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Abstract  Let 2 C RN be a bounded domain such that 0 € 2, N > 3, 2*(s) = 2(N — s)/(N — 2),
0<s<2,0<u<p= i(N — 2)2. We obtain the existence of infinitely many solutions for the singular
critical problem —Awu — p(u/|z|2) = (ju|?"()=2/|2|*)u + Af(z,u) with Dirichlet boundary condition for
suitable positive number A.
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1. Introduction and main result

Let 2 C RY be a bounded domain such that 0 € 2, N > 3, 2*(s) = 2(N — s)/(N — 2),
0<s<2,0<pu<p= i(N —2)2. For A € R consider the elliptic problem
u |u|2*(s)72 )
—Au—p——s=———u+ Af(z,u) in £,
ER ER (1.1)
u=20 on 012,

where f(z,0) = 0 and f(z,u) is a lower-order perturbation of u? (*)=1 in the sense

that f(z,u)/|ul* ® =24 — 0 as |u| — +oo, s € [0,2). A typical case of problem (1.1),
f(z,u) = u, i.e. the problem
2% (s)—2
—Au—u% = wisu—i—)\u in (2,
Ed Ed

u=20 on 012,

(1.2)

has recently been studied by Kang and Peng [19,20]. In [20], they studied the existence
of positive solutions of (1.2) by a mountain-pass argument [27], and in [19] they obtained
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a sign-changing solution by minimax methods. Problem (1.2) with s = 0 has been studied

by many authors in recent years (see, for example, [2,6,9,12-15,17,24,28,32]). Early

results for (1.2) with 4 =0 and s = 0 can be found, for instance, in [5,7,11,21,26,29].
When p =0 and s = 0, problem (1.1) reduces to

,Au:|u|2*72u+)\f(x,u) in £2, } (1.3)

u=0 on 012,

where 2* = 2*(0) = 2N/(N — 2). In [29], Sang obtained finitely many solutions for (1.3)
by using Bartolo et al.’s critical-point theorem if f(z,u) is odd in w. Li and Zou [21]
again studied problem (1.3) and obtained infinitely many solutions in the case when
f(x,u) satisfies the following conditions:

(i) f(z,u) € C(2 xRR), f(z,—u) =—f(z,u) for all u € R;
(ii

) limyy, o0 £z, u)/|u> ~2u = 0 uniformly for = € £2;
(iii) lim,_g+ f(z,u)/u = oo uniformly for z € £2;
)

(iv) 3f(z,u)u— F(z,u) > a—blu|*" for almost every z € £2 and u € R, where
F(x,u) 2/ flz,t)dt, >0, a<O.
0

In [25], Padua et al. investigated (1.3) and proved the existence of two positive solutions
with a sublinear term at the origin. For the case of a p-Laplacian involving critical Sobolev
exponents, we refer the reader to [1,8,16,30] and the references therein. Recently, via
linking arguments, Zou [33] has proved the existence of infinitely many sign-changing
solutions for a class of perturbed Schrédinger equations with critical Sobolev growth
in RV (the parameter \ appears in the critical exponent term).

In this paper we are interested in searching for infinitely many solutions of prob-
lem (1.1); we show that there exists a sequence of infinitely many arbitrarily small solu-
tions converging to zero by using a new version of the symmetric mountain-pass lemma
due to Kajikiya [18]. To the best of our knowledge, there is no such result on singular
elliptic problems with critical Sobolev exponents and Hardy terms.

The main result of this paper is as follows.

Theorem 1.1. Suppose that f(x,u) satisfies (i) and (iii) above, and
(it') limyy oo f(2,w)/(Ju* ¥ ~2u) = 0 uniformly for z € 2 and 0 < s < 2.

There then exists \* > 0, such that, for any A € (0, \*), problem (1.1) has a sequence of
non-trivial solutions {u,} tending to zero as n — oo.

