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ON THE BILINEAR SQUARE FOURIER MULTIPLIER
OPERATORS ASSOCIATED WITH g4; FUNCTION

ZHENGYANG LI anD QINGYING XUE*

Abstract. This paper will be devoted to study a class of bilinear square-
function Fourier multiplier operator associated with a symbol m defined by

Tam(f1, f2)(2)
//Rn+1 |1:—z|+t) h

/ 2T ) (11 165) fi(61) fa(€a) dér dEe
(JR“ )2

*dz dt)1/2.

X tn+1

A Dbasic fact about Ty ,, is that it is closely associated with the multilinear
Littlewood—Paley g3 function. In this paper we first investigate the bounded-
ness of T, on products of weighted Lebesgue spaces. Then, the weighted
endpoint L log L type estimate and strong estimate for the commutators of
Tx,m will be demonstrated.

81. Introduction

1.1 Background
It is well known that the N-linear (N > 1) Fourier multiplier operator
T, is defined as follows:

To(fis-. ., fn)(z) = (277-1)7LN /( . eix~(£1+...+£N)m(§)fl(£l) . ,?]\V(fN) de,

for me L®(RY) and fi,...,fv €S, where z € R", &= (£1,...,6m) €
(R™)N. By using paraproducts, Coifman and Meyer [8] proved that if m
is a bounded function on R™\{0} and it satisfies that

08+ O m(€rs - €N < Calla] + -+ [y T T on D),
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124 7. LI AND Q. XUE

away from the origin for |ai| + - - - 4+ |an| < L with L sufficiently large, then
T, is bounded from LP(R™) x - - - x LPN(R™) to LP(R™). By decreasing the
smoothness condition of T}, in [8], Tomita [25] gave a Hormander type
theorem for T),. Later on, Fujita and Tomita [14] demonstrated a weighted
version of the results in [25] for T,,, under the Hérmander condition with
classical A, weights. In 2013, Bui and Duong [2] established the norm
inequality for a class of Calderén—Zygmund singular integral operators with
kernels satisfying some mild regularity condition. As an application, they
[2] obtained the multiple weighted norm inequality of multilinear Fourier
multipliers. For more works about multilinear Fourier multipliers, we refer
the reader to [15, 20, 21]. Recently, Si, Xue and Yabuta [28] considered the
bilinear square-function Fourier multiplier operator defined as follows,

Sulh @ = ([ 110 2@PT)
where

TE (f1, f2)(2) = / X ) m (1, ) f1(&1) fo(E2) déy dEa.

(R™)?

By studying a class of multilinear square functions, the authors in [28]
demonstrated the multiple weighted norm inequality for ¥,, and obtained
some weighted estimates for the commutators of T, with BMO functions.

REMARK 1.1. Note that if t = 1, then T}, coincides with the well-known
bilinear Fourier multiplier operator defined and studied in [8]. The operator
studied in [28] can be looked as a vector valued or square version of bilinear
Fourier multiplier operator T},.

In this paper, we investigate the boundedness of the following bilinear
square-function Fourier multiplier operator ¥ ,,, which is associated with
the multilinear g}-function defined in [23].

Sl 0= ([ () It P )™

Let f = (f1, f2) and Ky(z, y1, y2) = t%nm(m_tyl, £292) Then, Ty, can be

written as
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< n
)\m ) //Rn+1 .@—Z‘—Ft)
2dz dt)l/2

‘ Ki(z, y1, y2) f1(y1) f2(y2) dya dy2’ —
(Rn)Q t +

The commutator of T ,, is defined by

I :Zz: //n+1 x_z|+t)n/\ /(Rn)Q(bi(fn)_bi(y))

2dz dt\1/2 -
X Ki(z, y1, y2) f1(y1) fa(y2) dyn dy2‘ tnT) ; b=(b1,b2).

REMARK 1.2. In [23], the authors studied a class of multilinear g3
function associated with convolution type kernels. The endpoint L' x - - - x
L' — L1/™ houndedness, and multiple weighted boundedness for the
multilinear g} function were established. Later, in [27] the same results
were extended to kernels of nonconvolution type. For more previous nice
works of the classical g} function, one may see the famous works of Stein
[24], Fefferman [13], Muckenhoupt and Wheeden [22].

Our object of investigation in this paper is the multilinear square-function
Fourier multiplier operator associated with the multilinear gy function.
Before stating our main results, we need to introduce some more notations
and definitions. For m exponents p1, . . ., pm, denote by p the number given
by 1/p=1/p1+ -+ 1/ppm, and P for the vector P = (p1, ..., pm). For any
real number r > 1, the vector ﬁ/r is given by ]3/7“ = (p1/ry...,pm/7). The
following multiple weights classes A 5 were introduced and studied by Lerner
et al. [19].

DEFINITION 1.3. (Multiple weights [19].) Let 1 < p1,...,pm <o0,1/p=

1/pi+-++1/pm. Given & = (wi,...,wn), set vg =[] lwp/pl

that & satisfies the A B condition if

P \@|/H 1) /pH<|Qr/“’1 ) <o

=1

We say

when p; =1, ((1/|Q]) f )1/p, is understood as (infg w;) ™t
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126 Z. LI AND Q. XUE

Throughout this paper, we always assume that m € L°°((R")?) and
satisfies the conditions

(€] + [€2])~IoI*=

(1.1) |a m(fl, ‘52)‘ 5 (1 + ’£1| + |£2|)51+52
and
(1.2) m(Er, £)] < (&] + &)=

(1 + & + [&2)r =2
for some e1,e9 > 0, |o| < s and n + 1 < s < 2n for some integer s.

REMARK 1.4. Note that, for the same &1, €2, @ and s, conditions (1.1)
and (1.2) are more weaker than the following condition:

o (&) + )12 g + &) > 1;
<
el {asu FlehTre 0<al+ 6l <1

Moreover, for |a| < s, condition (1.3) is equivalent with

(€] + &) ~led+e

. (1+|&]+ |§2Ds+51+€2’
(14)  [0%m (&1, &2)] S (|€1] + |&|)~lelter
(14 [§2] + [€2l)st=rtes

€1l + 1€2 > 15

0<[&]+ 6 <1

These facts show that conditions (1.1) and (1.2) are still more weaker than
(1.4), which, in turn, also indicates that our conditions (1.1) and (1.2) are
reasonable.

