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Abstract
In this paper, we consider a reaction-diffusion equation that models the time-almost periodic response to cli-
mate change within a straight, infinite cylindrical domain. The shifting edge of the habitat is characterised by
a time-almost periodic function, reflecting the varying pace of environmental changes. Note that the principal
spectral theory is an important role to study the dynamics of reaction-diffusion equations in time heterogeneous
environment. Initially, for time-almost periodic parabolic equations in finite cylindrical domains, we develop the
principal spectral theory of such equations with mixed Dirichlet–Neumann boundary conditions. Subsequently,
we demonstrate that the approximate principal Lyapunov exponent serves as a definitive threshold for species
persistence versus extinction. Then, the existence, exponential decay and stability of the forced wave solutions
U(t, x1, y) = V

(
t, x1 − ∫ t

0
c(s)ds, y

)
are established. Additionally, we analyse how fluctuations in the shifting speed

affect the approximate top Lyapunov exponent.

1. Introduction

This paper considers the following reaction-diffusion equation with Neumann boundary condition under
climate change in an infinitely long straight cylinder:{

∂tu =�u + f
(
t, x1 − ∫ t

0
c(s)ds, y, u

)
, t> 0, x1 ∈R, y ∈ω,

∂νu(t, x1, y) = 0, t> 0, x1 ∈R, y ∈ ∂ω.
(1.1)

We point that in (1.1) ω⊂R
N−1 is a bounded smooth domain. Here, c : R→R is Hölder continuous and

almost periodic in the sense that for any ε > 0, the set

T(c, ε) = {τ ∈R : |c(t + τ ) − c(t)|< ε, t ∈R}
is relatively dense in R. Set

�= {(x1, y) ∈R×R
N−1 : x1 ∈R, y ∈ω}.

Then, ν in (1.1) denotes the exterior unit normal vector field to � and ∂ν := ν · ∇. In (1.1), c(t)
is the shifting speed of the climate envelope and

∫ t

0
c(s)ds is the location of the climate envelope.

Let f (t, x, u) = ug(t, x, u), where the function g : R×�× [0, +∞) →R is continuously differentiable,
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uniformly continuous, and bounded on R×�× [0, δ] for any δ > 0. Then, we have the following
standard assumptions for g(t, x, u):

(H1) g(t, x, u) is almost periodic in t uniformly with respect to x ∈� and u in bounded sets of [0, +∞);
(H2) gu(t, x, u) ≤ 0 for all (t, x, u) ∈R×�× [0, +∞), and there is a domain D ⊂� with |D|> 0 such

that u 	→ g(t, x, u) is decreasing on R
+ for each x ∈ D and t ∈R;

(H3) there is M0 > 0 such that supt∈R,x∈� g(t, x, u)< 0 for all u ≥ M0;
(H4) limr→∞ sup|x1|>r,t∈R,y∈ω g(t, x1, y, 0)< 0.

Here, (H1)–(H2) say that f (t, x, u) is of logistic type and M0 in (H3) is an upper bound for the carrying
capacity. Assumption (H4) means that the favourable zone where species can grow is bounded. A typical
example of g(t, x, u) satisfying (H1)–(H4) is g(t, x, u) = a(t, x) − b(t, x)u with a(t, x), b(t, x) ∈ L∞(R×
�) such that b(t, x) ≥ 0 a.e. in R×�, b(t, x)> 0 in R× D with |D|> 0 and D ⊂�,

inf
(t,x)∈R×� : a(t,x)>0

b(t, x)> 0, lim
r→∞

sup
|x1|>r,t∈R,y∈ω

a(t, x1, y)< 0,

where a(t, x) and b(t, x) are almost periodic in t uniformly with respect to x ∈�. Recall that a function
f (t, x) ∈ C(R× E, R) is said to be almost periodic in t uniformly with respect to x ∈ E ⊂R

N , if it is
uniformly continuous on R× E and for any fixed x ∈ E, f (t, x) is an almost periodic function of t.

In the past years, to describe the impacts of global warming on biological species, a vast amount of
research has been carried out regarding the population dynamics of reaction-diffusion equation system
under climate change. See, for example, [1, 4, 5, 7, 8, 11, 13, 15, 20–22, 28] and references therein. We
also refer to see [28] for more results and understanding on the diffusion and propagation in shifting
environments. It should be pointed out that in Berestycki and Rossi [2], the authors proved the existence
and uniqueness of travelling wave solutions of the type u(t, x) = U(x − cte) for the reaction-diffusion
equation

∂tu =�u + f (x − cte, u), t> 0, x ∈R
N

and the large time behaviour of solutions with arbitrary nonnegative bounded initial datum depend on
the sign of the generalised principle eigenvalue in R

