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1. Introduction. In [1], the natural representation module of the symmetric groups, here-
after called the first natural representation module of the symmetric groups, was analysed.
It is the purpose of this paper to analyse the second natural representation module of the
symmetric groups.

We begin by defining these modules. Let K be a field of characteristic p, and let x,..., x,
be commuting, independent indeterminates over K. Let @, denote the group algebra of the
symmetric group S, on {x;,...,x,} over K. The ring of polynomials K[x,,...,x,] may be
turned into a ®,-module in the obvious manner, namely by taking

T (Xgs ey Xp) =S(TX 1500 5 TX,)

forall f(x,,...,x,)eK[xy,...,x,Jand teS,. We select certain ®,-submodules of K[x,, ..., x,]
which are finite-dimensional vector spaces over K. The first natural representation module

M (n) consists of all polynomials of the form ) o, x; with ;€ K. The second natural repre-
i=1

sentation module M?*(n) consists of all polynomials of the form ‘Z o;;x; x; with a;;eK.
15i<jsn
They have K-bases {x;:1 £i < n} and {x,x;:1 £ i <j £ n} respectively.

In [2], we are given a method of constructing a full set of irreducible inequivalent repre-
sentation modules of S, over a field of characteristic zero. These modules, which we shall call
Specht modules, are constructed as submodules of K{x,,...,x,] as follows. We require a
module for each partition of n. Letn=21,+...+4, (4, 21,2 ... 2 4, > 0) be a partition
of n, denoted by (1). We write down the associated tableau

X X2 X3 ' : ' ' Xa -1 Xz,
Xa+1 Xy+2 00 ’ X4
xn—l..-‘-l . : : ) : xn

with r rows, and A, entries in the i-th row.
If {a;:i=1,...,s} is a set of elements of any ring, the difference product A(a,,...,a,)
is defined by

Aay,...,a)= [] (@=a), Ala)=1

1gi<jss
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We define the polynomial f®(x,,...,x,) to be the product of the difference products of the
entries in each column of the tableau, i.e.

fm(xu s Xp) = AX (X5 415 e s Xneant DA, X3 420 s Xpoaa2) o A(X gy s X204 420

where s is the smallest integer such that A, # 4., or, if no such integer exists, s =r. The
Specht module S corresponding to the partition (4) is none other than @,./®(x,,...,x,).
Over a field of characteristic zero, these Specht modules are irreducible and no two are ®,-iso-
morphic. Over a field of non-zero characteristic they may reduce, although they are
indecomposable, except for characteristic 2.

Let M§(n) denote the set of polynomials of the form Y 4;x; with ) A, =0, and let M3(n)

i=1 i=1
denote the set of all polynomials of the form Y  A;x;x; with ) 4;=0. Then
18i<jsn 18i<jsn

these are ®,-submodules of M!(n) and M?(n) respectively. M}(n) is generated over K by
polynomials of the form (x;—x;), and is clearly the Specht module S corresponding to the
partition (1) of n defined by n =4, +4,, where A, =n—land A, =1.

M §(n) is irreducible when p does not divide n. When p divides n, s = i x; is contained

i=1
in M}(n), and Mi(n)/Ks is irreducible. These are the results of Theorem (5.2) of [1].

If (u) is the partition n = u, + p,, u; = n—2, u, = 2, then clearly S® is a ®,-submodule of
MZ2(n); it is generated over K by the set of polynomials of the form (xi—x ) (x,—x;) with
i,j, k,] distinct integers between 1 and n. Note that S™ is not defined if n < 4. Indeed, we
need only consider n = 4 since M2(3) ~ M'(3) and M*(2) ~ K. We shall write S(n) for §®
in the following.

The first result is that

M{(n) | S(n) =~ My(n).
We show that S(n) is a direct summand of M}(n) if and only if p does not divide n—2. We
find that S(»n) is irreducible if p does not divide n—1 or n—2, and we find how S(n) reduces if p
divides n—~1 or n—2. We also show that M3(n) is a direct summand of M?(n) if and only if p
does not divide n(n—1)/2.