Remark 1.2. In [21], the authors proved the existence of infinitely many solutions
for (1.2), but did not give any further information on the sequence of solutions. In this
paper we shall prove that this sequence of solutions may converge to 0.
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Remark 1.3. In our result, the nonlinearity f(z,u) need not satisfy condition (iv) as
n [21]. Hence, we relax the restrictions imposed on the nonlinearity f(z,u). Moreover,
we consider more general nonlinearity than is considered in [19,20]. Hence, we make a
remarkable improvement of the main results of [19-21].

2. Preliminary results

We start this section by recalling the variational framework for problem (1.1). Considering
the Sobolev space H(£2) endowed with the equivalent norm for 0 < p < i, we have

N u2 1/2
2 ([ 1vup-nis) e mi@), (1)

By Hardy’s inequality, this norm is equivalent to the usual norm in H{(£2). Define the
best Sobolev—Hardy constant by

ull?

inf .
ueH(£2)\{0} (.[Q |U|2*(5)/|$‘S)2/2*(S)

A(02) £

Then A,(f2) is independent of 2 [20]. The linear elliptic operator L & —A — u(1/|z|?)
is positive and has discrete spectrum o, in H}(£2) if 0 < pu < fi. The first eigenvalue of
the operator L in H{({2) is given by

]

by £ .
)2l I, [ul?

We denote the norm of an LP({2) space as |u|, and various positive constants as c. The
functional associated with (1.1) is given by

) 2 L ®
@u:/(vU2_ )_/ —)\/Fa:,u Vu € HA(9).
( ) 2 o | | /"L|x|2 2*(5) o |5U|9 o ( ) O( )

Standard arguments [27] show that, under assumption (ii’), @ belongs to C*(H{ (£2),R).
Furthermore, the (weak) solutions of (1.1) are precisely the critical points of this func-
tional. The following result is proved in [20].

Proposition 2.1 (Kang and Peng [20]). Suppose that 0 < s < 2, 2 < ¢ < 2%(s)
and 0 < p < fi. Then

(i) /Q (w?/[22) < (1/p) /Q Vul? Ve HY(9),

(i) there exists a constant C' > 0 such that

1/q
( / |uq/|x|8) < Cllul vue HL(Q),
0

(iii) the map u — u/|x|*/9 from HA(£2) into LI(§2) is compact for g < 2*(s).
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We recall that, given F a real Banach space and I € C'(E,R), we say that I satisfies
the Palais—Smale condition on the level ¢ € R, denoted by (PS)., if every sequence
{un} C E such that I(u,) — ¢ and I'(u,) — 0 as n — 0o possesses a convergent
subsequence.

Since the norm defined in (2.1) is equivalent to the usual norm by the Hardy inequality
(Proposition 2.1 (i)), we now enumerate the concentration—compactness principle due to
Lions [22,23], which is similar to that of [8,28,30,31].

Lemma 2.2. Let {u,} C H}(£2) be a bounded sequence. There then exist two non-
negative and bounded measures on {2, v, v, and there exists a subsequence of {un}, still
denoted by {u,}, such that

i Jun [

2 N —_— A\
|vun| _Iu|l'|2 Vs v
weakly in the sense of measures.
Lemma 2.3. Let {u,} C H}(f2) be such that u,, — u weakly in H}({2) and
2 2%(s)
|Vun|2_/~tu7n2 -, Junl” 2 — v
|| Ed

weakly in the sense of measures, where v and v are non-negative and bounded measures
on {2. There then exist some at most countable index set J and a family {z; : j € J} of
points in {2 such

(a) v=|u>®/z]* + > jes ViOxz; that, where {v; : j € J} is a family of positive num-
bers,

(b) v = |Vul? — p(u?/|z]?) + ZJEJ%&”W where {~; : j € J} is a family ofp(isjtive
numbers satisfying As(uj)2/2 (s) v, for all j € J. In particular, ZjGJ(uj)Q/Q () <
00, s € [0,2).

