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Abstract

This paper studies the decentralized control and stabilization of two-input,
two-output finite dimensional linear systems. A representation result for
the system and a characterization of all stabilizing controllers are given in
terms of certain fixed polynomial matrices and a stability constraint.

1. Introduction

In the control of a number of physical systems the natural controller structure
is decentralized, the system is for some reason divided into a number of subsystems
with the control of the total system being achieved by the control of each of the
subsystems. However, even though the controllers are local, their design should
ideally be determined on a system-wide basis.

There has not been a great deal of analytical work on decentralized systems
carried out, though the amount is increasing. Perhaps the most significant result
known is contained in the paper of Wang and Davison {2] where it is shown that
a necessary and sufficient condition for the existence of a decentralized controller
(in fact, a proper decentralized controller) to stabilize the system is that the fixed
polynomial be stable. (These results are only applicable to finite dimensional
linear systems with finite dimensional linear controllers.) A great deal more work
is needed to understand the role of the fixed polynomial in the structure of the
plant and also what limitations, if any, it imposes on permissible controllers. The
paper [1] studies certain aspects of these questions, thereby extending the results
of [2).
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One problem of interest is the explicit parameterization of the class of all
decentralized controllers which stabilize the system, for such a parameterization
may possibly form the basis of some optimal design procedure.

In this paper a general two-input two-output plant is studied with respect to its
stabilizability by decentralized controllers. It is shown that if the plant is stabilizable,
there exists a decentralized controller which stabilizes the plant by moving all of
the non-fixed modes to o0, so that the only modes of the closed-loop system are the
fixed modes. The resulting closed-loop system is patently unsuitable for physical
implementation; however, for theoretical purposes it is important. This leads to a
complete description of the class of all stabilizing decentralized controllers in terms
of this improper controller and two arbitrary diagonal polynomial matrices
satisfying a stability constraint. .

In Section 2, the relevant material of [2] is reviewed together with some results
on polynomial matrix representations of transfer functions and, finally, conditions
for the closed-loop stability of the system. In Section 3, the implications of the
stabilizability of the plant on the polynomial matrix representations of the plant
and the existence of an improper controller are considered. Then in Section 4, a
parameterization of the class of stabilizing controllers is developed.

2. Review

Let P(s) be a pxm rational matrix, and let A(s) and B(s) be pxp and pxm
polynomial matrices respectively such that

P(s) = A(s)~* B(s).

Then the pair [A(s), B(s)] is called a left factorization of P(s).

Next, the pair [A(s), B(s)] is said to be relatively left prime if there exist
polynomial matrices X(s) and Y(s) with dimensions p xp and m x p respectively
such that

A(S)X (s)+B(s) Y(s) = I,, the px p identity matrix.

Further, it can be shown that this is equivalent to the greatest common divisor of
all of the p x p minors of the augmented matrix [A(s) B(s)] being unity.
Some other results needed are:
1. If P(s) = A(s)2 B(s) = A,(s)™ By(s) and [A(s), B(s)] is a relatively left prime
pair of polynomial matrices, then there exists a p x p polynomial matrix V(s)
such that A4;(s) = ¥V (s) A(s) and By(s) = V(s) B(s). If [4,(s), B,(s)] is also a
relatively left prime pair then V(s) is unimodular, that is, it has constant
nonzero determinant.
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2. For any mxp polynomial matrix K(s), the pair [A(s)+ B(s) K(s), B(s)] is
relatively left prime if and only if [A(s), B(s)] is a relatively left prime pair.

3. If P(s)= A(s)"'B(s) and [A(s), B(s)] is not a relatively left prime pair,
then there exists a nonsingular polynomial matrix U(s) and a relatively
left prime pair [4(s), B(s)] such that A(s) = U(s) A(s), B(s) = U(s)B(s) and
P(s) = A(s)~2 B(s). In this case det U(s) is called the hidden polynomial and
the zeros of det U(s) are called the hidden modes of P(s).

The transfer matrix P(s) is strictly proper (proper) if P(c0) = 0 (P(c0) is a finite
matrix). Otherwise it is called improper. A polynomial is termed Hurwitz or stable
if all of its zeros are in the open left half of the complex plane.

