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Abstract

In the present paper the flow in the porous region bounded by confocal prolate
spheroids rotating slowly about the major axis is investigated by a singularity method.

1. Introduction

Narasimhacharyulu and Ramacharyulu {S] have recently investigated the steady
flow in a porous region between two slowly rotating spheres employing Brink-
man’s [1] generalization of Darcy’s law and using the method of separation of
variables. This method when applied to the more complex geometry of spheroids
leads to complicated expressions. A more simple approach is to follow the
singularity method used earlier by Chwang and Wu [2, 3] to study the slow
motion of spheroids in a viscous fluid.

In this paper we too construct the solution to the problem of flow in the
porous region between two prolate spheroids by using a suitable singularity
distribution. The flow is discussed for large permeability coefficient k, and the
results for the flow between concentric spheres and around a disk are obtained
as limiting cases.

2. Singular solution

Brinkman’s [1] equation governing the slow steady flow of viscous fluid in a
porous medium are

pv2v - %v + f(x) =Vp, (1)
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and
V-v=0, 2)
where V is the velocity field, p the fluid viscosity, k the permeability, f is the

applied force and x the position vector. For rotatory motion p is a constant and
it is found convenient to take

f(x) = 47pV X (y68(x)), 3)

where r is a constant vector along the axis of rotation and §(x) is the Dirac-delta
function. Thus, by introducing the fundamental singular solution of equation
(1), namely

VE(x; y) =V X { % exp(—%)}, where R = |x], 4)

this reduces, when k — oo, to the “rotlet” used earlier by Chwang and Wu [3]
and conveniently provides

M = -8mpy (5)

as the torque on a control volume containing the singular point.
We shall also need, corresponding to the “roton” of [3], the following
fundamental solutions in the interior region:
R vk

1 . R
N(x-8 ) = - Vi — la
V¥(x; &,) = rE {cos K R sinh \/k}e‘ X X, (6)

where €, is the unit vector along the axis of rotation.

3. Rotating prolate spheroids

Let the prolate spheroids S, described by
x?  W?
—+—==1 forj=1,2, N
o b

2=y?+ 2% a > b, and a, > a,, rotate about their major axes with

where w , > b,
angular velocities €,. It should be noted that the common focal length 2¢ and

eccentricities ¢; are related as ¢ = ag;¢;. The no-slip condition requires that
V=Q¢ xx onS§, (8)
where S, and S, represent the inner and outer body surfaces respectively.

It can be seen that the flow can be constructed by a distribution of fundamen-
tal singularities between the foci x = —c and x = c¢. Thus, we take
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2 c
V= AVY + By (V) + [F(@VRGx - & 8,) db
dx -c

where £ = £@,. For large values of k, we have the approximations
1 1 1
R =
\4 (R3 2kR)e Xx+0(k)
R? i
A% (1+ IOk)e"xx-‘-O(P)’

92 . R? + 2x%\, 1
gv (1+T)ex>(x+0(?),

1) = (&) + 7718,

Substituting the above, equation (9) becomes

R? R? +2x?
A+ ) o 22

7 o(g) r(§)  ro(€)
L)

where R, = {(x — £ + w?}'/2.
We now set

V=

e, XX,

Yo(§) = Dyg(c? — £2),
12(§) = Dy(c* — §2) — Dg*(c? - £2),

A=A +A2
= dg+ 2.

Equation (11) reduces to

R? A, 2x%2 + R?
v—[ (1 + 10k)+T+B°(' +—Tk-—)

1{ D
+ Do(c210,3 - 12,3) % { To(czlo,l - 12,1)

—Dy(Ply; — I3) + D5 — 14,3)} e, XX,

where

o[

d§
{(x - & + w?}"?
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To determine the unknowns A, A4,, By, Dy, D, and D,, we observe that the
following relations are valid on S;:

R? = (af—cz)+e2 2

(C Tos — 2,3) =

(14)
(hys — 143) = g + hx?,
(CZIO.I - 12,1) =p t+ qu2,
where
|
2e;
jj = 1 _j 2 7
ej
2
— ¢
= 2 J
8= a,( 2 L~ 3%),
= 15¢; — 13¢} 15— 3¢’
7 1-¢ 2 7
J \ (15)
1+ ¢2
= 42 7
p= a,( > L- e,),
3 - ef
4 =3¢ -——1L
| 1+ ¢
L; = log I ej.