Under condition (ii’), we have

f( ) < 2*(5)) F( ) <u|2*(s)>
T,u)U = 0 , T,U) =0 ,
ks |z[*

which means that, for all € > 0, there exist a(e) and b(¢) > 0 such that

27(s)

u
|f (z,w)u| < ale) + 5| T (2.2)
ul2*)
|F(z,u)| <b(e) + 5' P (2.3)
Hence,
2% (s)
F(z,u) — 3 f(z,u)u < cle) + ¢ u|x|s (2.4)

for some c(g) > 0.
Now we have the following lemma about the local (PS) condition.
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Lemma 2.4. Assume condition (ii’) holds. Then, for any X\ > 0, the functional &
satisfies the local (PS) condition in

2—s
0. ——= % AN=8)/(2-s) _ \p
( AN s

in the following sense: if
2—s
D(up) — — T AWN=8)/2=9) _ \p
(1) = ¢ < 2 4§

and @' (u,,) — 0 for some sequence in H}(§2), then {u,} contains a subsequence converg-
ing strongly in H}(§2), where h = c¢((2 — s)/4(N — s)\)|£2].

Proof. Let {u,} be a sequence in Hg(£2) such that
B(up) = ¢ < o AWN=9/C=5) _ \p, (2.5)
& (up) — 0. (2.6)

By (2.5) and (2.6), we have

ﬂu)—%@m>u>—(1— 1) W"WQ—A/umxw—lﬂxuM]
n 2 mn)s n 2 2*(8) Q |x|s Q b) 2 ) n n
— e+ o(1) ]l
i.e. .
2—3s |y, |2 (%)

Sy e = ) = ]+ ol

Then by (2.4) and Holder inequality, we get

2—s |2, |2 ()
=7 )\ — <A 2]+ c+o(1)||un]

Setting € = (2 — s5)/4(N — s)A, we have

|un|2*(s)
<M +o(1)||unl, (2.7)

o l=f°
where o(1) — 0 and M = M (N, A, |£2]) is some positive number. On the other hand,

1 u? 1 |un |2 ()
@un:/<Vun2—u”>— / —)\/Fx,un
) =5 J Vel = ipie )~ 5 Jy A P

=c+o(1).

Combining (2.3) and (2.7), we deduce that {u,} is bounded in H{(£2). Therefore, we
can assume that u,, — u weakly in Hg(£2). By Lemma 2.2, there exist measures vy and v
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such that the conclusions of Lemma 2.3 hold. We claim that v; = 0 for all j € J. Indeed,
following the same idea of [21], let =; be singular point of measures v and v, we define a
cut-off function ¢ € C}(RY) such that ¢(z) =1 on B(zj,¢), ¢(x) =0 on RN \ B(zj, 2¢)
and |Vé(x)| < 2/ on RY. Obviously, (¢’ (un), u,d) — 0, i.e.

und O
/Q (VunV(unqS) — I |x2) — /Q T — )\/Q flz,up)und -0 asn— co.

Therefore, by Lemma 2.2 and the Holder inequality, we obtain

— lim unVunVcZ):/Qqﬁdfyf/ngbduf)\/ﬂf(x,u)uqﬁ,

n— oo

Jim ‘/ unVunV(b’ < lim sup/ | [Vt [V 6]

n— oo
1/2 1/2
< lim sup(/ |Vun2> </ Unzv¢2)
n—o00 ]
1/2
</ hm (/ [t | |V¢|2)
([ P |v¢|2)
Q
) 1/2%(s)
C/</ 232 (s)/2)>
Q

@2
y (/ EECRONE <s)—2>>
2

IRNZRO
g«:’(/ |ul? (S)> —0 ase—0,
B(zj,25)

where the ¢’ denotes various generic positive constants.

Combining this with Lemma 2.3, we obtain v; = v;(z;) > v, > A 1/]2/2 (*) This result
implies that v; = 0 or v; > A(N 9)/(2=9) . If the second case, v; > A(N 9)/(2=9) , holds for
some j € J, then, by using Lemma 2.3 and the Holder inequality, we have that

c= lim (B(un) %@’( Un))
=145~ 7 / 3 o) 4l
— 2(?\[_55)/9 du—/\/Q[F(a:,u) — 2 f(z,u)u
> 2—s |u|2*(5) 2—s AWN=5)/(2=s) _ )92 — |u|2

