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Character tables of the maximal parabolic subgroups of the
Ree groups 2Fy(q?)

Frank Himstedt and Shih-Chang Huang

ABSTRACT

We compute the conjugacy classes of elements and the character tables of the maximal parabolic
subgroups of the simple Ree groups 2F4(q2). For one of the maximal parabolic subgroups, we
find an irreducible character of the unipotent radical that does not extend to its inertia subgroup.

1. Introduction

Let 2F4(q?) be the simple Ree group with ¢ = 22"+ and n a positive integer. The (complex)
irreducible characters of 2F4(q?) were computed by Malle; see [14] and the CHEVIE [6] library.
The character table of a Borel subgroup B of 2Fy(q?) was determined by the authors in [10].

In this paper we calculate the character tables of the maximal parabolic subgroups of
2F1(¢?). Our methods are similar to those in [7]. Up to conjugacy, >F4(¢?) has two maximal
parabolic subgroups, which we call P, and P,. A natural approach to construct the irreducible
characters of P, and P, is to compute the orbits of P, and P, on the irreducible characters
of their unipotent radicals, to determine the corresponding inertia subgroups and then to
induce characters from these inertia subgroups. However, due to the complicated structure of
the unipotent radicals, it seems to be difficult to determine all irreducible characters of the
unipotent radicals and the orbits of P, and P, on these irreducible characters. Additionally,
it turns out that there is an irreducible character of the unipotent radical of P, that does not
extend to its inertia subgroup in P,.

Therefore, we induce characters only from the inertia subgroups of the linear characters of
the unipotent radicals. In this way, we obtain all irreducible characters of P, and P, covering
linear characters of the unipotent radicals. The remaining irreducible characters are obtained
by inducing characters from the Borel subgroup B and by restricting unipotent irreducible
characters from 2Fy(q?).

Up to conjugacy, 2Fy(q?), the Borel subgroup B and the maximal parabolic subgroups P,
and P, are the only parabolic subgroups of 2Fy(¢?). So, together with [10] and Malle’s
results [14], this paper completes the task of determining the character tables of the parabolic
subgroups of the Ree groups 2 Fy(q?).

We have at least three applications in mind. The first is the study of the decomposition
numbers and the degrees of low-dimensional representations of 2F4(¢?) in non-defining
characteristic along the same line as in [9] or [18]. The second is the verification of Dade’s
conjecture for 2F,(¢g?) in defining characteristic using ideas from [12]. The third is the
investigation of the restriction of irreducible modular representations of 2F(¢?) to proper
subgroups as in [15].

We have implemented the character tables of P, and P, as generic character tables in the
MAPLE [2] part of CHEVIE [6] and we use MAPLE programs for restricting and inducing class
functions. The use of CHEVIE allows us to easily compute scalar products of class functions
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and provides tests for the obtained character tables. For calculations with elements of 2Fy(q?),
we use computer programs written by Koéhler and the first author in GAP [5].

This paper is organized as follows: in § 2, we fix some notation and give reference conjugacy
classes and irreducible characters of 2Fy(¢?) and the Borel subgroup B. In §§ 3 and 4, we
determine the character tables of the maximal parabolic subgroups P,and P,, respectively.
Details of conjugacy classes and character tables of P, and P, are given in an appendix. These
character tables are available as PDF and CHEVIE files in the electronic appendix included
with this paper.

2. Notation and group theoretical properties of 2Fy(q?)

We use the same notation as in [10, § 2]. In particular, n > 0 is an integer and ¢ = v/22n+1,
Let ® be the root system of type Fy described in [10], so ® has simple roots 71, o, 73, 74 and
the following Dynkin diagram.

1 ] T3 T4

0444444444—702:::%3:::::044444444447.

We fix a simply connected linear algebraic group G defined over F > with root system @, a
Frobenius map F such that G =2F,(¢?) and an F-stable Borel subgroup B of G as in [10].
Representatives for the conjugacy classes of the finite group G := G*" and of the Borel subgroup
B := B! are given in [10, Tables A.1-A 4], together with the corresponding class fusions. The
character table of G is contained in the CHEVIE [6] library; the character table of B is given
in [10, Tables A.5 and A.6].

3. The character table of a maximal parabolic subgroup P,

Let P, = (B, n,,, n,,) be the F-stable maximal parabolic subgroup of G corresponding to the
set {ry, r4} of simple roots and P, := PZ" be the corresponding maximal parabolic subgroup of
G =GP =2F,(¢?). Then, P, is generated by B and n, and |P,| = ¢**(¢* — 1)(¢®> — 1). In this
section, we compute the conjugacy classes and the character table of P,.

P, is a semidirect product of the Levi complement L, = (T¥, Us, n,) and the unipotent
radical Uy, := U UsU* = U UUy . . . Ura. The conjugacy classes of P, can be determined by
investigating the splitting of the conjugacy classes of L, when interpreting L, as the factor
group P,/U,. Since L, is isomorphic with GL(F,2), we know the conjugacy classes of L,. A
parametrization of these classes adapted for P, can be obtained as follows.

The Levi complement L, = (T, X4, X4,,) of P, is F-stable and L, = (L,)¥. The Weyl
group Wi, = (w,,,w,,) of L, is elementary abelian of order four and has exactly two
F-conjugacy classes with representatives w; =1 and wg = w,,. So, L, has exactly two L,-
conjugacy classes of F-stable maximal tori. Using the notation in [10, §§ 2 and 3], we can
choose representatives Ty =T and Ts such that the corresponding maximal tori of L, are
given by Ty :=T := TF and Ty := TFws "),

Representatives for the conjugacy classes of semisimple elements of L, are given in Table 1. A
set of representatives for all conjugacy classes of L, is given in Table 2. A set of representatives
for the semisimple conjugacy classes of L, is also one for the semisimple conjugacy classes of P,
(this follows from [3, 0.12 and 3.16] and the proof of [1, Proposition 3.3.3] applied to P,). The
unipotent conjugacy classes of P, can be calculated using the relations in [10, Tables 1-4]
and the fusions of the conjugacy classes of B in G in [10, Table A.4]. Representatives for
the mixed classes can then be obtained by computing the non-trivial unipotent conjugacy
classes of the centralizers Cp,(s), where s runs through a set of representatives for the
non-trivial semisimple conjugacy classes of P,. We get that P, has exactly ¢* + 12¢*> + 14
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conjugacy classes. Representatives and the class fusions are given in Tables A.1-A.3 in the
appendix. The notation in these tables is the same as in [10].

The irreducible characters of P, can be constructed as follows: p, x,(k), p,x2(k), P, X5(k, 1)
and p, x, (k) are the inflations of the irreducible characters of L, = GL3(F ;2 ); for a construction
of the irreducible characters of GLa(F2), see [3, 15.9].

We get most of the remaining irreducible characters of P, by inducing irreducible characters
from the Borel subgroup B. For every pair (4, j) in Table 3, we define p, x, := BX;-D“, where BX;-D“
denotes the induced character (or p, x;(k) := gx; (k)" if px; depends on some parameter k).
The values of these induced characters can easily be computed using the character values in
[10, Table A.6] and the class fusions in Table A.1 in the appendix.

To construct the remaining irreducible characters of P,, we decompose the restrictions
of several unipotent irreducible characters of G'=2F4(¢?). Our notation for the unipotent
irreducible characters of G, which is given in the left-most column of Table 4, corresponds to
the numbering of the irreducible characters of 2F4(¢?) in the CHEVIE library. The second and
third columns describe the notation which is used in [14, Tabelle 1] and [1, p. 489], respectively.
The ¢; occurring in the character degrees in Table 4 are polynomials in ¢, which are defined
in [1, pp. 477 and 490]. Since not all of these unipotent irreducible characters of G are uniquely
determined by their degree, we also provide some character values in the last two columns of
Table 4. Here g4 is a complex fourth root of unity; see [10, Table 5].

Next, we construct the irreducible characters p, X34, P, X371, and p, x35(k). Using the character

Y= (aX4)B — BX1(0,0) = BX5(0) — BX23(0) — BX39(0) — BX42(0) — BX56 — BX57

of B, we set

P.X30 = (GX4) P, — P.X2(0) — P, X26(0) — PP, P.X31 = P.X32(0) — P, X30:

TABLE 1. Parametrization of the semisimple conjugacy classes of L.

