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Abstract

In this paper, we consider a reaction-diffusion equation that models the time-almost periodic response to cli-
mate change within a straight, infinite cylindrical domain. The shifting edge of the habitat is characterised by
a time-almost periodic function, reflecting the varying pace of environmental changes. Note that the principal
spectral theory is an important role to study the dynamics of reaction-diffusion equations in time heterogeneous
environment. Initially, for time-almost periodic parabolic equations in finite cylindrical domains, we develop the
principal spectral theory of such equations with mixed Dirichlet-Neumann boundary conditions. Subsequently,
we demonstrate that the approximate principal Lyapunov exponent serves as a definitive threshold for species
persistence versus extinction. Then, the existence, exponential decay and stability of the forced wave solutions
Ut x,y)=V (t, X, — for c(s)ds, y) are established. Additionally, we analyse how fluctuations in the shifting speed
affect the approximate top Lyapunov exponent.

1. Introduction

This paper considers the following reaction-diffusion equation with Neumann boundary condition under
climate change in an infinitely long straight cylinder:

ou=Au+f (t,x] —folc(s)ds,y,u) ,t>0,x,eRycw, (w1
ou(t,x;,y)=0, t>0,x,eR,yeiw. .

We point that in (1.1) @ C R¥"! is a bounded smooth domain. Here, ¢ : R — R is Holder continuous and
almost periodic in the sense that for any € > 0, the set

T(c,e)={teR:|ct+1)—c(®)] <€, teR}
is relatively dense in R. Set
Q={(x,y) eRxR"":x, eR,ycw).

Then, v in (1.1) denotes the exterior unit normal vector field to 2 and 9, := v-V. In (1.1), c(¢)
is the shifting speed of the climate envelope and fot c(s)ds is the location of the climate envelope.
Let f(t, x, u) = ug(t, x, u), where the function g : R x  x [0, 4+00) — R is continuously differentiable,
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uniformly continuous, and bounded on R x € x [0, §] for any § > 0. Then, we have the following
standard assumptions for g(¢, x, u):

(H1) g(¢, x, u) is almost periodic in # uniformly with respect to x € 2 and u in bounded sets of [0, 4+-00);

(H2) g.(t,x,u) <0 forall (¢,x,u) € R x Q x [0, +00), and there is a domain D C 2 with |D| > 0 such
that u — g(¢, x, u) is decreasing on R* for each x € D and r € R;

(H3) there is M, > 0 such that sup, g ., &(¢, x, u) < 0 for all u > M,;
(H4) lim, o SUp,, ., cp e 8 X1, ¥, 0) < 0.

Here, (H1)—(H2) say that f (¢, x, u) is of logistic type and M, in (H3) is an upper bound for the carrying
capacity. Assumption (H4) means that the favourable zone where species can grow is bounded. A typical
example of g(t, x, u) satisfying (H1)—-(H4) is g(t, x, u) = a(t, x) — b(t, x)u with a(t, x), b(t, x) € L*(R x
Q) such that b(t,x) >0 a.e.in R x 2, b(t,x) >0in R x D with |[D| >0and D C 2,

inf b(t,x)>0, lim sup a(t,x,y) <0,

(tx)eRxQ : a(t,x)>0 r—00 Ix1|>r.reR,yew

where a(t, x) and b(t, x) are almost periodic in ¢ uniformly with respect to x € 2. Recall that a function
f@t,x) € C(R x E,R) is said to be almost periodic in 7 uniformly with respect to x € E C R", if it is
uniformly continuous on R x E and for any fixed x € E, f(, x) is an almost periodic function of z.

In the past years, to describe the impacts of global warming on biological species, a vast amount of
research has been carried out regarding the population dynamics of reaction-diffusion equation system
under climate change. See, for example, [1, 4, 5,7, 8, 11, 13, 15, 20-22, 28] and references therein. We
also refer to see [28] for more results and understanding on the diffusion and propagation in shifting
environments. It should be pointed out that in Berestycki and Rossi [2], the authors proved the existence
and uniqueness of travelling wave solutions of the type u(t, x) = U(x — cte) for the reaction-diffusion
equation

du=Au+f(x—cte,u), t>0, xeRY

and the large time behaviour of solutions with arbitrary nonnegative bounded initial datum depend on
the sign of the generalised principle eigenvalue in RY of an associated linear operator. These prob-
lems with N = 1 have been studied in [4] to investigate the impact of climate shift on the dynamics of
a biological species. Berestycki and Rossi [3] further established analogous results for the Neumann
problem in domains which are asymptotically cylindrical, as well as for the problem in the whole space
with f periodic in some space variables, orthogonal to the direction of the life. When the environ-
ment is assumed to be only globally unfavourable, with favourable pockets extending to infinity, Vo
[27] studied the persistence versus extinction of species in reaction-diffusion equation with an infinite
cylindrical domain. Boubours and Giletti [6] also studied the spreading and vanishing situations for a
monostable reaction-diffusion equation when the initial datum is compactly supported. Recently, in a
time-periodic shifting environment, Fang et al. [9] studied a nonautonomous reaction-diffusion equation
u, = u,, + ug(t,x — ct,u) and showed that there exists ¢* > 0 such that a unique forced time-periodic
wave exists if and only if |c| < ¢* and it attracts other solutions in a certain sense according to the
tail behaviour of initial values. Later, Zhang and Zhao [30] extended the above results to the nonlocal
dispersal equation in time-periodic shifting environment.

From above works, we find that the shift environment is considered by x — ct with a constant speed. In
real environments, climate change is influenced by various seasonal variations and is rather fluctuating
and unpredictable, leading to fluctuations in the size, shifting speed, and location of the climate envelope.
Very recently, Shen et al. [26] investigated the population dynamics of a reaction-diffusion equation
under climate change in a spatiotemporally heterogeneous environment, which is described by a climate
envelope shifting with a time-dependent speed function. They established the persistence criterion in
term of the sign of the approximate top Lyapunov exponent and the existence of a unique forced wave
solution that dominates the population profile of species in the long run.

https://doi.org/10.1017/50956792525100272 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792525100272

European Journal of Applied Mathematics 3

Motivated by [3] and [26], in the current paper, we try to study the persistence criterion and the exis-
tence of forced waves solution of equation (1.1) with Neumann boundary conditions in time-dependent
environment. Set 0, := % To consider (1.1) in the moving frame, we introduce the change of variable

v(t,x1,y) = u(t,x; + f(; c(s)ds, y), and v(t, x;, y) satisfies the following reaction-diffusion equation with

Neumann boundary condition

ov=Av+c@®)ov+f (¢t x,v),t>0,xeQ, (1.2)
a5, x)=0, 1>0,x€d. '

Note that v =0 is a solution of (1.2). We first consider the stability of v =0. Then the linearisation of

(1.2) atv=0is

aw=Aw+c(@®)ow+gt,x,0w, >0, xeQ, (13)
ow=0, t>0,xed. .

Our main results depend on the sign of Neumann Lyapunov exponent of Neumann problem (1.3). The
results on the Neumann principal Lyapunov exponent of (1.3) are given in Section 2. Set L > (0. Denote
by A, the principal Lyapunov exponent of (1.3) restricted on (—L, L) X @ and equiped with Neumann
boundary condition d,w =0 on (—L, L) X dw and Dirichlet boundary condition on +L,

ow=Aw+c(®)o,w+gt,x,0w, t>0,xe(—L,L) X w,
0,w=0, >0,xe(—-L, L)X dw, (1.4)
w(t,—L,y)=w(t,L,y)=0, t>0,yecw.