In the following, the range of any summation symbol will be 1 to n unless otherwise stated.

Further, ) x; will mean x,+...4X,_;+X;4,1+...+X, Also, whenever we have defined a
i#k
set {4;;:1 £i<j < n} of elements of K, we shall suppose that 4;; is also defined for i > j by
ll’j = }‘j"
The author wishes to thank Dr H. K. Farahat for his guidance throughout the work which
led to the preparation of this paper, the referee for his helpful comments, and the Science
Research Council for their financial support.

2. Two exact sequences. We first construct the tools which will enable us to solve the

problem. We have already denoted by s the element ). x; of M'(n). Set
i=1

a=x(s—x) (i=1,...,n).
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If €S, is such that tx, = x,, then 7a, = a,. We denote by N the ®,-submodule of M?*(n)
generated over K by {a,,...,qa,}, i.e.

N=0®,a,.
Set
bl'j = ai_aj = (xi—xj)(s—xi—xj).

We denote by N the @, -submodule of N generated over K by the b; 5 N is in fact generated
over Kby {b,;:j=2,...,n}. Finally, let

o= Y XX
18i<jsn

Then, by induction on n, we have

Y a;,=20.
i=1

In §4 we shall write N() and N(n) for N and N as defined above, so that we may speak of
N(n—1) and N(n—1) defined in terms of x,,...,x,_, without confusion. We shall then
denote by a(n—1), a{n—1) (i=1,...,n—1), etc., elements of M*(n—1), and by o,a, etc.,
elements of M?(n).

A linear transformation of vector spaces is uniquely determined by its action on a basis
of the domain space. Any ®,-module is a vector space over K, and any ®,-homomorphism is
a K-linear transformation. We shall define certain ®,-homomorphisms by giving the action
of the map on a basis, leaving it to the reader to check that the resulting linear transformation
is indeed a @®,-homomorphism. This principle is illustrated in the next paragraph.

Define the ®,-homomorphism d: M%(n) - M*(n) by

d(x,x_,-) = x,+xj

and let d denote the restriction of d to M2(n). Clearly, d may be written in terms of the
partial differentiation operators 9/0x; in the following way:

0
d(xixj) = Z = (x; x;)- 1)

Kk=10%;

MP(n) has K-basis {x,x;—x, x,:i<jand (i,j) # (1,2)}. Clearly, d maps Mj(n) into

My(n). In fact, d maps M3(n) onto M(n), since
xp=x; = d(X; x3—X; X)

if s # i, j. We now obtain an expression for the image of an element of M?(n) in M*(n).

LemMMA 1. Lert

x= i;lijxixj.
Then J
d(x) = Zkﬂk X
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where

B = Z.lkj-
i#Jj

Proof. By definition
d(x) = 'zk lij(xi + xi).

We proceed by induction on #. The proof for n =1 is immediate. Suppose that

Yoo Afatx)= Y (2 Ajk>xk.
k=1 \j#k

18i<jsn

Then

Z Aif(xi4x) = Y (Z Ajk)xk'*' Y Ain+ 1y (Xi+Xp4 1)
18i<jsSn+1 k=1 \j#k i=1

n n+1 n
=y {X ljk)xk+ Y A 1y X 1
k=1 \j=1 i=1

J¥k

n+l /nt+1
=X (Z Ajk)xk-
k=1 \j=1

J*k
This proves the lemma.

