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Abstract. Let f:M-*M be a diffeomorphism of a compact manifold M and let
\:M-*R be denned by putting x(x) equal to the sum of the non-negative charac-
teristic exponents of / at x, each being counted with its multiplicity. If /x is an
/-invariant probability of M which is absolutely continuous relative to Lebesgue
measure, then Pesin has proved the entropy, h^if), is given by ftM(/) = \Mxdn,. We
prove this formula without using the theory of stable manifolds.

The Lyapunov exponents of a diffeomorphism / of a compact boundaryless
manifold M are denned by Oseledec's theorem which states that, for any /-invariant
probability measure (j. on M, for almost every point x e M there exists a unique
family of numbers k\{x)> • • • >\m(x) (the Lyapunov exponents of / at x) and a
unique splitting TxM = Ex{x) © • • • © Em(x) such that

lim (l/rt

for all 0# v eEj(x), 1 < / < m. The entropy /iM(/) and the Lyapunov exponents are
connected by the inequality [2]

\ (1)

where x is defined by

*(*)= I A,(x) dim £,(*).
A,U)==0

Pesin's formula [1] states that, when fi is absolutely continuous with respect to the
Lebesgue measure of M and the derivative of / is Holder continuous, then (1) is an
equality

M/)=f (2)

The proof of this result given by Pesin relies heavily on the stable manifold theory,
especially in the absolute continuity of the measurable foliation given by the stable
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96 R. Mane

manifolds. The purpose of this note is to give a different, simpler proof of this result
which does not make use of the stable manifolds. Clearly the stable manifold theory
is of great intrinsic interest and its absolute continuity properties are a fundamental
tool in the remarkable theory that Pesin developed for the case when (besides the
hypothesis of (2)) the Lyapunov exponents are ^ 0 a.e. Nevertheless, it seems
interesting to have a proof of (2) exhibiting the simple, elementary nature of this
formula.

Our proof will be based on a general lower estimate for metric entropy that makes
it possible to avoid the use of partitions. Let us suppose that g:M *) is a map and
p :M-> (0,1) a function. If x eM and n > 0 , define

If (j. is a measure on M and g and p are measurable, define

h^ig, p, x) = lim sup {IIn) (-log p,(Sn(g, p, x))).
n-*+oo

PROPOSITION. If g :M 2 is measurable, (x is a g-invariant probability measure on M
and v »fi is another measure on M (not necessarily g-invariant), then

M g ) a I hv{g, P, x) dfx(x)

for every function p : M -»(0, 1) such that log p is fi-integrable.

The proof of this proposition requires several lemmas.

oo co

LEMMA 1. If Y.xn is a series with 0 < xn < 1 for all n such that £ nxn < + oo, then
i i

OO

Ixnlog(l/jcn)<+oo.
1

Proof. Let 5 be the set of integers n > 1 such that log (l/xn)< n. Then n£S implies
xn ^exp(—n). Hence

x J s I nxn+ I (Jxn)(Jxn)log(l/xn).
1 neS n£Sn

But {-Jt) log (1/0 =£2e~1 for all />0 . Hence

n£Sn

LEMMA 2. / / ix is a probability measure on M and p : M -»(0,1) is such that log p is
ix-integrable, then there exists a countable partition & of'M with entropy H(8P) < +oo
such that, if8P(x) denotes the atom of 3P containing x, then

for a.e. x € M.
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Proof. There exists O 0 and r0 > 0 such that, for all 0 < r < r0, there exists a partition
9, of M whose atoms have diameter less than or equal to r and such that the number
of atoms in 3Pr (denoted by \9r\) satisfies

Now define Un ={x\ exp (-(« + l))<p(;c)<exp (-«)}, nsO. Since logp is
integrable, we have

Znn(Un)«x>. (3)
1

By lemma 1,

lfi(Un)(-\ogn(Un))<+oo. (4)
I

Finally, define 0> as the partition given by the sets Qn Un, with n > 0 and Oe9 r n ,
rn = exp (-(« +1)), such that n(Q n [/„) ^ 0. Then