N of an associated linear operator. These prob-
lems with N = 1 have been studied in [4] to investigate the impact of climate shift on the dynamics of
a biological species. Berestycki and Rossi [3] further established analogous results for the Neumann
problem in domains which are asymptotically cylindrical, as well as for the problem in the whole space
with f periodic in some space variables, orthogonal to the direction of the life. When the environ-
ment is assumed to be only globally unfavourable, with favourable pockets extending to infinity, Vo
[27] studied the persistence versus extinction of species in reaction-diffusion equation with an infinite
cylindrical domain. Boubours and Giletti [6] also studied the spreading and vanishing situations for a
monostable reaction-diffusion equation when the initial datum is compactly supported. Recently, in a
time-periodic shifting environment, Fang et al. [9] studied a nonautonomous reaction-diffusion equation
ut = uxx + ug(t, x − ct, u) and showed that there exists c∗ > 0 such that a unique forced time-periodic
wave exists if and only if |c|< c∗ and it attracts other solutions in a certain sense according to the
tail behaviour of initial values. Later, Zhang and Zhao [30] extended the above results to the nonlocal
dispersal equation in time-periodic shifting environment.

From above works, we find that the shift environment is considered by x − ct with a constant speed. In
real environments, climate change is influenced by various seasonal variations and is rather fluctuating
and unpredictable, leading to fluctuations in the size, shifting speed, and location of the climate envelope.
Very recently, Shen et al. [26] investigated the population dynamics of a reaction-diffusion equation
under climate change in a spatiotemporally heterogeneous environment, which is described by a climate
envelope shifting with a time-dependent speed function. They established the persistence criterion in
term of the sign of the approximate top Lyapunov exponent and the existence of a unique forced wave
solution that dominates the population profile of species in the long run.
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Motivated by [3] and [26], in the current paper, we try to study the persistence criterion and the exis-
tence of forced waves solution of equation (1.1) with Neumann boundary conditions in time-dependent
environment. Set ∂1 := ∂

∂x1
. To consider (1.1) in the moving frame, we introduce the change of variable

v(t, x1, y) = u(t, x1 + ∫ t

0
c(s)ds, y), and v(t, x1, y) satisfies the following reaction-diffusion equation with

Neumann boundary condition{
∂tv =�v + c(t)∂1v + f (t, x, v) , t> 0, x ∈�,

∂νv(t, x) = 0, t> 0, x ∈ ∂�.
(1.2)

Note that v = 0 is a solution of (1.2). We first consider the stability of v = 0. Then the linearisation of
(1.2) at v = 0 is {

∂tw =�w + c(t)∂1w + g(t, x, 0)w, t> 0, x ∈�,

∂νw = 0, t> 0, x ∈ ∂�.
(1.3)

Our main results depend on the sign of Neumann Lyapunov exponent of Neumann problem (1.3). The
results on the Neumann principal Lyapunov exponent of (1.3) are given in Section 2. Set L> 0. Denote
by λL the principal Lyapunov exponent of (1.3) restricted on (−L, L) ×ω and equiped with Neumann
boundary condition ∂νw = 0 on (−L, L) × ∂ω and Dirichlet boundary condition on ±L,⎧⎪⎪⎨⎪⎪⎩

∂tw =�w + c(t)∂1w + g(t, x, 0)w, t> 0, x ∈ (−L, L) ×ω,

∂νω= 0, t> 0, x ∈ (−L, L) × ∂ω,

w(t, −L, y) = w(t, L, y) = 0, t> 0, y ∈ω.

(1.4)

We refer the reader to Section 2 for more details on the principal Lyapunov exponent λL. It is shown in
Lemma 2.2 that λL is non-decreasing in L and bounded above by supt∈R,x∈[−L,L]×ω g(t, x, 0), then

λ∞ := lim
L→∞

λL

is well defined and called the approximate principal Lyapunov exponent of (1.3). In fact, λ∞ always has
the same sign as that of the principal Lyapunov exponent λ of (1.3), see Lemma 2.3 later.

Let

X = {
u ∈ C1

b(R×ω) : ∇u is uniformly continuous, ∂νu(x1, y) = 0, y ∈ ∂ω}
with the C1 norm ‖u‖ = supx∈R×ω (|u(x)| + |∇u(x)|), where |∇u(x)| =�N

i=1|uxi (x)|. Let

X+ = {u ∈ X : u(x) ≥ 0, x ∈R×ω}.
For any u0( · ) ∈ X+, let u(t, x; u0) be the unique solution of (1.1) with u(0, x; u0) = u0(x) for all t ≥ 0.

