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Abstract

Let Ap(ϕ) be the pth Bergman space consisting of all holomorphic functions f on the unit ball B of Cn

for which ‖ f ‖pp,ϕ =
∫

B
| f (z)|pϕ(z) dA(z) < +∞, where ϕ is a given normal weight. Let Tg be the extended

Cesàro operator with holomorphic symbol g. The essential norm of Tg as an operator from Ap(ϕ) to Aq(ϕ)
is denoted by ‖Tg‖e,Ap(ϕ)→Aq(ϕ). In this paper it is proved that, for p ≤ q,

‖Tg‖e,Ap(ϕ)→Aq(ϕ) ' lim sup
|z|→1

|<g(z)|
( (1 − |z|2)k−(n+1)

ϕ(z)

)1/k

with 1/k = (1/p) − (1/q), where<g(z) is the radial derivative of g; and for p > q,

‖Tg‖e,Ap(ϕ)→Aq(ϕ) = lim
r→1

∫
|z|≥r
|g(z) − g(0)|sϕ(z) dA(z)

with 1/s = (1/q) − (1/p).
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1. Introduction

Let B be the unit ball of Cn; if n = 1 then the unit disc is also denoted by D. Let dA be
the Lebesgue volume measure on B and let dσ be the normalised surface measure on
∂B. Write β(·, ·) for the Bergman distance on B. Given z ∈ B and r > 0, the Bergman
ball with centre z and radius r is E(z, r) = {w ∈ B : β(z, w) < r}. Let H(B) be the family
of all holomorphic functions on B. A positive continuous function ϕ on [0, 1) is called
normal if there are two constants b > a > −1 such that

ϕ(r)
(1 − r)a

↓ 0,
ϕ(r)

(1 − r)b
↑ ∞ (1.1)
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as r→ 1−. If ϕ is normal, then we extend it to B by ϕ(z) = ϕ(|z|). For 0 < p <∞, the
weighted Bergman space Ap(ϕ) consists of all functions f ∈ H(B) for which

‖ f ‖pp,ϕ =

∫
B
| f (z)|pϕ(z) dA(z) < +∞.

For g ∈ H(B), with symbol g, the extended Cesàro operator Tg is defined on H(B) as

Tg( f )(z) =

∫ 1

0
f (tz)<g(tz)

dt
t
, f ∈ H(B), z ∈ B,

where<g(z) =
∑n

j=1 z j(∂g/∂z j) is the radial derivative of g, as in [Ru80].
Let X and Y be two Banach (or Fréchet) spaces, and let T be a linear operator from

X to Y with the operator norm ‖T‖X→Y . Let K be the set of all compact linear operators
from X to Y . The essential norm of T , denoted by ‖T‖e,X→Y , is defined as

‖T‖e,X→Y = inf
Q∈K
‖T − Q‖X→Y .

The operator Tg in one variable was studied in [AC01, AS95, AS97]. In the
higher-dimensional case, it was first studied in [Hu03, Hu04], where the boundedness
and compactness on Bergman spaces (or mixed norm spaces) were completely
characterised. Recently, in [HT10], Schatten(–Herz) class extended Cesàro operators
on A2(ϕ) were considered. The purpose of this note is to study the essential norm
for Tg as an operator from Ap(ϕ) to Aq(ϕ) for all possible 0 < p, q <∞. Some of our
results in the one-variable case with p ≤ q were obtained in [Ra07].

In what follows, we use C to denote a positive constant whose value may change
from line to line but does not depend on the functions in H(B). The expression ‘A ' B’
means there exists some C such that C−1A ≤ B ≤CA.

2. Main theorem

Given g ∈ H(B), write M∞(g, r) = sup|z|=r |g(z)|. It is well known that M∞(g, r) is
increasing with r. In the proof of our main theorem, we need the following lemma,
which is of independent interest.

L 2.1. Let ψ be a positive continuous function on the interval [0, 1) with 0 <
lim supr→1 ψ(r) ≤∞. Then there is some constant C such that, for all g ∈ H(B),

sup
z∈B
|g(z)|ψ(|z|) ≤C lim sup

|z|→1
|g(z)|ψ(|z|). (2.1)

P. First we prove that there exist a constant C and a sequence {r j}, r j→ 1 as
j→∞, such that

sup
0≤ρ<r j

ψ(ρ) ≤Cψ(r j). (2.2)

In fact, if 0 < lim supr→1 ψ(r) <∞, then we can pick some sequence {r j} such that
r j→ 1 as j→∞ and ψ(r j) ≥ 1

2 lim supr→1 ψ(r). Hence

sup
0≤ρ<r j

ψ(ρ) ≤ sup
0≤ρ<1

ψ(ρ) ≤
2 sup0≤ρ<1 ψ(ρ)

lim supr→1 ψ(r)
ψ(r j) = Cψ(r j). (2.3)
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If lim supr→1 ψ(r) =∞, then we can take some r j→ 1 so that

sup
0≤ρ≤r j

ψ(ρ) = ψ(r j). (2.4)

Otherwise, we would have some r0 such that, for all r ∈ [r0, 1),

sup
0≤ρ≤r

ψ(ρ) > ψ(r).