2N =9 Jo JaF 2N -9

2—s |u|?"(5) 2—s —8)/(2—s
_Z 2 A AWN=8)/(2=5) _ N
<2<N—s> ) S TG )1l
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2 2
> 275 AW-9/e-s _ AC(Z)A) 0|

2(N — 5) A(N —
2—s
=2 ° AWN=9)/(2-s) _y\p

2(N —s)"° ’
where ¢ = (2 — s5)/(4(IN — s)A). This is impossible. Consequently, v; = 0 for all j € J
and hence

[l
o =P o |=°

Now u,, = u in H}(§2) and the Brezis-Lieb Lemma [4] implies that
Jim / e~ — uf2 ) = 0,
n—oQ 0
Finally, we show that u,, — u in H}(£2), since

2*(3)—2un _ ‘u 2*(3)—2u)(un _ u)

lam — w2 = (&' (un) — & (), — u) + /Q 2] (i

A (f(un) = fz,u) (un —w).

2

Therefore,

A= ‘ / 2] (Jun* O 2y — [u )20 (u, — w)
0

< [t O =+ [ el
2 Q
= A + Ag,

BRNCXG! \@H&-1/2°(s)
R R R G R .
(%} (9}

It follows from the Sobolev—Hardy inequality, the boundedness of {u,} in H}(£2) and
the above arguments that A; — 0 as n — oco. Similarly, Ay — 0 as n — co. In view of
the Strauss Lemma [3] and u,, — u in H}(§2), we deduce that ||u, —ul| — 0 as n — oo.
The proof is complete. O

2*(5)—1|un _u‘

3. A sequence of arbitrarily small solutions

In this section we prove the existence of infinitely many solutions of (1.1) which tend to
zero. Let E be a Banach space and let

I'={AC E: Aisclosed in F symmetric with respect to the origin}.

For A € I, define v(A) = inf{m € N : Jp € C(A,R™)\ {0}, p(z) = —p(—x)}; if there
is no mapping ¢ as above for any m € N, then v(A) = +oco. Let Iy denote the family of
closed symmetric subsets A of E such that 0 ¢ A and y(A4) > k. We list the following
main properties of genus (see [18, Lemma 2.6] or [10]).
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Proposition 3.1. Let A and B be closed symmetric subsets of E which do not contain
the origin. Then the following hold.

(1) If there exists an odd continuous mapping from A to B, then v(A) < v(B).

(2) If there is an odd homeomorphism from A to B, then v(A) = v(B).

(3) Ify(B) < oo, then 4(A\ B) > 7(A) —~(B).

(4) The n-dimensional sphere S™ has a genus of n + 1 by the Borsuk—Ulam Theorem.

(5) If A is compact, then v(A) < +oo and there exists § > 0, such that Ns(A) € I
and v(Ns(A)) = ~v(A), where Ns(A) ={z € E : ||z — Al < 6}.

The following version of the symmetric mountain-pass lemma is due to Kajikiya [18].

Lemma 3.2. Let E be an infinite-dimensional Banach space and I € C*(E,R) and
suppose the following conditions hold.

(A1) I(u) is even, bounded from below, I(0) = 0 and I(u) satisfies the local Palais-Smale
condition, i.e. for some ¢* > 0, in the case when every sequence {uy} in E satisfying
limg o0 I (ug) = ¢ < ¢* and limy o0 ||’ (ug)]

g~ = 0 has a convergent subsequence.

(A2) For each k € N, there exists an Ay, € Iy such that sup,c 4, I(u) <O0.

Then either (i) or (ii) below holds.

(i) There exists a sequence {uy} such that I'(u) =0, I'(ux) < 0 and {ux} converges
to zero.

(ii) There exist two sequences {uy} and {vy} such that I'(ux) = 0, I(ux) = 0, ug, # 0,
limg o0 up, = 0; I'(vg) = 0, I(vg) < 0, limg_yoo I(vx) = 0 and {vi} converges to a
non-zero limit.