The following is a restatement of the main result of [2].

THEOREM 1. Suppose P(s) is a strictly proper transfer matrix with the input vector
divided into | disjoint sets and the output divided into | disjoint sets. Then there exists
a proper decentralized controller C(s) stabilizing the system if and only if the fixed
polynomial f(s) is Hurwitz, where

S(s) = gcd.{det[4(s)+ B(s)K): Ke A}

and X is the class of all constant block diagonal matrices consistent with the
partitioning of the inputs and outputs.

REMARKS.
1. In [2], the plant P(s) is defined by

P(s) = H'(sI-F)G

for constant matrices H, F and G of appropriate dimensions and the fixed
modes of P(s) are then defined by

g.cd.{det(sI-F+GKH'): Ke X}.

It is then a simple matter to show that if (H’, F, G) is a minimal realization
of P(s) in the sense that (F, G) is a completely controllable pair and (H', F) is
a completely observable pair, and if (A(s), B(s)) is a relatively left prime pair
of polynomial matrices satisfying P(s) = A~Y(s) B(s) then this definition of
fixed modes coincides with that given in Theorem 1.

2. For P(s)either proper or improper, Theorem 1 remains true. However, if P(s)
is improper, there is no guarantee that there exists a proper controller C(s)
which not only stabilizes the system but also makes the closed-loop system
proper. As the following example shows, there exist improper P(s) such that
for all proper decentralized controllers the closed-loop system is improper.
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Example
Let
P(s)=(s—-1)
1 1
and let
21(s) 1
ORI
C(s)= ,
8s)
<0

where degg,(s) <degfi(s) for i =1,2. Then the fixed polynomial is f(s)=1. A
little analysis then shows that the closed-loop transfer matrix (I+ P(s) C(s))™ P(s)
is improper for any proper decentralized controller C(s).
3. Remark 2 contrasts with the situation for centralized controllers where the
following holds. For any plant P(s), there exists a proper centralized controller
C(s) such that the closed-loop system is proper and stable, provided the plant
P(s) has no uncontrollable and/or unobservable modes.

3. Structure of two-input two-output system

Let P be a 2 x 2 rational matrix written as
P =p‘1[ P Pre ]’ )
P21 P22

where p is the McMillan polynominal for P. (The argument for polynomials is
deleted unless it is specifically needed.) Further let (A, B) be any relatively left
prime pair of polynominal matrices such that

P=A1B ¢))
and where
a by b
4= [ 11 G2 ]’ Be [ 11 D12 ] 3)
ay G by by

Any decentralized controller for the plant P is represented as a diagonal rational
matrix Cg. Write Cz = B; A7! where (44, By) is a relatively right prime pair of
diagonal polynomial matrices with

gn O L, 0
NENTSEH
0 go 0 Iy
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The relative right primeness of the pair (4, B,) is clearly equivalent to

(gnwh) =1 and (g ) =1. @

If the decentralized controller C, is applied to the plant P, the rational matrix P,
representing the closed-loop transfer matrix of the controlled plant is
P, = [I+PCg]! P which can then be written as

P,= A,[AA4+ BB} B. (5

From (2) and (3) the plant P can be represented by
P=A—lB=d1‘21[ %~ ], ©
d13 d14

where dy; is the 2x 2 minor formed from columns i and j of the augmented
polynomial matrix D =[A4 B]. Then comparison of (1) and (6) and recognition
of the fact that d,, = det(A4) = p (because (4, B) is a relatively left prime pair)
implies that (6) is identical to (1). The representation (6) is used in the remainder
of this section.

Next, taking determinants of both sides of (6) and noting that d,, = det(4)
and d,, = det (B), there follows the important relationship

i3 doy = dyp doy+dyy dps. )

Then, using P, = [[+PC4]"' P in conjunction with (6) and (7) or using (5) with
the definitions of d,,, dy,, etc., the closed-loop transfer matrix becomes

p —p‘l[ 8u11(—do3 822+ day o) —8n9u8xn ] ®
=
) gn%38xn (d1a8u+day 1) 820
with
Pe="d12811820— Aoz 11 8oa+ dyy l3s 811 + dag Iy s &)

The representation (8) is a general representation of the transfer matrix for the
controlled plant for any decentralized controller.