The main results of this paper are:

THEOREM 1.1. Let s be an integer with s € [n+ 1, 2n] and A > 2s/n+ 1,
po be a number satisfying 2n/s < po < 2. Let po < p1,p2 <00, 1/p=1/p;1 +
1/p2, and & € Aﬁ/po' Suppose that m € L=((R™)?) satisfies (1.1) and (1.2)
and that the bilinear square Fourier multiplier operator ¥y ,, is bounded
from LI x L% into LT, for any po < q1,q2 and 1/q=1/q1 +1/qa. Then
the following weighted estimates hold.

—

(1) If p1, p2 > po, then [|Txm ()l zrws) < Cllf1llLes @) 1F2ll L2 ()
(ii) If po >2n/s and py = py or pa = po, then

—

Zxm (DlLroo ) < Cllf1llLer @) f2llLr2 (wn)-
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THEOREM 1.2. Let s, A\, po,p1,p2,p, &, m and T),, be the same
as in Theorem 1.1. Then the following weighted estimates hold for the
commutators of T m(f).

(i) If p1, p2 > po, then for any be BMO?, it holds that
13 (D 2oy < ClIBl B0 il 03 () || f2l | 202 0)

where ||b]| paro = max; ||bs||Baro-
(ii) Letw e A(1 1) and b e BMO?2. Then, there exists a constant C (depend-

ing on b) such that

vs({z e R [SE L (H@)] > #)) < H(/ o (L),

where ®(t) =tP°(1 4 log™ )P0, and the function log™ t is defined by
log™ t =logt, if t > 1, otherwise log™ t = 0.

The article is organized as follows. Proof of Theorems 1.1 and 1.2 will
be shown in Section 2. In Section 3, we give an example to show that the
assumption that ¥y ,, is bounded from L9 x L% into L% in Theorems 1.1
and 1.2 is reasonable.

§2. Proofs of Theorems 1.1 and 1.2

This section will be devoted to prove Theorems 1.1 and 1.2. The following
two propositions provide a foundation for our proofs.

2.1 Two key propositions

ProprosITION 2.1.  Let s€N satisfy n+1<s<2n. Suppose m €
L>((R™)?) satisfies (1.1) and (1.2). Then, for any 2n/s <p<2,A>2s/n+
1, there exist C >0 and § > n/p, such that

n)\
Uy Juor U Gara)
k(@) N JrH ’Z\ +75

(T I )

<x—z—y1 x—z—yg>
t t

|z — z|2(6—n/p)
QP
for all balls Q, all z,z € (1/2)Q and (j, k) # (0, 0).

(21) < C 2—25 max(j,k:)
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Proof. For convenience, we denote the left-hand side of (2.1) by
Ajk(m, Q)(x, ). Let u=ax (a>0), Q= B(xo, R), v=az and 7 = at, we
may get

. 7) — gl/2—2n/p _at ™
Ajr(m, Q)(z,z) = a (/Sj(Q“) /Sk(Q“) (//Riﬂ (|v\ + at)

v(x“—v—ul a;a—v—uQ)

X | ,
at at
/T —u1 z® —ug 2 dodt \P'/2 1/p’
- ( )‘ t5”+1> “ du2)

g o U5
Qa Sk Qa R"Jrl "U’—FT

/= v—uy x*—v—us
X m ,
T T

/T —up T —ug\ |2 dudT \P'/2 1/’
—m , T duy dus
T T Tint

_ aQ”/ijk(m, Q(l)(xa, i,a)’

where Q%= B(axg,aR), *=az and z%=az. Thus, if we take a=
1/(2max(Gk) R) it is easy to see that the following estimate implies the desired
one.

a _ i.a’2(5fn/p)
‘Qa’26/n
(2.2) _ |0 — gopO-n/n)

z —20 max(j
Aplm, Q)" #) < | 25 e

Since z%, 7% € (1/2)Q%, aR = 1/22*F) Therefore, in order to prove (2.2),
we only need to show (2.1) is true for all balls Q with radius R = 1/20ax(@k),
Without loss of generality, we may assume |h|= |z —Z| <1/2 and k> j
(hence k > 1). Thus, the proof of Proposition 2.1 is reduced to show that

(2.3) Ajp(m, Q)(z, 7) S |o — z[20—/P),

where Q = B(z0,27%) and § > n/p.
Let ¥ € S(R?") satisfying supp ¥ € {(&,71) : 1/2 < |¢] + |n| < 2} and

> w2 27 =1, forall (§,n) € (R™)\ {0}

JEZ
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Thus, we can write

)= my(&,m) =Y W(2TIE 27 n)m(E, n)

JEZL JEZ

and hence supp m; C {(&,7) : 2771 < [¢] + [n] <271}
Using the change of variables, (2.3) is equivalent to that

toAm
</sj(c2z) /Sk@w) (//Ri“ (’Z’ i)

(Y1 — 2 Y2 — 2\ |2dzdt
*m( t 0t )‘tfmﬂ

(y1+h—z yg—i—h—z)

p'/2 1/p
) diy dy2> < CO|hPO=n/p),

for Q= B(z0,27%), h=2—2 and Q;=Q —Z. We prove this in the
following three cases.

(a) The case 2n/p <s<2n/p+ 1. Since (1.1) and (1.2) remain valid
for any smaller positive number than €1, we may take £ sufficiently close
to s —2n/p so that 0 <e1 < s —2n/p.