Representative Parameters Number of classes
ha (i) i= h(E, E20 D7, 20711, F(10% —a0+ 1)) i=0,....¢>—2 -1
ha(i, §) == h(Ci, {20~V & F(20-13) =0, ., q%2—2 i'=80% 42
i#(WV2q-1)i
ha(i) i= h(5i493+292+1)i: ~i262+29—1)i’ i=0,.. . .q"—2 qt—q2
gy o0t £ D

1=0,...,¢° =2

TABLE 2. The conjugacy classes of L.

Notation Representative ICr, |
c1,0(4) ha (i) 7*(¢* = 1)(¢*> — 1)
c1,1(4) ha ($)as(1) (-1

e2,0(1, 7) ha(i, 5) (¢* - 1)
c3,0(4) ha (i) ¢t -1

TABLE 3. Pairs (i, j) such that p, X, = Bxf“ or p,x;(k) == BX; (k)P

% 5 6 7 8 9 0 11 12 13 14 15 16 17 21
7 2 8 3 4 6 7 10 11 14 17 18 21 22 15

i 22 26 27 28 29 32 34 35 36 37 38 39 40
j 19 23 24 25 38 42 44 45 46 47 48 49 50
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and

2
q
PaX33(k) = PaX4(k).PaX30 fork=0,17...75.

We can now construct the characters p, X15; P. X195 P.X23) PaXaoqr a0d p, Xo5. Let

2 2 2
g +1 g +1 g +1 /
P.X1s = (GX15)Ps = = "PuXog = 7 " PuX31 — 5 Z P X32(k)

3 3
-2 1 + 1o V2q(¢® +1)
- 3 : Z P, X33( Z P, X33 T * P, X36
V2q(¢* + 1) V2q (q ) &
T PXer— ? D paxss(k)
k=1

2 2
V2q(?+1) < -1 ¢
S VRED S o) - TS ),
k=1 k=1

and p, X9 := P, X135 the complex-conjugate character. Furthermore, let

2 2
q — J—
P.X23 = (6Xs)P. — (GX13)P. + PuX14 T 6 “PaXag T 6 P X31
2 2
q°—2 / q‘—2 "
T Z P.X32(k) + 6 Z P, X33(k)
2
2 q -2 2
g’ —8 " q V2q(¢* - 2)
+ Z P X33(k Z P, X34 (k) + ————5—" P, X3¢
; S E
2
V24(q* - 2) V2(* —2) <
+ 12 P, X37 T 12 Z PaX3g(k)

k
+f q—2 prgg (2_1)(q2—2)~2mx40(k),

TABLE 4. Notation for some unipotent irreducible characters of G.

Notation
CHEVIE [14] (1] Degree Conjugacy class Value
GX2 xs  2Bafa], 1 J5$10207 12 111 —J5 tead’
GX4 X2 e’ 2 pr2d24
GXs X9 b 4 ¢4¢>”2¢>12¢>’24
X6 X10 Py ©C $2026120Y,
aX7 X11 p2 24¢§¢24
GXs X12 cusp 12 ¢2¢2¢ 1295,
GXo X13 cusp & ¢2¢2¢"2¢12¢24
GX10 X14 cusp F¢%¢2¢4¢24
GX11 X15 cusp %¢%¢%¢3¢12¢’2’4 c1,11 —% — 64\%
GX13 X17 cusp %¢f¢§¢i¢12¢§4 1,11 % 64%
GX15 X19 cusp L 92030503 5,3 % -3+ €4f37q2
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2 2

q q
P.X24 = (GXo) P, — (GX11)P. + P.X16 + T PXag T T PXa

2 2
q° — 2 1 q° — 2 "
+ : Z P.X32(k) + 6 Z P, X33(k)

-2 2
i q V2q(4* - 2)
Z PuX33(k Z P X34(k) + ——— " P.X36
AP e
2
V2q(q® - 2) V24(* -2) <
+ T 19 PaXar + 12 Z P X3s(k)
k=1
2 2
V2(¢* —2) | (=1 =2) <
+ 12 Zpax39(k)+ 6 ZPaXéLO(k)?
k=1 k=1
P.X2s = (aX7)p, + (aX10)P. — P.X1(0) = P, X2(0) = p,x5(0
q q
- ﬁ PX7(0) — ﬁ “PXs(0) = P.X12(0) = PaX453 — PaX26(0) — PuXo7
2
z 2% — 1 2¢% + 2
- PaX2s(k) - 3 *PaX29 T P, X30 — —3 PaX31
k=1
2¢% + 2 / 2¢° — 1 "
- 3 Z P X32(k) — 3 Z P, X33(k)
2_9
2(]2 —4 " a
T T3 Z P X33(k Z P X34(k —V2q- P, X34(0)
piing ) \/§Q(2q2 -1)
_\[ ZPX% 29 - P X35(0) — T PaXss
2
V2q(2¢° - 1) V2424 —1) | %
- f'PaXS'?—#. PaX38( )
k=1
2 2
V2924 - 1) « 2¢' +1 <
T 6 'ZPang(k) - 3 'ZP.;X40(]€)’
k=1 k=1

where > is the sum over all different p, xs5(k), k # 0, >." is the sum over all different p, x4 (k)
with 31 %, and . is the sum over all different p, x5 (k) with 3|k, k # 0.

THEOREM 3.1. The character table of the maximal parabolic subgroup P, is given by
Tables A.4 and A.5 in the appendix.

Proof. Computing scalar products with CHEVIE, we see that we have constructed
q* + 12¢% + 13 different irreducible characters of P,, so there is only one irreducible character
missing, p,X,,- The values of this character can be calculated using orthogonality relations
(applied to the factor group P,/Ur;UgU19U11U12). O

Let N be a normal subgroup of some finite group H. As in [16], we say that maximal
extensibility holds with respect to N < H if every ¢ € Irr(NN) extends to its inertia subgroup
Ig(¢Y)={x€ H|®"x=x}. It is shown in [7] and [8] that for every prime power ¢ and every
parabolic subgroup P of Steinberg’s simple triality group 3D4(q), maximal extensibility holds
with respect to Up < P, where Up is the unipotent radical of P. The analogous statement for
the Ree groups 2F4(q?) with ¢? = 22"*! is not true, as shown by the following remark.
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REMARK 3.2. There is an irreducible character 1 € Irr(U,) of degree q/\/2 such that v
does not extend to its inertia subgroup Ip, ().

Proof. Using the notation in [10] and the commutator relations [10, Table 1], we see
that the factor group U,/UsUs...U;s is isomorphic with the direct product of U;Us and
Uy :=U,U%/U?. The group U U, is isomorphic with a Sylow 2-subgroup of the Suzuki group
Sz(g?); so there is ¢} € Irr(U,Uy) of degree q/+/2. The group Uy is elementary abelian of order ¢2
and we can choose a non-trivial character 14 € Irr(Uy). We define an irreducible character ¢’
of U, /UsUs . . . Ura by 9/ (x) := 11 (21)2(22), where = z129 with x1 € UyUs and z9 € Uy. Let
¥ € Irr(U,) be the inflation of ¢'.

Using the relations [10, Tables 1 and 2] and the class fusions of the Borel subgroup B
described in [10], we can easily compute the values of the induced character )" and see that
pFa = (q/\/ﬁ) “P.X11> SO P,Xp; is the only irreducible character of P, covering 1. Suppose
that ¢ extends to Ip, (1). From Clifford theory [13, Corollary (6.17)], we then get Ip, () = U,.
So, [13, Theorem (6.11)] implies that 1%« is irreducible, a contradiction. O

4. The character table of a maximal parabolic subgroup P,

Let Py = (B, ny,, Ny ) be the F-stable maximal parabolic subgroup of G corresponding to the
set {ra, 73} of simple roots and P, := Pf be the corresponding maximal parabolic subgroup
of G=2F4(¢?). Then, P, is generated by B and n, and |P,| = ¢**(¢* + 1)(¢®> — 1)%. In this
section, we compute the conjugacy classes and the character table of P,.

P, is the semidirect product of the Levi complement L, = (T¥', Uy, Us, np) and the unipotent
radical Uy := U = U3Uy ... Upz. The conjugacy classes of P, can be computed by the same
methods as those that we have used for the conjugacy classes of P,. The Levi complement
Ly = (T, X4p,, Xiry, Xirg, Xtro) of Py, is F-stable and L, = (L)¥". The Weyl group Wr,, =
(Wpy, wry) of Ly is dihedral of order eight and has exactly three F-conjugacy classes with
representatives w; =1, wy = wy, and wy = Wy, Wr, Wr,. S0, Ly has exactly three Ly-conjugacy
classes of F-stable maximal tori. Using the notation in [10, §§ 2 and 3], we can choose
representatives T1 =T, T3 and T4 such that the corresponding maximal tori of L; are
given by Ty :=T :=TF, Ty := TFws") and Ty := TFwi). The conjugacy classes of P, can
be determined analogously to those of P, by investigating the splitting of the conjugacy classes
of L, when interpreting L; as the factor group P,/Uy,. The parabolic subgroup P, has exactly
q* + 14¢% + 15 conjugacy classes. Representatives are given in Tables A.6 and A.7.