Next, an explicit definition of the fixed polynomial for decentralized control is
needed. Setting gy, =1, 850 = 1, lj; = ky; and L, = ks, (9) becomes

Pr = dyp—dpkyy +dyg koo +dy iy Koo

with pr denoting p, for the special case of a constant decentralized controller
K = diag {ky,, kze}. Then, according to [2), the fixed polynomial f for decentralized
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control is
f=g.cd.{det(4+ BK): K = diag{ky;, kos}}
= g.c.d.{djg—dps k11 +dy koot day k11 Kgo® Kygs Koo}
= g.c.d. {dys, Ao, d14, d3y)- (10)

This contrasts with the fixed polynomial for centralized control (that is, the
polynomial of the unobservable and/or uncontrollable modes) which is 1 because
(A, B) is relatively left prime pair. Equivalently,

8-¢.d. {dig, dys, Ay, Ay, s, dog} = 1, (1)

this being a simple restatement of the relative left primeness of the pair (4, B) in
terms of the 2 x 2 minors of D=[4 B].

REMARKS.

(i) Note that the 2 off-diagonal terms 4,5 and d,, in (6) do not appear explicitly
in (10); though they do implicitly via d;, and the relationship (7).

(ii) The closed-loop matrix transfer function for a constant decentralized
controller X [from (8)] is

—dptdyky  —dy

Pr =p% [
dys dyy+dgy Koo

indicating that the 2 off-diagonal numerator terms are unaffected by the
constant feedback.
From (10) and (7), it is clear that /2 divides d;4 d,,, the product of the off-diagonal
numerator terms of P. However, more than this can be shown.

LemMa 1. Given (7), (10) and (11), there exist coprime polynomials f, and f, such
that

W) f=Nte
(ii) /3 divides d,3,
(iii) /2 divides d,,.

PrOOF. (See Appendix A.)

This lemma enables the fixed polynomial part of the closed-loop transfer matrix
P, to be separated from P, in a prescribed manner as follows.
Define the polynomials d7; and d, by

diz=fidip doy=S3d3, 12
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and define the polynomials dy,, dps, d,, and dy, by
dyp =f‘]12’ dp3 =f‘1m’

dy =f‘714’ day =f‘734- (13)
These polynomials are well defined by Lemma 1 and the definition of /. Finally,
set
A0
F= . (14)
0 f
Then, (8) can be written as
P,=p;F1 A4 NF, (15)
where
Ne [ — dp38ag+das b —d3 82 ]
di3&n dyy 8y +day Iy

Pe= 12811 80— oy 1y 8og+ g log 811+ oy Iy L.

Further, since F and A, are diagonal they commute. Therefore it is sensible to
consider the pair of polynomial matrices (F, NF).

LEMMA 2. The pair (F, NF) is a relatively left prime pair of polynomial matrices
if and only if (i, g2) = 1 and (fy, &) = 1.

ProoF. (See Appendix B.)

An immediate observation is that the pair (F, NF) is relatively left prime for any
constant decentralized controller X for in this case gy, = goo = 1.

In [2), it is shown that for any decentralized controller, the fixed polynomial is a
divisor of the McMillan polynomial of the closed-loop system. The next lemma
shows that there exists a decentralized controller for which the fixed polynomial
equals the McMillan polynomial of the closed-loop system and, moreover, that
for the resulting numerator matrix N, the pair (F, NF) is relatively left prime.

LEMMA 3. There exists a choice of 1, g1y, loy and g,y such that
Pe=f, (thatisp,=1)
(g =1,
(few=1
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We denote this controller pair by X4 and Y;, where
g O I, O
ol O Rl b
0 go 0 Iy
PROOF. (See Appendix C.)

With X; and Y, as defined in Lemma 3, it follows that
AX4+BY;=F, (16)
where the polynomial matrix F satisfies
det(F) =1 an

This can be checked by either straightforward evaluation of the determinant of
AXg+BY, or by recognizing that in (8), p, = det(444+ BBy). Now from (5)
it follows that

P,= X F-1B.