First we introduce A, and Ay(I) as follows,

to\mA
A= </sj<czz> /sk@z) (//Ri“ (|Z| +t> "

. yl—z yg—z 2dz dt\p'/2 1/p"
- ) t5n+1) dyr dye)

0= Lo o 5"

(Y1 — 2 Yo — 2\ |2dzdt\P'/2 1/p
_m< t 0t )’t5”+1) dyldy?) )

<y1+h—z y2+h—z>

<y1+h—z y2+h—2’)

where I is any interval in R4, in particular, I could be right half-infinite.
In addition, we denote

Ei={zeR":|z| <t |z|<1/8}, ={zeR":|z| <t 1/8<|z| <3},
={zeR":|z| <t,|z| = 3}, E4:{ZER”'H t,|z] <1/8},
Es={zeR":|z| >t,1/8<|z| <3}, Es={z€eR":|z| > t, |z| >3},

then we have Ay(I) < Z?:l Al(I), where
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AY(I) = (/SJ_(QZ) /sk@z) ([E /1 (]z\t—i— t)n/\

(Y1 — 2 Yo —2\|2dzdt\P'/2 1/p
_m< t 0t )‘t5”+1) dyldyz) '

(y+h—2z ypp+h—=z
m( t ¢ )

Now, we begin with the estimate of A} (I).

Estimate for A}(I). Since Qz = B(zo — 7, 1/2%), then 272 < |y; + h| < 2
and |y2 + h| < 297%F! for all y; € Sk(Qz) and y2 € S;(Qz). Note that [2] <
1/8, we have 1/8 < |y; + h — z| < 17/8. This implies that

A0 (L oo Usmntna
( 5j(Qaz) Sk(Qz)( |2|<min{1/8,t} /1

/Y1 — 2 Yo — 2\ |2dzdt\P'/2 1/p'
_m< t 0t )’tfmﬂ) dyldw)

<
~ </|y2<2j—k+2 /1/s<|y1|<17/8 (/z|<min{1/8,t} /1
2dz dt\p'/2 1/p
< m(F )| ) o dne)

t’ t t5n+1
(Y1 Y2\ |2 dt \P'/2 1/p’
() ) i)

(] (fIm (%
lyal<2i-k+2 J1/8<y1|<17/8 NI t ot

Note that |y1| ~ 1 in the last integration above, by the Minkowski inequality
and the Hausdorff-Young inequality, for |a| = s, we have

ams([
ly2|<29—F+2 J1/8<|y1|<17/8

a2l s (Y1 Y2 2 dt \P'/2 1/p
><(/I|3/1| mf(_ta t) t4"+1) dyldy2)

AT
T M Jy2|<27—k+2 J1/8<[y11<17/8

AN 2/ dt \1/2
e (5 5[ ) )

</I (/ty2|<2jk+2 /1/8<ty1|<17/8

) , 2/p/ S dt 12
X Iy, )l dyn dy) el )

<(/(/ / |a?mz(§,n)!pdgdn)2/”t2|a|_4n/p_1dt>1/2
1 \Jrn JRre

V(y1+h—z y2+h—2>

m )
t t

X
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et s (feerera) ([ [ egmie np dcan)

Hence, we obtain

ye1—|al+2n/p 1/2
(2.5) A%(I) < ((21)_1_26)51_%2(/t2a|—4n/p—1 dt) / ‘
I

Now, setting @g(&, 1) = me(&, n)(€2™ W€+ — 1) we have

3 <y1+h*z yz+h—2) 3 <y1*z 1/2*2)
my 3 — my )
t t t t
:V<yl—2 y2—z>
©e ¢ y t .

Proceeding the same argument as before, we have

Uy Jovan U
Si(Qz) JSkp(Qz) “VJ|z|<min{1/8,t}
S o =2y (P )
I
5

— My
Y2\ |’ 2/p" dt \1/2
Yy ZN dyy d =
/ /S(Q ~/Sk 7 t )‘ (& y2> t4n+1)
/ 2/p’
- (/(/ / Y1 @e(y1, y2) [ dn dy2>
1IN S;(t71Qz) JSk(t71Qz)

dt \1/2
t4n+1>

/ / / |0 pe(&, [P dE d77>2/pt2|a|74n/p71 dt>1/2
/ /n /n |0¢' Tme(€, m) (e —2mit=1h-(&+n) ) de dn) 2/p

1
(2.6) w plol=infrt ),

« $2lal+an/p’
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Estimate for A%(I).

1
A3(I) < /) ‘/ / / !
( Sj(Qz) v Sk(Qxz) < 1/8<|2|<min{3,t} JI o+l

X‘m<y1+h—z,y2+h—Z)
t t

. (yl —Z Y2 t— z> ‘2dzdt>p,/2 iy dy2>1/p’

— —
< oon oo U
( S;j(Qz) v Sk(Qxz) ( 1/8<|z|<min{3,t}

/it h—2z yo+h—2z\12dzdt\P/2 1/p’
8 I m( t ’ t )‘ t5n+l> n dy2)
V<y1—z y2—2>’2

“Uson Joon U [l ("5

< Sj(Qz) 7 Sk(Qz) ( 1/8<|z|<min{3,t} JI t t
dz dt\?'/2 /v

X t5n+1) dyl dy2>

= APNI) + A7%(1).

We observe that if z € Eo, then ¢ > 1/8. The Minkowski inequality and the
Hausdorff=Young inequality yield that

ams( ) ([ ]
‘ ( S;(Qz) Sk(Qm)< |z|<t J{tel:t>1/8}

(it h—z ya+h—2z\2dzdt\r'/2 1/p’
% mg< t ) t5n+1) i d?J?)