A natural way to construct the irreducible characters of P, is to apply Clifford theory with
respect to the decomposition P, = L X Uy. Therefore, we collect some information on Uj. Every
u € Uy can be written uniquely as

u=as(ds)as(dy) ... a12(d12)

with ds, ..., di2 € F 2. Using the commutator relations [10, Table 1], we see that the center of
Uy is Z(Up) = Uy and the derived subgroup is U] = UgUy . . . Uja. So, Uy has exactly ¢'° linear
characters, namely Agpcd.e: Uy — C* defined by

Aabede: 3(dz)as(ds) ... ara(dia) = ¢(a-dz+b-dy+c-ds+d-ds +e-dr),

where a, b, ¢, d, e € F 2 and ¢ is a fixed non-trivial linear character of the additive group (IF,2, +)
such that ¢(2?) = ¢(x) for all z € F2 and ¢(1) = —1; see [10, § 4]. Due to the complicated
structure of Uy, it seems to be difficult to determine all irreducible characters of U, and the
action of Ly on Irr(Up). Therefore, we use Clifford theory only to construct those irreducible
characters of P, covering linear characters of Uy, that is, those x € Irr(Uy) such that U} C ker(x).

The group P, acts on Irr(Up) by conjugation. For ¢ € Irr(Up), we write Ip, (¢) :={x €
Py |*y =1} for the inertia subgroup and we usually identify the inertia factor group
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Ip, (¥) := Ip, (¥) /U, with the corresponding subgroup of L;. Choose linear characters of U,
as follows: Ao := X0,0,0,0,00 A1 1= A1,0,0,0,00 A2 1= X0,1,0,0,0, and Az := Ao ,0,1,0,0-

PROPOSITION 4.1. There are linear characters Ay, A5 of Uy such that (a), (b), (c) are true:

(a) {Xo,---, A4, A5} Is a set of representatives for the orbits of P, on the set of linear
characters of Uy; - -
(b) the inertia factor groups I; :=Ip,();), 7=0,1,...,5 have the orders:
o] = |Ls|, [L| = q*(¢* - 1), L] =q¢*(¢*> - 1),

Il =2(¢> = 1), |L|=4( —vV2¢+1), |I5|=4(¢+ /a+1);

(c) the inertia factor groups are given by:

) Io=Ly;
) I = {h(z, 22071, 2201 ZA0°=4041) ) (1) ay(s) | z € Froir s €Fge}
) Iy ={h(z, 22971 2, 229 Vay(s) | z € ]quz, seFpe};

3) I3 =(ny, h(1,1,2,2271) |z € quz>;

4) Iy =(ng) x {h(1,1,2,27) | 2 €F, 24°~V20+1 = 1} where the normal subgroup
{h(1,1, 2, 277)|z €F, 27 ~V20+1 =1} is cyclic of order ¢*> — /2 + 1 and ny4 is an
element of order four W1th Ci,(n?) = <n4>

(5) Is = (ns) x {h(1,1,2,279) | 2 €F, 2 +V24+1 =1} where the normal subgroup

{h(1,1, 2, z_q2)|z €T, 20" +V2a+1 - 1} is cyclic of order q* ++/2q + 1 and ns is an
element of order four with C, (n?) = (ns).

[\

t
(0
(1
(
(
(

Proof. Tt is not difficult to prove the assertions about Iy, I, I, and I3. We demonstrate
the computations for Is; the calculations for Iy, I, and I, are similar. Each v € U,
can be written uniquely as u = asz(d3)as(ds) ... a12(di2) with d; € F2. By the Bruhat
decomposition, each element y € L, can be written uniquely as y = h(z1, z2)a1(r)as(s) or
y = ai(r')az(s)h(z1, z2)npan (r)az(s) with r,s,17, 8" €Fg2 and 2; €F ;. Let us first assume
y = h(z1, z2)a1(r)as(s) € Is. Then, in particular, /\3(y 1uy) As(u) for all u € Up, which is
equivalent to

¢( 20— 2d5+8( 1— 20226[3)29—‘1-7“( —20 071d4)20+r20+1( % 202 d3>29):¢(d5)
for all d3, dy, ..., dr € Fp2. Using ¢(2?) = (;5(95) and 220" =z for all z € F,2, we get
(59207128 4 r0 120128 dy + 19207120700, 4 (22972 4 1)d5 € ker (o) (1)

for all ds,dy,...,d; € Fe. Inserting d3 = dy =0 implies that (2772 4+ 1)d5 € ker(¢) for all
ds € F2 and thus z; = 1. Then, inberting d3 =ds =0 in ((1)) implies %23 ~%d, € ker(¢) for
all dg €F 2. So, r=0 and (1) becomes s2d;3 € ker(¢) for all d3 € F 2, which implies s = 0.
On the other hand, from the relations in [10, Table 2], it is clear that y=h(1, z) € I3 for
all z € Fgp2. The elements y = oy (r")aa(s') (21, z2)npai (1)az(s) can be treated similarly. This
proves the assertions about I3 in (b) and (c).

Finally, we prove the assertions about I; and I5. The group Ly, acts on U/U; by conjugatlon
and, using the relations in [10, Tables 1-4], we see that L; has exactly six orbits on U,/U}. A
set of representatives is given by the cosets of

1, 067(1), 046(1), 045(1), 045(1)(17(1), a5(1)a6(1).

Brauer’s permutation lemma [13, Corollary (6.33)] implies that L; has exactly six orbits on the

set of linear characters of Up. Since_fo, .. .,_1:3 have different orders, Ag, . .., A3 are in different
orbits under the action of L. Let I; and I5 be the inertia factor groups corresponding to the
missing two orbits. Consider the linear characters p := /\071,171,0, =X,1,1,1,0 € Irr(Up). Using

the relations [10, Tables 1-4], it is not difficult to see that p, ' are not conjugate to each other
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and not conjugate to A, ..., A3 under the action of L, and so {Xo, ..., A3, 4, 4’} is a set of
representatives for the orbits of L; on the set of linear characters of U,.

We were not able to determine the order and structure of I; and I5 by a direct calculation,
since we were not able to solve the occurring systems of polynomial equations. Instead, we
prove the assertions about I, and I5 in several steps:

Step 1: |I4|, |I5| < 8¢> + 4.
Let Staby, (1) :={y € Ly | Y = p}. Suppose y = h(z1, z2)a1(r)az(s) € Staby, (1). So, u(y~tuy)
= p(u) for all u € Uy. Inserting u = as(d), u = ag(d), u = as(d), u = az(d) for d € F2 implies

21=2o=1and r, s€{0,1}.

Now suppose y = a1 (r")as(s")h(21, z2)npay (r)as(s) € Ly such that Yu=pu. So, p(y tuy)=

p(u) for all u € Uy. Inserting v = as(d), v = az(d), u = ag(d), u = as(d), u = az(d) for d € F
implies
zZ1 = 1,
s0 4 s=r0*t 4 p
22070 =1 490 4 20, (2)
re{r,r+1},
8/9 + Sl _ ,r/zgefl + 7“/9+1.

Since F2 — Fy2, 2+ 2% + z is an Fo-linear map with kernel {0,1} and 20 — 1 is relatively
prime with |F%,|, the number of solutions of the system of equations (2) is at most 8¢>. Thus,
|Staby, ()| <4 + 8¢2. Analogously, |Staby, (/)] <4 + 8¢2. So, we get |I4|, |I5| < 8¢* + 4.

Step 2: I, contains an element ny of order four, I5 contains an element ns of order four.
Using the commutator relations [10, Table 1], we can verify that the element a;(1) of order
four stabilizes pu and p'.