We refer the reader to Section 2 for more details on the principal Lyapunov exponent A;. It is shown in
Lemma 2.2 that A, is non-decreasing in L and bounded above by sup,. ..;_; ;;x» & X, 0), then
Aoo = lim A,
L—oo

is well defined and called the approximate principal Lyapunov exponent of (1.3). In fact, A, always has
the same sign as that of the principal Lyapunov exponent A of (1.3), see Lemma 2.3 later.
Let

X = {u € Cy(R x w) : Vu is uniformly continuous, d,u(x;,y) =0, y € Bw}
with the C' norm ||u| = sup,p,,, (u(x)| + |Vu(x)|), where |Vu(x)| = Z¥  |u,,(x)|. Let
X'=ueX:ux)>0,xcR x w}.
For any uy(-) € X+, let u(t, x; uy) be the unique solution of (1.1) with u(0, x; uy) = uy(x) for all > 0.
Theorem 1.1. Assume that (H1)-(H4) hold true. Then the following properties hold:
(1) If oo <O, for any uy € X*, there is

lim u(t, -5 uy) =0

uniformly with respect to x € Q.
(2) If Ao > O, then for any u, € Xt \ {0} and any L > 0, there holds
liminf inf u <t, X+ / c(s)ds, y; u0> > 0.
YE® 0

t—oo x1€[—L,.L]

A forced wave solution U(t, x;, y) of (1.1) is a positive, bounded and almost-periodic entire solution
V(t, x1,y) of (1.2) with the form

Ult,x,y)=V (t,xl —/ c(s)ds,y) , teR, (x,y)eRxw. (1.5)
0
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Theorem 1.2. Assume that (HI)-(H4) hold true. If L., > 0, then (1.1) admits a unique forced wave
solution U(t, x,,y) with

| l‘im U(t,x,y)=0

x1|— 00

uniformly with respect to t € R and y € w. Moreover, for any u, € X* \ {0}, there holds
Lim (u(t, x1, y; up) — U(t, x1,y)) =0
1—>00

uniformly with respect to x, e R and y € w.

We point out that Theorem 1.1 follows from Theorems 3.1 and 3.2. Theorem 1.2 follows directly from
Theorem 4.1. From Theorem 1.1, we know that the sign of approximate principal Lyapunov exponent
Ao is the sharp threshold for the persistence criterion. When A, > 0, the species will persist and (1.1)
exists a unique, bounded and positive forced wave solution U(t, x, ¥) in cylindrical type domain.

In order to analyse the effect of the shift speed on A, we set c(t) = ¢ + Ao (f), where A is positive
constant and Ao (7) is the fluctuation on the shifting speed c. Let A% (¢) be the approximate principal
Lyapunov exponent depend on ¢ and A. By using the Liouville transform, Theorem 4.2 in Section 4
shows that there is a critical speed ¢* > 0 such that A2 (¢) > Ofor ¢ € [0, ¢*) and A°_(¢) < O for ¢ > ¢* when
A = 0. This means that the species will persist when the climate envelope shifts with a slower shift speed.
In this case, we also show that the force wave solution U(t, x;, y) is exponentially decay, see Theorem 4.3.
When A > 0, we only show that A% (c) has a lower bounded depend on ¢, see Theorem 4.2 (2). Due to
the presence of cylinder domain and time almost periodic case, the characterisation of influence of the
fluctuation on the shifting speed Ao (r) on A% (c¢) tends to be much more difficult. We leave it as an open
problem.

We also remark here that we only consider the propagation dynamics of time-dependent reaction-
diffusion equations (1.1) under (H4). Specifically, (H4) implies that the favourable habitat for species
growth is contained in a bounded region, i.e., the favourable environment is surrounded by an
unfavourable one. When

lim sup g(t,x;,y,0) <0, lim sup  g(t,x,y,0) >0,

=00 x> rteRycn =00 x| <—rteR,ycw
the environment is favourable at +00 and unfavourable at —oo. Moreover, the case

lim sup g x,y,0)>0

=00 |xi|>rteR,yew
implies the scenario that unfavourable environment is surrounded by favourable one. There is still few
works on these two cases for time-dependent reaction-diffusion equations in an infinite cylinder and we
will continue to study these two cases in the future. Very recently, what is worth mentioning is that Zhang
and Zhao [31] studied spreading properties and forced travelling waves of reaction-diffusion equation
in a time-heterogenous shifting environment in the case that favourable environment is surrounded by
unfavourable oneenvironment is favourable at +oco and unfavourable at —oo.

The rest of the paper is organised as follows. In Section 2, we will study the Lyapunov exponent theory
of Neumann problem (1.3) and mixed boundary conditions problem (1.4). In Section 3, we consider
the long-time dynamical behaviours of (1.1) with the initial value. and prove Theorem 1.1. We will
prove the existence, uniqueness, stability and exponential decay of forced wave solutions of (1.1) in
Section 4.

2. Lyapunov exponent theory with mixed boundary conditions

In this section, we study the principal spectral theory for time almost periodic parabolic equation with
mixed Dirichlet-Neumann boundary condition in the finite cylinders (—L, L) x w for any L > 0. Recall
that @ =R x w. Denote

Q =(-L,L)xw foranyL>0.
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Let bi(t,x)(i=1,...,N), by(t,x) be bounded and continuous in R x . Assume that b;(t,x) (i =
1,...,N) and by(t, x) are time almost-periodic in ¢ uniformly for x € Q. For each L > 0, we consider
the following linear problem

du=Au+ Y bt, )™ +by(t,x)u, t>0, xe(—L L) x o,
du=0, t>0,xe(-L L)% dw, (2.1)
u(t,—L,y)=u(t,L,y)=0, t>0,yew.

The principal spectral theory of linear parabolic problem with Dirichlet, Neumann boundary
conditions or periodic boundary condition has been widely studied, for example, see [12, 1618,
23-25, 29] and so on. Note that the linear problem (2.1) is considered in the finite cylinders €2; with
Neumann boundary conditions on the sides (—L, L) x dw and Dirichlet boundary conditions on the
bases {£L} x w, which can be called as mixed Dirichlet-Neumann boundary conditions as that in [3].
In this section, we will develop the principal spectral theory for time almost periodic parabolic equation
in finite cylinder with mixed Dirichlet—-Neumann boundary conditions.

Let b:= (b;, by) := ({b;}Y.,, by). Define

Y(b)=cl{b-s:s R},

where b - s(t, x) = o,b(t, x) = b(t + s, x) and the closure is taken under the topology of local uniform
convergence. Then, (Y(b), (0,),cr) is a compact flow and unique ergodic, which implies that Y(b) is
unique ergodic and minimal. For convenience, we write Y for Y(b).

Let

X, ={ueC(-L Ll xw,R):,u=00n(-L,L) x dw, u(—L,y) =u(L,y) =0,y € o}

be equipped with the C' norm ||ully, = max;_; x, (Ju(x)| + |Vu(x)]), where |Vu(x)| =E¥ |u,x)|.
Let

Xf={ueX,:u>0,xe[-L, L] x »}.

Assume X, C L(2.)(p > n) be a fractional power space of —A : D — [P(2;) satisfying X, = C*(2)
for some l <a <2, where D={ve H*(Q,): u(—L,y)=u(L,y) = 0 d,u(x;,y) =0,y € dw}. Then, for
any be Y and u, € XL, there is a unique classical solution u(t, -; u, b) of (2.1) with the initial condition
u(0, -5 ug, ) =1uy € XL Put

U, (t, z)uo = u(t,-; uo,z) for uy € X;.
For convenience of e§pression, in the following, we still write b for b. Then, (2.1) generates a skew-
product semiflow on X; x Y(b):

M:X xY—>X, xY, >0,
1, (uo, b) =(U.(t, b)ug, b - 1).
Let
X ={u eX, :u>0,xe[-L,L] X w}.
Then, we have the following exponential separation theorem from [17].