Theorem 1.1. Assume that (H1)-(H4) hold true. Then the following properties hold:

(1) If λ∞ < 0, for any u0 ∈ X+, there is

lim
t→∞

u(t, ·; u0) = 0

uniformly with respect to x ∈�.
(2) If λ∞ > 0, then for any u0 ∈ X+ \ {0} and any L> 0, there holds

lim inf
t→∞

inf
x1∈[−L,L],y∈ω

u

(
t, x1 +

∫ t

0

c(s)ds, y; u0

)
> 0.

A forced wave solution U(t, x1, y) of (1.1) is a positive, bounded and almost-periodic entire solution
V(t, x1, y) of (1.2) with the form

U(t, x1, y) = V

(
t, x1 −

∫ t

0

c(s)ds, y

)
, t ∈R, (x1, y) ∈R×ω. (1.5)

https://doi.org/10.1017/S0956792525100272 Published online by Cambridge University Press

https://doi.org/10.1017/S0956792525100272


4 X. Bao and D. Zhou

Theorem 1.2. Assume that (H1)-(H4) hold true. If λ∞ > 0, then (1.1) admits a unique forced wave
solution U(t, x1, y) with

lim
|x1|→∞

U(t, x1, y) = 0

uniformly with respect to t ∈R and y ∈ω. Moreover, for any u0 ∈ X+ \ {0}, there holds
lim
t→∞

(u(t, x1, y; u0) − U(t, x1, y)) = 0

uniformly with respect to x1 ∈R and y ∈ω.

We point out that Theorem 1.1 follows from Theorems 3.1 and 3.2. Theorem 1.2 follows directly from
Theorem 4.1. From Theorem 1.1, we know that the sign of approximate principal Lyapunov exponent
λ∞ is the sharp threshold for the persistence criterion. When λ∞ > 0, the species will persist and (1.1)
exists a unique, bounded and positive forced wave solution U(t, x1, y) in cylindrical type domain.

In order to analyse the effect of the shift speed on λ∞, we set c(t) = c + Aσ (t), where A is positive
constant and Aσ (t) is the fluctuation on the shifting speed c. Let λA

∞(c) be the approximate principal
Lyapunov exponent depend on c and A. By using the Liouville transform, Theorem 4.2 in Section 4
shows that there is a critical speed c∗ > 0 such that λ0

∞(c)> 0 for c ∈ [0, c∗) and λ0
∞(c)< 0 for c> c∗ when

A = 0. This means that the species will persist when the climate envelope shifts with a slower shift speed.
In this case, we also show that the force wave solution U(t, x1, y) is exponentially decay, see Theorem 4.3.
When A> 0, we only show that λA

∞(c) has a lower bounded depend on c, see Theorem 4.2 (2). Due to
the presence of cylinder domain and time almost periodic case, the characterisation of influence of the
fluctuation on the shifting speed Aσ (t) on λA

∞(c) tends to be much more difficult. We leave it as an open
problem.

We also remark here that we only consider the propagation dynamics of time-dependent reaction-
diffusion equations (1.1) under (H4). Specifically, (H4) implies that the favourable habitat for species
growth is contained in a bounded region, i.e., the favourable environment is surrounded by an
unfavourable one. When

lim
r→∞

sup
x1>r,t∈R,y∈ω

g(t, x1, y, 0)< 0, lim
r→∞

sup
x1<−r,t∈R,y∈ω

g(t, x1, y, 0)> 0,

the environment is favourable at +∞ and unfavourable at −∞. Moreover, the case
lim
r→∞

sup
|x1|>r,t∈R,y∈ω

g(t, x1, y, 0)> 0

implies the scenario that unfavourable environment is surrounded by favourable one. There is still few
works on these two cases for time-dependent reaction-diffusion equations in an infinite cylinder and we
will continue to study these two cases in the future. Very recently, what is worth mentioning is that Zhang
and Zhao [31] studied spreading properties and forced travelling waves of reaction-diffusion equation
in a time-heterogenous shifting environment in the case that favourable environment is surrounded by
unfavourable oneenvironment is favourable at +∞ and unfavourable at −∞.

The rest of the paper is organised as follows. In Section 2, we will study the Lyapunov exponent theory
of Neumann problem (1.3) and mixed boundary conditions problem (1.4). In Section 3, we consider
the long-time dynamical behaviours of (1.1) with the initial value. and prove Theorem 1.1. We will
prove the existence, uniqueness, stability and exponential decay of forced wave solutions of (1.1) in
Section 4.