= Z I - Z
n = 0 V FG£

Recalling the well known inequality

- Z *i log x, < I Z JC,} I log m -logX x/l

which holds for any set of real numbers 0 < x, < 1, i = 1 , . . . , m, we obtain

s i / i ( l / J D o g C + (dim Af)(« +1)-log fi(Un)l
0

By (3), (4) and lemma 1, the last series converges and then H{3P) < +oo. Moreover,
xeUn implies that ^(x) is contained in an atom of Sfrn. Then diam 9>(x)<rn =
exp(-(n + l))<p(jc). D

Proof of proposition. To prove the proposition take the partition 9 given by lemma
2. Denote by 9n{x) the atom of 9> v g~l(&) v • • • v g~n(9) which contains *. By the
Shannon-McMillan-Breiman theorem,

[ l

To complete the proof we have to show that

lim - [-log fi(@n(x))]^hAg,P,x) M-a.e. (5)
n-»+°o 1

Let 0*00 be the a-algebra generated by the partitions 8Pn, n > 0. Let /c: M -* U be a
iMntegrable function, measurable with respect to the cr-algebra ^oo, such that

f kdv = n{A) (6)

https://doi.org/10.1017/S0143385700001188 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385700001188
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for all A € 0*^. Such a function exists by the Radon-Nikodym theorem. It follows
from (6) that

lim

Hence

n n n v(2Pn{x))

and, using (7), we obtain
1 1

lim — [-\ogfi(8Pn(x))]= lim — [-log v{^n(x))] fi-a.e. (9)

Moreover, it is easy to see that 0>n (x )<= Sn (g, p, x).Therefore,(5)followsfrom(9). •

Before going into the proof of Pesin's formula we shall prove a technical lemma.
The reader familiar with the Hadamard graph transform method for constructing
invariant manifolds will recognize in this lemma one of the steps of that method. In
the statement of the lemma we shall use the following definitions.

Definition. If E is a normed space and E = Er ® E2 is a splitting, we define y(Eu E2)
as the supremum of the norms of the projections TT, : JET -» is,-, / = 1, 2, associated with
the splitting. Moreover, we shall say that a subset G c E is a (E\, E2)-graph if there
exists an open U<=E2 and a C1 map ^:U^*E\ satisfying G = {x + ̂ (x)\x e U}.
The number sup{||¥(x)-¥(y)||/||x -y|||jt, y e U} will be called the dispersion of G.

LEMMA 3. Given A >/3 > 1, a >0 and c >0, there exists S >0 with the following
property. If E is a finite-dimensional normed space and E = Et® E2 a splitting with
y(Ei, E2) < a, and F is a C1 embedding of a ballBr{0) cEinto another Banach space
E' satisfying

(i) DoF is an isomorphism and y({DoF)Ei, (DQF)E2) < a;
(ii) \\{DoF) - (DXF)\\ < 8 for all x e flp(0);

(Hi)
(iv)

then for every {E\, E2)-graph G with dispersion <c contained in the ball Br(0), its
image F(G) is a ((DOF)EU (D0F)E2)-graph with dispersion <c.

Proof. Identity E with Ex x E2 and E' with {D0F)Ei x {D0F)E2. Write the map F in
the form

F(x, y) = {Lx +p(x, y), Ty+q(x, y)),

where L = {DoF)/Ei, T = (DoF)/E2. It follows that the partial derivatives of p and
q with respect to x and y have norm <&*. Let U <= E2 be an open set and ¥ : U -* E\
a map whose graph {(?(c), v)\v e t/} is G. Then,

F(G) = {(LViv) + pCty(v), v), Tv+q{^(v), v))\v e U\.

To study this set define * : U -> {D0F)E2 by
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Proof of Pesin's formula 99

If v, w e U,

||*(u)-tyw%>\\T(v - w)\\-\\qmv), v)-qWiw), w)\\.

