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Abstract

We prove several growth theorems for solutions of certain nonlinear second-order difference
equations.

1. Introduction

In this paper we study the asymptotic behaviour of the second-order nonlinear differ-
ence equation:

A(Cn—len—l) =f(n,x,,, Axn-l) + g(”y Xn, AX,,-[), ne N, (11)

where f and g are real functions satisfying some additional conditions which we
explain later. Our results are natural extensions and generalisations of those in [9] and
are also closely related to those in [4] and [8], where the growth of the solutions of
the corresponding homogeneous difference equation was investigated. This equation
models, for example, the amplitude of oscillation of the weights on a discretely
weighted vibrating string.

Similar equations have been investigated by many authors, see, for example [1,
Chapter 6.15]. Our motivation here stems from [1, Problem 6.24.40]. According
to [1] the following result holds.

THEOREM A. Consider the equation
A(Cn—len—l) = dnf (na Xny Axn—l) + 8(’1, Xn,y AX,,-]),

where
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@ ¢ >0n>0and) 2 1/ci.y = 00;

(b) |g(n, u,v)| < g, where g, is a real sequence such that Z‘,’:l 8n < 00;

(c) d, is areal sequence such that f: Id, | Z{=2 1/ci_q < 00;

(d) f is a real function such that |f (n, u,v)| < L|ul,u,v € R,n € N for some
L>0.

Thenx, = O(3;_, 1/cio1) as n — +o0.
We want to say that the following, slightly different, equation
A(CnA-xn) = dn.f (n, Xny AX,,) + g(n1 Xn, A-xn)

is considered in {1]. However, it is easy to see that under the same conditions as in
Theorem A the same asymptotic formula holds (see also the proof of Lemma 2.4).
Theorems 3.1, 3.5 and 3.6 generalise and extend Theorem A in many directions. In
Section 2 we quote three auxiliary results which we apply in the third section. In
Section 3 we study the asymptotic behaviour of the solutions of the second-order
nonlinear difference equation (1.1).

2. Auxiliary results

In order to investigate the growth of the solution x,, we first need two auxiliary
results which are discrete variants of Bellman-Gronwall’s lemma. Applications and
further generalisations of this lemma can be found, for example, in [2-10].

LEMMA 2.1 ([6, page 112]). Ifx, bs, ¢, > 0 and

n—1
X, <a,+ b, E cxi;, neN,
i=1
then
n—1

-1
x, <a,+ b, E aceli=mba peN.

i=1

From Lemma 2.1 and the inequality | + x < €, for x > 0, it is easy to get the
following corollary.

COROLLARY 2.2 ([3, page 198]). If x,, ¢, = 0, c is a positive constant and
n—1
X, <c+ Zcix,-, neN,
i=1

-1
then x, < ceXi=' “, n € N.
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The following lemma is a special case of [10, Theorem 4].

LEMMA 2.3. Ifx,, ¢, > 0, c is a positive constant, p € (0, 1) and

n-1

x,.fc—{-Zc,-xf, n e N,

then

n—1 1/(1-p)
x,,f(c""+(1—p)Zc,> , neN.

i=1

The next result can be considered as the main technical part of this paper.

LEMMA 2.4. Consider (1.1) where

(@ ¢&>0n=0;
(b) f and g are real functions; and
(c) |g(n,u,v)| < g, where g, is an arbitrary real sequence.

Then the following inequalities hold:

1 n—1 n—1
|Ax,1| < <|)’o| +Y e+ If Gxs, Ax._:)l) (2.1)
1=1

Cn-1 =1

and

n—1 n—1
xll .
L N alal + lyol + Y g+ D If (hx,, Axic)l. 22
2 lcia i=1 i=1
PROOF. Let y, = ¢,(x,41 — x,). Then from (1.1) we have
Yo~ Yoot = f (0, x,, Axp_y) + g(n, X0, Axyy), n €N, (2.3)

