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ABSTRACT. " Weakes t link" theories predict that the brittle fracture of snow is inherentl y a statisti cal 
problem. The probability of failure of snow in centrifuga l tensile tests is shown to be a function of a/am 
where a is the applied stress a nd am is a characteristic strength (a maximum strength ) which is a function 
of density p a lone. Simila r probabilities of failure a re obtained for measurements at Alta, U ta h, and 
Berthoud Pass, Colorado where the cha racteristic strength is obtained from the rela tionship 

log am = - 4.3 + 3 log p. 

RESUME. L a relation entre la densit. et La resistance e1I tension de La neige. La theoric du "plus faible maillon" 
prevoit que la cassure de la neige est en soi un probleme statistique. La proba bilite d e la rupture d e la 
neige dans un essa i de tension a la cen trifugeuse est , a-t-on montre, une fonc tion du rapport a/am OU a es t 
I'effort applique et am une resistance caracteristique (une resistance maximum ) q ui ne depend que de la 
seule densite p. Des probabilites analogues de ruptu re sont obtenues par des mesures a Alta (Utah) et au 
Berthoud Pass (Colorado) Oll les resistances caracteristiques s'obtiennent par la relation 

log am = - 4.3 + 3 log p. 

Z USAMMENFASS UNG. D er <llsammenhang zwisehen Diehle und <llgfestigkeil ill Sehllee. Aus der Theorie vom 
"schwachsten G lied" geht hervor, d ass das sprode Auseina nderbrechen von Schnee im wesentlichen ein 
statistisches Problem ist . Die Wahrscheinlichkeit des Bruches von Schnee ergibt sich aus zentrifuga len 
Dehnungsuntersuchungen a ls Funktion von a/am , wobei a die a ngelegte Spa nnung und am einecha rak­
teristische Festigkeitsgrosse (eine M axima lkra ft ) ist, welche ei ne Funktion del' Dichte p a llein ist. Ahnliche 
Bruchwa hrschei nlichkeiten werden fur M essungen bei Alta, U ta h, und am Bcrthoud-Pass, Colorado, 
erhaltcn, wobei sich d ie chara kteristische Festigkeit aus del' Beziehung 

log am = - 4.3 + 3 log P 
ergibt. 

ONE of the major impediments to the development of a failure criterion for low-density snow 
has been the very large scatter of the various strength measurements. (Bader and others, 1939; 
Bucher, 1948 ; Butkovich, 1956; Ramseier, 1963; Roch, 1966 ; K eeler and Weeks, 1967 ; 
Keeler, 1969; Martinelli, 197 I). In most of the strength measurements and in the release 
of dry snow avalanches, the failure mechanism is brittle fracture. Brittle fracture is charac­
terized by large scatter in strength measurements because stress concentrations neal' Aaws in 
brittle materials are not reli eved and the strength of any particular sample is determined 
not by its bulk properties bu t by the weakes t Aaw which is included in the sample (Griffi th, 
(920) . Thus the large scatter in strength i an inherent property of snow and the develop­
ment of a failure criterion is a statisti cal problem. 

I t has been shown that for brittle ma terials the p1'Obability of fai lure R is a function of the 
ra tio of the appl ied stress a to some characteristic stress am ; 

R = R (a/am) 

(Weibull, 1939; Frenkel and Kontorova, 1943). Also it seems reasonable to assume that am 

is a function of the sample density p. The above hypotheses can be tested with available 
centrifugal tensile-strength data (Butkovich, 1956; K eeler and Weeks, 1967; K eeler, 1969; 
Martinelli, 197 I). 