Theorem 2.1 (Exponential Separation). There are subspace X} (b), X2(b) of X, such that X\ (b), X3(b)
are continuous in b € Y, and satisfy the following properties:

(1) X, =X!(b) ® X(b) forany b e Y.

(2) X\(b) = span{g,(b)}, ¢.(b) € Int(X;") and is continuous in b and | .(b)|z, = 1 for any b€ Y.

(3) X2(b)NInt(X;) =@ foranybe Y.

4) U.(t,b)X)(b) =X} (0,b) and U,(t, b)X3(b) C X?(o,b) for any be Y and t > 0.
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(5) There are M, y > 0 such that
UL, b)p(D) |5, <Me
UL bywlg,
foranyt>0,beY andw e X>(b) with |w|x, = 1.
Let
$.(b)
Buib) =
6Dl 2

and

d¢.(b)

a.x,'

N
ku(b) = (Agu(b) + Y bilt, x) + bo(t, X).(b), $1.(b),
i=1

where (-, -} is the inner product in L*(€2,). Then, k,(b) is continuous with respect to b € Y. Set

n.(t, b) = |UL(t, D) (D)l 120y)-

Then, we have

dn.(t,b
ULC(; ) =« (o,D)n.(t, b)
and
N (t, b) = elo ruioebyr
Then,
Un(t, b)d,(b)
tb = VRN
¢(0,b)(x) |UL(t, DYpr(D)]| 12
satisfies
ad b , ; ,
¢La(;7 ) = A¢L(atb) + Zi:] bi(l, X) ¢I(;:XO' ) + bo(t, x)d)L(orb)

—k (o.b)p (o:b), t>0,x€e(—L, L)X w, 22)

0,0, (0:0)=0, t>0,xe(—L,L) X dw,
¢r(ob)(—=L,y) = ¢r(0:D)(L,y) =0, >0, y€w.
Define [|U,(t, b)|| = sup,x, lully, =1 |U.(t, b)ul|z, . Note that Y is unique ergodic, then
Nl .
. 1 i 1 !
Iim —— In ||U.(t —s,0,b)|| = lim . ki (o.b)dt
t—s—>oo [ — §

t—s—o0 [ — § s

forallbeY.

Definition 2.1 (Principal Lyapunov exponent). The number
1
A(Y):= lim — In||U.(t —s,0b)||, VbeY
t—s—>oo [ — §

is called the principal Lyapunov exponent of (2.1).

Note that U, (¢, b) can act on X;, and the principal Lyapunov exponents of U,(t, b) on X, and X,
coincide. Then, we have the following

Lemma2.1. There is a continuous function ¢, : Y — X;' \ {0} such that the following hold for any bey:

(1) ||¢>L<Bg||w=~1, o )
(2) Upt, b)p.(b) = |UL(t, ) (D)l nopr (B - 1),

https://doi.org/10.1017/50956792525100272 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792525100272

European Journal of Applied Mathematics 7

In || UL(t, b)pr(B) |

(3) limt%oo P = )"L(Y)’

In |UL(t, D)ol
(4) For any ¢o € X\ {0}, lim,_,.. M — A ().
Remark 2.1.

(1) Observing that L. (Y) and ¢.(0,b)(x) are analogues of principal eigenvalue and principal eigen-
functions of elliptic problem, respectively. We call span{¢,(0,b)(x)},cr as the principal Floquet
bundle of (2.1) associate to the principal Lyapunov exponent.

(2) The principal eigenvalue of the following elliptic problem with mixed Dirichlet—Neumann boundary
conditions,
—Au—-3", b,-(x)%‘l —bu=x u, xe(—L,L)xw,
ou=0 on(—L,L)x dw, (2.3)
u(—L,y)=u(L,y)=0 onyecew

has been studied in [3, Theorem 3.1]. Their results show that for any L > 0, there exists a unique
principal eigenvalue \; of (2.3) corresponding to a positive eigenfunction v, € W*(,), for any
p > 1. Moreover, A, converges to A(2) as L — oo, where 1(S2) is the generalised Neumann
principal eigenvalue defined by
N
ap .
A(Q):= sup{r e R:3¢ >0, A¢ + Z bi(¥) = + by +Au <0, ae.in 2,
Xi
i=1

d,¢ >0 on 92}

We point out in 1,(2), the function ¢ is understood to belong to W**((—L, L) x w) for some p > N
and every L > 0.

Lemma 2.2. Set A(L):= A, (Y). Then, the function A(L): Rt — R is nondecreasing in L and
lim, _, , A(L) exists.

Proof. For any L > 0, let ¢,(0,b)(x) be as in Lemma 2.1. Let 0 < L, < L, be fixed. Then, there exists
€y € (0, 1) such that

60¢L1 (o:b)(x) < b1, (o:b)(x) on[—L;,Li] X w.
It then follows from the comparison principle that

€U, (t, )¢y, (0:b)(x) < U, (t, )¢, (0:b)(x) on [—L;, L] x w.

Then
ML) = lim In ||UL, (1, b3¢Lz(th)||oo > lim In[|l&Uy, (1, 1:)¢>Ll (D)l — L),
which implies that A(L) is non-decreasing in L.
Let b, := SUp, g ,cq, Po(t, x). Then, " is a supersolution of (2.1), and thus,
U (t,b)p.(ob) <e™ inQ,
for all # > 0. It then follows that
ML) < lim In tb“ —b,.
Hence, lim, , ,, A(L) exists. This completes the proof. ]

From Lemma 2.2, we know that lim, _, ., A, (Y) exists. Set

hoo(Y) 1= lim 24(Y).

https://doi.org/10.1017/50956792525100272 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792525100272

8 X. Bao and D. Zhou

Then A (Y) < SUP, g ,eq Po(t, X) and A, (Y) is called the approximate principal Lyapunov exponent of
the following equation

du=Au+Y " bilt, )% +bo(t,x)u, xeRx o, o
bu=0 onR x dw. '

Let X and X' be as in Section 1. Denote by U(t, b)u, the unique classical solution of (2.4) with the

initial value u, € X and define ||U(t, b)|| = Sup,,cx. =1 1U(Z, b)ul|. It follows from the almost-periodicity

of b(t, x) and the subadditive ergodic theorem (see [14]) that lim,_, ., 2Y“2 exists for all b € Y. Then, we

have the following definition for the principal Lyapunov exponent of (2.4).

Definition 2.2 (Principal Lyapunov exponent). The number
1
AY):= lim — In||U{t—s,0b)|, VbeY
t—s—>o0 [ — §

is called the principal Lyapunov exponent of (2.4).

In the following, we show that the connections between the approximate principal Lyapunov exponent
Ao (Y) and the principal Lyapunov exponent A(Y).

Lemma 2.3. A (Y) and A(Y) have the same sign. In particular, ,,,(Y)=AY) for I (Y)>
limrﬁoo Sup\xl |>rteR,yew bO(t’ X1 y)

Proof. In the following proof, to emphasis the dependence of Y on b, we write it as Y(b).
We divide the proof into two cases: A,(Y()) > 1lim, o SUp,,. ., cr e Dol X1, ¥) and A (Y(D)) <

lim, , o SUP,, ek yew Dot X1, Y)-

Firstly, we consider the case 1..(Y(b)) > lim, .« SUD,, |, ,cr 0 Do(Z, X1, y). By definitions of 1..(Y (b))
and A(Y(b)), we have L.,(Y (b)) < L(Y(b)). Assume that 1, (Y(D)) < A(Y(D)). Without loss of generality,
we may assume that

Ao (Y (D)) <0 < MY (D)).
In fact, we can take X, € (A.(Y(b)), A(Y(b))) and replace by(t, x) by Dbo(t, x) = by(t, x) — Ao Then
Ao (Y (D)) = oo (Y(D)) — 1o < 0 < A — Ao = A(Y (D))
and

lim  sup Eo(t,xl,y) < 0.