Using the fact that the partial derivatives of q are <&* and hypothesis (iii) we obtain

Hence, if 8 is so small that A — S a ( l + c ) > l , 3> is a homeomorphism of U onto
<!>( U) whose in verse has Lipschitz constant < (A - 8a (1 + c)) ~1. In particular, *( U) is
open. Now define ^ :*(£/)

Clearly, F(G) = {(4rU), JC)|JC e $([/)}. To calculate the dispersion of F(G), write
i|r = i|r o el)"1 where V(w) = LV(w)+p(9(w), w). Then

*(cp+8a(l+c))\\x-y\\.

Then the dispersion of F(G) is less than or equal to

(P+8a(l + c)/c) & (!+&»(!
C (A-5a(l

Since /3/A < 1, taking 5 small enough, the factor of c is < 1 and the lemma is proved. D
Now we are ready to prove Pesin's formula. Let / and fj. satisfy the hypothesis of
(2). Write

E"(x) = 0 {£/(*) I A,(x)>0}, E°(x)=®{Ei(x)\\j(x)<0}.

Put 1, = {x|dim Eu{x)=j) and let 5 = {/ > 0 |/*(2y) > 0}. If/ € S, let /*, be the measure

on M given by /u.,(A) = fi(A n2y)//u,(2,) if /4 is a Borel subset of M Then

Thus, all we have to show is that

This inequality obviously holds for / = 0. Suppose / > 0. To simplify the notation put
fi = fij, S = 2,-. Fix any e > 0. By a standard combination of Egorov's theorem and
Birkhoff's ergodic theorem, we can take a compact set K <=• M with fj. (K) >l — e
such that the splitting E°(x) ® Eu(x) = TXM is continuous when x varies in K and,
for some AT>0, there exist constants A >/3 > 1 such that, if g =fN, the inequalities

| | (£>xg>| | sA>| | (10)

\\{Dxg")/E°(x)\\^p (11)

log\det(Dxg
n)/Eu(x)\>N(x(x)-e)n (12)

hold for all xeK, n > 0 and yeB1"^). In what follows, in order to avoid a
cumbersome and conceptually unnecessary use of coordinate charts, we shall treat
M as if it were a Euclidean space. The reader will observe that all our arguments
can be easily formalized by a completely straightforward use of local coordinates.
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100 R. Mane

LEMMA 4. For all c > 0 there exists £>0 such that, ifxeK and gm(x)eK for some
m > 0, then if a set G<=M is contained in the ball B(m (x) and is a (E°(x), E" (x))-
graph with dispersion <c, then gm(G) is a ((Dxg

m)E°(x), (Dxg
m)Eu(x))-graph with

dispersion =Sc.

Proof. Let a = sup{y(E°(x), E"(x))\xeK}. Let 8>0 be given by lemma 3 as a
function of a, c and the constants /3, A which satisfy (10) and (11). We claim that
there exist C>0 and 0 < t =£ 1 such that

\\{Dxg
n)-{Dyg

n)\\^Cn\\x-y\\ (13)

for all x, y eM. To prove this claim take 0 < t < 1 and Co > 0 satisfying
\\(Dxg)-{Dyg)\\< C0\\x -y\\' for all x, y eM. Let A be a Lipschitz constant for g. In
particular, A > ||(Dxg)|| for all xeM. Choose C satisfying for all n > 0

(14)

then (13) holds for n = 1. Suppose it holds for n = 1 , . . . , m; then

\\{Dxg
m+1) - (Dyg- + 1)|| < ||(ZV(*>g) - 0Vcy)g)ll IIU>ygm)ll

+ \\(Dg-Mg)\\\\(Dxg
m)-(Dyg

m)\\

^AmC0\\g
m{x)-.S

m{y)\\'

By (14) the last expression is <Cm+1||jc - y||', completing the proof of the claim. Now
take £ > 0 such that (Cf')" < 5 for all n > 1. Hence

if y € B(m(x). Therefore lemma 4 follows from lemma 3. •

Fix the constant c of the statement of lemma 4 so small that there exists a > 0 with
the following property. If xeK, ye.M and d(x, y)<a, then for every subspace
E c TyM which is a (£'°(x), £"*(;<:))-graph with dispersion <c we have

|log|detU>yg)/E|-log|det(Dxg)/£"(x)||<g. (15)