Figures I , 2 , 3 and 4 are log-log plots of tensile strength vel'S US density. It is apparent in 
Figures I, 2 and 4 that an envelope of maximum strength ex ists . The data shown in Figure 3 

* Centra l headquarters maintained in cooperation with Colorado State Un ivers ity, Fort Coil ins, Colorado. 
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Fig. I. Logarithm oJ tensile strength (log a ) verslls logarithm oJ density (log p) lIsing dataJrom MartineLLi ( /97 / ) . • one 
data point , 0 two data points. A circle with a nllmber in it indicates that number oJ data !Joints. 
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Fig. 2. Similar plot to Figure I lIsing dataJrom Keeler ( 19 69 ) . 
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do not have a wide enough spread in density to clearly show an envelope. The envelope 
drawn in the figures fits the eq uation 

log am = - 4.3+ 3 log p. 

It agrees with the measurements of Martinelli (1971 ), and K eeler ( 1969) and is not contra­
dicted by those of Butkovitch ( 1956) . H owever, the data of K eeler and Weeks (1967) require 
an envelope of steeper slope. I t is interes ting to no te that reasonable envelopes drawn to the 
data predict the highest available measurements of the tensile strength of polycrystalline ice 
(Butkovich , 1959) . Martinelli's ( 197 1) and K eeler's (1969) measurements were on fairly 
young snow, while those of Keeler and Weeks (1967 ) included old, highly metamorphosed 
snow which may have experi enced some melt-freeze cycles. Thu there is an indication that 
the maximum strength is a weak function of metamorphic grade or snow type. 
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Fig. 3. Similar plot to Figure I using datafroll! Blltkovich (1956). 
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The probabilities of failure (cumulative fl-eq uencies) as functions of a / am were calculated 
from Martinelli's ( 1971 ) and K eeler 's ( 1969) m easurements. am was calcu lated from 
Equation (2) ; that is the characteristic stress was assumed to be given by the maximum 
strength envelope. Log-log plots of the results are shown in Figures 5 and 6. It is immediately 
apparent that there is a functional relationship which justifies the assumptions. Even more 
important, the data obtained at Ber thoud Pass, Colorado, predict the probability of failure 
of snow a t Alta, Utah, to a n accuracy of better than ± 0.05. 

All the data which were noted as " bad run" or " premature break" were assigned zero 
strength . It is probable that the subj ective judgment involved in call ing an experiment " bad" 
accounts for the slight disagreem ent in the cut-off approximately at log R = - 1 (R = 0. 1) . 
Martinelli (197 1) recorded lower strength readings than K eeler (1969) . The cut-off indicates 
that about 10 % of the flaws in the samples were about the same size as the sample diameter 
(57 mm ) or larger. 
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Fig. 4. Similar plot 10 Figure I usillg datafrom Keeler alld Weeks (1967). 
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Fig. 6. Similar plot 10 Figllre 5 IIsing results from calclllations Oil K eeler's ( I969) data. 
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The hypothesis that the maximum strength is a function of density al so implies that, a t 
least for similar snow types, there is a pa rti cula r texture fOI' each density which has the maxi­
mum strength . E vidence that such is the case is shown in F igure 7 ; a three-dimensional 
plot of density, permeability, and tensil e trength for ome of M artinelli 's (1971 ) samples. 
The tensil e-strength ridge indica tes tha t for each den ity there i a n optimum permeability. 
Since permeabili ty and texture a re rela ted the conclusion ca n be drawn tha t there is a n 
optimum texture for each density. 
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Fig . 7. T ensile strellgth cOll tollrs on a plot of density versus permeabili(), (lvIartillelli , 1971). 

T he conclusions that can be drawn are: 

( I) A maximum strength envelope given by the equation 

log am = A + B log p 

characterizes centrifugal tensile strength- d ensity m easuremellts. For fa irly young snow 
A = - 4.3 and B = 3 when a is in units of 102 I m - 2 and p is kg m - 3 . 

(2) The probabili ty of fa il ure is a function of the applied stress normalized for the density of 
the sample. 

It should be noted that the constants in Equation (2) are the same for snows which are as 
differen t as those found at Ber thoud Pass, Colorado, and Alta, U tah _ Furthermore there is 
no apparent temperature dependence at least over the range a t which the measurem ents 
were performed (c. _ 1°C to - 15°C ). 