=00 |xi|>rteR,yew
Consider
du=Au+ Zfil ai(t, x)e%,» +ug(t,x,u), xeR xw,
Jdu=0 onR x Jdw.

@2.5)

Denote v(t, x; v,) be the solution of (2.5) with initial value v(z, x; v) = vy € X*. Choose v = 1, similar to
that in Theorem 3.1 later, we have that lim,_., [|[v(z, ; V})[lc = 0 for Ao(Y (b)) < 0. Note that A(Y(D)) > 0
and g is uniformly continuous on R x €2 x [0, §] for any § > 0O, then there exists large 7 > 0 such that

MY (b
8(t,x,0) < g(t, x, v(t, x; vj)) + ( 2( )
for any > T and x € R x w. By comparison principle,
U(t, orb)W(T, v} <e 2wt + T, 3v0), Vi>0. (2.6)

Due to that v} is uniform positive and g is bounded on R x € x [0, §] for any § > 0,

inf wW(T,-;vy)>0.

xeRxw
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Then for any v, € Xt with ||v|| = 1, there is a constant M > 0 such that
—MV(T, -;vy) <vo <MWT,-;v;), xeRxow.
Then the comparison principle implies that
—MU(t, orb)W(T, - vy) < U(t, o7vo) < MU(t, orb)WU(T, -;v;), t=0,
which implies that
U@, orb)vollec < MIU, VT, 5 v lle,  VE=0.
Then by the definition of A(Y (b)) and together with (2.6), we have that

0<A(Y(b) < k();(b)),

which is a contradiction. Therefore, A, (Y(b)) =A(Y(b)) and they have the same sign in the case
)\‘OO(Y(b)) = llmr%oo sup|x1 |>rteR,yew bO(t’ X1, Y)

Secondly, we consider the case A,,(Y(D)) < lim,_ ., SUP |, - 1eR yeo by(t, x,,y). In this case, we show
that if A (Y(b)) <0, then A(Y(b)) <0. Suppose that A(Y(b)) > 0. Then there exists A, >0 such
that

Ao (Y (D)) + Ay < lim sup  by(t, x1,y) + ro <0 < A(Y(D)) + A.

r—o0 |x1|>rteR,yew
Let a(t, x) = g(¢, x, 0) + Xo. Then,
Ao(Y(B)) <lim  sup  a(t, x;,y) <0< A(Y(D)).

=00 |x1|>rteR,yew
Similar to above, we have
A (Y (V'
Anl¥(py) < 2T
2
which is a contradiction. Thus A(Y (b)) < 0. This completes the proof. O]

Proposition 2.1. Suppose that bi(t,x) (i=1,...,N) and by(t,x) are periodic in t. If ‘A, >
lim, o SUP,, ., ek yew Do(T, X1, Y), then A is the principal eigenvalue (i.e. the eigenvalue with large real
part) of the following linear periodic equation

% =Au+ Zf;l bi(t, x)% +bo(t,x)u, t>0,xecRxw,

bu=0, t>0,xeR xdw.

Proof. Since b;(t,x) (i=1,...,N) and by(t, x) are periodic in ¢, by the definition of A, we know that
A is the principal eigenvalue of (2.1) for any L > 0. Thus, there exists a bounded positive time periodic
eigenfunction ¢, of (2.1) corresponding to A, that is,

Yo = A+ Y0, bilt, X) 5 + bo(t, ) — i, 1> 0, x€ (L, L) x o,
d¢.=0, t>0,xe(-L,L)x o,
¢L(t7_L7y)=¢L(taL9y)=09 t>0’ yew7

¢, is periodic in ¢.

2.7)

Normialised ¢, by maxgy(r.1)x0 ¢r(t, x1,y) =1 and let (fz, x,, y.) € [0, T] x (=L, L) X w be such that
¢r(t, x11, y1) = 1. Extending by reflection the function ¢, to large cylinders, as done in [3, Appendix A],
then ¢, is uniformly bounded in R x (—L, L) x w. Hence, by standard parabolic regularity estimates,
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there exists ¢, such that ¢, (z, x) = ¢ (¢, x) locally uniformly in R x (—L, L) X w as L — 0o, where ¢,
is a bounded, nonnegative and time periodic function satisfying

U = A+ 3, L) 4 bo(6 )b — hprn 1> 0, xER X 0,

at x;

0,0o=0, >0, xeR xdw, 2.8)

b is periodic in 7.
Consider (2.7) at point (#,, x,;, y.), we have

0= A¢.(tL, X1, y1) + bo(t, X10, YL — Appr < (bo(tr, X10, Y1) — M)

Since Ay > lim,_, o SUP|, - seR yew by(t, x,,y), we must have that x,;, is bounded as L — oo. Thus,
(tr, x1, yr) = (t*, x7,y*) as L— oo, and ¢ (t*, x7,y*) = 1. The strong maximum principal yields that
¢~ > 01in R x Q. Then, A, is the principal eigenvalue of (2.8) with principal eigenfunction ¢,,. O

3. Large-time dynamical behaviour in infinite cylinder

In this section, we consider the long-time dynamical behaviour of the solution u(z, x,, y; uy) of (1.1) in
the infinite cylinder and prove Theorem 1.1.

Let X and X* be given in Section 1. By the semigroup theory, for any initial value v, € X*, (1.2)
admits a unique solution v(z, x; vo) with v(0, x; vo) = v,. Set S = max{My, ||vo||.~}, Where M, is the
positive constant in (H3). Due to ihat 0 and § are a sub-and supersolution of (1.2) with initial value
vo € X, then 0 < v(t, x; vo) < S in Q2. By extending v(t, x; v,) to a large cylinder (R x @) DD €2 through
reflection (see [3, Appendix A]) and applying the parabolic maximum principle, we find that

0<v(t,x,y; 1) <S inR" x Q.
Take b,(t,x) =c(¢), bi(t,x)=0(=2,...,N) and by(t,x) = g(t,x,0) in (2.1). Then for any L > 0, we
have the following linear problem
ou=Au+c)ou+gt,x,0u, t>0,xe(—L, L)X w,
hu=0, t>0,xe(—L,L)x o, 3.1
u(t, —L,y)=u(t,L,y)=0, t>0,yecw.

By Definition 2.1, let A, be the principal Lyapunov exponent of (3.1). Then, all results in Section 2 hold
true for A,, particularly, A, := lim;_ ., A;.

Theorem 3.1. Assume that (HI)-(H4) hold true. If Lo, <0, then for any v, € X,

rlgg v(t, x1,;v9) =0 3.2)
uniformly for (x;,y) € Q.
Proof. Before proving (3.2), we first show that

lim  v(t,x;,y;v9) =0 uniformly for y € w. (3.3)

t—00,|x1 | =00

For any fixed v, € X*, we assume that (3.3) does not hold. Then there exist €, > 0, {¢,} C (0, co) and
{x1,} C R with t, > oo and |x,,| = 00, as n — 00, such that

V(t,, X1, Y3 Vo) > €y for some y € w and all n.

Let v'(t, x,,y) = v(t + t,, x| + X1.,, ¥; Vo). Then V" satisfies

V' = AV + c(t+1,)0V" +f(t+ 1, % + X1, ¥,V"), 1>0,(x1,y) € Q,

(3.4
V', x,y)=0, teR,(x,y) €df.
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Then parabolic estimates and the almost periodicity of c(¢) and f(z, x, v) imply that (up to subsequence)
there are v*, ¢* and f* such that

lim v'(t, x;, ) =v*(t, x;,y) locally uniformly in # € R, (x;, y) € £,

lim f(t + t,, x; + X1, ¥, V") =f"(t,x;,y,v") locally uniformly in t € R, (x,y) €

n—oo

and
lim c(t +t,) =c*(t) uniformly in 7 € R,
where v*(t, x;, y) is a nonnegative bounded solution of

oV = Av* + () v +f(t, x1,y,V%), teR,(x,y) €, 3.5)
v =0, teR,(x,y) €I '
and
V*(09 09 y) = v(tn, -xl,na y’ V()) Z €.