We have already noted that S(n) is contained in M2(n). In fact we have

THEOREM 1. The following sequence of ®,-modules is exact:

incl

0 — S(n) = Mi(n) — M) —0. @
Proof. We prove exactness at MZ(n). First, by expressing d in the form (1), and by
applying the product rule for differentiation, we see that
d( (xt"xj)(xr_xs)) =0,
and hence S(n) = Kerd.
Suppose that x = . A;;x;x;, with ). A;; =0 and d(x) =0. Then, by Lemma 1,
Lo &

i<j

Z}»Jk= (k=1, ...,n).
j#k
Set
0= XS =Xy = X = X;) + X, X;
forl1 £i<j<n; then
/1;1-0;'} = z Ilijxixj'*' 2 lijx,,(s—-x,,)—x,, z }»U(Xi'*'xi).
15i<j<n 15i<j<n 15i<j<n 1gi<j<n

But
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and hence
n—1
Z 408 = Z AijX; xj"xn<d(x)" Z Ain(Xi+X,,)
1gi<j<n 1<i<j<n i=1
n—1
=) AXiXp X, ) Ain X
1gi<j<n i=1
= ) Ayxx;=x
12i<j<n
Since Y A;; =0 (as proved above), x = ) 4;(0},—01,). However,
1Zi<j<n 1gi<j<n

07— 012 = (x;—x)(x;—x,) + (X1 — X, )(x;— x,) € S(n),
and thus xe S(n).
This proves that Kerd = S(n), and hence that Kerd = S(n).

COROLLARY 1. The dimension of S(n) over K is n(n—3)/2, and

is a basis for S(n).
Proof. dimg S(n) = dimy M3(n)—dimg Mi(n)
_n(n— 3)
==

From the theorem, the set 4 generates S(n) over K, and we have the required number of
elements; hence the set is a linearly independent basis.

COROLLARY 2. (i) If p # 2, 6€S(n) if and only if p divides n—1.
(i) If p = 2, 0 S(n) if and only if n is of the form 4a+1 for some integer a.

Proof. From the theorem, we have S(n) = {xe Mj(n): d(x) = 0}. By Lemma 1,
d(6) = (n—1)s.

Also, the sum of the coefficients of o is n(n—1)/2, and o € M3(n) if and only if this sum is zero.
The corollary follows from these statements.

THEOREM 2. The exact sequence (2) splits if and only if p does not divide n—2.
Proof. Suppose that p does not divide n—2. Define ¢: M'(n) » M*(n) by
é(x)) = a; i=1,..,n).

Then ¢ is a ®,-homomorphism. Let y be the restriction of {1/(n—2)}¢ to My(n). Then the
image of y is contained in M2(n), and we have

d‘//(xi_xj) = d(ai“aj)/(n“z) = d((xi—xj)(s"xi"xj) )(n—-2)
= (xi“xj)(" —2)[(n—2),
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using (1) and the product rule for differentiation. Hence
dl/l(xl-—xj) = xi_Xj.

Thus dy is the identity on M§(n), and the sequence splits.
In order to prove the converse, we establish the fact that, if x = ) 4;;x;x; is any element

i<j

of M?*(n), and if 7 is the permutation (x, x,) with r < s, then

X=1x= Y (A= Ae)(%, X=X, X ). 3

J#Ers
To begin with
X—TX = Y AAX;X;—1X;X;).
i<j

Ifi=randj=s, then x;x;—tx;x; = 0. Again, if,j, r, sare all different, then x; x; —1x, x; = 0.

Hence
x—tx= ) AXx;—1X,X)+ Y A (X;X;—TX,X))
J#r,s J#Ers
= z (Arj_lsj)(xrxj_xsxj)'
JjErs

Let f: Mj(n) - M2(n) be a ®,-homomorphism, and set
fley—x) =Y A;x;x; with Y A,;=0.
i<j i<j
Let t be the permutation (x, x,) with 2 <r <s =< n. Then f(x;—x,) is invariant under 7.
Using (3), we see that
0= Z (A'ri—lsi)(xr X;— Xg xi) (2 <r<s § n)'
i#r,s
Equating coefficients, we obtain
A1 =g =v (say) 2<r<s=n),
la=lms=w (say) RQ<r<ssn),
Ay = Ay k>2,2<r<sz<n).
From the last of these we see that A;; = 4,, whenever «, B,i,j are all greater than 2. Write
Aij=yR2<i<jsn).
Then we have

n n
fxi—x)=v .Zs Xy X;+w _23 Xy X;+ A X Xa+y Y XX
i= i=

2<i<jsn

Now let y be the permutation (x; x,). Then

S(x1—x3) = =1 fx;—x,).

