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SYNTACTIC SEMIGROUPS AND GRAPH ALGEBRAS

A.V. KELAREV AND O.V. SOKRATOVA

We describe all directed graphs with graph algebras isomorphic to syntactic semi-
groups of languages.

The aim of this paper is to give a complete description of all graph algebras iso-
morphic to syntactic semigroups of languages. We consider languages which are subsets
of the free semigroup A+ over an alphabet A. It is well known that various important
properties of languages can be characterised in terms of their syntactic semigroups (see
[3, 10]).

Graph algebras make it possible to apply methods of universal algebra to various
problems of discrete mathematics and operations research. They have been investigated
by several authors (see, for example, [2, 5, 6, 7, 8, 9] for references). In this paper
the word graph means a directed graph without multiple edges but possibly with loops.
The graph algebra Alg(D) of a graph D = (V, E) is the set V U {oo} endowed with
multiplication defined by xy = x if (x, y) £ E and xy = oo otherwise, and xco = ooz =
oooo = oo, for all x, y € V.

Let 5 be a semigroup with a subset T, and let x e S. Then the context of x with
respect to T is denoted by Contort) or C o n t r o l ) and is defined as the set

ContT(z) = {(a,6) € S1 x Sl \ axb e T } .

The syntactic semigroup Syn(L) of a language L C A+ is the quotient of A+ by the

congruence ai

O~L = {(^1,^2) 6 A+ x A+ I Context(wi) = Contil|/i+(w2)}-

The in-degree (out-degree) of a vertex v of the graph D — (V, E) is the number of
vertices u € V such that (u, v) £ E (respectively, (v,u) 6 E). A graph D — (V,E) is
sa id t o b e undirected if {x,y) € E =$• (y, x) € E, for all x,y G V. T h e g r a p h D is said

to be connected if its underlying undirected graph is connected. A maximal connected
subgraph of a graph D is called a connected component of D.
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The sum Dl + D2 of graphs Dx = ( V i , ^ ) and D2 = (V2,E2) is the graph with
vertex set Vj U V2 and edge set Ey U E2 U E\i2, where

£1,2 = {(x,y)\xeElt y£E2}.

If D\ and D2 have no common vertices, then we say that the sum is direct, and we denote
it by Di © D2. A null graph is a graph without edges. The null graph of order m is
denoted by Nm. We assume that complete graphs contain all edges including loops. The
complete graph of order n is denoted by Kn- The direct sum of these graphs will be
denoted by

If G is a graph, then the set of all vertices (edges) of G is denoted by V(G) (respectively,
E(G)). Now we can state our main theorem.

THEOREM 1 . Let D — (V, E) be a directed graph. Then the following conditions
are equivalent:

(1) the graph algebra Alg(D) is a syntactic semigroup of a language;

(2) t ie graph D satisfies the following properties:

(i) D has at most one isolated vertex;

(ii) D does not contain complete graphs with three vertices;

(iii) D has no connected component with more than one vertex

of zero in-degree;

(iv) in each connected component C of D all vertices of nonzero
in-degree induce a complete subgraph;

(v) every vertex of zero in-degree is adjacent to all vertices of
nonzero in-degree in its connected component.

(3) D has at most one isolated vertex, and every other connected component
is isomorphic to one of the graphs Ki,K2, K\, K\.

REMARK 2. There exist non-regular languages with syntactic semigroups isomorphic
to graph algebras. Indeed, a language is regular if and only if its syntactic semigroup is
finite.

The following known lemma is used in our proof.

LEMMA 3 . [1, Proposition 2.3] A semigroup S is the syntactic semigroup of some
language if and only if S contains a subset T such that every two distinct elements ofS
have different contexts with respect to T.

A path of length n in a graph D = (V, E) is a path in the underlying undirected graph
of D, that is, a sequence of vertices vo,Vi,... ,vn such that (vi, Vi+i) € E or (vi+i, t>,) (E E,
for i — 0 , 1 , . . . ,n — 1.
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PROPOSITION 4 . For any directed graph D = (V, E), the following conditions
are equivalent:

(1) the graph algebra Alg(D) is associative;

(2) for all (x, y) G E and z G V,

(x,z) eE&{y,z) €£;

(3) each connected component of D is isomorphic to Ni, or a complete graph,
or a direct sum of a null graph and a complete graph.

P R O O F : (1) => (2): Consider any (x,y) G E and z G V. Since xy — x, and
(xy)z = x(yz) by (1), we get

(x, z) G E <=> (xy)z = x <=> x(yz) = x <=> (y, z) 6 £\

(2) => (1): Take any three elements x,y and z € V. If (x,y) ^ £ , then (xj/)z =
oo = x(yz). If, however, (x,y) € S , then (a;y)2 = xz, and so by (2) we get

{xy)z = x <=> ( i , z) € S <=> (y, z) € E & x(yz) = x.