Summing (2.3) from 1 to n — 1, we obtain

Xp = Xp-1 =

n—1
()’o + ) (f Gyx, Axicy) + g0y xi, Ax,q))) - @24

Cn—-1 i=1

From this and condition (c) we get

1 n—-1 a-1
|Axn] < (Iyo|+zg.-+Zlf(i,x;, Ax‘_l)l)-

Cn-1 i=1 =]

Summing (2.4) from 2 to n, we have

n l n l i-1
Xp = X} +)’OZ_ + ZE—_I (Z(f(jvxjv Axj_y) + 80U, xj, AXj-l))),

=2 Ci-l =2 i=l
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which yields
Il < |x.|+|yolZ—+Z Zg, +Z Zvo xj, Axo)l (2.5)
im2 Ci-1 i=2 Ci-1 j=1 i=2 Ci-1
and consequently
%l <
~n 47, = Cllx1|+|y0|+ &+ If(l X1y l—l)la
Zi:z I/C,'_l ; ;

as desired.
3. The main results

In this section we study the asymptotic behaviour of the solutions of the second-
order nonlinear difference equation (1.1).

THEOREM 3.1. Consider (1.1) where

@ ¢>0,n>0;

(b) |g(n, u,v)| < g, where g, is an arbitrary real sequence; and

(c) f isareal function such that |f (n,u, v)| < |d,||ul®, u, v € R, n € N, for some
a € [0, 1] and a real sequence d,.

Then the following asymptotic formula holds:

1 ot n—1
=0 (a,, + Z Zaj AR il i Ve ) as n — +00,

i=2 l—ll =1

where a, =Y (I+Z:j lg,)/C. -

PROOF. Let y, = ¢,(x,41 — x,). From inequality (2.5) in Lemma 2.4 and by
condition (¢) we have

n n i-1 n -1
el < bl + m@rl_l +qu—1_721g,~ +§$_1_led,-llle"-
i= 1= j= i= Jj=

From this and by the well-known inequality |x|* < 1 + |x|, x € R, a € [0, 1], we
have

n 1 n 1 i-1 n 1 1—1
ol + 1 < |x.|+1+|yo|Z:+Z:Zg,-+Z:Z|d,|(|x,|+1)
i=2 '~ i=2 T j=1 i=2 =1
n 1 n l 1—1 n 1 n—1
< |x.|+1+lyoth_—l+Z;Zg,~+ZC_—IZ|d,-|(|x,~|+1>.
i=2 ' i=2 ' oj=1 i=2 T j=
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Leta, = Ixi| + 1+ |yol X, (1/ci1) + ZLZ(Z};‘, gj)/ci—1, then by Lemma 2.1,

1 n-1
ol +1 <8, + Z — D ld; Tt T Ve, 3.1
i=2 71 =

Since 4, is increasing we have

ea([2]en) <a([E]+)). no

On the other hand, we have |a,| < max{}x,| + 1, |yol, 1}(1 + a,), for n > 1, which
implies

1
|| < max{lx;| + 1, Iyol, 1} <[a—] + 2) a,, n=>1
|

From this and (3.1) the result follows.

COROLLARY 3.2. Consider (1.1) where
(@ c>0n>0and) 2 /ey = o0;
b) lg(n, u, v)| < g,, where g, is an arbztrary real sequence;
(¢) d, is a real sequence such thatz | ld; IZ‘ 2 1/cicy < 005 and
(d) f is areal function such that |f (n, u, v)| < |d,)|ul*, u,v € R, n € N, for some
« € {0, 1].

Then the following asymptotic formula holds:
- RS
x,=0 1 + f as n — +00.

PROOF. Let a, and a, be as in Theorem 3.1. Dividing (3.1) by a, ) ;_, 1/¢;— and
using conditions (a) and (c) we obtain that there are positive constants C;, G, C3
and C, such that

.l +1
—_— <G+ C d| <G+ C d -— < 00,
anZLZI/C:‘—l 1+ zZl | 3+ 4Z| I; :|<
as desired.