Making use of above and applying boundary conditions (8), we have from
equation (13),

= [5{(2 + elz)hz - (2 + eg)hl}(flﬂ2 = f54) = 35(qihy — a1 )€, — Qz)]P

(16a)
A, = }-l—l—fz[%(flpz = fp)Dy + (f18, — f,8) D,
+ {((a% - Cz)fx - (012 - Cz)fz)(hl — h)(/i8% — %)
- (‘112 - a%)(thz - )@, - 92)}1)]’ (16b)
By = [35(‘11h2 - @h) (&, - @) - 7(e,2h2 - e2hl)(.fl fZQl)]P’ (16c)
D= =% (16d)
A A
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D, = fl——l'f:[%(p' - Pz)Do + (g — 82)D4 + (‘112 - a%)
X {(hy — B)(/,% — L) + (g1, — ¢:h)(Q, — )} P, (16e)
D, = [((5 - e%)ql - (5 - e%)qZ)(Ql - Q) - (ef - e%)(flﬂl - fZQI)]P’

(16f)
where P = [2{(5 — eDh, — (5 — eDh}(fi — .
The torque M on the inner spheroid is given by

M = —8mue, [ “H) d,

-

_ 32mpce, [{l . al(l + 3e})L, — 2ale, + ai(1 — &2)f, — 4c*L, ]Q
EYF TRy 1

o 3(f| - fz) lOk(fl - fz)
- a3(1 + 3e2)L, — 2ale, + a2(1 — e3)f, — 4c*L, 2| a7
10k(f| - fz)
4. Special situations
Non-porous medium
Taking the limit as k — oo, equations (13) and (17) reduce respectively to
flgz - f29l Q\ - Q2 2 n
V= + cly; ~ 1,5) 1€, Xx 18
fi —f fi— 1 (c*o; 23) (18)
and
32 Q-9
M= -’ —2¢,, 19
oy (19)

which are the same as those obtained by Chwang and Wu [3].

Prolate spheroid in an infinite medium

The flow induced by a prolate spheroid rotating about its major axis in an
infinite porous medium can be realized by letting a, — o0 and e, — 0. Thus we
have from equations (13) and (17)

@[/, L P — 018, ,
V= |(Mos — L) + 5 { —7n (o~ 1)

q "
+ h—:(czlz,s — ly3) - ("210.1 - 12,1)”ex X X (20)
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and
32 5. al(l + 3e})L, — 2aje,
M= _§E Sllex(l + lOkfl . (21)
As k — oo in the above expressions, we get
) 2e, _l.
V= Ql(C 103 ]23) ——'e—z - Ll ex X X (22)
1
and
32 2e, -!
M=-—77 39 - L] , 23

which are the same as those obtained in [2].

Rotating spheres
Flow in a porous region between two slowly rotating spheres is obtained by
letting e, — 0 and e, — 0 in equation (13), thereby giving

=[a§92[(r3 - a3) + 10k(r —ay) (r + 3a,r + al)}
~ai (7 - @) + o (r = a)’(r? + 3y + az)}]

-1
Xr‘3[(a2 - aj) + lOk( - a,)3(a§ + 3aja, + af)] e, Xx, (24)

which corresponds to the expressions obtained by [5]. As k — oo the above
equation reduces to

V= a(r — a}) — a}Q,(r — a3)]e, x x, (25)

(‘12 ay) [

which is the well known slow flow between concentric spheres. Again letting
e, — 0 and e, - 0 in (17), we obtain
é,. (26)

a? a?
87r,ua,a2[(l + lOk)Q (1 + IOk)Q }

(a3~ ai) + qur (@ = a)’(a? + 30,0, + a})

M =

If we let @, —» o0, the net couple on a sphere rotating in an infinite porous
medium is obtained as

al\.
= -—8'lrp.Qlaf(l + ﬁ)ex. 27
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It is seen that |M|, as obtained from equation (27), differs from the moment
M, = -8muQ,a}(1 + a}/3k), given by equation (17) in [5] (after replacing a by
a,, €, by €, and making the approximation 1 + \/k/a, ~ \/k/a, for large k),
because the latter is only the contribution of viscous stress. The contribution of
the permeability term (uV/k of equation (1)) is calculated to be (47 /3k)uQ,a;
and, on addition to the viscous stress part, the total couple is again recovered.

Chblate spheroid and circular disk
The results for an oblate spheroid can be deduced from above relations by
replacing ¢ by —ic and ¢ by —ie;/(1 — ¢})!/2. The interesting case of a circular
disk rotating in an infinite medium is obtained by letting e, >0, a, >0 and
e, — 1. Thus, from equation (17) we have
32

3 2
M = -Twafsz,(l + i)éx. (38)

It should be observed that equation (1) also governs the rotary oscillations in
Stokes flow when the uV /k term is interpreted as the inertia term with the time
factor e™’ suppressed. The results deduced in this paper also provide the results
for the corresponding rotary oscillation problems. But it is seen that the total
couple as given by (25) differs from that given in [4] (equation 66, page 265)
where the coefficient of B%(= a}/k) is 1 instead of 3/10. This discrepancy can
be accounted for by the contribution of the inertia term, as in the case of the
sphere.
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