2. Lyapunov exponent theory with mixed boundary conditions

In this section, we study the principal spectral theory for time almost periodic parabolic equation with
mixed Dirichlet–Neumann boundary condition in the finite cylinders (−L, L) ×ω for any L> 0. Recall
that �=R×ω. Denote

�L = (−L, L) ×ω for any L> 0.
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Let bi(t, x) (i = 1, . . . , N), b0(t, x) be bounded and continuous in R×�. Assume that bi(t, x) (i =
1, . . . , N) and b0(t, x) are time almost-periodic in t uniformly for x ∈�. For each L> 0, we consider
the following linear problem⎧⎪⎪⎨⎪⎪⎩

∂tu =�u + ∑N
i=1 bi(t, x) ∂u

∂xi
+ b0(t, x)u, t> 0, x ∈ (−L, L) ×ω,

∂νu = 0, t> 0, x ∈ (−L, L) × ∂ω,

u(t, −L, y) = u(t, L, y) = 0, t> 0, y ∈ω.

(2.1)

The principal spectral theory of linear parabolic problem with Dirichlet, Neumann boundary
conditions or periodic boundary condition has been widely studied, for example, see [12, 16–18,
23–25, 29] and so on. Note that the linear problem (2.1) is considered in the finite cylinders �L with
Neumann boundary conditions on the sides (−L, L) × ∂w and Dirichlet boundary conditions on the
bases {±L} ×ω, which can be called as mixed Dirichlet–Neumann boundary conditions as that in [3].
In this section, we will develop the principal spectral theory for time almost periodic parabolic equation
in finite cylinder with mixed Dirichlet–Neumann boundary conditions.

Let b := (bi, b0) := ({bi}N
i=1, b0). Define

Y(b) = cl{b · s : s ∈R},
where b · s(t, x) = σsb(t, x) = b(t + s, x) and the closure is taken under the topology of local uniform
convergence. Then, (Y(b), (σt)t∈R) is a compact flow and unique ergodic, which implies that Y(b) is
unique ergodic and minimal. For convenience, we write Y for Y(b).

Let

XL = {u ∈ C1([−L, L] ×ω, R) : ∂νu = 0 on (−L, L) × ∂ω, u(−L, y) = u(L, y) = 0, y ∈ω}
be equipped with the C1 norm ‖u‖XL = max[−L,L]×ω (|u(x)| + |∇u(x)|), where |∇u(x)| =�N

i=1|uxi (x)|.
Let

X+
L = {u ∈ XL : u ≥ 0, x ∈ [−L, L] ×ω}.

Assume X̃L ⊂ Lp(�L)(p> n) be a fractional power space of −� : D → Lp(�L) satisfying X̃L ↪→ Cα(�L)
for some 1<α < 2, where D = {v ∈ H2,p(�L) : u(−L, y) = u(L, y) = 0, ∂νu(x1, y) = 0, y ∈ ∂ω}. Then, for
any b̃ ∈ Y and u0 ∈ X̃L, there is a unique classical solution u(t, ·; u0, b̃) of (2.1) with the initial condition
u(0, ·; u0, b̃) = u0 ∈ X̃L. Put

UL(t, b̃)u0 := u(t, ·; u0, b̃) for u0 ∈ X̃L.

For convenience of expression, in the following, we still write b for b̃. Then, (2.1) generates a skew-
product semiflow on X̃L × Y(b):

�t : X̃L × Y → X̃L × Y, t ≥ 0,

�t(u0, b) =(UL(t, b)u0, b · t).

Let

X̃+
L = {u ∈ X̃L : u ≥ 0, x ∈ [−L, L] ×ω}.

Then, we have the following exponential separation theorem from [17].

Theorem 2.1 (Exponential Separation). There are subspace X̃1
L(b), X̃2

L(b) of X̃L such that X̃1
L(b), X̃2

L(b)
are continuous in b ∈ Y, and satisfy the following properties:

(1) X̃L = X̃1
L(b) ⊕ X̃2

L(b) for any b ∈ Y.
(2) X̃1

L(b) = span{φ̃L(b)}, φ̃L(b) ∈ Int(X̃+
L ) and is continuous in b and ‖φ̃L(b)‖X̃L

= 1 for any b ∈ Y.
(3) X̃2

L(b) ∩ Int(X̃+
L ) = ∅ for any b ∈ Y.

(4) UL(t, b)X̃1
L(b) = X̃1

L(σtb) and UL(t, b)X̃2
L(b) ⊂ X̃2

L(σtb) for any b ∈ Y and t> 0.
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(5) There are M, γ > 0 such that

‖UL(t, b)φ̃L(b)‖X̃L

‖UL(t, b)w‖X̃L

≤ Me−γ t

for any t> 0, b ∈ Y and w ∈ X̃2
L(b) with ‖w‖X̃L

= 1.