’ t
<
</{t61:t>1/8} /z|<t </Sj(czz) /Sk(Qz)

o (y1+th—2 yo+h—2z\|P 2/p" dt \1/2
mg( ; ; P )’ dyr dyg) 7155”“)

a </{telzt>1/8} /z|<t </Sj(t1Q,;) /Sk(tle)

. (u1 u2 p'd p 2/p/ dt 1/2
mf(??)‘ “ “2> M)

1/p 1/2
(L fomicoras" o
IR {telt>1/8}

X

X
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l\e1—s+2n
< (2 )81 an/p t25—4n/p—1 dt 1/2'
(2t V)

Repeating the same estimates above, we may obtain

2,2 (2Z)61—s+2n/p 2s—4n/p—1 1/2
AP < —(1+2Z)51+52( t2s—an/p dt) :

On the other hand, similar to inequality (2.6), we have

(oo oo U
;(Q2) 451(Qs) Mz<t Jiteri=1/8) t5”+1

(1t h—2z yo+h—2z
X‘(W( t ¢ )

(B2 ) )

/|<t /tel t>1/8} / (Qz) /Sk(Qx

X ‘@ (yl @N dy1 dy2>2/p tgfiil)l/z

//n/nlme& e~ 2mit (e kn) >|pdfdn)/

> t2374n/p71 dt)l/Q'

Estimate for A3

/ / / /‘ y1—|—h—z y2+h—2)
Sk(Qz) “3<|z|<t

/Y1 — 2 Yo —z\|2dzdt\P'/2 1/p'
_m< t 0t )’t5”+1) dyldy?)

s (/Sj(Qz) /Sk(Qz) </|Z|<1t

(y1+h—2 yo+h—2z\|2dzdt\P'/2 1/p’
m( ) grr) v din)

X

’ t
" </sj(czm) /sk@u (/|z<t

(Y1 — 2 Yo — 2\ |2dzdt\P'/2 P 1/p
Im( t 0t )‘t5"+1) y y2)

= ADN(I) + AY*(D).

X
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Note that z >3 and 1/22 < |y; + h| <2, then |y + h — 2| > |2| — |y1 + h| >
1 and |y1 — 2| > |2| — |y1| > 2. Similar to the estimate for A} (I), we get

AN < (/t2a| 4n/p— 1dt /2(/Rn /Rn O male )P dgdn)l/p
> </1</n/n |08 [me(€, m)

x (e —2mit= h-(E4m) _ )]‘p d¢ d77> t2|04 4n/p— 1dt> /2.

and

Estimate for A}(I). Note that [y; +h — 2| ~ 1, |y1 — 2| ~ 1and A > 2s/p +
1, employ the Minkowski inequality and the Hausdorff—Young inequality, we
may obtain

4 - t nA
< Z </sj(Qz) /sk(Qm) </2i—1t<|z|<min{2it,1/8} /1 (!Z\ + t)

1=

v(y1+h—z yz+h—z>
m

t ’ t
/Y1 — 2 Yo — 2\ |2dzdt\P'/2 1/p
- m( t ¢ ) t5n+1> 1 dy2>

< §g-l-DnA2 / / /
iz:; ( S;(Qz) J Sk (Qxz) ( 2t—1¢|z|<min{2%¢,1/8}

V<y1+h—z y2+h—Z)
X m ,
s t t
(1 — 2 Yo — 2\ |2dzdt\P'/2 1/p
_m( ¢ )‘ t5"+1> dy1 dy2>

o0

S 9~ (i— l)n/\/2 / / /
Z Sj(Qz) Y Sk(Qz) ( 2i-1¢<|z|<min{2%t,1/8}

m(@ @) 2dzdt)p’/2 ;s dy2)1/p’

X t 0t $on+1

1

< 2(i1)n)\/2/ / /
; ( S;(Qs) Sk(Qz)< 2i-14<|z|<min{2it,1/8}

y1 Y2\ |2dz dt\P'/2 1/p'
X /I‘ y1)*m 777)) W) dyldy2>

https://doi.org/10.1017/nmj.2018.30 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2018.30

ON BILINEAR SQUARE FOURIER MULTIPLIER OPERATORS 135

= —(i—1)nA/2
s ; ? </I /2i—1t<|z<min{2it,1/8} </n /n

2/ ) 1
x |02my (€, m)P de dn) P i—sn—1+2|al+4n/p dzdt)

< i 9= (i—1)n\/2—in/2 (/(/ /
i=1 1 \Jre Jre

2/p
X |a?mf(£) n)‘p d§ d'r]) t2‘a|_4n/p_1 dt)

S (/It2|0¢|—4n/p—1 dt) 1/2 </Rn /Rn lag‘mg(f, P dé dn) l/p.

Recall that

y (y1+h—z y2+h—z> y <y1—z yz—Z)_v <y1—z yz—z>
my ’ — My ; =@y 3 .
t t t t t t

/2

1/2

Similarly,
A1)

o0 Com
: zz:; (/Sj(Qz) /Sk(Qz) </2"—1t<z|<min{2it,1/8} /1 <|f<7| + t>

L (Y1 — 2 y2— 2\ |[2dzdt\P'/2 1/p
X §0€< ¢ ’ t ) ‘ t5n+1> dyl dy2>

o0
< o—(i=1nr/2—in/2 / / /
; ( I( S;(Qz) J Sk(Qz)

a. (Y1 Y2\ P 2/ dt \1/2
y190€<7,7)) dyldyg) W)

/ 2/p'
S (/ (/ / ’y?gbf(yh yQ)‘p dyl dy2>
INS;(t71Qz) JSk(t71Qz)

dt \1/2
i)

S (/1 (/ /Rn |0 pe(&, [P dE dn>2/pt2|a\f4n/p,1 dt)1/2
N (/1 (/n /n |08 [me (&, ) (e 2 h (&) 1)) |P de cm)%

ot )1,

(y1 — 2)*

X

% t2|a|+4n/p’

https://doi.org/10.1017/nmj.2018.30 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2018.30

136 7. LI AND Q. XUE

Estimate for A}(I). Denote F = {271¢,1/8} < |z| < min{2¢, 3}, we get

a i (/smz) /Sk@z) </F/1 <\Z|t+7f)nA

(nm+h—2z ypu+h—2=z
X‘m< t 0t )

(B P )

< 9- (i— 1)n)\/2 / / / /

x(m(“f‘zv”*f‘z))

dz dt P'/2 1/p
> y1 dys + 9— (i— 1)n)\/2 / /
tontt ) ) Z @) J5i(@s)

yl—z Yo — 2 dedt p'/2
)P )

_A51 +A52()

We observe that if {2¢71¢,1/8} <|z| < min{2%, 3}, then t ~27% By the
Minkowski inequality and the Hausdorff—Young inequality, we have