However, from Lemma 3, (15) becomes
P,= X, F-1NF,

where p, = 1 and the fact that X; and F commute have been used. Therefore the
pairs (F, B) and (F, NF) are left polynomial factorizations of the same rational
matrix X3! P,. From Lemmas 2 and 3, (F, NF) is a relatively left prime pair, so
there exists a polynomial matrix ¥ such that
B = VNF,
(18)
F=VF.

From (17) and the definition of F, det(V) =1 so V is a unimodular matrix.
Substitute (18) in (16) to give AX;+ VNFY; = VF. Then noting that F and Y,
commute this becomes

AX;= V[NYs—I]F. 19)

In Appendix C, X is chosen so that the pair (X, F) is relatively left (and right)
prime. Thus, there exists a polynomial matrix M such that

A = VMF,
and so, collecting the above results,

MXz+NY;=1. 20
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In centralized control theory, if (4, B) is a polynomial pair such that P = 4A-1B then
there exists a relatively right prime pair (4., B,) such that

AA,+BB, = H,

where H is the greatest common left divisor of 4 and B. Then dividing out H, we
obtain
AA,+BB,=1

for the relatively left prime pair (4, B), and d = det(H) is the fixed polynomial of
the plant. Therefore, (20) might be thought of as an extension of this result.

As is well known, H can be constructed by column operations on the matrix
[A B). That is, there exists a unimodular matrix U such that

fA BlU={[H 0] ¢3))
Then U is partitioned as
U - Ac 3:8 ]
Bc Ac
so that
AB,+BA4,=0.

Now consider again the decentralized control case. It can be shown (see
Appendix D) that there exist diagonal polynomial matrices X, and ¥, which are
relatively left prime and satisfy

MY;+NX; =G,

dos . . X; ¥,
where G = . Moreover, the polynomial matrix W =
di’a 0 Yd Xd
is unimodular. Therefore,
[4 BIW=V[F GF] (22)

so that, in the sense that the right side of (22) contains the fixed quantities of P, (22)
is an extension of (21).

4. Parameterization of all stable controllers

Given the structural results of the previous section it is relatively straightforward
to parameterize all decentralized controllers C; which stabilize the plant P. The
parameterization presented here may be thought of as an extension of the results

https://doi.org/10.1017/50334270000001971 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000001971

122 David J. Clements [10}

in [3, Lemma 3] where all stabilizing controllers for a plant are parameterized in
terms of an arbitrary stable transfer matrix.

Let C; = B3 A7 be a decentralized controller that stabilizes the plant P. Then
the closed-loop transfer matrix is

Pc = Ad(AAd+BBd)_lB
and d = det(4A4,+ BB,;) is stable.
From (22),

Xs Y,

[4 B][ ]= VIF GF],

d d

where X, Y,;, ¥; and X, are all diagonal and the composite matrix formed from
them is unimodular. It is then not difficult to show that

T, T,
4 Bl=VIF GF][ un {2 ]’
a1 Tz

where each of Ty, Ty,, T,, and T, is diagonal and the composite matrix so formed
is unimodular. Therefore with the controller (4,4, By),

S
AA,+BB,=V(F GF][ ! ]
2

where S; and S, are diagonal matrices with S, =T,A4;+T,B; and
S, = Ty Ag+ Ty B;. Also note that the various diagonal matrices commute. Then,

AAg+BB; = VI[S,+GS,] F (23)
and so
(AAz+ BBy = F15s7Y§, - GS,)V -1,

where s = det(S;+GS,) and § is simply S, with the diagonal elements inter-
changed. Taking determinants of both sides of (23) gives h = sf, and s is stable.
However, det (S, + GS,) equals det (S, — GS,). Thus, altogether, there exist diagonal
matrices S; and S, such that

det (S, — GS,) = det (5,)— det (G) det (S,)

is stable.
Conversely suppose that there is given S; and S, diagonal such that
det (S)) —det (G) det (S,) is stable. Then define

Ag= (X 8+ 7,5,
Bd = (Yd§1+XdS2)'
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Thus A,, B are diagonal, and relatively prime provided S, and S, are relatively
prime and

AAg+BB; = V(§,+GS)F

and det(4A4,+ BB,) is stable, provided fis. This completes the characterization
of all stabilizing decentralized controllers.