Step 3: I, contains an element of order ¢ —v/2¢+ 1, Ir contains an element of order

@ +V2q+1.
By Tables A.6 and A.7, the Levi complement L; has a cyclic subgroup

{h(1,1, z, z_q2) | z €F, 20 V2aHl 1}

of order ¢ — v/2q + 1. Let h be a generator of this subgroup. By the orders of the centralizers
in Table A.7, there is a non-trivial element of U,/U] which is fixed by (h); see class ¢1,9. By
Brauer’s permutation lemma, there is a non-trivial linear character A4 of U, which is fixed by h.
Similarly, there is a non-trivial linear character A5 of U, which is fixed by the cyclic subgroup
{h(1,1,2,277) | z €F, 24°+V2a+1 = 1} of order ¢ + v/2q + 1. Since |11, |I2|, |I5| are relatively
prime with ¢? + v/2g + 1, the linear characters A\, and A5 are not conjugate to Ao, . . . , A3 under
the action of L. So, A4, A5 are contained in the two missing orbits of the action of L; on the set
of linear characters of U,. Suppose that A4, A5 are conjugate to each other under the action of
Ly,. Then, |I,] or |I5| is a multiple of 4(¢* 4 1) = 4(¢® — v/2¢ + 1)(¢*> + v/2q + 1), contradicting
Step 1. So, {Ag, ..., A5} is a set of representatives for the orbits of L; (or P,) on the set of
linear characters of U, and I, contains an element of order ¢> — v/2¢ + 1 and I5 contains an
element of order ¢? + v/2¢ + 1.

Step 4: |Iy| = 4(¢*> — V2q + 1) and I5 = 4(¢* + v2q + 1). B
From Steps 2 and 3, we know that |I4| is a multiple of 4(¢?> — v/2¢ + 1) and |I;] is a multiple
of 4(¢> +v/2q + 1). Summation over the sizes of the orbits shows that equality holds.

Step 5: The cyclic subgroups of order g% + v/2¢ + 1 are normal in I, I5, respectively.
By Sylow’s theorem, the Sylow subgroups of the cyclic subgroup of order @ —V2q+1 are
normal in I; note that the indices of the normalizers of these Sylow subgroups are 1, 2 or 4
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and 31¢% — \@q + 1. Tt follows that the cyclic subgroup of order ¢ — v/2¢ + 1 is normal in I.
The proof for I5 is similar.

Step 6: Cr, (n3) = (n4) and Cr, (n2) = (ns).
By the orders of the centralizers in Table A.7, there is no involution in L; centralizing a
non-identity element whose order is a divisor of ¢ +1/2¢+ 1. The claims of Step 6 and
Proposition 4.1 follow. |

Now, we start to construct the irreducible characters of P,. In a first step, we construct all
irreducible characters of P, covering the linear characters of U,. In a second step, we compute
all nonlinear y € Irr(P,) such that Z(U,) C ker(x). Finally, we determine those x € Irr(P,) such
that Z(Uy) € ker(x).

The irreducible characters of the finite group of Lie type L, can be obtained by Deligne—
Lusztig theory and then be inflated to P,. The characters p,x5(k,1), p,xs(k); p,x- (k)
correspond (up to sign) to Deligne-Lusztig characters of Ly; the characters p,x,(k), p,x5(k),
p,X3(k), p,x, (k) are the inflations of the unipotent irreducible characters of ? Bo(¢?) multiplied
by the linear characters of L;. For the character table of 2B5(¢?), see the CHEVIE library

r [17]. So, we have constructed all irreducible characters of P, covering the trivial character
)\0 of Ub.

The irreducible characters of P, covering A\; are obtained by induction from the Borel
subgroup B: let p,xg(k) := px5(k)™ for k=0,...,¢*> =2, p,xo = BX&s Py X10 = BX%" and
Py X11 i= Bxg . To see that these characters are the only characters covering A\, we compute
the induced character /\fb and see via scalar products that p,xs(k), p,Xgs P,X10> P,X1; are the
only irreducible constituents.

Analogously, we get the irreducible characters of P, covering A by induction from the Borel
subgroup: p,X,(k) 1= pxo(k)™ for k=0,...,¢> =2, p,X13:= BXi0-

Next, we construct the irreducible characters of P, covering A3. We use the notation
from [7, Lemma 5.4]. By Proposition 4.1, I3 is the semidirect product of K := (n;) and H; :=
{h(1,1,2,22°71) | z € F2}. By [7, Lemma 5.4], I3 has (¢*> —2)/2 + 2 irreducible characters:
two linear characters and (¢* — 2)/2 irreducible characters of degree two. Let 17, be the trivial
and e7, the non-trivial linear character of I3. So, again by [7, Lemma 5.4], P, has exactly
(¢*> — 2)/2 + 2 irreducible characters covering As: the two irreducible characters (17, x A3z)™
and (g7, x A3)™ of degree ¢*(¢* +1)(¢*> —1)/2, say p,xq4 and p,X;5, and the (¢* —2)/2
irreducible characters (A x A3)™ of degree q*(¢* +1)(¢®> — 1), where )\ runs through a set S
for representatives of the orbits of K on Irr(H;p) not containing 1, .

By the definition of px;;(0), we have px11(0)" = p,Xx,, + P, X15- By construction, p,x,,,
P, X5 coincide on all conjugacy classes of P, except for the classes ¢y, 14, ..., ¢1 29, Where the
values of p, X4, p,X,5 only differ in the sign. Hence, p,x,,(%) = p,x15(%) = 5 (X11(0)7*(2))
for all z € P, with € ¢1 14, ..., ¢1,29. Let xj € ¢y for j=14,...,29. We have p, x,(14) =
Py X14(x;) for j =15,16, 17 and p, x;,(x18) = p,Xq4(x;) for 7 =19,20, ..., 24 and p, x,,(226) =
P, X14(227). Note that the values of p,x;, on the classes ¢ 21(a), ..., c124(a) do not depend
on the parameter a since ag(l) € ker(p,x,,). So, we have reduced the computation of
the missing values of p, X, p,X;5 to six unknown character values and these can be
determined from the conditions (pbe, pbxl(O))Pb = (prM, pbxg)Pb = (prM, pbxlg)Pb =0,
(PXi» (@X10)P)Pys (PoXis (GX8)Py) Py € Lo for i=14,15, and (p, X145 P,X14) p, = 1. Here
(exs)p,, (¢X10)p, are the restrictions of the unipotent irreducible characters ¢xs, gxi1o of
G =?F4(q?) to P, (see Table 4). For k=1,...,¢* — 2, we define p,x,4(k) := sx11(k)™ and
we have

{pxik) [k=1,...,¢* =2} ={(A x \3)" | A € S}.
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The characters p, x4, P,X15, P,X16(k) are the irreducible characters of P, covering A3 €
Irr(Up,).

Next, we construct the irreducible characters of P, covering A4 or \s. By Proposition 4.1, I is
the semidirect product of the group K := (n4) and the normal subgroup H; := {h(1, 1, z, z*q2) |
z €T, 24 ~V24t1 =1}, So, by [7, Lemma 5.4], I, has (¢ — v/2¢)/4 + 4 irreducible characters:
four linear characters and (¢ — v/2q)/4 irreducible characters of degree four.

Let e7,, 5}4, 5’1—/4, 5%’; be the linear characters of Iy and, for k € Z, let y, be the linear character
of Hy mapping h(1, 1, 5’ @g_qzi) — (p4)* € C, where we use the notation from [10, Table 5.
So, again by [7, Lemma 5.4], P, has exactly (¢> — v/2q)/4 + 4 irreducible characters covering
Ag: the irreducible characters (e, x Ag)??, £7, X M) P, (67w Ag)Pe, (e x A1)t of degree

Iy
q*(¢®> — 1)2(¢*> + V2q + 1) /4, say p,Xy7s - - -+ P, Xag» and the (¢> — v/2¢) /4 irreducible characters
Pxor (k) 1= (15 5 Ag) P of degree (g%

P,
1)2(¢®> +vV2q+1) for k=1,...,q¢*>—/2q, where
certain values of k give the same character.

Analogously, P, has (¢ +v/2q)/4 + 4 irreducible characters covering \s: four irreducible
characters of degree ¢*(q> —1)%(¢®> — V2 +1)/4, say p,Xo9,-- -, P, Xo5, and (¢> +v/2q)/4
irreducible characters p, x,4(k) of degree ¢*(¢* — 1)%(¢> — v2¢ +1).