Let

φL(b) = φ̃L(b)

‖φ̃L(b)‖L2(�L)

and

κL(b) = 〈�φL(b) +
N∑

i=1

bi(t, x)
∂φL(b)

∂xi

+ b0(t, x)φL(b), φL(b)〉,

where 〈·, ·〉 is the inner product in L2(�L). Then, κL(b) is continuous with respect to b ∈ Y. Set

ηL(t, b) = ‖UL(t, b)φL(b)‖L2(�L).

Then, we have
dηL(t, b)

dt
= κL(σtb)ηL(t, b)

and

ηL(t, b) = e
∫ t

0 κL(στ b)dτ .

Then,

φL(σtb)(x) := UL(t, b)φL(b)

‖UL(t, b)φL(b)‖L2

satisfies ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∂φL(σtb)

∂t
=�φL(σtb) + ∑N

i=1 bi(t, x)
∂φL(σtb)

∂xi

+ b0(t, x)φL(σtb)

−κL(σtb)φL(σtb), t> 0, x ∈ (−L, L) ×ω,

∂νφL(σtb) = 0, t> 0, x ∈ (−L, L) × ∂ω,

φL(σtb)(−L, y) = φL(σtb)(L, y) = 0, t> 0, y ∈ω.

(2.2)

Define ‖UL(t, b)‖ = supu∈X̃L , ‖u‖X̃L
=1 ‖UL(t, b)u‖X̃L

. Note that Y is unique ergodic, then

lim
t−s→∞

1

t − s
ln ‖UL(t − s, σsb)‖ = lim

t−s→∞
1

t − s

∫ t

s

κL(στb)dτ

for all b ∈ Y .

Definition 2.1 (Principal Lyapunov exponent). The number

λL(Y) := lim
t−s→∞

1

t − s
ln ‖UL(t − s, σsb)‖, ∀b ∈ Y

is called the principal Lyapunov exponent of (2.1).

Note that UL(t, b) can act on XL, and the principal Lyapunov exponents of UL(t, b) on X̃L and XL

coincide. Then, we have the following

Lemma 2.1. There is a continuous functionφL : Y → X+
L \ {0} such that the following hold for any b̃ ∈ Y:

(1) ‖φL(b̃)‖∞ = 1,
(2) UL(t, b̃)φL(b̃) = ‖UL(t, b̃)φL(b̃)‖∞φL(b̃ · t),
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(3) limt→∞
ln ‖UL(t, b̃)φL(b̃)‖∞

t
= λL(Y),

(4) For any φ0 ∈ X+
L \ {0}, limt→∞

ln ‖UL(t, b̃)φ0‖∞
t

= λL(Y).

Remark 2.1.

(1) Observing that λL(Y) and φL(σtb)(x) are analogues of principal eigenvalue and principal eigen-
functions of elliptic problem, respectively. We call span{φL(σtb)(x)}t∈R as the principal Floquet
bundle of (2.1) associate to the principal Lyapunov exponent.

(2) The principal eigenvalue of the following elliptic problem with mixed Dirichlet–Neumann boundary
conditions, ⎧⎪⎪⎨⎪⎪⎩

−�u − ∑N
i=1 bi(x) ∂u

∂xi
− b0(x)u = λLu, x ∈ (−L, L) ×ω,

∂νu = 0 on (−L, L) × ∂ω,

u(−L, y) = u(L, y) = 0 on y ∈ω
(2.3)

has been studied in [3, Theorem 3.1]. Their results show that for any L> 0, there exists a unique
principal eigenvalue λL of (2.3) corresponding to a positive eigenfunction ψL ∈ W2,p(�L), for any
p> 1. Moreover, λL converges to λ1(�) as L → ∞, where λ1(�) is the generalised Neumann
principal eigenvalue defined by

λ1(�) := sup{λ ∈R : ∃φ > 0, �φ +
N∑

i=1

bi(x)
∂φ

∂xi

+ b0(x)φ + λu ≤ 0, a.e. in �,

∂νφ ≥ 0 on ∂�}.
We point out in λ1(�), the function φ is understood to belong to W2,p((−L, L) ×ω) for some p>N
and every L> 0.

Lemma 2.2. Set λ(L) := λL(Y). Then, the function λ(L) : R+ →R is nondecreasing in L and
limL→∞ λ(L) exists.

Proof. For any L> 0, let φL(σtb)(x) be as in Lemma 2.1. Let 0< L1 < L2 be fixed. Then, there exists
ε0 ∈ (0, 1) such that

ε0φL1 (σtb)(x)<φL2 (σtb)(x) on [−L1, L1] ×ω.

It then follows from the comparison principle that

ε0UL1 (t, b)φL1 (σtb)(x)<UL2 (t, b)φL2 (σtb)(x) on [−L1, L1] ×ω.