It is thus apparent that in the study of two-input two-output systems the two
fixed matrices F and G play a central role. The matrix F contains information
about the modes of the plant which are invariant with respect to the class of all
decentralized controllers. The matrix G contains information about the cross-
coupling zeros of the plant and, as the above analysis shows, these zeros are
directly related to the stability constraint.

Finally, recall that in Remark 2 in Section 2 it is noted that there exist improper
plants which cannot be made proper by any decentralized controller. It is not
clear whether the above analysis is of any help in determining precisely when this
situation may occur.

5. Conclusions

This paper presents a detailed analysis of decentralized controllers for a two-
input two-output finite dimensional linear plant. In particular, a structural result
involving the fixed polynomial and certain fixed off-diagonal terms is given. This
structural result is then used to parameterize all decentralized controllers that
stabilize the plant, when the fixed polynomial is stable.

The major question arising from this paper is whether these results can be
extended to more general systems. There are two directions in which these results
might be extended. The first is to the case of / inputs and / outputs with each output
being used to control only one input. Probably, the methods of this paper are
applicable to this case though the analysis would quickly become prohibitive. The
second possible direction of research is the case of two vector inputs and two vector
outputs. Here it appears that the methods used in this paper, with their reliance on
individual polynomials, are not suitable for such a generalization. A new character-
ization of the F matrix would be a major requirement. Finally, the connections,
if any, between the results of this paper and the ideas in [1] need to be explained.
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Appendix A

Proor ofF Lemma 1. First, suppose that d,;d,, = 0. If both d,,; and d,, are zero,
then f=1 and the lemma holds for f; = 1 and f; = 1. Now assume d;3 # 0. Then
(f,di) =1, so set f; =1 and f, = /. Again the lemma holds. Similarly, if dy, # 0,
set fy=/fand f, = 1.

Second, assume d;3dp; # 0. X f=1, set f; =1 and f, = . If /' is not constant,
let o be any non-trivial irreducible factor of f. Then o? divides d;3d,,. This then
implies that either o? divides d,; or o2 divides d,,. For, if not, then « divides dy5, dy,
and f which contradicts the fact that g.c.d.{d,s, d,s,f} = 1. Consequently, f can be
written as f, f; for some polynomials f; and f, where f3 divides dy3 and f% divides
dy,. Finally, f; and f, must be coprime otherwise there exists a non-trivial
irreducible polynomial which divides dy3, d,, and f, which is again a contradiction.
This completes the proof of the lemma.

REeMARK. It is obvious that if dj, and dj, are defined by dy; =fidj; and
doy = f2d3,, then (f},d5) = 1 and (f5,dyy) = 1.

Appendix B

PRrRoOF OF LEMMA 2.
[F, NF] = [fz 0 ﬁ(“izaglzz'*'du ly) —fad34 820 ],
0 f S1d1381n fz(‘im gt Ju Iy)

which is column equivalent to
[ HL 0 0 Jod3 8 ]
0 f fidisgn 0

Thus, (F, NF) is a relatively left prime pair if and only if (f3,/;d5,8) =1 and
(fas/1d13811) = 1. From Lemma 1, (f3,/;) = 1 and from the remark in Appendix A,
(f-d3,) =1 and (f;,dy3) = 1. Therefore, the pair (F, NF) is relatively left prime
if and only if (f;,g:2) = 1 and (f;, ;) = 1. This proves the lemma.

Appendix C

PRrROOF OF LEMMA 3. Recall that

Po= 381180~ Fos I11 8on + A1 loa 811 + oy s I
and so
Pe = (dio811~dog 1)) 822+ (d1a 811+ dag Iyy) b
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Then, there exist gy, and /y such that 5, =1 if and only if there exist gy, and /;;
such that dj, g;; — dps Iy, and dy gy, +das iy are coprime.