Then sup0≤ρ≤r ψ(ρ) cannot be achieved at any point in [r0, r]. Hence lim supr→1 ψ(r) ≤
sup0≤ρ≤r0

ψ(ρ), a contradiction. From (2.3) and (2.4), (2.2) follows.
For g ∈ H(B), we claim that there is some η = η(g) ∈ (0, 1) such that

M∞(g, r)ψ(r) ≤ 2 lim sup
r→1

M∞(g, r)ψ(r) (2.5)

for all η ≤ r < 1. In fact, if limr→1 M∞(g, r)ψ(r) = 0, then limr→1 M∞(g, r) = 0 by the
hypothesis lim supr→1 ψ(r) > 0. This means that g is identically zero. Hence (2.5) is
valid for all η ∈ [0, 1). If limr→1 M∞(g, r)ψ(r) > 0, the estimate (2.5) is valid for all η
sufficiently near 1 by the definition of lim sup.

Now, for any g ∈ H(B), fix some r j satisfying (2.2) such that r j ∈ [η(g), 1). Then,
by (2.5),

sup
0≤r<1

M∞(g, r)ψ(r) ≤ sup
0≤r≤r j

M∞(g, r)ψ(r) + sup
r j≤r<1

M∞(g, r)ψ(r)

≤ M∞(g, r j) sup
0≤r≤r j

ψ(r) + 2 lim sup
r→1

M∞(g, r)ψ(r)

≤ CM∞(g, r j)ψ(r j) + 2 lim sup
r→1

M∞(g, r)ψ(r)

≤ C lim sup
r→1

M∞(g, r)ψ(r),

where the constant C is independent of g ∈ H(B). The estimate (2.1) follows. �

L 2.2. Suppose that g ∈ H(B). Then, for 0 < p ≤ q <∞,

‖Tg‖Ap(ϕ)→Aq(ϕ) ' sup
z∈B
|<g(z)|

( (1 − |z|2)k−(n+1)

ϕ(z)

)1/k

with 1/k = (1/p) − (1/q); and, for 0 < q < p <∞,

‖Tg‖Ap(ϕ)→Aq(ϕ) ' ‖g − g(0)‖s,ϕ

with 1/s = (1/q) − (1/p).

See [Hu04, Theorem 5]. Things to pay attention to are that, as pointed out in [Hu04,
Remark 2], normality here is the same as that defined by conditions (P1) and (P2)
in [AS97, Hu04] in the sense that they induce the same pth Bergman space with
equivalent norms. Also, we have ϕ∗ ' ϕ, where ϕ∗(r) = (1/(1 − r))

∫ (1+r)/2

e
ϕ(t) dt, as

in [Hu04].
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T 2.3. Let g ∈ H(B). Then, for 0 < p ≤ q <∞,

‖Tg‖e,Ap(ϕ)→Aq(ϕ) ' lim sup
|z|→1

|<g(z)|
( (1 − |z|2)k−(n+1)

ϕ(z)

)1/k

(2.6)

with 1/k = (1/p) − (1/q); and, for p > q,

‖Tg‖e,Ap(ϕ)→Aq(ϕ) = lim
|z|→1

∫
|z|≥r
|g(z) − g(0)|sϕ(z) dA(z) (2.7)

with 1/s = (1/q) − (1/p).

P. We suppose first that 0 < p ≤ q <∞. Given ζ ∈ B, let the function fζ be

fζ(z) =

( (1 − |ζ |2)β

ϕ(ζ)(1 − 〈z, ζ〉)n+1+β

)1/p

,

where β > b is fixed with b as in (1.1). As indicated in [Hu04, proof of Theorem 2],

‖ fζ‖p,ϕ ≤C and fζ(ζ) =
1

(ϕ(ζ)(1 − |ζ |2)n+1)1/p
.

Further, it is easy to check that fζ(z) goes to 0 uniformly on any compact subset of B
as |ζ | → 1. Hence, for each Q ∈ K,

lim
|ζ |→∞

‖Q fζ‖q,ϕ = 0.