Then

λ(L2) = lim
t→∞

ln ‖UL2 (t, b)φL2 (σtb)‖∞
t

≥ lim
t→∞

ln ‖ε0UL1 (t, b)φL1 (σtb)‖∞
t

= λ(L1),

which implies that λ(L) is non-decreasing in L.
Let bL := supt∈R,x∈�L

b0(t, x). Then, ebLt is a supersolution of (2.1), and thus,

UL(t, b)φL(σtb) ≤ ebLt in �L

for all t ≥ 0. It then follows that

λ(L) ≤ lim
t→∞

ln ebLt

t
= bL.

Hence, limL→∞ λ(L) exists. This completes the proof.

From Lemma 2.2, we know that limL→∞ λL(Y) exists. Set

λ∞(Y) := lim
L→∞

λL(Y).
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Then λ∞(Y)< supt∈R,x∈� b0(t, x) and λ∞(Y) is called the approximate principal Lyapunov exponent of
the following equation {

∂tu =�u + ∑N
i=1 bi(t, x) ∂u

∂xi
+ b0(t, x)u, x ∈R×ω,

∂νu = 0 on R× ∂ω.
(2.4)

Let X and X+ be as in Section 1. Denote by U(t, b)u0 the unique classical solution of (2.4) with the
initial value u0 ∈ X and define ‖U(t, b)‖ = supu∈X, ‖u‖=1 ‖U(t, b)u‖. It follows from the almost-periodicity
of b(t, x) and the subadditive ergodic theorem (see [14]) that limt→∞

ln U(t,b)
t

exists for all b ∈ Y . Then, we
have the following definition for the principal Lyapunov exponent of (2.4).

Definition 2.2 (Principal Lyapunov exponent). The number

λ(Y) := lim
t−s→∞

1

t − s
ln ‖U(t − s, σsb)‖, ∀b ∈ Y

is called the principal Lyapunov exponent of (2.4).

In the following, we show that the connections between the approximate principal Lyapunov exponent
λ∞(Y) and the principal Lyapunov exponent λ(Y).

Lemma 2.3. λ∞(Y) and λ(Y) have the same sign. In particular, λ∞(Y) = λ(Y) for λ∞(Y) ≥
limr→∞ sup|x1|>r,t∈R,y∈ω b0(t, x1, y).

Proof. In the following proof, to emphasis the dependence of Y on b, we write it as Y(b).
We divide the proof into two cases: λ∞(Y(b)) ≥ limr→∞ sup|x1|>r,t∈R,y∈ω b0(t, x1, y) and λ∞(Y(b))<
limr→∞ sup|x1|>r,t∈R,y∈ω b0(t, x1, y).

Firstly, we consider the case λ∞(Y(b)) ≥ limr→∞ sup|x1|>r,t∈R,y∈ω b0(t, x1, y). By definitions of λ∞(Y(b))
and λ(Y(b)), we have λ∞(Y(b)) ≤ λ(Y(b)). Assume that λ∞(Y(b))<λ(Y(b)). Without loss of generality,
we may assume that

λ∞(Y(b))< 0<λ(Y(b)).

In fact, we can take λ0 ∈ (λ∞(Y(b)), λ(Y(b))) and replace b0(t, x) by b0(t, x) = b0(t, x) − λ0. Then

λ∞(Y(b)) = λ∞(Y(b)) − λ0 < 0<λ− λ0 = λ(Y(b))

and

lim
r→∞

sup
|x1|>r,t∈R,y∈ω

b0(t, x1, y)< 0.

Consider {
∂tu =�u + ∑N

i=1 ai(t, x) ∂u
∂xi

+ ug(t, x, u), x ∈R×ω,

∂νu = 0 on R× ∂ω.
(2.5)

Denote v(t, x; v0) be the solution of (2.5) with initial value v(t, x; v0) = v0 ∈ X+. Choose v∗
0 ≡ 1, similar to

that in Theorem 3.1 later, we have that limt→∞ ‖v(t, ·; v∗
0)‖∞ = 0 for λ∞(Y(b))< 0. Note that λ(Y(b))> 0

and g is uniformly continuous on R×�× [0, δ] for any δ > 0, then there exists large T > 0 such that

g(t, x, 0) ≤ g(t, x, v(t, x; v∗
0)) + λ(Y(b))

2

for any t ≥ T and x ∈R×ω. By comparison principle,

U(t, σTb)v(T , ·; v∗
0) ≤ e

λ(Y(b))
2 tv(t + T , ·; v∗

0), ∀t ≥ 0. (2.6)

Due to that v∗
0 is uniform positive and g is bounded on R×�× [0, δ] for any δ > 0,

inf
x∈R×ω

v(T , ·; v∗
0)> 0.
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Then for any v0 ∈ X+ with ‖v0‖ = 1, there is a constant M> 0 such that

−Mv(T , ·; v∗
0) ≤ v0 ≤ Mv(T , ·; v∗

0), x ∈R×ω.