The values of p,x,,(k) can be computed as follows: by construction, p, x5, (k) vanishes on
all conjugacy classes of P, except possibly for the classes ¢1,0, . - ., ¢1,13 and ¢g (i), . . ., cs,3(7).
Let z;€c¢,; for j=14,...,13 and =zs,(i) €cs (i) for 7=0,1,2,3. We consider the
induced character 191 := BXfé’ + BXfé’ + B)f? + Bxfé’. By construction, 151 is induced by a
linear character of Uy, and with CHEVIE we can verify (¢21, p,X;(k))p, = (%21, P, X5(k)) P, =
.= (21, P, X16(k)) P, = 0 and (Y21, ¥21)p, = 4(q*> — v/2+1). So, Proposition 4.1 and Clifford
theory imply that p,x,,(k)(z;) = (1/(¢*> — V2¢ + 1))¢a1(x;) for j=0,1,...,13. By the
definition of induced characters, we have

)

. . i i 2ik —q%ik
Py Xo1 (F)(8,0()) = P, Xy (F) (ws.1(1)) = (% — D)(@§™ + 08 ™" + 05" ™ + 95 7™)

and
. . 2. 2,
P X (k) (@8.2(1)) = Py Xy (k) (283(1) = A+ (0§ + 0y + g™ + g™ ™)
for some A € C independent of ¢ and k. The constant A can now be determined from the fact
that the scalar product of p,x,; (k) with the trivial character is zero. The values of p, xo4(k)
can be obtained analogously using the induced character g := BX% + BXg(l; + BXa1 + BXas-

The values of the irreducible characters p, X7, P, X151 P» X191 Py X20» Ps X22> Py X23> PoXo4> PoXo5
can be computed analogously to the characters p, x1,, p,X;5 using orthogonality relations with
the irreducible characters p,x,(k),..., p,x;4(k) and with the restrictions of the unipotent
irreducible characters axs, ¢Xes GXs» GX9» GXi1s GX11s GX13, GX13 Of G; see Table 4. The
characters Gx11, aX13 are the complex-conjugate characters of X1, aX13, respectively.

The characters p,Xq7,---, P, Xo (k) are the only irreducible characters of P, covering
Ag € Irr(Up) and the characters p,Xoo, - - -5 P, Xog(k) are the only irreducible characters of P,
covering A5 € Irr(Uy). So, we have computed all irreducible characters of P, covering the linear
characters of Uj.

Next, we compute all nonlinear characters y € Irr(P,) such that Z(U;) C ker(x). We get
all of these characters by inducing irreducible characters from the Borel subgroup B. For
1=27,28,...,42, we define p, x, := Bxfjl, where Bxfjl denotes the induced character (or
p,X;(k) == Bx;_1 (k) if px;_, depends on some parameter k). The values of these induced
characters can easily be computed using the character values in [10, Table A.6] and the
class fusions in Table A.1 in the appendix. Computing scalar products with CHEVIE, we see
that the characters p,xo7(k), ..., p,X4o(k) are irreducible and pairwise different. Summing
up the squares of the degrees, we see that we have constructed all y € Irr(P,) such that
Z(Ub) = U12 Q ker(x)
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Finally, we compute all characters x € Irr(F,) such that Z(U,) € ker(x). We use the
restriction (gx»)p, of the unipotent irreducible character ¢x, of G to Py; see Table 4. We set

P Xa3 = (6X2) P, — P, X2(0) — P, Xo7(0)

and let p, x5, := P, X43 e its complex conjugate. The characters p, x,,, - -, P, X49(k) and p, x5,
.., P,X56(k) are then obtained by tensoring p,x,; and p, X5, with the irreducible characters

PbX2(0)7 PbX3(0)7 ERRE) PbX7(k)'

THEOREM 4.2. The character table of the maximal parabolic subgroup P, is given by
Tables A.8 and A.9 in the appendix.

Proof. Computing scalar products with CHEVIE, we see that we have constructed
q* + 14¢2 + 15 irreducible and pairwise different characters of P. O

We point out that we are not able to describe all values of all irreducible characters of P,
and P,. This is due to the fact that we do not have generic descriptions of certain unipotent
conjugacy classes, for example the classes ¢1 21(a), . . ., ¢124(a) of P,. This seems to be a usual
phenomenon for generic character tables of parabolic subgroups (see for example [4]). However,
even for those characters where we do not know all character values it is possible to compute
the values on some unipotent classes. The following lemma, which is used in [11], demonstrates
this for the faithful characters of P,.

LEMMA 4.3. For k=1,2,...,¢% the characters p,X353(k), P, X39(k), P, X4o(k) have the
following values:

(a) p,X35(k)(0n12(1)) = p,X59(K)(12(1)) = _\q/;( 2 1);
5
(b) P.xzs(k)(as(1)) = p,xg9(k)(as(1)) = —L( 2 1)

>

(€) Poxgo(F)(a12(1)) = —¢3(¢* — 1);
(d) p.x4o(k)(as(1)) =¢%(¢* —1).

Proof. The irreducible characters p,x,(k), i=38,39,40, are induced from the Borel
subgroup B; more precisely, p, x;(k) = Bxi+10(k)P“ for i =38,39,40 and k=1,2,...,¢> The
values of the sums ZZil r.X;(k), i = 38,39, 40, are given in Table A.5.

By the construction in [10, § 4], the values of px,s(k) and px,9(k) on the elements aqa(1),
a11(1), ag(l) do not depend on k and all of these characters vanish on as(1). So, the class
fusions in Table A.1 imply that the values of the induced characters p, x45(k) = px4s(k)F=,
PaX39(k) = BXag (k)T on a12(1) and ag(1) do not depend on k. So, we can compute the values
of p,X35(k), P, X39(k) on a12(1) and ag(1) from Table A.5 by dividing by ¢*.

The characters p, x4,(k) can be treated similarly. As above, we see that the values of px5q(k)
on the elements a;(1), ¢ =12, 11, 8, 2, do not depend on k. So, we can compute the values of
P.Xa0(k) = BXs50(k)F* on a12(1), ag(1) from Table A.5 by dividing by ¢*. O
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Appendix

TABLE A.1l. Fusion of the conjugacy classes of the Borel subgroup B in the maximal parabolic
subgroups P, and Pj.

Conjugacy Conjugacy
class of B Fusion in P,  Fusion in P, class of B Fusion in P,  Fusion in P,
1,0 €1,0 1,0 1,50 c1,35 1,26
c1,1 c1,1 c1,1 1,51 1,36 1,27
c1,2 c1,1 c1,2 1,52 1,37 1,28
c1,3 c1,2 1,3 1,53 c1,38 1,29
c1,4 c1,3 c1,3 1,54 1,12 1,30
c1,5 c1,4 c1,2 1,55 1,13 1,31
c1,6 c1,5 c1,3 1,56 1,34 1,32
c1,7 1,3 c1,4 1,57 c1,16 1,33
c1,8 c1,6 c1,5 1,58 1,17 1,34
c1,9 c1,7 c1,6 c1,59(a) 1,34 c1,35(a)
1,10 c1,8 c1,7 c1,60(a) c1,35 c1,36(a)
c1,11 c1,9 c1,8 c1,61(a) 1,36 c1,37(a)
1,12 c1,7 c1,9 1,62 1,14 1,38
1,13 c1,8 1,10 1,63 1,15 1,39
1,14 1,9 c1,11 1,64 1,34 1,40
1,15 1,10 c1,12 c1,65(a) 1,34 c1,41(a)
1,16 c1,11 c1,13 c1,66(a) 1,35 c1,42(a)
c1,17 c1,12 c1,6 c1,67(a) 1,36 c1,43(a)
c1,18 1,13 c1,8 1,68 1,16 1,44
1,19 1,14 c1,7 1,69 1,17 1,45
€1,20 1,15 c1,8 1,70 1,39 1,46
1,21 1,16 c1,12 c1,71 1,40 1,47
1,22 1,17 1,13 c1,72 1,41 1,48
1,23 1,18 c1,4 1,73 1,42 1,49
c1,24 1,19 c1,5 c2 0( ) ¢3,0(07) c2,0(%)
1,25 1,20 c1,8 c2,1(1) c3,1(0) c2,1(7)
C1,26 c1,21 c1,8 c2,2(%) c3,2(07) c2,2(%)
1,27 c1,22 1,6 c2,3(%) c3,3(01) c2,3(1)
C1,28 C1,23 c1,7 c3 O(l) Cc2 0( i) CB,O(i)
c1,29(a) c1,24(a) c1,8 c3,1(%) c2,1(%) c3,1(%)
c1,30(a) c1,25(a) c1,8 c4,0(%) ¢3,0(%) c4,0(2)
1,31 1,26 c1,11 ca,1(1) c3,1() ca,1(1)
C1,32 c1,27 C1,13 c4,2(7) c3,2(%) c4,2(7)
1,33 c1,28 c1,12 c4,3(1) c3,3(1) c4,3(1)
c1,34(a) c1,29(a) c1,12 ¢5,0(%) ca,0(1) c5,0(1)
c1,35(a) c1,30(a) 1,13 cs5,1(%) c4,1(%) c5,1(%)
c1,36(a) c1,31(a) c1,12 cs5,2(7) c4,2(%) c5,2(%)
c1,37(a) c1,32(a) c1,13 c5,3(%) c4,3(%) c5,3(%)
1,38 c1,4 c1,14 ¢6,0(t) c4,0(267) c4,0(%)
1,39 c1,5 1,15 c6,1(%) c4,1(207) ca4,1(%)
1,40 c1,6 1,16 ce,2(1) c4,2(267) cq,2(%)
€1,41 c1,11 c1,17 c6,3(%) c4,3(2017) c4,3(%)
1,42 c1,7 c1,18 c7,0(t) c5,0(1) c3,0(1)
€1,43 c1,8 c1,19 c7,1(2) c5,1(%) c3,1(%)
1,44 c1,9 €1,20 cg,0(t) ¢5,0(7) c6,0(%)
c1,45(a) 1,9 c1,21(a) cs,1(%) cs,1(%) c6,1(%)
c1,46(a) 1,10 c1,22(a) c9,0(t) c6,0(%) c6,0(—1)
c1,47(a) c1,11 c1,23(a) c9,1(7) ce,1(%) c6,1(—1)
c1,48(a) 1,33 c1,24(a) c10,0(%, §) c7,0(%, §) c7,0(%, §)
c1,49 1,34 1,25
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TABLE A.2. Parametrization of the semisimple conjugacy classes of P,.