Let ζ j ∈ B be such that

lim
j→∞
|<g(ζ j)|

( (1 − |ζ j|
2)k−(n+1)

ϕ(ζ j)

)1/k

= lim sup
|z|→1

|<g(z)|
( (1 − |z|2)k−(n+1)

ϕ(z)

)1/k

.

Notice that<(Tg f ) = f<g. Then, for Q ∈ K, by [Hu04, Theorem 1],

‖Tg − Q‖Ap(ϕ)→Aq(ϕ) ≥ C lim sup
j→∞

‖(Tg − Q) fζ j‖q,ϕ

≥ C
(
lim sup

j→∞
‖Tg fζ j‖q,ϕ − lim

j→∞
‖Q fζ j‖q,ϕ

)
= C lim sup

j→∞
‖Tg fζ j‖q,ϕ

' C lim sup
j→∞

‖<(Tg fζ j )(z)(1 − |z|2)‖q,ϕ

= C lim sup
j→∞

(∫
B
| fζ j (z)<g(z)(1 − |z|2)|qϕ(z) dA(z)

)1/q

≥ C lim sup
j→∞

(∫
E(ζ jr)

| fζ j (z)<g(z)(1 − |z|2)|qϕ(z) dA(z)
)1/q

≥ C lim sup
j→∞

(| fζ j (ζ j)<g(ζ j)|q(1 − |ζ j|
2)q+(n+1)ϕ(ζ j))1/q

= C lim sup
j→∞

|<g(ζ j)|
( (1 − |ζ j|

2)k−(n+1)

ϕ(ζ j)

)1/k

.
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By the definition of essential norm and the estimate above, we know that

‖Tg‖e,Ap(ϕ)→Aq(ϕ) ≥C lim sup
|z|→1

|<g(z)|
( (1 − |z|2)k−(n+1)

ϕ(z)

)1/k

. (2.8)

We now prove the reverse inequality. This will be split into two cases. First, let

lim sup
r→1

( (1 − |z|2)k−(n+1)

ϕ(z)

)1/k

= 0. (2.9)

We may suppose that g ∈ H(B) satisfies

lim sup
|z|→1

|<g(z)|
( (1 − |z|2)k−(n+1)

ϕ(z)

)1/k

<∞.

By (1.1), there is some positive constant α such that

sup
z∈B
|<g(z)|(1 − |z|2)α <∞.

Hence [Zh05, Theorem 2.7] tells us that

<g(z) = cα

∫
B

<g(w)
(1 − 〈z, w〉)n+1+α

(1 − |w|2)α dA(w), (2.10)

with cα a fixed constant depending on n and α. For 0 < ρ < 1, define Gρ by

Gρ(z) = cα

∫
B

<g(w)
(1 − 〈z, w〉)n+1+α

χρ(w)(1 − |w|2)α dA(w), (2.11)

where

χρ(w) =

1 if |w| ≤ ρ,

0 if ρ < |w| < 1.

It is trivial to verify that Gρ(z) is holomorphic on the closed unit ball B, and also

Gρ(0) = 0 since<g(0) = 0. Set gρ(z) =
∫ 1

0
(Gρ(tz)/t) dt; then gρ is also holomorphic on

B, and
<gρ(z) = Gρ(z). (2.12)

Hence, using (2.9),

lim
|z|→1
|<gρ(z)|

( (1 − |z|2)k−(n+1)

ϕ(z)

)1/k

= 0.

Theorem 6 in [Hu04] tells us that Tgρ is compact from Ap(ϕ) to Aq(ϕ). Therefore, by
Lemma 2.2 and (2.10), (2.11), (2.12),

‖Tg‖e,Ap(ϕ)→Aq(ϕ) ≤ ‖Tg − Tgρ‖

≤ C sup
z∈B
|<g(z) −<gρ(z)|

( (1 − |z|2)k−(n+1)

ϕ(z)

)1/k

https://doi.org/10.1017/S0004972711003108 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972711003108


312 Z. Hu [6]

= C sup
z∈B

( (1 − |z|2)k−(n+1)

ϕ(z)

)1/k∣∣∣∣∣∫
|w|≥ρ

<g(w)
(1 − 〈z, w〉)n+1+α

(1 − |w|2)α dA(w)
∣∣∣∣∣

≤ C sup
|w|≥ρ
|<g(w)|

( (1 − |w|2)k−(n+1)

ϕ(w)

)1/k

sup
z∈B

( (1 − |z|2)k−(n+1)

ϕ(z)

)1/k

×

∫
B

(
ϕ(z)

(1 − |w|2)k−(n+1)

)1/k (1 − |w|2)α

|1 − 〈z, w〉|n+1+α
dA(w).