Ap()

< Oon(ifl)n/\/Z // / /
; ( F I< S;j(Qz) v Sk(Qz)

v mé(?h -I-ZI—Z y2+h—z> pldyld?ﬂ)?/pltg,ihjrl)lh

’ t
_ Z g—(i-1 n>\/2 / / /
S (t le Sk(t 1Qx)
dz dt 1/2
‘mg (uh u2) thn+1—4n/p’ )
‘ . 1/
< Z 9—(i=1)nA/2+in/242s (/ / Ime(&,n)|P dé dn) b

x ( / {2s—4n/p—1 dt)l/2
I

l\e1—s+2n
< (2 ) 1—s+an/p 7523—4n/p—1 dt 1/2.
(1+26)=te \J;

2/p!
du1 dUQ) g
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Repeating the same estimates above, we may obtain

5,2 (26)s1—st+2n/p 9s—dn/p—1 4.\ /2
A1) < —(1+24)51+52( i /v dt) .

On the other hand, similar to inequality (2.6), we have

Ae
<Oo zln)\/2 ‘ y1+h—z Y2+ h—z
NEQ / /5sz // ’ t )
_mﬁ(ylt_z y2—z))‘2td;ff)p/2dyl dyg)l/p

= 2 (i— 1n>\/2 // / /
S (Qr Sk QT

o/ Yo\ 1P 2/p" dzdt \1/2
W(??)\ ) )

< i o—(i—1)nA/24in/2+2s (/ (/ /
i=1 1 >JR™ JR™

2/ 1/2
X malg, m) (e 2T E) )P de dy) el ar)

o= 2mit ™! 2/p
<([(L, [ imetemeee e —np ag an)

« $25— 4n/p— 1dt> 1/2 )

i=

X

Finally, we consider for A$([).
Estimate for A%(I). Since |z| >3, then |y +h—2[>1, |y1 — 2| >2.
Repeating the similar estimate for A7(I), the Minkowski inequality and
the Hausdorff—-Young inequality yield

A s (/ gt /2(/ / |G me(&, P dgdn)l/p
v5 ([ ] oememe e —nyp acan)™

><152|cv| 4dn/p— ldt) 1/2 ]

and
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Combining all estimates of these six terms, it yields that

an) < ([t a) P ([ [ joemate s an)
I n JRn
s (feermra) ([ ] it dgan)”

_ (2e)els+2n/p( (2s—dn/p—1 dt>1/2
S 2t )

(26)51—\a|+2n/p 2|a]—4n/p—1 1/2
+ (1+2£)e1+z—:2 ( It dt)

and

. </1</n /n |08 [me(&, ) (e 2 h (&) 1)) |P de dn)%

~ 7§2|oz\—4n/p—1 dt) 1/2

/ /n /n (€, m) (e 2m (&) )!pdidn) o

Xth 4n/p— ldt) 1/2 )
By the following fact
fo' —2mit—Lh-
|08 [me(&, m) (e P EH) — 1))

< QZ‘h| (22)517\a| || ’h‘ 8 (2g)€1,|a|+5
~ ot (1+2€)€1+€2 +Z 7) (1+2€)€1+€2

and
2[h (@)

—2mit~Lh-(&+
‘mﬁ(‘fan)( ‘ (&) )|< t (1+2€)51+527

it follows that
_ |ex] _
2£]h\ (28)51 || Ih|\ 5 (2£)51 la|+8 2
< L N R S
(27) A@(I) ~ (/I< ; (1 T 2£)€1+62 +B§1 ( t > (1 + 2K)61+82>

% 24n[/pt2\a|—4n/p—1 dt) 1/2
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|al 0(—|a|+2n/p+max(B8,1)+
S Z ’h‘max(,b’,l)Q( | ‘ /I)K Ea+(f ) 51)
1+e2
2 (142
(28) > </t2(|a—2n/p—max(ﬁ,1))_1 dt>1/2
I

Now, we fix sufficiently small € >0 so that e(s —2n/p) < min{ey, e2}.
Then, if 2¢h| > 1, noting 2n/p<s<2n/p+1 and using (2.5) for [ =
(0, (2°|n|)1*¢], we have

Ae((0, (2[R 4])
S 2f€(s+5272n/p) (2Z|h|)(1+s)(572n/p) _ ‘h‘(1+5)(szn/p)2€(5(572n/p)752).

By (2.8) for I = [(2¢|h|)1*%, c0), we have

Ao([2°IR])', 00))

||

,S Z ‘h|max(ﬁ»1)26(*|a|+2n/10+max(5,1)) (25’h‘)(1+€)(572n/p7max(5,1))
B8=0

||

= 3 || E max(BD () 520 /) gte(s=2n/p)-max(5.1)
B=0

Thus, noting (s — 2n/p) — 2 < 0 and |h| < 1, we obtain

Z Ay < Z |h’(1+6)(8—2n/p)2¢(€(8—2n/p)—62)

2¢|h|>1 20|h|>1
o]
+ Z Z |n|~¢ max(f,1)+(1+¢)(s—2n/p) 9le((s—2n/p)—max(f,1))
2¢|h|>1 B=0
|ot]
(29) < [B[sBnire Yy D[P S R
8=0

In the case 2¢|h| < 1, using (2.5) for I = (0, (2/|h|)'~¢], we have

AZ((O, (23‘h|)175]) § 2£(*s+2n/p+51)(2é’h’)(175)(372n/p)
= ’h‘(175)(872n/p)2£(*€(872n/p)+51).
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Furthermore, by using (2.8) for I = [(2¢|h|)!¢, 00), we have

Ad([@°IR1)' %, 00))

o]
S Z ‘h|max(ﬁ,1)25(*s+2n/P+maX(5,1))(28’h‘)(175)(572n/p7max(5,1))
B=0
o]
— Z |h|€ max(5,1)+(lf€)(372n/p)2f€€(sf2n/p7max(,8,1))'
B=0