Thus (1) holds in both the cases.

(2) => (3): Let C be a connected component of D with at least two vertices. Denote
by K the subgraph induced by all vertices of C with nonzero in-degrees.

Pick any vertex v e V(K). There exists an edge (u, v), where u € V(C). By (2),

(u,v) e E<& (v,v) G £.

Therefore all vertices in K have loops.
Consider an edge (u,v), where u, v € V'(A'). In view of (2),

{u,u) € E •& {v,u).

Since u has a loop, (w,u) € E. Thus the subgraph K is undirected.

In order to prove (3) it suffices to verify that C contains edges (x, y), for all vertices
x G K(C) and y € V(tf).

If x = y, then (x,y) G £ , because K contains all loops. Let y, zlt z2, . . . , z n - i , x be
the shortest path from y to x, where n > 0.

By the definition of a path (zi,y) € E or (y,zi) € i?. If (y, zi) € E, then zi G A";
whence (zi,y) € £ , because K is undirected. Therefore (zi,y) is an edge in any case.

Suppose that n > 1. If (z2,zi) G E, then (z2,y) G E, because (2) shows that E
is a transitive relation. If, however, (zi,Z2) G E, then (z2,y) G E by (2), again. Thus
y, z 2 , . . . , zn_i, x is a shorter path from y to x. This contradicts the minimality of n and
shows that n = 1.
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Therefore x = zx, and so (x,y) = {z\,y) € E, as claimed. It follows that K is
complete, and moreover (3) holds.

(3) => (2): Take any (x,y) € E and z € V. Let C by the connected component of
D containing x and y. Clearly, we may assume that C ^ N\. Denote by K the complete
subgraph of C mentioned in (3). Since K contains all vertices of nonzero in-degree, we
get

(x,z) eE<&z£K <&{y,z) e E,

that is (2) holds. D

Proposition 4 immediately gives us the following corollary:

COROLLARY 5 . If the graph algebra of a directed graph D is associative, then

for all x,y,z € V, the following conditions hold:

(i) {x,x),{x,y)€E=>(y,x)eE;

(ii) (x,y)€E=>(y,y)e£.

P R O O F OF THEOREM 1: (1) => (2): Suppose that the graph algebra Alg(D) of D is
a syntactic semigroup. Then Alg(£>) is associate, and by Proposition 4 every connected
component C of D with more than one vertex has a complete subgraph KQ such that each
vertex of C \ K has in-degree zero and is adjacent to all vertices in Kc- This establishes
conditions (iv) and (v).

Further, by Lemma 3 there exists T C Alg(D) such that Contort) ^ ContT(y), for
all x ^ y € Alg(£>). Note that the set Alg(D) \T also satisfies this condition. Therefore
we may always assume that oo £ T.

First, we prove the auxiliary fact that all vertices of in-degree zero belong to T.
Indeed, since oo ^ T, the context of each vertex with in-degree zero which is not in T,
equals 0 = ContT(oo), and so all these vertices belong to T.

Second, we verify that D has not more than one isolated vertex. All isolated vertices
belong to T, as we have seen above. Therefore the context of every isolated vertex consists
of one and the same pair (1,1). Therefore condition (i) follows.

Next, we show that the maximal complete subgraph of each connected component
of D has at most two vertices. Take a connected component C of D with more than
one vertex, and let Kc be the complete subgraph of C induced by vertices of nonzero
in-degree.

Since oo £ T, all elements of Kc n T have the same context (V(C)nT) 1 xV(Kc)
1;

whence |F(/CC) n T\ ^ 1. Similarly, the context of every element in V(KC) \ T equals
(V(C)DT) x V(C)1, and hence \V(KC) \T\ < 1. Thus Kc has at most two vertices,
that is, condition (ii) holds.

Finally, consider any connected component C of D with more than one vertex, and
denote by Kc the complete subgraph induced in C by all vertices of nonzero in-degree.
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Since every vertex of C with in-degree zero belongs to T, its context is equal to
{1} x V(Kc)1 • Therefore each connected component of D has at most one vertex with
in-degree zero. Thus condition (iii) holds, too.

(2) =>• (3): Let us take a connected component C of D. If C has one vertex, then
it is isomorphic to Nx or K\, and so by (i) we may assume that C has more than one
vertex. Denote by Kc the subgraph induced in C by all vertices of nonzero in-degree.
By (iv), Kc is a complete graph. It follows from (ii) that Kc is isomorphic to K\ or K2.
In view of (iii), we have \V(C\KC)\^\. If \V(C \KC)\ = 1, then by (v), the only
vertex of C \ CK is adjacent to all vertices of Kc- Therefore C is isomorphic to K\, or
K2, or K\, oi K\.

(3) =>• (1): Suppose that D has at most one isolated vertex and every other connected
component is isomorphic to KX,K2,K{, or K\. Then the graph algebra Alg(£>) is a
semigroup by Proposition 4, and so we can use Lemma 3.