Representative Parameters Number of classes
h1:=h(1,1,1,1) 1
~. ~ . -~ . - 27 .
hz(l) — h(%, é2971)z’ 52071)17 é48 40+1)1) i=0,..., q2 9 q2 _9
1#£0
ha(i) == h(Ch, ¢ 71", &3, C07 1Y) i=0,...,¢°—2 -2
1#£0
ha(i) = h(1,1, G, ¢ i=0,...,¢° 2 ¢ -2
1#0
. 2(20—1)i =(40%2—46+1)i z; =(20—1)i .
hs(3) = RGOV, GO G 20D i=0,...,q° 2 -2
1#0
~ P 2
h (i) 1= h(<§1—29)17 Cé_w +40-1)i & &, & (20— 1)1) i=0, P2 q22_2
1#0
60— i =(20—1)j . 41042
h ( ) 7}7‘((27 (2 I)Z’C%’Cé )]) 7'7.]:07~"7q2_2 %
4,j#0
§# 4, (20 — 1)
i +(20 — 1)5
hs :=h(&s, 8570, 85170 &%) 1
1—6 —1—-60): z7—0i . 2_
h() (627 ¢ )Zv é )295291) Z:gz'”vqi q22
i#0, T, 2O
_ 74634202 41)i =(20%+20— i o 4 4_g9,2
hio(3) := h(C NG i=0,...,q*—2 =20

C( 202 420+1)i C( 4e3+202+1)1) i (@ =1L 1=0,..., ¢

i£ (@ +DL1=0,...,¢> =2

TABLE A.3. The conjugacy classes of P,. (The parameter a in the representatives for the conjugacy
classes of types ci1,24, 1,25, C1,29, - .., C1,32 runs through the sets I, I, ..., Is respectively with
|I1| = |I2| = ¢* — 2 and |I3| = |I4| = |Is| = |Is| = (¢*/2) — 1. The sets I1, ..., Is are defined in [10,

§ 4]. The field element ¢ € F 2 and the unipotent elements z, z’, z"" are defined in [10, § 3].)

Notation Representative |Cp, | Fusion in G
c1,0 1 a** (@ + 1)(¢* — 1)° €1,0
c1,1 ai2(1) 4% - 1) c1,1
1,2 aio(1) 20(¢> +1)(¢* - 1) 1,2
1,3 ag(1) 8- 1) 1,2
1,4 as(1) q'8(¢* - 1) 1,1
1,5 ag(1)aq1(1) q'8 c1,2
C1,6 047(1)043(1) q16 C1,5
c1,7 as(1) 2¢4(¢% - 1) c1,4
c1,8 as(1)ai2(1) 2¢4(¢% - 1) c1,3
1,9 as(1)az(1) gt 1,6
1,10 as(1)ag(1 6q'? 1,7
C1,11 Ocr(l)oce(l) 8(1) 2q12 C1,8
c1,12 oy (1) 2¢'2(q% — 1) C1,4
C1,13 a4(1)a11(1) 2(]12 C1,6
1,14 as(l)as(1) 2¢'2(¢® — 1) €1,3
€1,15 asg(asg(1)ar1(1) 2q"? €1,6
1,16 as(1)ag(1) 2q1° €17
C1,17 ( Jag(l)ai1(1) 2¢'° €1,8
c1,18 a3(1) a*2(¢? - 1) €1,2
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TABLE A.3. (Continued.)

Notation Representative |Cp,| Fusion in G
€1,19 az()a11(1) q'? 1,5
1,20 az(1)ae(1) 2q¢12 1,6
1,21 az(ae(l)ar1(1) 2q*2 1,6
c1,22 az(Das(1)ag(1) 2q12 c1,4
1,23 as(l)ag(1l)ag(1)ai1(1) 2¢12 c1,3

01724((1) ag(l)aﬁ(l)ag(a) 2(112 C1,6

(21,25(0,) ag(l)ag(l)ag(a)all(l) 2q12 C1,6
€1,26 az(1)as(1) q'? €1,6
1,27 az(as(1)as(1) 2q10 1,8
1,28 as(1)as(1)as(1)as(l) 2¢10 c1,7

c1,29(a) az()as(a)as(1) 2¢10 c1,7

61730(0,) ag(l)a5(a)a6(1) 2(]10 C1,8

61731((1) ag(l)a5(a)o¢6(1)o¢g(ta) 2q10 Cc1,7

01732(0,) a3(1)a5(a)o¢5(1)a8(ta) 2(]10 C1,8
1,33 az(as(¢)as (1) 3¢'? €1,9
c1,34 as(1)aa(1) 24® €1,10
c1,35 az(1)ag(1)as(1) 44® c1,11
c1,36 az(Daa(l)as(1)as(1) 448 c1,12
c1,37 az(1)as(1) 248 c1,13
c1,38 az(Lasz(1)as(1) 248 1,14
€1,39 ai(l)as(l) 4q* 1,15
€1,40 a1(Daz(1)as(1) 4q* c1,17
c1,41 a1(Daz(1)as(1) 4q* c1,16
c1,42 ar(l)az(Nas(1)as(1) 4q* c1,18
c2,0() ha (i) a*(¢® +1)(¢* — 1) e3,0()
c2,1(4) ha(3)as(1) (1) c3,1(4)
c3,0(%) h3 (i) q*(¢*> - 1)? c2,0(20i)
c3,1(4) hs(i)as(1) q*(¢®> - 1) c2,1(207)
c3,2(1) ha(i)os(1) 2¢%(¢® — 1) c2,2(20i)
c3,3(1) h3(3)aa(1l)as(1) 2q2(q2 -1 c2,3(201)
ca,0(%) ha(4) a*(¢* —1)? c2,0(4)
ca,1(%) ha(i)oa2(1) q*(¢®> - 1) c2,1(1)
c4,2(%) ha(i)os(1) 2¢%(q? — 1) c2,2(1)
04,3(7:) h4(i)a5(1)a12(1) 2q2(q2 — 1) C2,3(i)
¢5,0(%) hs () 7?(q% —1)? c3,0(1)
c5,1(4) hs (i)ag (1) a*(¢* - 1) c3,1(4)
ce,0(%) he (7) *(¢* — 1)? c3,0(1)
ce,1(%) he(3)aio(1) (- 1) c3,1(%)

C7,O(i7j) h7(17]) (q2 - 1)2 6470@7-7')
8,0 hg (g —1) 5,0
c8,1 h8217(1)$22(1) (]6((]2 + 1) C5,1
c8,2 hgx 3(14 C5,2
c8.3 hgz’ 3q4 C5,3
C8,4 hga)” 3q4 C5,4
c9,0(%) ho () (gt —1) c6,0(1)
co,1(%) hg(3)z17(1)z22(1) (> +1) c6,1(1)

¢10,0(%) h1o(%) q4 -1 C770(i)
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TABLE A.4. Parametrization of the irreducible characters of P,.