Then the comparison principle implies that

−MU(t, σTb)v(T , ·; v∗
0) ≤ U(t, σTv0) ≤ MU(t, σTb)v(T , ·; v∗

0), t ≥ 0,

which implies that

‖U(t, σTb)v0‖∞ ≤ M‖U(t, ·)v(T , ·; v∗
0)‖∞, ∀t ≥ 0.

Then by the definition of λ(Y(b)) and together with (2.6), we have that

0<λ(Y(b)) ≤ λ(Y(b))

2
,

which is a contradiction. Therefore, λ∞(Y(b)) = λ(Y(b)) and they have the same sign in the case
λ∞(Y(b)) ≥ limr→∞ sup|x1|>r,t∈R,y∈ω b0(t, x1, y).

Secondly, we consider the case λ∞(Y(b))< limr→∞ sup|x1|>r,t∈R,y∈ω b0(t, x1, y). In this case, we show
that if λ∞(Y(b))< 0, then λ(Y(b))< 0. Suppose that λ(Y(b)) ≥ 0. Then there exists λ0 > 0 such
that

λ∞(Y(b)) + λ0 < lim
r→∞

sup
|x1|>r,t∈R,y∈ω

b0(t, x1, y) + λ0 < 0<λ(Y(b)) + λ0.

Let a(t, x) = g(t, x, 0) + λ0. Then,

λ∞(Y(b′))< lim
r→∞

sup
|x1|>r,t∈R,y∈ω

a(t, x1, y)< 0<λ(Y(b′)).

Similar to above, we have

λ∞(Y(b′))<
λ∞(Y(b′))

2
,

which is a contradiction. Thus λ(Y(b))< 0. This completes the proof.

Proposition 2.1. Suppose that bi(t, x) (i = 1, . . . , N) and b0(t, x) are periodic in t. If λ∞ >
limr→∞ sup|x1|>r,t∈R,y∈ω b0(t, x1, y), then λ∞ is the principal eigenvalue (i.e. the eigenvalue with large real
part) of the following linear periodic equation⎧⎨⎩

∂u
∂t

=�u + ∑N
i=1 bi(t, x) ∂u

∂xi
+ b0(t, x)u, t> 0, x ∈R×ω,

∂νu = 0, t> 0, x ∈R× ∂ω.

Proof. Since bi(t, x) (i = 1, . . . , N) and b0(t, x) are periodic in t, by the definition of λL, we know that
λL is the principal eigenvalue of (2.1) for any L> 0. Thus, there exists a bounded positive time periodic
eigenfunction φL of (2.1) corresponding to λL, that is,⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∂φL

∂t
=�φL + ∑N

i=1 bi(t, x) ∂φL

∂xi
+ b0(t, x)φL − λLφL, t> 0, x ∈ (−L, L) ×ω,

∂νφL = 0, t> 0, x ∈ (−L, L) × ∂ω,

φL(t, −L, y) = φL(t, L, y) = 0, t> 0, y ∈ω,

φL is periodic in t.

(2.7)

Normialised φL by maxR×(−L,L)×ω φL(t, x1, y) = 1 and let (tL, x1L, yL) ∈ [0, T] × (−L, L) ×ω be such that
φL(tL, x1L, yL) = 1. Extending by reflection the function φL to large cylinders, as done in [3, Appendix A],
then φL is uniformly bounded in R× (−L, L) ×ω. Hence, by standard parabolic regularity estimates,
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there exists φ∞ such that φL(t, x) → φ∞(t, x) locally uniformly in R× (−L, L) ×ω as L → ∞, where φ∞
is a bounded, nonnegative and time periodic function satisfying⎧⎪⎪⎨⎪⎪⎩

∂φ∞
∂t

=�φ∞ + ∑N
i=1 bi(t, x) ∂φ∞

∂xi
+ b0(t, x)φ∞ − λ∞φ∞, t> 0, x ∈R×ω,

∂νφ∞ = 0, t> 0, x ∈R× ∂ω,

φ∞ is periodic in t.

(2.8)

Consider (2.7) at point (tL, x1L, yL), we have

0 =�φL(tL, x1L, yL) + b0(tL, x1L, yL)φL − λLφL ≤ (b0(tL, x1L, yL) − λL)φL.