This immediately gives v = —w and 24,, = 2y = 0. Hence
SOe=x) =vlag—a)+y Y (Xx;—X, %;) C))
3gi<jsn

because Y A;=0.

i<j
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Now suppose that the sequence (2) splits, i.e., that there exists a ®,-homomorphism
f:MX(n) » M3(n) such that df is the identity on M3(n). Then f has the form (4), and
df (x4 —x3) = x; — X,
ie.,
Xy — X, = v(n—2)(x; —Xx,).
Hence v(n—2) = 1, and p does not divide n—2. This completes the proof of the theorem.

This theorem tells us that, when p does not divide n—2, M3(n) is the direct sum of S(n)
and the image of Y. But the image of ¥ is clearly N, and so we have the result that

Mi(n) = S(m@N.

In particular, we have N ~ M(n) when p does not divide n—2.

The second exact sequence deals with the embedding of M3(n) in M%(n). We consider
the field K to be a ®,-module in which the operation of S(n) is the trivial one, namely 7¢ = «
for all xe K and 1€ S(n). We then define a ®,-homomorphism a: M?*(n) - K by

a<z /l,-jxixj> _ Y,

i<j i<j
TuaeOREM 3. The following sequence is exact:

incl

0— M2(n) — M?(n) — K —0.
Further, the sequence splits if and only if p does not divide n(n—1)/2.

Proof. The sequence is clearly exact.
Suppose that p does not divide n(n—1)/2, and define f: K —» M 2 (1) by
20

Then fis a ®,-homomorphism, and clearly afis the identity on K. Hence the sequence splits.
In order to prove the converse, suppose that f: K — M?(n) is a ®,-homomorphism, and
fet

f() = Z./I,-jxixj.

i<j
Since f(1) is invariant under all transpositions, the coefficients 4;; are all equal, say, to y
(using (3)). Then

f() =ye.
Now suppose that af is the identity on K. Then
1=af(1) = a(yo) = yn(n—1)/2.

Hence p does not divide n(n—1)/2. This completes the proof.
Theorem 3 implies that, when p does not divide n(n—1)/2,

M?*(n) = Mi(n)®Ko.
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We can also deduce that M3(n) is not a direct summand of M(r) when p divides n(n—1)/2.
For if M,(n) = M3(n)®B, then B contains an element y which is invariant under
all permutations. Applying formula (3), we see that y = Ao for some ieK. But oe Mi(n)
when p divides n(n—1)/2, and this is a contradiction. This result may be compared with (2.1)
of [1]. A similar argument shows that, when p|n—2, S(n) is not a direct summand of M3(n).

3. Analysis of S(n) when p does not divide n—2. Recall that

07 = x,(s—x,—x;~—x) +x; X

LeMMA 2.

T o= o if p#2 and p|ln—1, orif p=2 and n=4da+l,
15i<i<n Y7 lo—a, if p#2 and p|n-2, orif p=2 and n=2Q2a+1).
Proof.

n—1(n-2
=3 xixj+(——)2(——)x,,(s—x,,)—x,, > (+x)).
15i<j<n 1si<j<n 15i<j<n

Under each of the four conditions described in the statement of the lemma, (n— 1)}(n—2)/2 is
zero in K, and, by applying Lemma 1 to the last term,

n—1
0= Y xix;—x,(n-2)Y x;=06—a,~(n-2a,
=1

15i<j<n 15i<j<n
If p # 2 and p divides n—1, then n—2 = —1 (mod p), and so
15i<j<n
If p # 2 and p divides n—2,

(-
Bij — O'—an.
1gi<j<n

The results for p = 2 follow similarly.
We now turn to the problem of analysing S(n).