If x e K, write

Dr(x) = {x + y1 + y2\y1eE0(x),y2eEu(x),\\yl\\<r,\\y2\\<r}

and let fc2 > fci > 0, rj > 0 be such that

Bkir(x)^Dr(x)^Bk2r(x) (16)

for all x e K, 0 < r < ri. Finally, if x e X, define 7V(x) as the minimum integer > 1 such
thatg;v( j : )(x)eK

This function is well denned for a.e. x e K and is integrable because, if W, =
{x e K | N{x) = j} it is easy to see that

' mod(0)
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and that the sets in the union on the right are disjoint. Hence,

/=1i=0 i=\ J) f
Extend N to M, putting N(x) - 0 when *<* X, and define p : M -* (0,1) as

The integrability of N implies that of log p. Let v be the Lebesgue measure on M.
We claim that there exists K'^K with fi(M-K')<2Ve such that

for ^-a.e. point x <= K', where C = sup {log | det (Dpf)/E\ \peM,Ea TpM}. By the
proposition, this property will imply

M £ ) a [ K(g,p,x)dn{x)>\ hv{x)

Hence,

g)> \\
•>M

Since e is arbitrary this completes the proof of (2).
It remains to prove the claim. Observe that Birkhoff's theorem implies

fi({x\ lim (l /
n-»+oo

Then there exists a compact set Ki c K with /J. (K\) > 1 - 2\le and No > 0 such that,
if n>JV0,

#{0</<n|g'(x)^A:}<2nVe (17)

for all x e /STL Define ,K"' =/sTn/T!. Clearly, /a(«"-*•')<= A*(M-.K"i)<2>/e. Fix any
"'. There exists B > 0 satisfying

v(Sn(g,P,x)) = B f »[
JE°(X)

for all n >0, where f also denotes the Lebesgue measure in the subspaces E°{x),
y+E"(x). Thus the claim is reduced to showing that

lim sup inf -[-logv((y+Eu(x))nSn(g,P,x)y]>N(x(x)-e-4C>/e)-e.
n-,+oo ye£°(x) fl

If y € E°(x), denote by An(y) the set of points w ey + Eu(x) such that

g'(w)eDp(gi{x))/kl(g
i(x))

for all 0 < ; < n . By (16) we have

An(y)=>(y+Eu(x))nSn(g,P,x).
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102 R, Mane

Therefore it is sufficient to prove that

Iimsup inf -[-logv(An(y)y]*N(x(x)-e-4CJe)-e. (18)

LEMMA 5. If g"(x)eK and yeE°(x) then, if An(y) is not empty, g"(AM(y)) is a
(E°(g"(x)), Eu(gn(x)))-graph with dispersion <c.

Proof. The property is trivial for n = 0. Suppose that it holds for some m > 0. Then,
if g*(x)eK and g'(x)£K for m<j<m and Am(y)^ 0 , we have

But gm(Am(y)) is a (E°(gm(x)), £"(gm(jc)))-graph with dispersion <c, and

Then, using the fact that N(gm (x)) = m - m and lemma 4, it follows that g* (Am (y)) =
g*-m(gm(Am(y))) is a (F°(g*(x)), H"(g*(x)))-graph with dispersion <c. Therefore,
so is its open subset gm(A^(y)).

To complete the proof of (18) take D > 0 such that D > vol (G) (where vol( •)
denotes volume) for every (E°(w), £"'(H'))-graph G with dispersion < c contained in
Dplw){w), weK. Then, if gn(x) e K and y e E°(x), we have

(19)

Let Sn={0<j<n\gi(x)eK}. If n >7VO it follows from (15), (12), and (17) that

log|det (Dzg
n)/TzAn(y)\ = "£ log|det(Dg/(z)g)/rg-(z)g'(An(y))|

> I log|det (£>g'

"l log|det (JD,*(x)g)/£"(g'(x))-e/i -2iVC(n - #Sn)

- e) - en - 2NC(n - # Sn)

>nN(x(x)-e)-en-4NCnJe.

Then

D>v(An(y))-exp(n(N(x(x)-e-4CJe)))

for all y e £°(JC), n > 7V0. This completes the proof of (18). •
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