For the moment assume that the polynomial djpdy,+d,,dy, is not identically
zero, and note that this is equivalent to dy; d3, not being identically zero. Then, in
this case, the polynomials dj;—dpsk;, and dy,+dy, ky, are coprime for all but a
finite number of values of the constant ky;. To see this, suppose that for a given ky,,
there exists § such that d;,(5) — das(5)kyy = O and dy4(5) + dyy(5) kyy = 0. Then § must
be a zero of the polynomial d,dy, +dy4 do3 Which is not identically zero by hypo-
thesis. Thus, there are at most a finite number of § for which the polynomials
dyy—dyskyy and d,, +dy, ky, can fail to be coprime. However, for each such §, the
corresponding k, is uniquely defined by ky; = d;,(5)/d(3) and/or

kay = — di(3)/d3y(3).

This follows because dys(5) and dyy(5) cannot both be zero, otherwise a contradiction
to g.c.d. {dy,, dys, dyy, g} = 1 is obtained.

Now assume that dj,dy+dyqdy; =0. Then choose g;; and 4, such that
dyo 811 — dos by = (dyg, d3g). [In general, neither g, nor /;, will be constants in contrast
to the case dyyds,+d,zdys # 0.] Define dyy and dy by dip = (dyg, dp)dye and
dyy = (dyg, dyg) dpg. Then dyy dyy +dyy dpg = 0 and since, (dg, das) = 1, this implies that
dyy = Bdy, and dy, = — Bd,, for some polynomial . Therefore,

diagn+ syl = Bdiagn —doshy) = B.

However, 8 and (d,,, d3) are coprime; otherwise, there exists a common factor
of dyy, dyy, d,; and dyg. Finally, there exist g, and L, such that (d;s, des) gea +Bles = 1.
Again, g,, and /,, are generally not constant polynomials.

The proof of the lemma is then a simple consequence of the following

LeMMA Cl. Let p and q be two real polynomials which are coprime, and let e be
any fixed polynomial. Then there exist polynomials r and t such that pr+qt =1 and
(e,t)=1.

PROOF. Suppose 7 and 7 are any polynomials satisfying p7F+¢i = 1. Then if
pr+qt = 1, it follows that for some polynomial B, r = 7+pBq and ¢ = i—fp. Now
since (7,p) = 1, it is clear that there exists a constant B such that #(sy)— Bp(sy) # 0
for all s, satisfying e(s) = 0. This proves Lemma Cl.

To complete the proof of Lemma 3, use Lemma Cl to choose g, and gy, ¢ach
coprime with f.
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Appendix D

Define 4 = V14 and B=V-1B. Then from the choice of g; and /; in
Appendix C and noting that AX;+ BY; = F, there follows

[dn 511] [gu _[fll

=1, |

a-21 621 4 . 111 [ A |

-

where
A=[dn 512]’ B=[5u 512].
dy  dy bay by
Since (g4, 41;) = 1, there exist g3, and /[, such that
[ 8u & ]
111 112

is unimodular with determinant equal to 1. Thus
[dn Bu] [gu gm]_[fl "11]

dy 521 hy Ly 0 ny

for some n,; and n,,. Taking determinants of both sides of this equation gives
dy; = fyny5 and so ny, = f; d75. However, since B = NF and A = MF, then f; divides

gy, and b;; and hence f; divides n,;. Then finally,
[ dy by ] [ & 81— fngn ] _ [fl 0 ]

2% 521 h hy—iy Iy 0 £id ’1'3
[ gu ]
R £

is unimodular.

Similarly, there exist g4 and /y such that

[dn 521]]&22 144]_[0 f;d;4]
dgy 622 by 84 fe 0
and again
[ 82 lu ]
by 84
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is unimodular. Thus,
gu 3 0 O
day 511 dys 512] I, g5 0 O _[fl 0 0 fzd&]
0 fidis » O

G b G Bl |0 0 g L]

0 0 Uk gy
and rearranging rows and columns:
ga 0 Iy O

82 0 Iy [fl 0 0 fzd;;]

0
[4 B) =
hy 0 g O 0 £ hds O

=[F GF)

0 L, 0 gy

0 dj
G=| :
13 Y

Finally X4, Yz, X;and ¥, are obviously defined to give

where

X; ¥

[4 B] [ ¢ d]=V[F GF).
d d
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