Note that f(¢, x, u) <f,(t, x, 0)u = g(t, x, O)u and lim,, _, SUP(, ) cRxw g(t,x1,5,0) < 0. Choose @ > 0 such
that

lim sup g, x,y,0) <—a.

X170 (ty)eRxw
Recall that S = max{M,, ||vo ||~} For any fixed £, € R, w(t, x) = e=*=)§ is a solution of

ow=Aw+c@®)ow—aw, teR, (x,y) e, (3.6)

dw=0, reR, (x,y)cd. '
We also have that v*(¢, x;, y) is a subsolution of (3.6). The comparison principle implies that

Vit x1,y) < e TS forany t > t, (x;, ) € L,

particularly, v*(0, x;, y) < ¢*©S for any (x,,y) € 2 and #, < 0. Choose #, < —1 such that ¢**S < ¢, then
v*(0, x1, ) < € for (x;,y) € 2, which is a contradiction. Therefore, for any € > 0, there exist constants
T. > 0 and L(¢) > 0 such that

v(t,x1,y;v9) <€ fort> T(e)and |x| > L, (3.7

and (3.3) hold true.
Giveny, € X, € > 0, let

Ve(t, x1,y) = v(t, x1,¥; Vo) — €.

Then, v¢(¢, x,, y) satisfies

{8,v€ = AV + ()0 +f(t,x, v +¢€), teR,xeQ, 3.8)
0,V=0, teR,xecaQ.
By the assumption on f, we have f(z, x, v + €) < g(¢, x, 0)(v¢ 4 €). Then v(z, x,, y) satisfies
{8,\/‘ < AV + (03 + gt x,000° +¢€), teR,xeq, 39)
0,v'=0, rteR,xeodQ.

Since A, < 0, there exists L > O such that A; < 0.Letn: R — [0, 1] be a smooth function with n(x;) =1
for |x| < % and n(x;) =0 for |x;| > . Define

i) =nee) (e ) = min viGa.y). @) €-L L X .
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Clearly, v§(x;,y) € X*. Let v(t, x;, y; v;) be the unique solution of the following problem
ov=Av+c@®)ov+glt,x,0)(v+e), t>0,xe(—L, L)X w,
0,v=0, r>0,xe(—L,L)x 0w,
v(t,—L,y)=v(t,L,y)=0, t>0,ycw

with initial value v(0,x;,y;Vv§) =vi(x,y), (,y)e[—L,L] xw. Let U,(t,c) be the solution
operator of

ow=Aw+c@®)o,w+f,t,x,0w, >0,xe(—-L, L)X w,
ow=0, t>0,xe(—L,L)x dw,
w(t, —L,y)=w(t,L,y)=0 t>0,y€w.

Then by the variation of constants formula, we have
v(t, 5 v) =UL(t, c)vy + € /’ U, (t—s,c-5)g(s,x,0)ds. (3.10)
Since A; < 0, by Definition 2.1, there exists M > 0 Zuch that
€ /t U (t—s,c-5)g(s,x,0)ds < eM
0

for t > 0. Together with (3.10), we have
v(t, ;3 vp) ULt vy +eM  in(—L,L) x w,t>0. (3.11)
Note that
ve(t,£L,y)=v(t,£L,y) —€ <0 forallt>0,yew
and
V0, x1,y) = vo(x1,y) — € <vy(xy,y) forx; € (—L,L),y € w.
Then, by (3.9) and the comparison principle, we obtain that
vVt x1,y) SVt x,y;v,) fort>0,x€(—L,L),yew.
By (3.11),
Vet x1,y) <ULt c)vg+€eM fort>0,x, €(—=L,L),y€cw.
Due to A, < 0, Definition 2.1 ensures that there exists 7, > 0 such that
Ut cvy<e forallt>T..
Hence,
V(L x1,y) < (1 + M)e (3.12)

forallt>T,, x, €(—L,L)andy € w. By (3.9), choose large T > O and L > 0, v(t, x;, y; o) <€ fort > T,
lx;| > % and y € w. This, together with (3.12), implies that

v(t, x1,¥;v0) < 2+ M)e forall t > max{T,, T}, (x;,y) € Q2.

By the arbitrariness of €, we obtain lim, ., v(¢, x;, ¥; Vo) = 0 uniformly for (x;, y) € Q. This completes
the proof. O

Consider the following mixed Dirichlet-Neumann boundary value problem
ow=Aw+c@®)ow+f(t,x,w), t>0,xe(—L,L)x w,
,w=0, t>0,xe(-L,L)x dw, (3.13)
w(t,—L,y)=w(t,L,y)=0, >0,y€cow.

For any w, € X, we denote by w(z, x, y; wy) the unique solution of (3.13) with w(0, x;, y; wy) = w,. Then
we have the following proposition on the dynamics of (3.13).
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Proposition 3.1. Assume that (HI)-(H4) hold true and A, > 0. Then (3.13) admits a unique positive
almost periodic solution w*(t, x) and for any w, € X; \ {0}, there holds

}31;0 lw(z, x1, y; vo) — w*(t, ©)llx, = 0. (3.14)

Proof. It can be proved by properly modifying the arguments in [32, Theorem 3.1]. For completeness,
we provide the proof in the following. ~

Let H(c,f) be the closure of {(c-s,f - s):s € R} with the compact open topology. For any (¢, f) €

H(c, f), assumptions (H1)-(H4) imply that w = M, M > M,, is an supersolution of (3.13). Hence, by the

comparison principle and a priori estimates for parabolic equations, each solution w(t, x;, y; wy, '5,7) of

(3.13) exists globally on [0, 00), and for any 7 > 0, the set {w(z, xi, y; WO,F,f) :t> 0} is precompact in
X;. Define the skew-product semiflow IT, : X;* x H(c,f) = I1, : X; x H(c,f) by

HI(WO3’E77) = (W(t7 -xl’ y; WO?’Ea’f)’ Zn}:)-

Then, the omega limit set w(wo,z,f) of the forward orbit y*(NWO,Z",?) = {H,(WO,'EJ) 11> 0} is well
defined, compact and invariant under IT,, 7 > 0, for each (w,, ¢, f) € X x Hice, f).
‘We first show that there exists a § > 0 such that

lim sup [lw(t, xi, y; wo, & Pllx, = 8, ¥(wo, &.F) € X} x H(c, f).

=00

We set A, of (3.1) as A,(g). Since A,(g) > 0, then we can choose a sufficient small &, > 0 such that
A(fy — €0) > 0.
Since f is uniformly almost periodic in ¢ and H(f) is compact, there exists §, > 0 such that
F(t, %0, y, 1) — ot %1, 9, Ol < g9, (x1,) € 2, 1€ R, u € (0,81, f € H(f).
Suppose on the contrary that there is (WO,EJ) e X; x H(c,f), such that

lim sup ||w(z, x1, y; WU’E’7||XL <34.

—0o0

Then, there exists 7, > 0 such that
Iw(t, x1, v wo, & Pllx, <8, Vi > 1o, (x1,y) € Q.
Since w(ty, x1, y; wo,'E,]N‘) > 0, then
Iw(t, X1, 35 Was Too fo )l <8, V2= 0, (x1,)) € 2,

where w, = w(ty, x;, y; wo,?,f),"c',o =c(t+1,) and}f0 =f(t+ ty,x,w). Then w(t, X1, Y; w*,?,o,zo) satisfies
the following differential inequality

ow > Aw~+<c()ow+ (f,(t,x1,y,0) —gg)w, >0,x€(—L,L) X w,
o,w=0, t>0,xe(—L,L)x dw,
w(t,—L,y)=w((,L,y)=0, t>0,y€w.