Since λ∞ > limr→∞ sup|x1|>r,t∈R,y∈ω b0(t, x1, y), we must have that x1L is bounded as L → ∞. Thus,
(tL, x1L, yL) → (t∗, x∗

1, y∗) as L → ∞, and φ∞(t∗, x∗
1, y∗) = 1. The strong maximum principal yields that

φ∞ > 0 in R×�. Then, λ∞ is the principal eigenvalue of (2.8) with principal eigenfunction φ∞.

3. Large-time dynamical behaviour in infinite cylinder

In this section, we consider the long-time dynamical behaviour of the solution u(t, x1, y; u0) of (1.1) in
the infinite cylinder and prove Theorem 1.1.

Let X and X+ be given in Section 1. By the semigroup theory, for any initial value v0 ∈ X+, (1.2)
admits a unique solution v(t, x; v0) with v(0, x; v0) = v0. Set S = max{M0, ‖v0‖L∞(�)}, where M0 is the
positive constant in (H3). Due to that 0 and S are a sub-and supersolution of (1.2) with initial value
v0 ∈ X+, then 0 ≤ v(t, x; v0) ≤ S in �. By extending v(t, x; v0) to a large cylinder (R×ω) ⊃⊃� through
reflection (see [3, Appendix A]) and applying the parabolic maximum principle, we find that

0< v(t, x1, y; v0) ≤ S in R
+ ×�.

Take b1(t, x) = c(t), bi(t, x) = 0 (i = 2, . . . , N) and b0(t, x) = g(t, x, 0) in (2.1). Then for any L> 0, we
have the following linear problem⎧⎪⎨⎪⎩

∂tu =�u + c(t)∂1u + g(t, x, 0)u, t> 0, x ∈ (−L, L) ×ω,

∂νu = 0, t> 0, x ∈ (−L, L) × ∂ω,

u(t, −L, y) = u(t, L, y) = 0, t> 0, y ∈ω.

(3.1)

By Definition 2.1, let λL be the principal Lyapunov exponent of (3.1). Then, all results in Section 2 hold
true for λL, particularly, λ∞ := limL→∞ λL.

Theorem 3.1. Assume that (H1)-(H4) hold true. If λ∞ < 0, then for any v0 ∈ X+,

lim
t→∞

v(t, x1, y; v0) = 0 (3.2)

uniformly for (x1, y) ∈�.

Proof. Before proving (3.2), we first show that

lim
t→∞,|x1|→∞

v(t, x1, y; v0) = 0 uniformly for y ∈ω. (3.3)

For any fixed v0 ∈ X+, we assume that (3.3) does not hold. Then there exist ε0 > 0, {tn} ⊂ (0, ∞) and
{x1,n} ⊂R with tn → ∞ and |x1,n| → ∞, as n → ∞, such that

v(tn, x1,n, y; v0) ≥ ε0 for some y ∈ω and all n.

Let vn(t, x1, y) = v(t + tn, x1 + x1,n, y; v0). Then vn satisfies{
∂tvn =�vn + c(t + tn)∂1vn + f (t + tn, x1 + x1,n, y, vn), t> 0, (x1, y) ∈�,

∂νvn(t, x1, y) = 0, t ∈R, (x1, y) ∈ ∂�.
(3.4)

https://doi.org/10.1017/S0956792525100272 Published online by Cambridge University Press

https://doi.org/10.1017/S0956792525100272


European Journal of Applied Mathematics 11

Then parabolic estimates and the almost periodicity of c(t) and f (t, x, v) imply that (up to subsequence)
there are v∗, c∗ and f ∗ such that

lim
n→∞

vn(t, x1, y) =v∗(t, x1, y) locally uniformly in t ∈R, (x1, y) ∈�,

lim
n→∞

f (t + tn, x1 + x1,n, y, vn) =f ∗(t, x1, y, v∗) locally uniformly in t ∈R, (x1, y) ∈�
and

lim
n→∞

c(t + tn) =c∗(t) uniformly in t ∈R,

where v∗(t, x1, y) is a nonnegative bounded solution of{
∂tv∗ =�v∗ + c(t)∂1v∗ + f (t, x1, y, v∗), t ∈R, (x1, y) ∈�,

∂νv∗ = 0, t ∈R, (x1, y) ∈ ∂� (3.5)

and

v∗(0, 0, y) = v(tn, x1,n, y; v0) ≥ ε0.

Note that f (t, x, u) ≤ fu(t, x, 0)u = g(t, x, 0)u and limx1→∞ sup(t,y)∈R×ω g(t, x1, y, 0)< 0. Choose α > 0 such
that

lim
x1→∞

sup
(t,y)∈R×ω

g(t, x1, y, 0)<−α.

Recall that S = max{M0, ