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1. Introduction. A proof is given here of a theorem of Sarason [9, Theorem 2], the proof
being valid in an arbitrary (non-separable) complex Hilbert space. Sarason’s proof uses a
theorem and lemma of Wermer which may both fail when the separability hypothesis is
omitted [3]. By using a special case of Sarason’s theorem and another result of Sarason
[10, Lemma 1] a simplified and shortened proof is given of a result of Scroggs [11, Corollary 1].

In general, terminology and notation are similar to those in Halmos’s book [5]. In
addition, throughout this paper, L(H) denotes the algebra of bounded linear operators on the
complex Hilbert space H, of denotes a commutative, identity containing, weakly closed algebra
of normal operators in L(H) and &/* denotes the Von Neumann algebra generated by /.

2. Sarason’s Theorem. This is the following result [9].

THEOREM 1. If the operator B, in L(H), leaves invariant every closed invariant subspace of
S, then B belongs to .
Before proving this theorem we require some preliminary definitions and results.

DEFINITION. A Boolean algebra of projections, 4, on a Hilbert space H is complete if and
and only if, for each subset {E,} < 4,

(a) H admits the orthogonal direct sum decomposition H = M@®N, where M = clm {E, H},
N=NU—-E)H

(b) the projection E, with range M belongs to % (see [1]).

Let 2 denote the set of projections in&/. Then £ forms a complete Boolean algebra of
projections. This follows from [4, p. 2201] and the fact that, since o is closed in the weak
operator topology, it is also closed in the strong operator topology.

LEMMA 1. 2 can be regarded as a self-adjoint spectral measure E(-) over its Stone repre-
sentation space Q, and every element of 4™ can be expressed in the form [of(A)E(d2), where
feC(Q).

Proof. Certainly 2 is isomorphic with the Boolean algebra of all open and closed subsets
of Q (a compact, Hausdorff, extremally disconnected space). Call this isomorphism E'(-).
Now the set © of finite linear combinations of open and closed sets of Q is norm dense in
C(Q). Define a map ¢ from 7 to«/™ by

H(3, hitad) = 3 HE@)

(4;€C; Q; open and closed in Q fori=1,...,n; Q;nQ; =0 for i # j), where, for any set S,
{s 15 the characteristic function of §. Then ¢ is a continuous algebra homomorphism. Since
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7 is norm dense in C(Q), ¢ can be extended to the whole of C(Q) and, since the uniform closure
of finite linear combinations of elements of & is equal to" [7, p. 18, Lemma 1], the image of
C(Q) under ¢ iss/™. Hence there exists a uniquely determined spectral measure E(-) defined
on the Borel subsets of Q and such that [4, p. 2186]

¢(f) = [of(DE@R) (feC(Q).
Also, if § is any open and closed subset of Q, then

$(xs) = fa xs E(dA) = E(5) = E'(9).

Hence the values of the spectral measure E(-) on the open and closed subsets of Q generate Z;
whence the result.

For m a natural number, we let H,, denote the orthogonal direct sum of m copies of H
and, for 4 e L(H), we let 4,, denote the direct sum of A with itself m times. &, = {4,,: A &}
and E,(-) is the direct sum of E(-) with itself m times.

DermuTION. The cyclic subspace M(x) corresponding to x in H is given by

M(x) = clm {E(6)x: deX},
where L denotes the o-algebra of Borel subsets of Q.

LeMMA 2. Suppose that there exist vectors xe H,,, y€ H such that {E(- )y, y> = {E,(*)x,x ).
Let N be the smallest closed reducing subspace for of containing the vector y and Y the smallest
closed reducing subspace of o, containing the vector x. Then, for any Ain A¥, A, | Yand A | N

are unitarily equivalent via an isometry V of N onto Y such that A,,,| Y=VAV~!, where V is
independent of the choice of A. (For convenience we write 4 instead of 4 ] N)

Proof. First notice that N = M(y) and Y = clm {E,(6)x: eZ}. Let
CEC ), > =<E ()%, x) = .
Then there exist isometric isomorphisms U,, U, taking L,(u) onto M(y) and L,(u) onto
clm {E,(8)x: 6L}, respectively, such that
UT'E (U, f = x5,
U 'EL(OUaS = 14/,
where feL,(u), 5€Z [5, p. 95]. Therefore E,(8) = VE(S)V ™!, where V =U, U7}, is an

isometric isomorphism of N onto Y. V{ N is unitary. Thus, if 4e ", there is an fe C(Q)
such that 4 = [,f(1)E(d?), by Lemma 1, and this implies that

(Az,,2,) = fof(R)d{E(N)zy, 2,)
= [of(NdV T E(A)V21,2,)
= [of D) KE(DVzy, Vzr)
= (A, Vz2,,Vz2,> =V 14, Vz,,25),
for all z;,z,e H. Therefore 4,, = VAV ™1

LemMa 3. Suppose that B in L(H) leaves invariant every closed invariant subspace of o .
Then Be s/™.
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Proof. By hypothesis, B commutes with every projection that commutes with &/*. Let
Se(«") and suppose that § = S*. Then, if Te /", Fuglede’s theorem tells us that 7’commutes
with all the spectral projections of .S and hence all these lie in (/™). Therefore, by the spectral
theorem, BS = SB. Since any operator Se(&/*)’ can be expressed as a linear combination of
self-adjoint operators in (&™), namely S = $(S+S*)+i{(1/2i)(S—S*)}, it follows that B
commutes with every operator in(&/*)’. Therefore Be (/)" =«/*. This completes the proof.

Let # be a von Neumann algebra; then x is said to be a separating vector for £ if and
onlyif Ae &, Ax = Oimplies that 4 = 0. If Eisa projectionin £, then E is said to be countably
decomposable in £ if and only if every orthogonal family {E,} = & of nonzero subprojections
of Eis at most countable. £ is said to be countably decomposable if and only if I is count-
ably decomposable in .

Now, since £ is complete, we can define carrier projections in 2 thus:

C(x) =A{E: Ee?, Ex = x}
is the carrier projection of x.
A subset @ of 2 is said to be an ideal if and only if (1) E, Fe @ implies that Ev Fe 2, (2)
G £ H, He 9 implies that Ge 2. A o-ideal is an ideal closed under countable unions, and an

ideal is dense if and only if every element of 2 is a union of elements of 2. Now let € be the
set of countably decomposable elements in 2. Then € is a dense o-ideal and a projection in
2 belongs to ¥ if and only if it is the carrier projection of a vector in H [4, p. 2266].

We are now in a position to prove the main lemma in this section.

LemMA 4. Suppose that B in L(H) leaves invariant every closed invariant subspace of .
Then B,, leaves invariant every closed invariant subspace of o/, (m = 1,2,3,...).

Proof. Let x =(xy,x,,...,%,)€H, and let Y be the smallest closed reducing subspace
of o, containing x. Consider the projection V C(x;,) with range M, say. Then V C(x;) is
i=1 i=1

countably decomposable, since € is a o-ideal. Also, M is invariant under E(-) and hence
under &/*. Therefore d‘”|M is a countably decomposable commutative von Neumann
algebra over H. Hences/" | M has a separating vector % in H [7, p. 30]. LetE(-) = E(-)| M.
Then E(9)% = 0= E(0) =0 (dcZ). Hence

CE@%,%)=0=E@)x =0
=>E@)=0
={E(@)x,x>=0 (i=1,...,m)
= (E, (0)x,x)=0.

Hence the measure (E,( - )x, x) is absolutely continuous with respect to the measure { E( - )%, ).
So, by [5, p. 95, p. 104], there exists a vector y in M(X) such that {E()y,y> = (E.(*)x,x).
Let N be the smallest closed reducing subspace for & containing the vector y. Then, by
Lemma 2, for any 4 in/¥, A,,| Y and 4| N are unitarily equivalent via an isometry ¥ of N
onto Y such that 4, |Y = VAV~'. Since, by Lemma 3, B is in &/*, then B,,|Y = VBV ™.
Hence V maps closed invariant subspaces of B onto closed invariant subspaces of B,,,| Y.
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Let L be the smallest closed subspace of H,, invariant under &, and containing x.
Then V'L is invariant under & and hence also under B. Hence L is invariant under B,,.
If now Y, is an arbitrary closed subspace of H,, containing x and invariant under &,,, then
B,xeL< Y, Therefore B, Y, S Y,.

Proof of Theorem 1. Let x,,...,Xm Vi, ..., Ym be unit vectors in A and let ¢ > 0 be given.
Define U to be the set of all operators T in L(H) such that

|(ij,y,-)-<ij,y_,>l <e (j=1,...,m).
Then U is a neighbourhood of B and the family of all such U is a base of neighbourhoods of
B in the weak operator topology. It remains only to prove that U contains an element of &.
Put
X=(Xy,...,Xp)€H,, Hx={Ax:AeAd}, Ax={Ax:Acd}.

Consider the closed linear subspace clm «7,,x. This subspace is invariant under &,, and so it
is invariant under B,. Therefore B, xeclm &/, x. Hence there exists an element 4 in & such
that || A, x— B, x|| <e. Hence
|| 4x;—Bx;|| <& (i=1,...,m)
and so
| (Ax, Y —(Bxy, yp) | < ”Axi-th” ”.Vi“ <e (i=1,...,m).
Therefore 4 is in U and so B is in &.

REMARK: It was noted in [6] that, in the enunciation of Theorem 1, the word * com-
mutative > is unnecessary. This follows from the fact that, if % is a linear space of normal
operators, then % is commutative. For, if 4, Be%, then
2(B*4— AB*)

=(A+B)*(A+B)—(A+BYA+B)*+i{(4+iB)*(4+iB)—(A+iB)A+iB)*} =0.
Hence, by Fuglede’s theorem, AB = BA.

3. A Result of Scroggs.

DErFINITION. A normal operator is said to have property (P) if and only if every closed
invariant subspace of the operator is also reducing for the operator.
Scroggs proved the following result [11].