Similar to (2.2), A,(f, — £0) = lim,_ o, [} ku(0f,)dT and ", (o f,) is a solution of
ow=Aw+cO)ow+ (f,(t,x1,y,0) —eg)w, t>0,x€(—L,L) X w,

ow=0, t>0,xe(—L,L)x dw,
w(t,—L,y)=w(t,L,y)=0, t>0,y€cw.

Choose a sufficiently small ¢ > 0 such that w, > e¢;. By the standard comparison theorem, we have
W(t, X1, Y5 Wa, T fio) = £l0MCOIN G (£ 120, (x1,) € Q.
Letting t — oo, we have

i w(t, x1, 3 Wa, T fop) = 00, V(x1,¥) € 2,

1—>00
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which is a contradiction. ~
Following from the invariance of w(wy, ¢, f) and IT,((X;" \ {0}) x H(c,f)) C intX; x H(c,f), Vi >0,
we have

o(wo, &) CintX; x Hie,f), ¥(wo,T.f) € (X \ {0) x Hie, f)- (3.15)

For each (”f 1) € Hc,f) x (0, 00), for any wy(-), wy(-) € X/, when wy(-) > w;(-), by comparison
principal, we have

w(z, ~;w6,'5]~”) > w(t, - wy, C, f) for all £ > 0.

Then, w(t,-;-,C, f) is strongly monotone on X; for each (C, f 1) e H(c,f) x (0, 00). Moreover, by
assumptions (H1)-(H4), w(t, ;-,7, f) is also subhomongenous on X; for each (c, f t) e H(c, f) X
(0, 00). Let wy € X;' \ {0} be fixed and K, = w(w,,C, f) By [32, Theorem 2.1] and (3.15), for every
wo € X7\ {0},

lim [Jw(r, wo, & f) = w(t, 5w, €, f)llx, =0,

where (w(*),’cv,f) € K. Therefore, w(t, -; w(’;,?,]N‘) is a unique positive almost periodic solution of (3.13).
This completes the proof. O

Theorem 3.2. Assume that (HI)-(H4) hold true. If Ao, > 0, then for any L > 0 and vy € X+ \ {0},

liminf inf v(t, X1,¥; Vo) > 0.
t—oo xj€[—L.L]ye

Proof. By the definition of A, due to A,, > 0, there is L* > 0 such that A; > 0 for any L > L*. Then,
by Proposition 3.1, there is a unique positive almost periodic solution w*(¢, x) of (3.13). Note that any
nonnegative solution of (1.2) is a supersolution of (3.13). Then,

v(t, X1, ;5 v0) = w(t, x1,y; vp)  in (=L, L) X w.
Then by (3.14), we have

liminf inf  v(¢,x1,y;v9) > 0.
t—oo x1€[—-LL]lycw

This completes the proof. O

4. Forced wave solutions

In this section, we study the existence, uniqueness, stability, and exponential decay of forced wave solu-
tions of (1.1). By (1.5), in the following, we need to prove that there is an entire solution V(¢, x;,y) of
(1.2), which is bounded, positive and almost periodic in ¢ for any (x;,y) € =R x .

Lemma 4.1. Assume that (H1)-(H4) holds true. When A, > 0, equation (1.2), that is,

B[V:AV+C(I)81v+f(t,.X1,y,V), (xl’y)ERX Q, (4 1)
0,v=0 onoQ, '
admits a unique bounded positive solution V(t, x,,y) with
| lf'm sup V(t,x;,y)=0. “4.2)
X100 teR yew

Proof. Let M, be given in (H3). Then (¢, x) = M, is a supersolution of (4.1). Let v(¢, x,,y; v, c,f)
be a solution of (1.2) with the initial condition v(0,x;,y;V,c,f)=7v. By comparison principle,
v(t, x1,¥; v, ¢, f) <V(t,x) for x € 2 and t > 0. Since ¢ and f are almost periodic function, there exists
t, — oo such that ¢-t, - ¢ and f - t, — f uniformly as n — oo. By a priori estimates for parabolic
equations, there exists a function V(z, x) such that v(r +t,, x;, y; v, ¢, f) converges to V(t, x;, y) locally
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uniformly in (¢, x;,y) € R x @ as n — oo. Then, V(t, x;, y) is a bounded entire solution satisfying (4.1)
for € R and (x,,y) € Q. By Theorem 3.2, we have infg,;_ 13, V(t, x;,y) > 0 for all L > 0.

Following from the arguments for (3.3), we also have limy, |, o SUP,cp e, V(#, X1, ¥) =0, that is, (4.2)
holds true. In the following, we prove the uniqueness of V(t, x;, y). Suppose that there are two bounded
positive solutions V(t, x;,y) and V'(t, x;, y) of (4.1). We first show that V(z, x,,y) < V'(t, x;, y). For any
€ > 0, define

K :={k>0:kVV>V—¢ inRxQ}.
By (4.2), there exists R(e) > 0 such that
Vt,x;,y)—e€ <0, Vix|>R(),yew,teR.

Together with V' > 0 in R x , we find that the set K, is nonempty. Set k(¢) := inf{k : k € K.}. Then,
k:R* — R is a nonincreasing function and thus lim,_ + k(€) exists. Set k* = lim _, ¢+ k(€). Assume
that

k> 1. (4.3)
For any 0 < € < supg, o V small enough, we have k(¢) > 0,
k(e)V —-V+e>0 inRxQ
and there exists a sequence {¢:} C R such that

lim inf [k V', x,y) — V(I x,y)+€]=0.

n—00 (x1,y)ERxw

Without loss of generality, we assume that there are V/(¢, x;,y), V.(z, x;,y) and (c%, ) € H(c, f) such
that

Vi(t, x1,y) = lim V’(t +1,x, y), V.(t, x;,y) = lim V(t +1,x, y)

and

[ x,u)=lm f(t+1,x,y, 1)
locally uniformly in (¢, x;,y) €e R x R x @, u > 0 and

c(t)=Ilim c(t+¢) uniformly in r e R.

Then, V, and V! are bounded positive solution of (1.2) with ¢ and f replaced by ¢ and f*, respectively.
Moreover, there hold k. V. > V. — € and

inf [k V.(0,x) —V(0,x)+€]=0.

(x1.)eRxw
By (4.2) again, there is (x{, y°) € R x o such that
k.V! (O,xi,y‘) -V (O,xi,y‘) +e=0.
Then, the function t — k. V.(z, x{, y) — V(¢, x{, y°) + € attains its minimum value at 0 and k. V(0, x;, y) —

V(0, x,,y) + € attains its minimum value at (x{, y°).
Then, at point (0, x¢, y°), by (H1)-(H4), we have

aVv! aV,
O:kE £ (O,X;ye)—g

= (0.x7.5)
= [keAVe’ (O,xf,ye) + ¢“(0)0, (keVE’ (O,xﬁ,ye)) +f€ (O,xi,ye,keve’)]
— [AV (0,55, 5) + (008, V. (0,x7, ) 4+ (0,5, )5, Vo) |
= [k AV, (0,x5,¥) — AV, (0,x5,5)] +c(0) [3) (kV. (0,x5,5°)) — 8 Ve (0,x5,5)]
S0, x5, Y5 ke V) = (0, x3, ¥, Vo)
> [0, x5, ¥, ke V) = £9(0, 7, ¥, Vo)
> [V (0,47, 5%) = Ve (0,5, )] [8°(0, 0, 3%, ke VO + Ve (0,47, 5°) & (0,157 ) ]
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where 7, is between k. V./(0, x5, ¥) and V.(0, x{, y°). Since k. V.(0, x5, y°) — V.(0, x{, y) < 0, we obtain
that
g0, x5, ¥, k V) + Ve (0,x5, ¥) 8500, x5, ¥, me) = 0.
From (H2), g¢ <0. Then
0<g°(0.x{, ¥, k. V) + Ve (0.x,y°) £5(0, x5, ¥, n) < g°(0, x{, ¥, k. V)) < 0.
By (H4), {x{} must be bounded. From k. V/(0, x{, ) — V(0, x{, y°) + € =0, we get that {k.} is bounded
and then k* € [1, 00). Choose a sequence {¢,} in R* such that

lime, =0, &:=limx"eR, n:= limy” €,

n—oo n—oo n—oo

and
V/*(t’xl’y) = llm Vén(trxl’y)? V*(trxl’y) = llm Vé,l(t7 x|7y)

locally uniformly in (¢, x) € R x €,

c*(t)=lim ¢*(f) uniformly in 7€ R,

and

[t x,y,u)=lim f(¢t,x,u) uniformlyinreR,xe Q,u>0.