By the fact that (s — 2n/p) —e1 <0 and |h| < 1, we obtain

Z AZS Z |h|(175)(37271/]0)2[(75(372n/p)+61)

2¢|h|<1 2¢|h|<1
|al
+ Z Z |h|® max(B,1)+(1—¢)(s—2n/p) 9g—el(s—2n/p—max(f,1))
2|h|<1 =0
|a|
(2'10) < |h|sf2n/P*€1 + Z |h|sf2n/p S ’h‘szn/pfsl + |h|372n/p‘
B8=0

Noting that 0 < 1 < s — 2n/p and taking 0 = (s — €1)/2, by (2.9) and (2.10),
it holds that

V<Z/1+h y2+h>

NN
(/Sfj(Qz)/gk(Qz)(//RTA(’Z‘-Ft) T

// / /
(2 2 ) )
< Z A < ’h‘2(5—n/p)'

LEZ

This leads to the conclusion of Proposition 2.1 in the case 2n/p < s < 2n/p +
1.

(b) The case 2n/p < s=2n/p+ 1. First, we choose 1 < py < p such that
2n/pp < s. Then py satisfies 2n/py < s =2n/p+1<2n/py + 1. Hence, for
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all balls @, all z, T € %Q and (j, k) # (0, 0), by step (a), we have

0t

</Sj(czf) /Sk(Qg—c)(//Ri“ (!Z!:Jm n(* ;r o ;L h) (% yz)f
’h’25*2n/p0

QP

2—25 max(j,k) .

~X

By the Holder inequality, it yields that

. (lerh y2+h) _m<% ytz>‘2

N
</sj(Q,) /Sk(Qz)(//Ri+1(|Z|+t> "

n(i _ t n
< (2MUHR) ||y (H/po)=(1/p) (/5 o )/5 o (//Rn+1<z|+t)
3 (Qz k(Qz T

m(y1+h yz+h) —m(@ y72>
t 7t t’ ot

|26—2n/p0 1

‘Q|26/n 926 max(j,k)

2dzdt\r'/2 1/p
t5"+1> 4 dz)

S (22n max(j,k) |Q’2)(1/PO)*(1/19) |h

| h|(20—2n/po+2n/p)~2n/p

2—(26—2n/p0+2n/p) max(j,k) .
’Q‘(25—2n/po+2n/p)/n

Therefore, taking 6 —n/pyg +n/p >n/p as 6 newly, we obtain the desired
estimate.

(c) The case 2n/p+1<s<2n. In this case there is an integer [
such that 2n/p+1<s<2n/p+ 1+ 1. Then it follows that 2n/p <s—1<
2n/p + 1. Thus, regarding s — [ as s, we may deduce this case to the previous
case (a) or case (b). This completes the proof of Proposition 2.1.

PROPOSITION 2.2. Let s €N with n+1<s<2n. Let m € L®((R")?)
and satisfy (1.1) and (1.2). Then, for 2n/s <p<2, A>2s/n+1, there
exists a constant C' > 0, such that the following inequality holds for all balls
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Q with center at x and (j, k) # (0, 0).

(/sj@) /sk@ </ /Riﬂ <|a:—tz|+t>nA

/(T —1y1 T —y2\|2dzdt\P'/2 1/p
m( t ¢ )t5”+1> yldy2>

272n max(j,k)/p‘

X

1
QP

Proof. Let Q = B(z, R), u=az (a>0) and s = at, we have

m, Q)(x) :

t nA|
(/Sj@) /sk@) <//Ri+1<’9«“ — 2|+ t) "
. ii*ff )pI/Q dy dyg) w

n
v Ly U (=5)

C/x% —up 2% —ug\ |2 dods \P'/2 d /v
% m< t 7 s >‘ 35”+1) “ u2>

_ a2n/ij’k(m7 Qa)(xa)’

(2.11) <C

Bj(

(w—yl fC—Z/Q)‘?
t 7t

where Q% = B(ax, aR), 2 = ax. So, taking a = 1/(2™*<U*) R)  the estimate
Bjk(m, Q*)(xz*) <1 implies the desired estimate. Thus, we only need to
show (2.11) in the case R =1/2"2*) We may also assume k> j and
hence k > 1. Then, for Q = B(z, 27%), it is sufficient to show that

Bji(m,Q)(z) S 1.

By changing variables, it is enough to show that

+ nx
(/Sj(Qx) /Sk(Qx) <//1Ri+1 <\1‘ — 2+ )

(22 Y )

1 onmax(ik)/p

QP ’

X

(2.12) <C

where @, = Q — x.
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For every interval I in R, let

Bjk(mfaQ I)(z)
- gkz mfﬂQ I)( )+B k(m€7Q I)( )

=y o U )
Qz Ssz n |£E—Z|—|—t

me(%, @) ‘2 dz dt)p /2 dun dyg)l/p

X t t5n+1

y1 yg 2dz dt\p'/2 1/p'
) Y1 dy2>

t5n+1
(8.2
Nt

Sk(Qa |

S5(Qa)
I o—(i—1)nA / / / /
izl < Sj(Qx) Sk(Qx) ( 2i71t<‘$—2‘<2it I

dz dt\p'/2 1/p'

x—z|<t

Note that y; ~ 1. The Minkowski inequality, together with the Hausdorff—
Young inequality implies that

B (mﬁvQ I(

SER o Lo U]
Qz Sk(Qz |-’E Z|<t

oo (Y1 Y2\|2 dt \P'/2 1/p’
wwfﬂum>@ma

e
- (Qer'a‘ (/f </Sj(62z) /Sk(Q )
y?ﬁM(& &> ‘p/ dy1 dyz) 2/#;531)1/2

t’t

/ 2/p
—cem e ([([ [ gl ) dyde)
I S;(t71Qa) JSk(t71Qx)

X t2|a|+4n/p'i>” 2
t4n+1

sern ([ ()] lﬁgme & )P de )Pl gp)
syl [t a) P ([ e np s an)”
I n JRn

X

X

https://doi.org/10.1017/nmj.2018.30 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2018.30