THEOREM 4. (i) Suppose that p is not equal to 2. S(n) is irreducible when p divides neither
n—1 nor n—2. When p divides n—1, a composition series for S(n) is given by

0 = Ko < S(n).

(i) Suppose that p is equal to 2. S(n) is irreducible when n = 2a+1 with a odd. When
n = 2a+ 1 with a even, a composition series for S(n) is given by

0 < Ko < S(n).
Proof. Let xeS(n). We may write
15i<j<n 18i<j<n )

(Corollary 1, Theorem 1).
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Supposing either that p # 2 and p does not dividlen—1 orn—2 orthatp =2andn = 2a+1
with a odd, we shall assume that x # 0 and prove that ®,x = S(n); supposing either that p 7 2
and p divides n—1, or that p = 2 and n = 24+ 1 with g even, we shall assume that X, the coset
of x in S(n)/Ko, is not zero, and we shall prove that ®,x = S(n)/Ko. The theorem will follow
from this, except for the case n = 4.

Let n denote the permutation (x, x;), where 1 £ k </ <n. By the method of the proof
of (3), we find that

Yu=XxX—nx= Z (lu —Aik)(orl - 0:’7:)‘
i#kln

Further, let r and s be two integers less than # such that r, s, k, [ are four distinct integers. If
u denotes the permutation (x, x;), we have

Zygrs = Yia— BVt = (Aa— Age— A+ 4205 — 65, — 67, + 0,
= (A= A= A+ A1) (3 — X )X — X,)-
If, for some set {r,s, k,1}, (Ag—Asx— A1+ 4,,) # 0, then clearly ®, x contains (x,— x,)(x;— X)),
which generates S(n), and hence @, x = S(n). Otherwise
Asl - lsk = 'z'rl— irk
for all r,s,k,l. In this case,

Y= G=24) Z 05—0)
i#k,l,n

= (A~ g‘ (%1 %= X Xy — X X+ X %)
s 26,0

= (4 _Ark){[ Z (s % —x; xk)]"(xt X=X Xg) = (1= 3)(x; X=X xn)}

#k,l
= (A=) ((@1— a)) — (n—2x,(x,— x))-

Suppose there exist [, k such that A,,—4,, # 0. Then ®,x contains (a,—a,)— (n—2)x,(x;—x}),
and, if ¢ is different from k, I, n, ®, x also contains (a,—a,)—(n—2)x,(x;—x;). ®,x also con-
tains the difference of these two, namely (n—2)(x,— x.)(x;—x,), and, since p does not divide
n—2, ®,x contains (x,—x,)(xj—x,), which generates S(n). Thus ®,x = S(n). Otherwise,
A,y = A, for all r,k, 1, i.e. the coefficients are all equal, say to A. But ). 1,;=0, and hence

Hn—1)(n—2)A =0. 151<j<n

This is where we must distinguish between the different cases.

If p # 2 and p does not divide n—1 or n—2, then 4 = 0 and x = 0, contrary to assumption.
If p # 2 and p divides n—1, then, by Lemma 2,

x=4 Y 6
18i<j<n
= Ao,
and thus X = 0 in S(n)/Ko, contrary to assumption. This completes the proof of part (i).

Cc
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If p=2 and n=2a+1 with a odd, then }(n—1)(n—2)A =0 implies A =0 and hence
x =0, contrary to assumption. If p =2 and n = 2a+1 with a even, we again have x = Ao,
and hence X = 0, contrary to assumption. This completes the proof, except for the case n = 4,
p = 3. But this case is trivial since the K-dimension of S(4) is 2, and S(4) contains the sub-
module Ko.

This completes the study of the cases when p does not divide n—2. We have Mj(n) =
N@S(n) with N = M}(n), and M?*(n)/Mi(n) = K.

For the situations considered in this section, composition series can easily be constructed
from the chain

0c N = N+S(n) = Mi(n) = M*(n),

using Theorem 4 and the results from [1] quoted in Section 1. For instance, in the case
pPF£2p | n—1, we obtain the composition series

0= N =« N+ Ko = M3(n) = M?(n).

