e
(26) i

_ (= x)

¢
¢1( —a, —R; 6; — zx,vy).

(25) and (26) reduce to known results due to Halim and Salam [5], in
case we take £ = 0.

4

In this section, we consider the well known generating function of the
Laguarre polynomials

(27) S LM @) = (1—f)mes,

n=0

Changing / into uf, multiplying both the sides by (1—uy)™ and then em-
ploying the operator D47, we get

Z ﬂ ﬂL(“—n)(x) 2F1( m, ﬂ—l—ﬂ y+n; y)tn
(28) n=0 7 n
= ¢, (B; —a, —m; y; —at, —1,y).
Replacing ¢ and y by ¢/ and y/f respectively and taking g — oo, we get
oo m!

L&) () L+ (g) g7
) DA v @)L ()t

= ¢g(—a, —m; 1-+y; —at, —t, y).
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5

In the last, we consider
219t p—v(1-2)t — Lzt -yt
O ot ) ) O 0 )

> =

m, ne=0 min! m, e min!

Applying the operator D}7%; and D47, on both sides, we have after a
little simplification

S < (M) () n—m
m(__g\n—myn
20 2 mln—m) @Bl Y
(30) oFi[—(n—m), Ad4-m; atm; 2] yFi[—m, u+n—m; f+n—m; y]
= E 3F, [—n, Al—f—n;a, 1—u—n; ?—:I ",
n=0 y

On comparing the coefficients of ¢* on both sides, we obtain

(31) 2F1[—m, pt+n—m; B+n—m; y)
= gF, [[_”: Al—B—n;a, 1—u—mn; i;_:l .

We shall obtain some interesting particular cases of (31).
(i) By putting = = y = 1, we obtain

—n, A, f—up; 1 (A)g —n, A, 1—B—n; l:l
2 = .
(382) oF, [1—}-}.—0&—-%, 1——,u—n:| (x—4), o'y [ o, 1—u—n

(ii) Dividing # and y by 4 and u respectively and taking 4 — oo,
p— oo, changing « and g into 14+« and 1+ respectively and using (10),

we get

" 3 %’i{;’i—iﬁ" L& @) LD, (y)
. (_1)”(‘”’*'?/)" (z, B) ?ﬂ
= 4w, " (y+x)

In particular for y = —=z,

5 %;9—’1‘ L&) LP. (—a)
(34) m= m

(Z)” (l+a+ﬂ)2n .
(l+a)n (1+ﬂ)u (1+a+ﬂ)‘n
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