Remark 3.3. In [18], the functional I(u) is required to satisfy the Palais-Smale
condition in global. However, by a careful examination of the proof of the main results
of [18], we find it is sufficient that the functional I(u) satisfies the local Palais-Smale
condition with the critical value levels ¢ below zero. So, Kajikiya’s conclusion, i.e. [18,
Theorem 1], remains true for Lemma 3.2 in this paper.

Remark 3.4. From Lemma 3.2 we have a sequence {uy} of critical points such that
I(uk) < 0, Uk # 0 and limk_mo U = 0.

In order to get infinitely many solutions we need some lemmas. Under the assumptions
of Theorem 1.1, we take € = 1/A;(p) in (2.3) (where A; () is the first eigenvalue of the
—A — p(1/|z|?) with zero Dirichlet boundary data defined in §2), then by the definition
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of A, and Proposition 2.1, for A € (0, A;(u)) we have

o) [ (|Vu|2 - ,ﬂﬂ) LA (s) [

2 |[? 25(s)  Jo P

* 2%(s)/2
1 2 u2 ) 1—‘,—2 (S) (/ ( 9 u2 )) _2*(,)/2
> - Vul? — p—s | - —— Vul? — p—— A2
z/g(' e 7 \ o VU i

1
— M| —— )|
<>\1(/~b)>| |
.2 u2 N )2
= A/ (|Vu|2 - “2) - B(/ |Vul? —u2> —AC,
2 |z 2 ||

where .
7 g Lt2 (S)A_Q*(s)/27 C:b( 1 )|97
25(s) 7 A1 ()

and A, B, C are positive constants independent of \.
Let g(t) = At? — Bt>" () — X\C. Then

P(u) 2 g([lull).

2" (s)

— Abe) |92

A:

[ SIS

Furthermore, there exists

Af = min {M(M), 54((]%[:85)) (2*?3]8)2/(2*@)2)} -

such that, for A € (0, \}), g(¢) attains its positive maximum, that is, there exists

o (24 1/27(s)
' \2+(s)B

such that e; = g(R1) = max;>0g(t) > 0. Hence, for eg € (0,e1), we can find Ry < R;
such that g(Ry) = eg. If we define

1 for 0 <t < Ry,

At2 —2C — €1
B2 (s)

C*>,7(t) € 0,1] for Ry <t < Ry.

(1) =

for t > Ry,

Then it is easy to see that 7(t) € [0,1] for all t > 0 and 7(¢) is C*°. Let o(u) = 7(||u|)
and consider the truncated functional
2% (s)

s =3 [ (19 =tz - £ [ L2 ) [ P,
Then

J(u) > A/Q (|vu|2 - ”|Z|22) - Bga(u)(/ﬂ (w? _ uﬁi»ﬂm _aC
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where g(t) = At? — Br(t)t>" () — X\C, and

< R07
e, t> Ry

From the above arguments, J has the following properties.

Lemma 3.5.
(1) J € C'(HL(2),R) and J is even and bounded from below.
(2) If J(u) < e, then g(||lu||) < eo; consequently, ||u|| < Ry and @(u) = J(u).

(3) There exists \* such that, for A\ € (0, \*), J satisfies a local (PS) condition for

9 _
c<ey€E (O,min {el, 2(N7—85)A<(€N78)/(278) _ Ah})

Proof. Conditions (1) and (2) are evident. For (3), let us choose

2 —
* . A(N s)/(2—s)
e (O7mln{2h( 5 JAL

Condition (3) of the lemma holds in view of Lemma 2.4 and the construction of J. [

Lemma 3.6. Assume that (iii) holds. Then, for any k € N, there exist § = §(k) > 0
such that y({u € H}(2) : J(u) < 3(k)} \ {0}) > k.

Proof. Firstly, by (iii), for any fixed u € HJ(£2),u # 0, we have
F(x, pu) > M(p)(pu)® with M(p) — oo as p — 0.

Secondly, given any k € N, let Ej, be a k-dimensional subspace of H{(£2). There then
exist constant «, such that

lu]| € aglule Yu € Ej.