Character Degree Parameters Number of characters
Paxl(k) 1 kZO,...,q2—2 q2_1
PaXo(K) q? k=0,...,¢° -2 -1
4 2
P X3(k, 1) ?+1 k,1=0,...,42—2 £=3¢742
1#(V2q—1)k
4 2
PaX4(K) -1 kE=0,...,¢* -2 44
k#(¢® + 1)m,
m=0,...,¢2—2
PaX5(k) -1 k=0,...,¢° -2 ¢? -1
PuaXg (¢* = 1)(¢* - 1) 1
PaX7(k) st -1 k=0,...,¢° -2 -1
P Xg(k) %(q4—1) k=0,...,4>-2 2 -1
PaXg NACHRE[CEERY) 1
PaXi0 L (gt = (e - 1) !
PaX11 gt —1)(g* - 1) 1
P X12(k) qt(q* —1) k=0,...,¢2 -2 2 -1
4
PaX13 %(‘14 -1(¢* - 1) 1
4
PaX14 (" —1)(¢* - 1) 1
4
PaX15 (' =1 - 1) 1
4
PaX16 %(q4 -1(¢* - 1) 1
4
PaX17 @ —1D(¢* -1) 1
4
PaX1g (' -1 - 1) 1
4
Py X19 q?(‘fl -1)(¢*-1) 1
4
PaX20 T(¢* —1(¢* - 1) 1
4
Pq X21 qT(q4 -1)(¢*—1) 1
4
Pa X22 %(q4 -1(¢* - 1) 1
4
Py X23 L —1D(¢* -1) 1
4
PaXay Gt =1 -1) 1
4
P Xa5 %(‘14 -1(¢*-1) 1
PaXag (k) a*(¢* - 1) k=0,...,¢°—2 -1
PaXar a*(¢* = 1)(¢* - 1) 1
PaXog (k) a*(¢* = 1)(¢* = 1) k=1,...,¢ 7
PaXag ¢®(¢* = 1)(¢* - 1) 1
PaX30 *(¢* - 1) 1
PaX31 7*%>¢* - 1) 1
2_
PoX32(K) (gt —1) k=0,...,¢>— 2 k#0 a2
2
Pa X33 (k) a®(¢® —1)? k=0,...,¢% k#0 z
7
PaX34(k) %(‘f}_l) k:07...,q2—2 q2—1
7
Pa X35 (k) L=(g* = 1) k=0,...,4°—2 -1
7
Py X36 q7§(‘14 —1)(¢* - 1) 1
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TABLE A.4. (Continued.)

Character Degree Parameters Number of characters
PaX37 %(q4 -1)(¢* - 1) 1

PaX3s(k) ‘%(q4 -1)(¢* -1 k=1,...,¢° 7

Poxs®) @ -D@ 1) k=1, ¢

PaXa0(K) *(¢* —D(* - 1) k=1,...,¢° 'S

TABLE A.5. The character table of P,.

the irrational character values.)

Due to its size, this table is stored in a separate file; see

2f4maxparab_tables_5_and_9.pdf

in the electronic appendix to this paper.

(Zeros are replaced by dots. See [10, Table 5] for notation for

TABLE A.6. Parametrization of the semisimple conjugacy classes of Pj,.

Representative

Parameters

Number of classes

hi:=h(1,1,1,1)

ha(d) == h(C, {0711, 1)
h3 (i) := h(Ci, (29 D2 (29_1)1-’5;492_49“)2-)
ha(i) = (G, &7V, 8, 201
hs (i) == h(1, 1,3, &2V

rd —1)i = 2_ 7 7
hG(Z) — h(CEQO 1) , 549 40+1)1 74.274.(21‘) 1)4 )

ha(i, §) := h(&, E§207 D1 &, E(20 1)

hs(s) = h(1, 1, i, G407

ho (i) i= h(¢//(292—20+1)i 7;//(493—692+49—1)i
w//(ze —1)i ¢//( 494+20 )z)

ho(i) == h(1, 1, g, 30

ha (3) == (3, /(292+29+1)z ¢1(403+292—1)1
62— 94 6%)i
w/(2 1) ’d}/( 40%+4260<)1 )

=0,...

g

1#0
i=0,...,¢° =2
1#0
i=0,...,¢>° -2
1#0
i=0,...,¢> -2
i1 #0
7’:07"'7‘12_2
1 #0
i:jzo)"'7q2_2
4,5 #0
Jj#£i, £(20 — 1)i
i 1+(20 —1)j
7::0,~-~7112—\/§q
1#0

0t —V2¢3 +V2q -2
1=0,...,¢2 —V2q
i#(¢> —V2q+ 1)1,

1=0,...,¢2-2

i=0,...,¢24+V2q
17#0

i# (¢ = 1)L,
1=0,...
i#(¢> +V2q+ 1)1,

1=0,...,¢2 -2

S+ V2¢3 —V2q -2

4% +V2q

®—V2q
1

1(a* = v2¢* — 24 + 2v/29)

®+v2q
1

3(a* +V2¢° - 2¢° — 2v2q)
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TABLE A.7. The conjugacy classes of Py. (The parameter a in the representatives for the conjugacy
classes of types c1,21, ¢1,22, C1,23, C1,24, C1,35, C1,36, C1,37, C1,41, C1,42, C1,43 runs through the sets I7,
Is, ..., Iig respectively with |I7| = ¢* — 2, |Is| = (¢* — 2)/6, |Io| = |I11| = |I14] = (¢*/2) — 1,
|Ti0] = (6% + 1)/3, |Ii2| = |I16| = (¢° + v29) /4, |I13| = |I15] = (¢* — V/2q) /4. These parameter sets are
defined in [10, § 4].)

Notation Representative |Cp,| Fusion in G
c1,0 1 **(g* + 1)(¢* - 1)? €10
1 a12(1) **g* + 1)(¢* - 1) c11
c1,2 a11(1) (> - 1) c1,1
c1,3 a10(1) q*°(q? = 1) €1,2
14 ar(1) a'%(¢* - 1) c1,2
1,5 ar(1)as(1) q's 1,5
C1,6 ag(l) 2(]14((12 — 1) C1,4
c1,7 ag(1)ai1(l) 2¢' (¢ — 1) c1,3
c1,8 ag(1)ag(1) qt c1,6
€19 as(1) 2¢"(¢" + 1)(¢* — 1) €14
1,10 as(1)ar2(1) 2 (g +1)(¢? — 1) €1,3
c1,11 as(1)ar(1) q't c1,6
c1,12 a5(1)a6(1) 2q12 c1,7
€1,13 as(as(1)as(1) 2¢12 c1,8
c1,14 az(1) q'%(¢* - 1) c1,1
1,15 az(1)ar2(1) q't c1,2
1,16 az(1)ag(1) gt c1,5
C1,17 az(1)as(1) q*? C1,8
c1,18 az(1)ae(1) 2¢14 C1,4
1,19 az(1)as(1)ar1(1) 2¢™ 1,3
1,20 az(1)ag(1)ag(1) gt c1,6

c1,21(a) az(1)ag(a)as(1) 1 c1,6

c1,22(a) az(1)ag(a)as(l) q*? 1,7

c1,23(a) az(1)as(a)as(1) q*? 1,8

c1,24(a) az(1)ag(a)as(l) q*? c1,9
c1,25 a2(1)as(1) 2¢® c1,10
1,26 az(Das(1)as(1) 448 c1,11
c1,27 az(Daa(1)as(1)as(1) 448 c1,12
c1,28 az(1)as(1) 2¢° €1,13
1,29 az(1)as(1)as(1) 248 c1,14
€1,30 ai(1) 2¢'%(¢® - 1) 1,4
1,31 a1(1)aiz(l) 2¢10 c1,6
c1,32 ai(l)as(1) 248 1,10
1,33 ag (1)as(1) 4¢® c1,7
1,34 a1 (Das(1)ar2(1) 448 1,8

61735((1) al(l)ag( )ag(a) 2q8 €1,10

c1,36(a) a1 (Dae(1)as(a) 2¢8 c1,11

c1,37(a) a1(Las(1)as(a) 2¢° c1,12
1,38 ag(1)az(1) 2¢'%(¢? — 1) €1,3
c1,39 a1 (Daa(1)onz(1) 2q10 16
1,40 a1 (Daz(1)as(1) 2¢8 1,10
c141(a) a1(l)az(l)as(l)as(a) 248 c1,10
c1,42(a) ai1(l)az(as(1)as(a) 2¢° c1,11
c1,43(a) a1 (Daz(l)as(1l)as(a) 248 c1,12
C1,44 Ocl(l)ocg(l)a6(1) 4q8 c1,7
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TABLE A.7. (Continued.)