144 7. LI AND Q. XUE
Similarly,

sz,k<m€7 Q. I)(z)

oo
5 (2kR)—|OZ‘ 2—(i—1)n)\/2 / / / /
; ( Sj(Qz) 7 Sk(Qx) ( 2i—lt|w—z|<2it J T

/Y1 Y2\ |2dzdiND'/2 1/p'
(2 )Y )

5 (QkR)ﬂa\ 27(i71)n)\/2+in/2 / / /
; ( Sj(Qz) Sk(QI) < I
dt \r'/2 1/p
X W) dy1 dy2>

sl et a) ([ e np agan)
I R JR"

Next, we consider two cases according to the value of /.
Case (a). £<0. In this case, taking |a| =0 and I=[2/0%%) o0), the
estimate in (1.2) implies that

X

o)
1 l ta t

Bj k(mz, Q, [25(1-{-8)’ OO)) < 23(1+e)(—2n/p)2&21 2£(2n/p) _ 25(81—2571/1))'

In virtue of 28R = 1, taking |a| = s and I = [0, 2/0+)], the estimate in (1.1)
implies that

Bj k(me, Q, [0, 25(1+6)]) < ol(1+e)(s—2n/p)g—L(s—2n/p) _ ote(s—2n/p)

Hence,
Bj’k(mg, Q7 [()7 OO)) S 25(51725n/p) 4 258(87277,/}7).

Case (b). £ > 0. By repeating the same arguments as in case (a), we get

Bjx(my, Q, [24(1—8), 00)) < 9l(1=e)(=2n/p)g—te29l(2n/p) _ ot(2en/p—c2)

and

Bj k(mﬁv Q, [0’ 22(1—5)]) S 2@(1—5)(3—2n/p)2—2(3—271/])) — 2—45(5—2n/p)'

Therefore,

Bjx(my, Q, [0, 00)) < 202en/p=e2) 4 g=te(s=2n/p),
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Choosing € > 0 so that 2ne/p < min(eq, €2), we obtain from case (a) and

case (b)
B]ka Z kmfa OOO +ZB]km€>Q7[O7OO))
£<0 £>0
g Z[Qf(slfQEn/p) + 2[5(572n/p)]
<0
+ Zpé(%n/pfag) + 27€5(572n/p)] 5 1
20

This completes the proof of Proposition 2.2.

2.2 Related multilinear square function
In order to finish our proof, we need to introduce some definitions and
necessary Lemmas.

DEFINITION 2.1. (multilinear square function 7)) Let K be a locally
integrable function defined away from the diagonal r=y;=---=y,, in
(R™)™+1 and K; = t~™"K(-/t). Then, the multilinear square function T} is
defined as follows

(2.13)
n
//R”“ x—z|+t>

where f=(f1,..., fm) €S(R™) x - - x S(R") and all z ¢ N~ suppf;.

For z e R™, r,a >0, we set B(z,r)={y€R": |y — x| <r} and aB(z,r)
={yeR":|y — x| <ar}. For all balls @, let S;(Q)=2'Q\2°7'Q if j >1
and So(Q) = Q.

DEFINITION 2.2. (kernel condition) Let 1 < pg < co. Then, assume that

2dz di\1/2
) ft)

RmMmn

m
KtzyH

(H1) For all po<qi,q2,...,qm <00 and 0<g<oo with 1/q; +---+
1/qm =1/q, T maps L% x --- x L% into L.
(H2) There exists 0 > n/pg so that for the conjugate exponent pj, of pg, one

has
(/ / // +1\ 2] + A
S5 (Q Sj, R | t

dz dt\r6/2  _\1/P)
pir) | d9)

X ‘Kt(l‘ — Z, 37) - Kt(x/ -z g)‘z
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|x — wllm(éfn/po)

CRE

for all balls @, all z,z € (1/2)Q and (j1, ..., Jm) # (0,...,0), where
Jo =maxg=1, m{Jjr}-
(H3) There exists some positive constant C' > 0 such that

oo v U =)

—mdjo

<C

dz dt\ro/2  _\1/po
< |Kila, )Py ) " di)
2 mngo/po
|Q’m/P0

for all balls @ with center at = and (ji,...,Jm) # (0,...,0), where
Jo=maxp—1,__m{jk}-

DEFINITION 2.3. (Commutators of multilinear square operator) The
commutators of multilinear square operator 7Ty with BMO functions
b= (b1, ba,...,by) are defined by

f //Rnﬂ \a:—z]—kt))\

[ )~ no e, ) f[

1/2
(2.14) X dz dt) :

tTH-l

for any f=(f1,..., fm) €S(R") x - - x S(R") and all z ¢ =1 suppf;.
We may obtain the following weighted estimates.

LEMMA 2.3. Let Ty be the multilinear square function with a kernel
satisfying conditions (H1), (H2) and (H3) for some 1< pg<oo. Then,
for any po <pi1,...,pm <00, 1/p=1/p1+---+1/py and weAP/ the
following weighted estimates hold.

(i) If there is no p; = po, then HT,\(_‘f_')HLp(,,w <CIIE, | fill £os (uy)
(i) If there is a pi = po, then || Tx(f)llLroo(vy) < C I, Il fill £os (uy)

As for the commutators of T', we obtain the following weighted estimates.
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LEMMA 2.4. Let Ty be the multilinear square function with a kernel
satisfying conditions (H1), (H2) and (H3) for some 1< py<oo. Let be
BMO™. Then, for any po <pi,...,pm <00, 1/p=1/p1 +---+1/py, and
W e A];/po, we have

1T, 51l r gy < CllBl a0 [T I1ill sy
i=1

where ||b]| g0 = max; ||bj]| pyro-

LEMMA 2.5. Let Ty be the multilinear square function with a kernel
satisfying conditions (H1), (H2) and (H3) for some 1<py<oo. Let be
BMO™. Let € Ay, 1) and be BMO™. Then, there exists a constant C
(depending on b) such that

vs({z eR": T\ Flz)] >t"}) < C’ﬁ (/n¢)<‘f3i$)’>%(w) d$>1/m7

j=1 7R

where ®(t) = tP°(1 + log™ t)Po.