4. The case p divides n—2. In order to calculate the composition factors of S(n) when p
divides n—2, we look at S(n) considered as a ®,_ ;-module. Any ®,-module may be regarded

as a ®,_,-module. The operation of S,_; on the module is determined by the process of
restriction from S, to its subgroup S,_;.
By Corollary 1, Theorem 1, S(n) has a K-basis

{6’;2_9;&: 1 é i <J <n, (i7]) # (1,2)}
M3(n—1) is the set of polynomials of the form Ayxix; with Y A;=0. It has
1g5i<j<n 18i<j<n
a K-basis
{xl xz_xixj:l é i <j <n, (iaj) # (132)}'
There is an obvious @, _,-isomorphism
J:Mj(n—1) - S(n), ®)
namely that defined by )
Sy x—x;x;) = 01, -6} A=gsi<j<n, (,j)#(1,2)).
This proves

LEMMA 3. S(n) and M3(n—1) are ®,_ ,-isomorphic.

In the case n=4, p divides n—2 implies that p =2. S(4)~ MZ(3) over ®;, and
MZ%(3) ~ M{(3). The latter is irreducible over ®;, and hence S(4) is irreducible over @,.
But any ®,-submodule of S(4) is also a ®,-submodule of S(4), and hence S(4) is irreducible
over ®,. We shall next use Lemma 3 and the results of the last section to find the composition
factors of M?(n) when p divides n—2 and n > 4.

Set ' =n—1. Then p divides #—1. The composition factors of M?(n’) are known.

We treat the cases p =2 and p # 2 separately, taking first the case p # 2. A composition
series for M?(n") is given by

0c N(n—1)c N(n—1)+Ko(n—1) c N(n—=1)+S(n—1) = M3(n—1) c M*(n-1).
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N(n—1) has a K-basis {byj(n—1):j=2,...,n—1}, for it is generated by this set, and,
being isomorphic to My(n— 1), it has K-dimension n—2. By definition,

b (n—1)= Z (g X=X %).

k#1,j,n

Using the isomorphism (5), we obtain
Jbn=1))= 3 (07:—6%)
k#1,j,n

= Y (X Xe—X; X —X; Xp+X;X,)
k#1,j,n

k;l j(xl Xp—X; x)—=(n—2)(x; x,—x;x,)

= b, ;€ N(n).
Also, by Lemma 2,

fleh—1))=> 6}, =0—a,.

We show that N(n) and N(n—1)+Ka(n—1) correspond under the isomorphism f. To
do this we show that N(n) has a basis {b,,,...,b;u-1), 6~a,}. This set is linearly indepen-
dent since f'is an isomorphism. Also

j:zzblj = Z (al—aj)=(n—1)al—§2a,-=al—(20—a1)=2(a1—a).

=t

Since p # 2, 0—a,eN(n), and, since this is a ®,-module, o~a,e N(n). This shows that
dimg N(n) = n—1. But N(n) is generated over K by {b,,,...,b,,}, so that dimg N(n) S n—1.
Hence dimg N(n) = n—1, and it follows that {b,,...,b;,—1y, 6—a,} is a K-basis for N@).
Thus the isomorphism (5) leads to the chain

0 < N(n) < S(n)
in which S(n) ~ M3(n—1) and N(n) ~® N(n—1)+ Ko(n—1) over ®,_,. Hence f induces a
®,_ ;-isomorphism
M3(n—1)}{N(n—1)+Ka(n—1)} - S(n){N(n).
The former is irreducible over ®@,_,, and hence the latter is irreducible over @,
We now observe that N(n) is irreducible when p #2 and p divides #—2. In fact

N(n) =~ M{(n); this is clear since N(n) has a K-basis {b;,,...,b,}, Whilst M}(n) has a K-basis
{*4—x3,...,%,—X,} and the map g, defined by

g(blj)=x1_xj (j=29--~7n)9

is a @ -isomorphism. The results of [1] show that N(n) is irreducible. This completes the
proof of
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THEOREM 5. When p is not equal to 2 and p divides n—2, the following is a composition
series of M*(n):
0 = N(n) = S(n) = M¥(n) « M?(n).
Recall that, by Theorem 1,
M3(n)[S(n) = Mg(n).
We use a similar method to find a composition series for M*(n) when p = 2 and n is even.