Therefore, for any v € Ej, with |lu]| =1 and p small enough, we have

sy <5 [ (1wl =) = 5 [ LS ar [

< (1 _ )\M2(P)>p2
2 ay,

£ (k) <0,

that is, {u € Ey : |[u|]| = p} C {u € HE(2) : J(u) < —5(k)} \ {0}. This completes the
proof. ([l
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Remark 3.7. In Lemma 3.6 we showed that A = {u € Ej : |lu]| = p} C {u €
HY(Q) : J(u) < —6(K)} \ {0}. Therefore, 1({u € HY(2) : J(u) < —6(k)} \ {0}) >
v{u € Ey : |lul]| = p}) = v(A). Since A = {u € Ej, : ||u|]| = p} is a sphere with radius
p in Ej, a k-dimensional subspace of E, so 7(A) = k by Proposition 3.1 (4). As for an
odd application ¢ : A — R*\ {0}, we may consider the odd mapping ¢ : © — p(x) =
(r1,29,...,2) € RF\ {0}, where x = z1e1 + 20+ +aper, € A, 2, € R, i =1,2,...,k,
and eq,es,...,e is a basis of Fy. This is a well known fact. For more properties about
the genus, we refer the reader to [27].

Now we are in the position to prove Theorem 1.1 by Lemma 3.2.

Proof of Theorem 1.1. Recall that I, = {A € H}(£2) \ {0} : A is closed and A =
—A, v(A) > k} and define
= inf J(u).
=gk
By Lemmas 3.5 (1) and 3.6, we know that —oco < ¢; < 0. Therefore, assumptions (A1)
and (A2) of Lemma 3.2 are satisfied. This means that J has a sequence of solutions {u, }
converging to zero. Hence, Theorem 1.1 follows by Lemma 3.5 (2).
Note that, when = 0 and s = 0, our result is similar to that of [21] without the
restriction (iv). When 0 < s < 2, 0 < p < i, our result is new. O

Acknowledgements. The authors thank the anonymous referee for careful reading
of the manuscript and for useful suggestions and comments. This work was supported
by NSFC Grants 10571096 and 10871109, the SRF for ROCS, the SEM, the NCET, the
Ministry for Chinese Education and the China Postdoctoral Science Foundation.

References

1. J. G. AZORERO AND I. P. ALONSO, Multiplicity of solutions for elliptic problems with
critical exponent or with a nonsymmetric term, Trans. Am. Math. Soc. 323 (1991), 877—
895.

2. J. G. AzZORERO AND I. P. ALONSO, Hardy inequalities and some critical elliptic and
parabolic problems, J. Diff. Eqns 144 (1998), 441-476.

3.  H. BERESTYCKI AND P. L. LiONS, Nonlinear scalar field equations, Arch. Ration. Mech.
Analysis 82 (1983), 313-376.

4. H. BREzZIS AND E. LIEB, A relation between pointwise convergence of functions and
convergence of functionals, Proc. Am. Math. Soc. 88 (1983), 486—490.

5. H. BrREZIS AND L. NIRENBERG, Positive solutions of nonlinear elliptic equations involving
critical exponents, Commun. Pure Appl. Math. 34 (1983), 437-477.

6. D. CAO AND S. PENG, A note on the sign-changing solutions to elliptic problems with
critical Sobolev and Hardy terms, J. Diff. Eqns 193 (2003), 424-434.

7. J. CHABROWSKI, On multiple solutions for the nonhomogeneous p-Laplacian with a crit-
ical Sobolev exponent, Diff. Integ. Eqns 8 (1995), 705-716.

8. J. CHEN AND S. L1, On multiple solutions of a singular quasilear equation on unbounded
domain, J. Math. Analysis Applic. 275 (2002), 733-746.

9. K. CHou AND C. CHU, On the best constant for a weighted Sobolev—Hardy inequality,
J. Lond. Math. Soc. 48 (1993), 137-151.

10. D. C. CLARK, A variant of the Lusternik—Schnirelman theory, Indiana Univ. Math. J. 22
(1972), 65-74.

https://doi.org/10.1017/50013091506001568 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091506001568

108

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

X. He and W. Zou

D. G. CosTa AND E. A. SiLvA, A note on problems involving critical Sobolev exponents,
Diff. Integ. Eqns 8 (1995), 673-679.