REMARK 2.4. The proofs of Lemmas 2.3-2.5 are almost the same as the
[28, proofs of Theorems 1.3-1.5] with few modifications, so we omit them
here.

With Propositions 2.1-2.2 and Lemmas 2.3-2.5 in hand, the proofs of
Theorems 1.1 and 1.2 will be quite direct.

2.3 Proofs of Theorems 1.1 and 1.2.

Proof. (a) The case pg > 2n/s. By Proposition 2.1 and Proposition 2.2,
it is easy to see that the associated kernel of ¥, ,, satisfies the conditions
(H2) and (H3). Since we have supposed (H1) from the beginning, applying
Lemmas 2.3-2.5, we obtain the desired conclusions in Theorems 1.1 and 1.2.

(b) The case py = 2n/s. By the property of A, weights, there exists a real
number po satisfying po = 2n/s < po < min(py, p2, 2) and & € Ay, (see [1]
or [19]). Therefore, by step (a), we finish the proofs of Theorems 1.1 and 1.2.
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§3. An example

In this section, an example will be given to show that there are some
multilinear Fourier multiplier operators ¥ ,,, which are bounded from L x
L% to L9. Thus, the assumption that T, ,, is bounded from L% x L%
into L% in Theorems 1.1-1.2 is reasonable.

Denote hy(x,u) = (1+ |z —u|/t)™™. The bilinear Fourier multiplier
operators T ,,, can be written as

/ e2miz-(§1+€2)
RTL

Tam(f1, f2)(z //R”H
du dt>1/2

(i, 160)f1(60)12(62) dei dea| (e, w) Gy

First, we consider its bilinearization in the following form:
Tam(f)(2)
:// +1/ . 627Tirv(51+§2+§3+§4)m(t61,th)m(tgg),t&l)
R n

du d
x Hfz (&) de e, ) Tedt

_ / // 627Tiét-(§1+€2+§3+§4)
@)1 S Jryt
—nA du dt

m(t6, 162)m(t6s, 10) (14 17 0) 0L Hfz &) dé;

_ / ( / / o 2mit (€14 €2 E3-+61)
(Rn)4 Ri+l

dud
ey, t€2)mlt€s, t€1) (1 -+ |ul) ™ ST

4
2mx (&1+E&2+€3+¢4) H §z dg;

4
- /(R g, 6660 [ (6) 6
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where

m(&r, &2, 83, &)
—n\ du dt

— —2mitu-(§1+&2+E3+84)
— //RT_1 e LTS2TSS TSI (L€, t&a)m(t€s, t&€q) (1 + |u|) s

EXAMPLE 3.1. Suppose that m(0,0) =0 and there exists some & >0
such that

(3.1)  |0m(&r, &) < (L+ & + &)™ 717F, for all |a] <20+ 1.

Then, there exists a constant d§, with 0 < § < 1, such that

(1) '7}\7m is bounded from L% (R") x L%(R") x L®(R™) x L#(R") to
LY(R™) for 2 -6 <q1,q2,q3,q4 < oo with 1/g=1/q1 +1/q2 + 1/q3 +

1/
(ii) Tam is bounded from LI (R™) x L2 (R™) to LY(R"™) for 2 — § < q1, g2 <
oo with 1/¢=1/q1 + 1/qo.

Proof. (i) The assumption m(0,0) =0 and the mean-value theorem
gives that |m(&1,&2)| < |61] + |€2]- This together with (3.1) implies that
Im(&1, &2)| < (|€1] + &) /4 /(1 + || + |€2])3/4 for &1, & € R™. Note that A >
1, we have

|’I’7’L(£1, 527 537 g4)|
—n\ du dt

/ / e 2mitu (@ et (1e) 16 )m(ts, t€4) (1 + |ul) —
R1+1 tn

o gy [t I (el £ ftga)
< /n(l + |ul) d“/o (1 + [t€0] + |t€2])37% (1 + [t€s] + |t€a])3/4 ¢

</°° (t(1&1] + 1&20)) (t(1€s] + [€a])/* dt
~Joo (LHt(G] + & + €] + (&)t

) 81/2 ds
< —— < 0.
/0 Crspis =%

Next we consider the case 0 < s <2n + 1. We get
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|0%m(&1, &2, €3, &4))|
‘ 804 —2mitu-(§1+E€2+E€3+Ea)
Rn+1

dud
6y, t62)m(t€s, 1€1)) (1 + ul) ™S

Z /Rn+laa ,3( (t€y, t&)m (t§3,t§4))8’8( —2mitu- (§1+£2+§3+€4))

0<IBI<

_ppdudt
x (1+ Ju) S
<y / (1+ [u]) Mdu/
" 0d)ls

tled di
X —_—
(1 [t€a] + [t&a])?niTe(1 + [t&s] + [t&a])2ntLte ¢

< / h tlo dt
~Joo (L t(E] 4 (&l + €] + |§4|))2n+1+5 n

1 sl ds

(’51’ + €| + €3] + |€a]) 1o (1 + s)2ntlte g

By Theorem 1 in [15], we may obtain that there exists 0 <4 <1 such that
Tr,m is bounded from L9 (R™) x L% (R"™) x L#(R™) x L%(R") to LI(R")
for 2 —6 <q1,q2,¢3,qa with 1/¢=1/q1 +1/q2 + 1/q3 + 1/qu.

(ii) Note that

Ty o2z (§1+82—83—84)
m Rn+1 n

x m(téu, tffz) m(tés, t1) f1(&1) f2(&2)

<€) o(62) des do des de b, ) S

//Rnﬂ/n e2miz-(§1+62+€3+€4) m(téy, té&a)m(—tés, —t&4)

< FilE) fol€2) Fo(—0) o ~60) dex de ds dEs hulir, u) oy

Then, as a consequence of (i), we obtain that ¥, is bounded from
LB (R™) x L2(R™) to LY(R™) for 2 — § < q1, g2 < oo with 1/¢=1/q1 + 1/qo.
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