COROLLARY 3.3. Consider (1.1) where

@ ¢>0n>0and) o 1/cicy = 00;
() |g(n, u, v)| < g,, where g, is a real sequence such that y .- g, < 00;

https://doi.org/10.1017/51446181100008361 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100008361

444 Stevo Stevi¢ (6]

(c) d, is a real sequence such that Zj’:l’ Id; | Z{=2 1/c,-1 < 00; and
(d) f isareal function such that, |f (n,u, v)| < |d,||u]®, u,v € R, n € N, for some
a €[0,1].

Thenx, = 0(Y_,_, l/ci_l) asn — +090.
PROOF. Since Y .o, g» < 00 we havea, < Y, ,1/c;_;. From this and (3.1) we
obtain that there are positive constants C; and C; such that

J

n n~-1
1 1 -
[xa] +1< E C— (Cx + G z |d; | E ;—eZLJl“ Id"lgﬂl/c“')
i-1

=2 i1 Jj=1 =2
. 1 -1 " 1
- i PAD IR V2 R
=Y (araemmmn) <6y L
i=2 ' i=2

as desired.

REMARK. Note that Corollary 3.3 in the case @ = 1 reduces to Theorem A ([1,
Problem 6.24.401).

EXAMPLE 1. Consider the equation

Vxn| 1
AW 1Ax,) = , e N.
Wt lhn-) = e Teaa "

Here we have ¢, = +/n + 2and d, = 1/n?. Since ) .o, 1/+/i + 1 = 00, condition (a)
in Corollary 3.3 is satisfied. Condition (b) follows from the following inequality:

(o]

1 21
Zn3+x3<z;l—3<w.

n=1 n=1

Using the asymptotics

] 1 7 dx
~ ~2/7,
;«/i+l 2 v/x+1 ‘/_

we get

that is, condition (c) is satisfied. Condition (d) holds for o = 1/2, since

le’ll Silxnll/z-
n*(l + (Axp-1)?) ~ n?

If (n, xp, Axp-p)| =

Hence by Corollary 3.3 we have x, = 0(3>_1_, 1//i+ 1) = 6(/n).
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COROLLARY 3.4. Consider (1.1) where
@ ¢ >6>0n=>0;
() lgn, u,v)| < g,, where g, is a real sequence such that Z:”l gn < 00;
(c) d, is a real sequence such that E Id;i 1Y _,1/cicy < 00; and
(d) f is areal function such that [f(n u, V)| < |d,||ul*, u,v € R, n € N, for some
« €0, 1]

Thenx, = O(n) asn - +00.

PROOF. Since in this case Z?:z 1/¢c;y < (n — 1)/8, we obtain the result by Corol-
lary 3.3.

THEOREM 3.5. Consider (1.1) where

@ c>0n>0andy o 1/c;y = 00;
(b) |g(n, u, v)| < g,, where g, is a real sequence such that Zi’zl gn < 00;
(c) d, is areal sequence such that, for some a € [0, 1),

Zldl(z )a<oo; and

= G-l

(d) f is areal function such that |f (n, u, v)| < |dllul®, u,ve R, neN.
Then the following asymptotic formula holds:

"1
x,.=ﬁ(2;:) as n — 4090,

i=2

for every solution x,, of (1.1) and lim,,_, ;o0 Cpa1(Xn — X,_1) Is finite.

PROOF. From (2.5), conditions (b) and (c) and some simple calculations we get

lxn|<|xl|+|yo|2—+z Z&+Z Zldnx,r'
2 Ci-1 Go
<|x||+CZ—+Z lZIdllx,l“
l =1
|x.|+CZ—+Z|dux,|“ Z —

—j+l

1
< |X||+Z: (C+Zldjllle“), 3.2
=2 '

j=1
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where C = |yo| + Y o, &a-
From (3.2) we have