Let us define a subset T of Alg(jD). We include all vertices of zero in-degree in T.
For each connected component C of D, we choose one vertex in the maximal connected
subgraph Kc of C, and put it in T.

Consider any two distinct elements x,y of A\g(D). We are going to show that
Contr(x) 7̂  ContT{y).

If D has an isolated vertex v, then v is the only element of Alg(D) with Contr(w) =
{(1,1)}. Besides, oo is the only element of Alg(D) with empty context with regard to T.
Therefore we may assume that neither x nor y is an isolated vertex of D, and x, y ^ oo.

Suppose that x and y belong to connected components C and C" of D, respectively.
Let Kc and Kc1 be the maximal complete subgraphs of these components. Denote by I

the element of T chosen in KC- The following four cases are possible:
CASE 1. x,y € KQ- Then only one of them, say x, belongs to T. Hence (1,1) S
Contr(2;) \ Contr^)-

CASE 2. x e Kc, y £ Kc- Since Kc is a complete graph, we get (£, x) € E. Hence
£x = i € T. Since y £ Kc-, there is no edge (£,y), and so ty — oo ^ T. Therefore
(U)eCon t r ( z ) \Con t T (y ) .

CASE 3. x e C \ Kc, y € Kc<- This case is similar to Case 2.

CASE 4. x e C \ Kc, y € C \ Kc<- Then x is adjacent to all vertices of Kc, and so
{xj) € E. It follows that {!,£) 6 ContT(x) \ContT(y).

Thus Contra:) ^ ContT(y) in all cases. By Lemma 3, the graph algebra of D is a
syntactic semigroup. D

COROLLARY 6 . Let D = (V, E) be an undirected graph. Then the graph algebra
Alg(£>) is a syntactic semigroup if and only if D has at most one isolated vertex and all
other connected components of D are complete graphs with not more than two vertices.

A groupoid 5 with zero 0 is said to be a 0-direct union of its subgroupoids Si, where
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i € I, if and only if 5 = | J St and SiSj =Stn S, = 0, for all i ^ j .

LEMMA 7 . A 0-direct union of syntactic semigroups is a syntactic semigroup.

PROOF: Let S — \J St be a 0-direct union of semigroups Si, where i € / . Suppose
iei

that all the semigroups Si are syntactic. Then by Lemma 3 every semigroup Si contains a
subset T; such that every two distinct elements of Si have different contexts with respect
to Tj. Note that we can always assume that 0 ^ T, for all i € I. (Indeed, if 0 € Tt for some
i € / , we can take the subset St \ T{ instead of T.) Put T = (J Si. The context of 0 with

•e/
regard to T is empty, as well as with regard to all Tit and for any element x € Si, x ^ 0,

a;) = Contr(:r). Therefore Contr(z) ^ ContT(y) whenever xj^y. D

PROPOS IT I ON 8 . The graph algebra of an undirected graph is a syntactic semi-
group if and only if it is isomorphic to a 0-direct union of subdirectly irreducible semi-
groups.

P R O O F : It is easily seen that Alg(Z?) is a 0-direct union of the graph algebras of all
connected components of the graph D.

Suppose that Alg(£>) is a syntactic semigroup. Theorem 1 implies that D has at
most one isolated vertex, and every other connected component is isomorphic to one of
the graphs KX,K2- Obviously, in each of these components at most one pair of distinct
vertices have the same neighbourhoods. [4, Theorem 1] tells us that the graph algebra of
an undirected graph is subdirectly irreducible if and only if it is connected and not more
than one pair of distinct vertices have identical neighbourhoods. Hence all connected
components of D are subdirectly irreducible. Therefore Alg(D) is isomorphic to a 0-
direct union of subdirectly irreducible semigroups.

Conversely, suppose that Alg(£)) is isomorphic to a 0-direct union of subdirectly
irreducible semigroups. It is known and easy to verify that every subdirectly irreducible
semigroup is a syntactic semigroup of some language (because f] a{a) is the identity

ses
relation on S). Therefore all these subsemigroups are syntactic. According to Lemma 7,
a 0-direct union of syntactic semigroups is syntactic, as well. D

The following example shows that Proposition 8 does not generalise to directed
graphs.

EXAMPLE 9. The graph algebra of the graph K\ is a syntactic semigroup by Theorem 1,
but it cannot be represented as a 0-direct union of subdirectly irreducible semigroups.
Indeed, first note that Alg(/f]) is indecomposable into 0-direct unions of proper subsemi-
groups. Second, consider the following two principal congruences Q(b, c) and 0(a, oo) on

with equivalence classes
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where a is the vertex of in-degree zero in A\g(Kl), and b, c are the other vertices of

A l g ^ j ) - Since 9(6, c) n ©(a, oo) is the equality congruence, we see that Alg(A^) is

subdirectly reducible.
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