These res ul ts show that "weakest link" theories of bri ttl e fracture can be applied to snow. 
I n order to develop usable fa ilure criteria for snow in ava lanche tracks, it is necessary to 
extend this work by determining the dependence of strength on the sampl e volume. Since 
the larger the ample the more li kely it is tha t a large flaw wi ll be included , the streng th wi ll 
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d epend on the tes ted volume a nd the flaw size distribution. It will also be necessary to 
d etermine the dependence of strength on metamorphic grade. T his can be accomplished by 
accurately classifying the metamorphic grade of each tes ted sample. 

ACKNOWLEDGEMENT 

The idea for this work grew out of a stim ul ating discussion with Mr R . Perl a . 

ldS. received 4 January 197 [ 

RE FE RE NCES 

Bad er, H ., and others. 1939. Der Schnee und seine M eta morphose, von H . Bader , R. H aefeli , E. Bucher, J. :"\Teher. 
O. Eckel, C. Thams, P . N iggli . B eitrage zur Geologie der Schweiz. Geotechnische Serie. Hydrologie, Lief. 3. 
[English translation : U.S. Snow, Ice and Permafrost Research Establishment. Translation 14, 1954.] 

Bucher, E . 1948. Beitrag zu den theoretischen G rundlagen d es Lawinenverba us. Beitrage zur Geologie der Schweiz. 
Geotechnische Serie. Hydrologie, Lief. 6. [English transla tion: U.S. Snow, Ice and Permafrost Research Establishment. 
T ranslation 18, 1956.] 

Butkovich, T. R . 1956. Strength studies of high density snow. V.S. S'IOW, Ice and Permafrost Research EstablisllTnml . 
R esearch R eport 18. 

Butkovich, T . R . 1959. On the mechan ical properti es of sea ice. U.S. Snow, Ice and Permafrost Research Establish­
ment. R esearch Report 54. 

Frenkel , Ya. 1., and K ontorova, T . A. 1943. A sta tistical theory of the brittle strength of real crys tals. J ournal 
if Physics (M oscow), Vo l. 7, No. 3, p. 108- 14. 

Griffi th, A . A. 1920. T he phenomena of rupture a nd flow in solids. Philosophical Transactions of the Royal Socie~v , 
Ser. A. V ol. 22 1, Art. No. 6, p. 163- 98. 

K eeler , C. M . 1969 . Some physical properti es of a lp ine snow. V.S. Cold Regions Research and Engineering Laboratory. 
Research Report 27 I . 

K eeler, C. M ., arId W eeks, W . F . 1967. Some mechanical properties of a lpine snow, M ontana 1964- 66. V.S. 
Cold R egions Research and Engineering Laboratory . R esearch Report 227 . 

Martinelli , M. , Jr. 197 1. Physica l properties of a lpine snow as rel a ted to weather and ava lanche conditions. 
U.S. Forest Service. Research Paper RM-64. 

R a mseier, R . O. 1963. Some physical and mechanical properties of processed snow. Journal of Glaciology, 
Vol. 4, No. 36, p. 753- 69. 

Roch , A. 1966. Les declenchements d 'avalanches. Vnion de Geodesie et Giophysique Intemationale. Associatiorr 
In temationale d' Hydrologie Scientijique. Commission I)our la Neige et la Glace. Division Neige Saisonniere et Avalanches. 
Symposium inlernational sur les aspects scientijiques des avalanches de neige, 5 - 10 av,il 1965, Davos, Suisse, p . 182-95. 

Weibull , W. 1939. A statistical theory of the strength of materia ls. Ingeniorsvetenskapsakademiens Handlirzga" 
Nr. 151. 

https://doi.org/10.3189/S002214300002205X Published online by Cambridge University Press

https://doi.org/10.3189/S002214300002205X

	Vol 10 Issue 60 page 357-362 - The relationship between density and tensile strength in snow - R.A. Sommerfeld