Il AN Ix; |
=——— < Glxl+C+ — ) ) —
i Ve o Z (Z Ci-1 ’ (Ti V)

j=1 i=2

For a € [0, 1), by Lemma 2.3 we get

1 i o 1/(1-a)
f'%—ls <(Cl|xl|+c)l—u+(l Z(Z ) |d|) < 00,
=2 Lt

im \jo2 G-1

in view of condition (c), from which the first part of the theorem follows.
From the above we know that there exists M > 0, such that |x,| < M ZLZ 1/ci_y,
for every n € N. Summing (2.3) from n+ 1 ton + p, we obtain

n+p
Yarp = Yo = D (f (i xi, AxiZ)) + g, x00 Bx,21)).
i=n+1
Hence
n+p nt+p n+p n+p i 1 o
Ynep —al < D &+ D ldillxl < ) g+ M* ) (Z ) \d,I.
1=n+1 t=n+1 i=n+1 1=n+1 \j=2 CJ 1

By the conditions of the theorem and Cauchy’s criteria we obtain the result.

EXAMPLE 2. Consider the equation

1xn 1
AWn+1Ax,_,) = il + , néeN.

n32(1 4+ (Axp-1)?)  n2+ (Axp-y)?

Here ¢, = v/n+2,d, = 1/n** and @ = 1/2. As in Example 1 it can be shown that
the conditions in Theorem 3.5 are satisfied. Therefore

1
=”f<,§m)=”“/’_’)

and the limit lim,_, o ~/n + 1(x, — x,_,) is finite.
Note that this equation does not satisfy condition (c) in Corollary 3.3, since
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The following result also includes the case « = 1, moreover, we impose a condition
on the rate of the growth of the function f which also includes the difference Ax,_

THEOREM 3.6. Consider (1.1) where
@ ¢=28>0n>0;

(b) lg(n, u, v)| < g,, where g, is a real sequence such that Z‘:l gn < 00;

(¢) f is a real function such that |f (n, u, v)| < d,|ul* + f.|v|?, u,v € R, n € N,
for some a, B € [0, 1] and real sequences d, and f,; and

(d) the series 3 o, |dil( X, 1/ ¢i-1)" and 320 | f, are convergent.
Thenx, = O(Y ', 1/ci-1) as n — +00, for every solution x, of (1.1) and the limit
lim,_, oo Ca1(Xp — X,—1) is finite.

PROOF. Since the conditions of Lemma 2.4 are satisfied, summing inequalities (2.1)
and (2.2), and using condition (a), we obtain

x| [Yol
Axp_y| + = —o— < =X
\| Xno1| + S 1o = o cilxi| + [yol

n—1 n—1
+ (';- + 1) (Zgi + Z Lf @@ x., Axi—l)l) .
i=1 i=1

hence by conditions (b) and (c) we get

|x"| n—1 n—1 .
|Axn-1|+m <C+C Zgi+2(|dj“xj| + If, l1Ax, _117)

1=1 i=1
n—1

< G+ CY (ldlix, * + If, [1Ax, 1),

i=1

where C; = C(1 + Y_ o, ga), Or equivalently
|Apor| + i
Z =2 I/Ci 1

cecf () Wity rveser)

Using the inequality x' <14+ x + y,forx,y > 0and r € (0, 1], we get

XAl

Z"—z 1/ci-y

save((Sa) wrew) (i gt mna)

IAxn—ll +
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By Corollary 2.2 we have
L At + e —
Zi=2 1/ci
n—1 J 1 a
<+ Chexp| C — 1} ld;il +If;] < 00,
l P( (j=| (g Ci-1 % i

in view of condition (d), from which the first part of the theorem follows.
The rest of the proof is similar to the corresponding proof of Theorem 3.5 and will
be omitted.

EXAMPLE 3. Consider the equation

18 K
A( 3/—n+ 1Ax, ;) = VIxal + 0P Ax,_y h

, € N.
(1 + (Dxan)) | 2+ (D]

Here c, = v/n+2,d, = 1/n*?, f, = 1/n’% a = 1/2 and B = 1/4. It s easy to see
that the conditions in Theorem 3.6 are satisfied. Thus x, = 6(Y1_,1/J/i+1) =
O (n*?) and lim,,_, oo /1 + 1(x, — x,-1) is finite.
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