Then V* and V™ are bounded positive entire solutions of (4.1) with ¢ and f are replaced by c¢* and
f*. Moreover, we have k*V* > V* and k*V*(0,&,n) — V*(0,&,n)=0. Set W := k*V™* — V* satisfies
W, &,n)=0. Then,

W, =AW + c* ()0, W + k*V™g(t,x, V*) — V*g(t,x, V*)
>AW+ )0, W + [g(t, x, K'V*) + Vg, (t, x, n)]W, VieR,xeQ

and
,WW=0, rteR,xeodf.

Since W is nonnegative in R x €2, vanishes at (£, 1), the strong maximum principle and the Hopf lemma
yield W = 0. Then

g, x, K’V y=g(t,x, V*)=g(t,x, V"),

which implies that k* =1 and then V(z,x,,y) < V'(¢, x;, y). Similarly, we can also prove V(t, x;,y) >
V'(t, x,,y). Therefore, V(¢,x,,y) = V'(t,x;,y) and V(t, x,y) is a unique bounded positive solution of
(4.1). This completes the proof. O

Lemma 4.2. A function f(t, x) is almost periodic in t uniformly with respect with respect to x € E C R¥
if and only if it is uniformly continuous on R x E and for every pair of sequences {s,}°2,, {ru}or,, there

are subsequences {s/}2°, C {s,}22,, {r)}>2, C{r.,}2, such that for each (t,x) € R x R¥,

n=1’ n=1 =

lim lim f(t 45, + 7, x) = im f(t + 5, + 7, ).

m—00 n—>00

Proof. See [10, Theorems 1.17 and 2.10]. O

Theorem 4.1. Assume that (HI)—(H4) hold true. If L, > 0, V(t,x,y) is a bounded, positive, unique
and almost periodic entire solution of (4.1). For any v, € Xt \ {0}, there holds

lim [[v(, 21, y3v0) = V(T 21, M)l = 0. 4.4

Proof. From Lemma 4.1, we need to show that V(¢, x;, y) is almost periodic in ¢ for (x;, y) in bounded
sets. We write V(t, x, y; ¢, f) for V(¢, x;, y) to indicate the dependence on c and f. The Schauder estimates
ensure that V(t, x;, y; ¢, f) is uniformly continuous in (¢, x;, y) € R x Q. It then suffices to show that for
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each x in bounded sets, V(t, x;, y; ¢, f) is almost periodic in ¢. To this end, let {«,} and {8,} be any two
sequence of R. Without loss of generality, we may assume that

¢ =lim c(t+ B,), ¢ =Ilimc(t+ o, + B,),

ftx,u)= Jirgf(t + B x,u),  f(t,x,u)= }Lrglof(t + o, + B, x, 1)
locally uniformly in (7, x, u) e R x Q2 x R and
V)= lim V(B xic.f) V'()=lim Vie, + B xic.f)
locally uniformly in x € Q. Therefore,
Vi, x; v, f)= rlgglo V(i + B, x;¢,f), Vi, x;v', " f)= nlLIgC V(t+a, + B, x;¢,f) (4.5)

locally uniformly in (z,x) € R x €2, where V(t,x;V, c’,f’) and V(t,x;v", ¢",f”) are bounded positive
entire solution of (4.1) with ¢ and f replaced by ¢, f’ and ¢”, f”, respectively. By Lemma 4.1,

inf  V(@,x;v,c,f)>0 and inf  V(@t,x;V', ", f")>0
Rx[-L.LIxw

Rx[—L.L]xw X

for all L > 0.
Let

V'(t,x):= lim V(t 4+ a,,x;V,c,f)

locally uniformly in (#, x) € R x Q. Since lim,_,,, ¢’ - @, = ¢”, then V' is a bounded positive entire solu-
tions of (1.2) with ¢ and f are replaced by ¢’ and f’, and infg ;1 1;x», V' > 0. By the uniqueness of strictly
positive solution, see Lemma 4.1, V'(t,x) = V(t + «,, x; V", ¢”, f”). It then follows from (4.5) that

lim lim V(t+ «, + B, x; ¢, f)

n—00 m—>0o0

= lim V(t+a,, x;V, . f) =Vt +a,, x5V, " f")

n—oo

= lim V(t + oy + 13)19 X3 C9f)

n—oo

holds for all # € R and uniformly for x in bounded subsets. Hence, by Lemma 4.3, V(t, x; ¢, f) is almost
periodic in ¢ uniformly for x in bounded sets.

Next, we show that (4.4) holds true. Let vy € X* \ {0}. Assume that the conclusion fails. Then there
exist &, > 0 and {z,} C (0, oo) satisfying lim,_,, #, = oo and {(x], y")} C €2 such that

\v (t,,,x’l‘,y”; Vo, c,f) -V (t,,,x’l’,y”; c,f)| >¢gy, VneN. (4.6)

It is no loss of generality to assume that y" converges to some n € . We may assume with-
out loss of generality that ¢-t, — ¢’ as n— oco. When lim,_., |x]| =00, by (3.3), we must have
lim,_, o, V(t,, x},¥"; ¢,f) =0 and lim,_ o v(t,, X}, y"; Vo, ¢,f) =0, which is a contradiction with (4.6).
When {x]} is bounded, set x] — x| as n— oo. By standard parabolic estimates, we may assume
that

V(t+ b x,yive, ¢, f) > v (Lxnyic f)  and Vb, x1,y; 6.f) = vt x, y; L f)

locally uniformly in 7 € R and (x,, y) € €2, respectively. Then, v,(t, x;, y; ¢/, ") (i = 1, 2) are bounded pos-
itive entire solution of (4.1) with ¢ and f replaced by ¢’ and /. Moreover, infr._11jx0 Vi(> 3 €5 f) >0
for all L > 0. The uniqueness in Lemma 4.1 implies that v,(¢, x;, y; ¢/, f) = w(t, x;, y; ¢, f') forall t e R
and (x;,y) € Q. By (4.6) again, when n — oo, there is [v,(0, x|, n; ¢’) —v»(0, x}, n; ¢')| > &. This is a
contradiction. Hence, (4.4) holds true. This completes the proof. ]

In the following, we will mainly study the effects of fluctuations on the shifting speed and the
exponential decay of the forced wave solution V(¢, x;,y) of (4.1). Assume the shifting speed function
c(t) = c+ o (r) for some fluctuations o (7). We would like to see if the fluctuation o () can drive the
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species to extinction and how large it needs to be in order to make this happen. Consider the following
specified model

{B,uzAu—i—f(t,xl —ct—Af(;cr(s)ds,y,u), t>0,xeQ, @7

out,x)=0, t>0,x€0%,

where ¢ > 0,A > 0 and o : R — R is Holder continuous. The linearisation of (4.7) in the moving frame
around the extinction state 0 is
ow=Aw+[c+Ac(®)]d,w+ g(t, x,0w, x€L, “8)
Jd,w=0, onodf. .