THEOREM 2. If T is a normal operator and if int6(T) # 0, then property (P) fails for T.
A direct proof of this result is given here, based on a lemma of Sarason [10, Lemma 1].
We require a preliminary lemma, the proof of which is given for completeness.

LEMMA 5. Let H be a Hilbert space and let T be a bounded normal operator on H. Then
there is a closed separable reducing subspace K for T such that o(T/K) = o(T).

Proof. Let {4} 1 be a countable dense subset of the complex plane, containing a dense
subset of 6(T). Let A, be a particular element of the sequence. With A, as centre construct a
sequence of open discs, say {S;}7%, so that, if 7; is the radius of S}, lim r; = 0. For each disc,

Fad
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choose a vector x,; belonging to the range of the projection E(S;), where E( ) is the resolution
of the identity for the bounded normal operator T. If S;na(T) = 0, then x,; = 0; otherwise
x,; # 0. In this way we obtain an infinite sequence of vectors {x;;}%., associated with 4,.
Repeating this process for each 4, (k=1,2,...), we obtain a doubly indexed sequence of
vectors {x;;}7%-,. The cycle generated by each x;;, i.e., the subspace spanned by the E(M)x;;
for each Borel set M, is a separable subspace of H [3, Corollary 2.4]. Hence the countable
union of such cycles is separable. Let K be the subspace spanned by these cycles. Then K
is separable. Since each of these cycles is reducing for T, it follows from the linearity and
continuity of T that K reduces 7. Finally, we show that o(TI K) = o(T). It suffices to show
that o(T) < o(T| K). Suppose that 4, ea(T). Then, given any neighbourhood N(4,) of 4,,
some S;(4,) has the following properties:

(D S EN@A), (D) S{A)na(T) # 0.

By definition, there is an x;; # 0 such that E(S))x;; = x;;. But this means that S;(4,) and hence
N(A,) contains a point of the set ¢(T | K). 1If this point is not 4,, then this shows that A, is a
limit point of o(7T'| K) and hence A€ o(T| K), since this set is closed. Hence o(T) < o(T| K),
since (7)) has a dense subset consisting of points 4,, and the proof is complete.

In the proof of Theorem 2 we shall use a special case of Theorem 1, namely the following.

T has property (P) if and only if T* is in the closed subalgebra of L(H), generated by I and T,
in the weak operator topology.

In the following proof, E( -) will be the resolution of the identity for Tand for x in H, M(x)
will denote the closed linear subspace generated by the E(M)x, for each Borel subset M of the
complex plane.

Proof of Theorem 2. By Lemma 5 there exists a separable closed subspace Y of H which
is reducing for T and such that a(T| Y) = o(T). Let X be a separating vector for the spectral
measure E(-)| Y [3, Theorem 2.7). Now o(T| M(X)) is the support of E(-)| M(%) and this is
the same as the support of E( -)| Y; so a(T] M) = a(T).

Define p(-) = (E(-)% %). Then u(-) is a positive measure with compact support;
supp p = o(T| M(%)) = o(T).

We now suppose that T has property (P) and obtain a contradiction. From the special
case of Theorem 1 we see that T* belongs to the weak closure of polynomials in 7, i.e., there
exists a net of polynomials {p,} such that

lim{p(T)x,y> = (T*x,y) forall x,yin H.

PutS=T | M(X). Then S is a normal operator and S$* = T* | M(X); hence
lim {p(S)x,y> = {S*x,y)> forall x, y in M(X).

Now, by [4, p. 95], there exists an isometric isomorphism U of L,(u) onto M(%) with the
property that U~ E(M)Uf = y,f, for all Borel sets M and all fin L,(). We have

{p(S)x, ¥y ={pLS)USf, Ug) for some f, g in Ly(u)
= [0 PLAACE()US, Ug).
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Now
CE(M)US, Ug)y = CUU'E(M)Uf, Ug) = (U 'E(M)US, > = tmfs 90 = §ufg du,
for all Borel sets M. Hence,

PLS)%, YD = [orey PLAY (D (D) du(h).

limp,fgdu=[zfgdu, forallf, gin L,(y).

So

Hence
lim  p,hdu = [ zhdyp, for all hin Ly(y),

and therefore Z is in the weak-star closure of polynomials in L*(y), thus contradicting [9,
Lemma 1]. For completeness we show how the contradiction arises.

Since int(supp p) = int(6(T) # @ we consider the set M of functions holomorphic in
G =int(o(T)). We show that M is closed in the weak-star topology of L®(u). We need only
show that M is weak-star sequentially closed {2, p. 124]. By considering a sequence {f,}
converging weak-star in L®(yu) to f we see that {,} is bounded in L®(y) [2, p. 123]. Hence itis
uniformly bounded in G. By Montel’s theorem [8, p. 272], {f,} has a subsequence which
converges uniformly on compact subsets of G to the function g, say, where g is holomorphic
inG. Hencef=ga.e.(u)inG. Thusfe M. Therefore M is closed in the weak-star topology
of L®(u) and this of course shows that Z does not belong to the weak-star closure of poly-
nomials in L®(u), since Z¢ M.
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