Using the approach in [Hu03, proof of Lemma 2],∫ 1

0

(1 − |t|2)α−1+((n+1)/k)

(1 − t|z|)1+α
(ϕ(t))1/k dt ≤C

(
ϕ(z)

(1 − |z|2)k−(n+1)

)1/k

.

Therefore, by [Ru80, Proposition 1.4.10],

‖Tg‖e,Ap(ϕ)→Aq(ϕ)

≤C sup
|w|≥ρ
|<g(w)|

( (1 − |w|2)k−(n+1)

ϕ(w)

)1/k

× sup
z∈B

( (1 − |z|2)k−(n+1)

ϕ(z)

)1/k ∫ 1

0
dt

∫
∂B

(1 − |t|2)α−1+((n+1)/k)

|1 − t〈z, ζ〉|n+1+α
(ϕ(t))1/k dσ(ζ)

≤C sup
|w|≥ρ
|<g(w)|

( (1 − |w|2)k−(n+1)

ϕ(w)

)1/k

× sup
z∈B

( (1 − |z|2)k−(n+1)

ϕ(z)

)1/k ∫ 1

0

(1 − |t|2)α−1+((n+1)/k)

(1 − t|z|)1+α
(ϕ(t))1/k dt

≤C sup
|w|≥ρ
|<g(w)|

( (1 − |w|2)k−(n+1)

ϕ(w)

)1/k

.

This implies that

‖Tg‖e,Ap(ϕ)→Aq(ϕ) ≤C lim sup
|z|→1

|<g(z)|
( (1 − |z|2)k−(n+1)

ϕ(z)

)1/k

. (2.13)

For the case

lim sup
r→1

( (1 − |z|2)k−(n+1)

ϕ(z)

)1/k

, 0,

by Lemmas 2.1 and 2.2 we have

‖Tg‖e,Ap(ϕ)→Aq(ϕ) ≤ ‖Tg‖

' sup
0≤r<1

M∞(<g, r)
( (1 − r2)k−(n+1)

ϕ(r)

)1/k

≤ C lim sup
r→1

M∞(<g, r)
( (1 − r2)k−(n+1)

ϕ(r)

)1/k

. (2.14)

The estimates (2.6) come from (2.8) and (2.13), (2.14).
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We now suppose that 0 < q < p <∞. Let s > 0 be such that 1/s = (1/q) − (1/p). If
‖g − g(0)‖s,ϕ <∞, by [Hu04, Theorem 6] Tg is itself compact from Ap(ϕ) to Aq(ϕ).
Notice that ‖g − g(0)‖s,ϕ <∞ implies that

lim
r→1

∫
|z|≥r
|g(z) − g(0)|sϕ(z) dA(z) = 0.

Hence

‖Tg‖e,Ap(ϕ)→Aq(ϕ) = 0 = lim
r→1

∫
|z|≥r
|g(z) − g(0)|sϕ(z) dA(z). (2.15)

On the other hand, if ‖g − g(0)‖s,ϕ =∞, then, for each r ∈ [0, 1),∫
|z|≥r
|g(z) − g(0)|sϕ(z) dA(z) =∞.

Theorem 5 in [Hu04] tells us that Tg is not bounded from Ap(ϕ) to Aq(ϕ). Hence, for
each compact operator Q, ‖Tg − Q‖Ap(ϕ)→Aq(ϕ) =∞. Therefore,

‖Tg‖e,Ap(ϕ)→Aq(ϕ) =∞ = lim
r→1

∫
|z|≥r
|g(z) − g(0)|sϕ(z) dA(z). (2.16)

The estimate (2.7) follows from (2.15) and (2.16). The proof is complete. �

R 2.4. The case in which

lim sup
r→1

( (1 − |z|2)k−(n+1)

ϕ(z)

)1/k

, 0

may happen for a suitable pair p, q with p < q even for the simplest weight ϕ ≡ 1.
To see this, for each p ∈ (0, n + 1) and q sufficiently large, since 1/k = (1/p) − (1/q),
observe that k − (n + 1) < 0; then

lim sup
r→1

( (1 − |z|2)k−(n+1)

ϕ(z)

)1/k

= lim
r→1

((1 − |z|2)k−(n+1))1/k =∞.

R 2.5. Of course, in our Theorem 2.3, when p = q the expression( (1 − |z|2)k−(n+1)

ϕ(z)

)1/k

should be read as 1 − |z|2.
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