I. EKELAND AND N. GHOUSSOUB, Selected new aspects of the calculus of variatious in
the large, Bull. Am. Math. Soc. 39 (2002), 207-265.

A. FERRERO AND F. GAzzoLA, Existence of solutions for singular critical growth semi-
linear elliptic equations, J. Diff. Eqns 177 (2001), 494-522.

N. GHOUSSOUB AND X. S. KANG, Hardy—Sobolev critical elliptic equations with boundary
singularities, Annales Inst. H. Poincaré Analyse Non Linéaire 21 (2004), 767-793.

N. GHOUSSOUB AND F. ROBERT, The effect of curvature on the best constant in the
Hardy—Sobolev inequalities, Geom. Funct. Analysis 16 (2006), 1201-1245.

N. GHOUSSOUB AND C. YUAN, Multiple solutions for quasilear PDEs involving the critical
Sobolev and Hardy exponents, Trans. Am. Math. Soc. 352 (2000), 5703-5743.

E. JANNELLI, The role played by space dimension in elliptic critical problems, J. Diff.
Eqgns 156 (1999), 407-426.

R. KAJIKIYA, A critical-point theorem related to the symmetric muontain-pass lemma
and its applications to elliptic equations, J. Funct. Analysis 225 (2005), 352-370.

D. KANG AND S. PENG, Existence of solutuions for elliptic problems with critical Sobolev—
Hardy exponents, Israel J. Math. 143 (2004), 281-297.

D. KANG AND S. PENG, Solutions for semilinear elliptic problems with critical Sobolev—
Hardy exponents and Hardy potential, Appl. Math. Lett. 18 (2005), 1094-1100.

S. Lt AND W. Zou, Remarks on a class of elliptic problems with critical exponents,
Nonlin. Analysis 32 (1998), 769-774.

P. L. Lions, The concentration—compactness principle in the caculus of variation: the
limit case, I, Rev. Mat. Ibero. 1 (1985), 45-120.

P. L. Lions, The concentration—compactness principle in the caculus of variation: the
limit case, II, Rev. Mat. Ibero. 1 (1985), 145-201.

G. MANCINI AND K. SANDEEP, Cylindrical symmetry extremals of a Hardy—Sobolev
inequality, Annali Mat. Pura Appl. 183 (2004), 165-172.

J. N. PApua, E. A. SiLvA AND S. H. SOARES, Positive solutions of critical semilnear
problems involving a sublinear term at the origin, Indiana Univ. Math. J. 52 (2006),
1091-1111.

P. Pucct, M. GARCIA-HUIDOBRO, R. MANASEVICH AND J. SERRIN, Qualitative proper-
ties of ground states for singular elliptic equations with weights, Annali Mat. Pura Appl.
185 (2006), S205-S243.

P. H. RABINOWITZ, Minimax methods in critical-point theory with applications to differen-
tial equations, CBME Regional Conference Series in Mathematics, Volume 65 (American
Mathematical Society, Providence, RI, 1986).

D. Ruiz AND M. WILLEM, Ellipltic problems with critical exponents and Hardy potentials,
J. Diff. Eqns 190 (2003), 524-538.

J. SANG, Multiplicity results and bifurcation for nonlinear elliptic problems involving
critical Sobolev exponents, Nonlin. Analysis 23 (1994), 1493-1498.

E. A. SiLvA AND M. S. XAVIER, Multiplicity of solutions for quasilinear elliptic problems
involving critical Sobolev exponents, Annales Inst. H. Poincaré Analyse Non Linéaire 20
(2003), 341-358.

D. SMETS, A concentration—compactness principle lemma with applications to singular
eigenvalue problems, J. Funct. Analysis 167 (1999), 463-480.

S. TERRACINI, On positive solutions to a class of equations with a singular coefficient and
critical exponent, Adv. Diff. Eqns 2 (1996), 241-264.

W. Zou, On finding sign-changing solutions, J. Funct. Analysis 234 (2006), 364—419.

https://doi.org/10.1017/50013091506001568 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091506001568