THEOREM 6. Let p =2.
(i) If n = 2a with a even, S(n) has a composition series

0 = N(n) < S(n).
(ii) If n = 2a with a odd, then S(n) has a composition series
0= N(n) =« d,(c—a,) = S(n).

Proof. We use the @,_,-isomorphism (5).
(i) If n = 2a with a even, then n’ =n—1=2(a—1)+1, with a—1 odd. A composition
series for M3(n—1) is given by

0c N(n—1) c N(n—1)+S(n—1) = Mi(n—1).

(ii) If n = 2a with g odd, then ' = n—1 = 2(a—1)+1 with a—1 even, and a composition
series for MZ(n—1) is given by

0c N(n—1) c N(n—1)+Ka(n—1) =« N(n—1)+S(n—1) = M3(n—1).

In both cases we have f(b, (n~1)) = b, ;€ N(n) for j=2,...,n~1, and so we know that
{6,;:j=2,...,n—1} is a linearly independent set. Also, {b,;:j=2,...,n} generates N(n),
and

= = =

Thus {b,;:j=2,...,n—1} generates N(n). This set is therefore a K-basis for N(n), and
dimg N(n) = n—2.

This proves that N(n—1) and N(n) are ®,_ ;-isomorphic. Since the former is irreducible
over @,_,, the latter is irreducible over @,.

In the case n = 2q with a even we also have a ®,_,-isomorphism

M3(n—1)/N(n—1) - Sm)/N(n)

induced by f. Hence we have S(n)/N(n) irreducible over ®,. This completes the proof of
part (i).

Now consider the case » = 2a with @ odd. By Lemma 2, f(o(n—1)) = 0—a,. @ 0-a,)
is a submodule of S(n) containing N(n), and {b,5,..,b;,(,—1), —a,} is a linearly independent
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set. Further, ®,(¢ —a,)is generated over K by {¢—a,, ...,0—a,}, and so both of these sets form
a K-basis for ®,(¢—a,). Hence f induces a @,_;-isomorphism between N(n— 1)+ Ka(n—1)
and ®,(c~a,). Hence finduces a ®,_,-isomorphism

ME(n—1D}{N(n—1)+Ka(n—1)}—> S(n)/®,(c—a,).

The former is irreducible over ®,_,, and so the latter is irreducible over ®,. This completes
the proof of part (ii).

This theorem and the fact that M3(n)/S(n) is isomorphic to M3(n) tell us the composition
factors of M?(n) when p=2 and n is even. In this case, it was found that M}(n) has an
irreducible factor space of K-dimension n—2. We show that this is isomorphic to N(n).

We have the following exact sequences of ®,-modules:

incl

0— Ks % M'(n) 2 N(n)— 0
and

0— Mi(n) 2 M (n) 2 Ks — 0.
The mappings ¢ and a are defined by

¢(x) = a; (i=1,..,n
and
a(x)=s (i=1,...,n),

respectively. Hence N~ M!(n)/Ks and Ks ~ M!(n)/M{(n). This shows that N and M}(n)
have the same composition factors. From a knowledge of the composition factors of My(n),
we deduce that 0 = N(n) = N(n) is a composition series for N(n) and that N(#) is isomorphic to
the (n—2)-dimensional composition factor of Mj(n).
Thus when p =2 and p divides n—2, the irreducible ®,-module N appears twice in a
composition series for M?(n). We saw that the same was true when p # 2 and p divides n—2.
This completes the analysis of the second natural representation module of the symmetric

groups. We have obtained certain irreducible representation modules, namely factor modules
of S(n), in addition to the irreducible representation modules obtained in (5.2) of [1].
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