Here, Ao (¢) is the fluctuation on the shifting speed ¢ and the parameter A characterises the amplitude if
fluctuations.

Define A* the principal Lyapunov exponent of (4.8) and A7 restricted on (—L,L). Then, A4 =
lim, ., A4 and A% < A% Let A(2) is the generalised Neumann principal eigenvalue of the following
problem

—(AP+cdi9p) =A(Q)p, xeRxw,
0,0=0, xeRxdw
and we refer to see Remark 2.1(2) for the definition of generalised Neumann principal eigenvalue.

Theorem 4.2. (1) If A =0, then there is a critical speed c* > 0 such that )J;O(c) >0 for ce[0,c*) and
12 (c) <0 forc > c*.
(2) If A # 0, assume that o (t) and f(t, x, u) are periodic in t. Then

Mo>—MQ)+ inf g(t,x,0).
teRxeQ

Proof. (1) When A=0, by the Liouville transformation v(z,x,,y) = u(t, x,, y)e>"', problem (4.1)

reduces to
ov=Av+f (t, X1, Y, v(t,xl,y)e*%xl) et — %v, t>0,xeQ, 49)
3t x)=0, t>0,xed. '
The associated linearised problem associated with (4.9) is
ow=Aw+ g(t,x,0)w — ﬁw, t>0,xe,
§ N (4.10)
ow(t,x)=0, t>0,xe€df.
Let A2 (0) is the principal Lyapunov exponent of
ow=Aw+gt,x,0w, t >0,xe Q,
4.11)
ow(t,x)=0, t>0,xe€0Q.
Then
CZ
22 (0)=220)— —.
4
Define

2,20 if A% >0,
=
0 otherwise .

It then follows that A2 (¢) > 0 for ¢ € [0, ¢*) and A?_(¢) < O for ¢ > c*.
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(2) Fix A > 0. Note that o (¢) and f(#, x, u) are periodic in ¢. Then A% is the principal eigenvalue of
(4.10)on (—L,L) x 2 and r € R. Then

A > A+ inf g, x,0), (4.12)
teRxeQ
where A, is the principal eigenvalue of

ow=Aw+[c+Ac(H)]o,w, xe(—L,L)X w,
ow=0, xe(—L,L) X dw,
wt, L,y)y=w(t,—L,y)=0, yew

and ¢, (t, x;, y) is the periodic eigenfunction corresponding to A;. Set

t
z=x1+A/0(s)ds and ®.(t,z,y) = ¢(t, X1, ).
0

Then ®,(t, z, x) is a periodic function defined on periodic domain

t t
Dy =U,r ({t} X [—L—I-A/ o(s)ds,L—i—A/ o (s)ds] x w)
0 0
and ®,(z, z, x) also satisfies
8rq)L=AqDL+C81<DL—AL(DL, xE(—L,L) X w,
0,, =0, xe(—L,L)x dw,
&t Ly)=.(,—L,y)=0, ycow.

Let~z > O~large such that R x [—Z — 1,Z + 1] X w C Dy. Moreover, L — oo as L — oo. Then on R x
[-L—1,L+ 1] x w, we find that ®, is periodic in ¢ and inf &, > 0 and
81¢L=A®L+681®L_AL(DL7 [_Z_ 1,Z+1] X w,
0,9, =0, xe(—L,L)x dw.

Set A, is the principal eigenvalue of

Ap+cop=Ap, xe(—LL)xw,

9,0,=0, xe(~L,L)x dw,

d(L,y)=¢(-L,y)=0, yeco.
Then the comparison principal implies that A; > AL By (4.12), we get

A ~ .
A=A+ td}@g{g g(t,x,0).

Following from [3, Proposition 1], we have that lim; ., XL exists and lim;_, o, XL = —A(2). Thus, we
obtain that A%, > —A(€2) + inf,cr .cq (7, X, 0). This completes the proof. O]

In order to use Theorem 4.2(1), let V (¢, x;, y) be the forced wave solution of (4.1) with c(¢) = ¢, that
isA=0.
Lemma 4.3. Let v(t,x,,y) € W,lv’ily,gc(]R X Q) with 3,y <0onR x 9Q for every L> 0 and let C,y >0
be such that

Vit x,)ERXQ, 0<v(t,x,y) < CeV"™,

. av — Av(t, x1, y)

limsuyp —= <
|x1|—00 V(t9xl7y)

uniformly in t € R and y € w. Then there exists a constant k > 0 such that

Y, x,Y) €ERx Q, v(t,x;,y) <ke V'l (4.13)
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Proof. The proof is similar to that in [3]. For sake of completeness, we include the proof here. By the
hypotheses on v, there exist € > 0 and L > 0 such that

ov—Av<(—y —2¢e)

fora.e. reR and (x,,y) € 2 \§L. We list the following functions as that in [3, Lemma 3.2]. For a > 0,
let 6, : [L, L + a] — R be the solution to

0" =(y +¢)0, in(L,L+ a),
O(L) = keV"", 4.14)
O(L + a) = keV7+o,

Hence, 0,(p) =A,e V7" 4 B,eV"™" p € [L, L + a] with

eV — e*«/m“ )

— LW HTFOL _
A, =ke <1 P pp—

and

a __ ,—/y+Fea
B, = kel7~TL (1— e e )

Fix 7 € R and define
0u(t, x1,y) 1= O,(1x:]) + (T — D)3,
where

8a = min 6, > 0.

&
2 [LL+a]lxew

By the similar computation in [2, Lemma 3.2],

(4.15)

0,0, > A6, —(y +2¢)0,, te(—o00,7),(x1,y)€(L,L+a) X w,
3,0,=0, te(—00,7),(x,y)e(L,L+a)xiw.

Note that v is a subsolution of (4.15) and v<86, on {£L,£(L+a)} X w, t € (—o0, 7). Then the
comparison principle implies that

v<6, in(x;,y)e€eQ.\ SNZL, t<t, foranya=>0.
For |x,| > L and y € w, we have
(T, x,y) < }Lnolo 0,(T, X1, y) = keV7 V7Tl Felnl,
Due to the arbitrarily of 7, we obtain that (4.13) holds true. This completes the proof. O

Theorem 4.3. Assume that (HI)-(H4) hold true. Let V(t, x,,y) be a solution of (4.1) with c(t) = c. Then
there exist two constants h and B > 0 such that

V(t,x1,) R X Q. V(t,x1,y) < he P,

Proof. The function v(¢, x;, y) = V(t, )cl,y)e%Xl is a solution of (4.9). Hence,

v — Av(t, x,,y) c?
—I = ;(taxhy) -
v(t, x1,y) 4
fort € R and (x, y) € 2, where ¢(z, x,,y) < g(t, x1,,0).
Set ¢ = —lim, o SUP|, ., cR ye0 8(F, X1, Y, 0) and (H4) implies ¢ > 0. Then for y € G = 4 +¢),
. atv - AV(I, X1y y) CZ CZ
lim sup ————<lim sup g(t,x,y,0)——<—-(——<—y.
L—00 |y |1>Lye@ v(t, x1,y) L—=00 |y |>Lyeq 4~ 4
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On the other hand, v(z, x;, y)e v7"1! <v(t, x,, y)e~ 2!, which is bounded. Then by Lemma 4.3, there exist
two constants i and 8 > 0 such that

V(t, x1,y) = v(t, x,,y)e” 2 < he V"MImal < pe Pl (1 x y) e R x Q.
This completes the proof. O
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