107

Notation Representative |Cp,| Fusion in G
1,45 a1(1)az(1)as(1) 448 c1,8
1,46 a1(1)as(l) 4q* 1,15
1,47 a1(1)asz(l)as(l) 4q* 1,17
1,48 a1(1)az(1)asz(l) 4q* 1,16
1,49 a1(1)az(1)as(1)as(1) 4q* 1,18

¢2,0(4) ha (i) g*(¢* + 1)(¢* — 1)? €2,0(%)
c2,1(%) ha(#)az(1) *(¢® - 1) c2,1(1)
c2,2(%) ha(i)aa (1) 2¢%(¢®> - 1) c2,2(7)
c2,3(1) ha(i)a1(1)aa(1) 2¢%(¢%> - 1) c2,3()
¢3,0(%) h3 (i) (%> —1)2 c3,0(1)
c3,1(4) h3(9)as(1) ?(¢* - 1) c3,1(%)
ca,0(i) ha (i) q*(¢* —1)2 c2,0(204)
ca,1(3) ha(i)ag(1) (- 1) 2,1(204)
ca,2(i) ha(i)aq(1) 2¢%(¢®> — 1) 2,2(204)
0473(i) h4(i)0¢4(1)0¢8(1) 2q2(q2 — 1) 02’3(29'5)
¢5,0(%) hs () q*(q? —1)2 c2,0(1)
¢5,1(4) hs(i)a12(1) a*(¢* - 1) c2,1(4)
cs5,2(7) hs (1) as(1) 2¢%(¢®> - 1) c2,2(3)
0573(2') hs(i)as(1)a12(1) 2q2(q2 -1) C2,3(i)
c6,0(%) he (2) q?(q? —1)2 c3,0(1)
ce,1(i) he(i)ag (1) a*(¢* - 1) cs,1(4)
er,0(3, 5) hr(i, 5) (¢* —1)? ca,0(4, 7)
cs,0(4) hs (4) (@ —V2q+1)(? - 1) cs,0(%)
cs,1(i) hs(4)w21(1)224(1) q*(q* —V2q+1) cg,1(4)
cg,2(%) hg(i)zg(1)z16(1)z21(1) 2¢%(¢> —V2q+1) cg,2(1)
cg,3(%) hg(i)xg(1)z16(1)w24(1) 2¢%(q®> —v2q+ 1) cg,3(1)
€9,0(%) ho(4) (> = V2q¢+1)(¢*> - 1) €9,0(%)
c10,0(%) hio(t) (P +V2q+1)(? - 1) €10,0(%)
c10,1() hio(3)x21(1)w24(1) q*(q® +V2q +1) c10,1(%)

61072(2') hio(?)zg(1)z16(1)z21(1) 2(12 (q2 + \/511 +1) ClO,Q(i)

610,3(73) hlo(i)$8(1)$16(l)xg4(1) 2(]2 (q2 + \/Qq + 1) 010,3(i)

c11,0(4) h11(7) (@ +vV2q+1)(¢* - 1) c11,0(4)

TABLE A.8. Parametrization of the irreducible characters of P,.

Character Degree Parameters Number of characters
Ple(k) 1 kzo?"'7q2_2 q2_1
Py Xo (k) 5®-1) kE=0,...,¢° -2 ? -1
PbX3(k) %(q2_1) kzo?"'1q2_2 q2_1
Py X, (k) q* k=0,...,¢> -2 -1

4 _ 2 _ o 1-3¢%42
Pbxs(k7l) q +1 kzl_07"'7q 7271750 = 2q

4 .

P, Xg (k) (> —V2q+1)(¢® — 1) k=0,...,q¢" +v2¢° — V2q -2 1 +\/§q347q27\/§q

k#(q® +V2q+ )m,

m=0,...,¢>—2
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TAaBLE A.8. (Continued.)

Character Degree Parameters Number of characters
Py X7 (k) (¢® + V29 +1)(¢* - 1) k=0,...,q" —V2¢* +V2q -2 TR S
k# (q* —v2q+ 1)m,
m:0,...,q2—2
Py Xg (k) (¢ = 1)(g* +1) k=0,...,¢>—2 ? -1
Py Xg J5@® -3¢ +1) 1
PyX10 %(QQ —1)%(q* +1) 1
PyX11 (@* = 1)%*(q" +1) 1
Py X15(F) *(¢® = D(¢* +1) k=0,...,4° -2 q?—1
PyX13 *(¢* = 1)*(¢* + 1) 1
X T(® ~ D(a* +1) 1
PyX1s5 %(q2 - (¢*+1) 1
Py X6 (k) q*(¢* = 1)(¢* +1) k=0,...,¢>=2k#0 =2
PyXq7 (g2 —1)2(q? + V2 + 1) 1
PyX1g (g2 —1)2(q? + V2 + 1) 1
Py Xao T~ 1)2(q? + V2 + 1) 1
Py X %(q2 - 1)%(¢* +v2¢+1) 1
Py Xqq (k) a*(* = 1)%(¢* +V2¢+ 1) k=0,...,¢> = V2¢;k#0 =2
PyXao (g2 —1)2(q? — V2 +1) 1
PyXas3 (g2~ 1)2(q? — V2 +1) 1
Py Xoy 2 (g2 — 1)2(¢? — V2 + 1) 1
Py Xos T (® — D2(® ~ VIg + 1) 1
Py Xog(K) a*(¢®> —1)%(¢* = V2¢ +1) k=0,...,¢> +V2¢;k#0 42
PyXo7 (k) %(q2*1)(l14+1) k=0,...,¢42—2 21
Py Xag (k) Lo (? ~ 1)(g* +1) k=0,...,¢% 2 ¢ 1
Py Xag \‘%(q2 - 1)2(¢* + 1) 1
P X0 L@ =1 + 1) !
Py Xt (g2~ 1)2(¢* +1) 1
Py Xso T (g~ 12(¢* + 1) 1
Py X33 (g2 —1)2(q* + 1) 1
PyXas T (g~ 1)2(¢" +1) 1
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TABLE A.8. (Continued.)

Character Degree Parameters Number of characters
Py Xas5 (¢ -3¢+ 1) 1
4 2_ 2_
PbX36(k) %(q2*1)2(44+1) k=1, ,,4-‘162 4.‘162
4 2_ 2_
PbX37(k) %(q2_1)2(q4+1) k:]-: ~74 q22 4.(122
2 2
Pl,X38(k) q4(q2_1)2(q4+1) k:L ) q;1 q3+1
Py X3 (-1 g* +1)
PbX40(k) q6(q2 - 1)(q4 + 1) k= 07 7q2 -2 q2 -1
PyXa a®(¢* = 1)*(¢* + 1) 1
Py X0 (k) a®(¢* = 1)*(¢* + 1) k=1,...,¢° 7
9
Py X43 q7§(‘12 -1 1
Py X g4 §(q2 —-1)? 1
10
Py, Xy5 qT(qz - 1)? 1
13
Py X6 Ts(® - 1) 1
9 2_
Py X g7 (k) L (g® = 1)(q* +1) k=0,...,¢2 2 k#0 3t
k 9 (g2 —1)%(¢% — V2¢+1 k=0 24 V2q;k#£0 a®+v2
PbX48( ) ﬁ(q ) (q q ) i) - q°+ q; 7& 1
(k) £(271)2(2+\/§ +1) k=0 27\/5]6750 2—V2q
P5X49 V2 q q q — Y% s q q; 4
9
2
Py X50 %(‘1 -1) 1
Py X51 %(‘12 —-1)? 1
10
Py X592 5 (? = 1)? 1
13
PyXs3 Ts(® - 1) 1
9 2
PbX54(k) qf\/ﬁ(qzil)(q4+1) k:07 ,q272,k‘750 q22
9 2
P, X55 (k) L(? = 1)%(¢° = V24 +1) E=0,...,¢>+v2¢; k#0 4~+y2q
(k) i(2_1)2(2+\/§ +1) k=0 2_\/5.]{:7&0 q27\/§q
P, X56 NG} q q q ) -5 q q; 1

TABLE A.9. The character table of P,. (Zeros are replaced by dots. See [10, Table 5] for notation for
the irrational character values.)

Due to its size, this table is stored in a separate file; see

2f4maxparab_tables_5_and_9.pdf

in the electronic appendix to this paper.
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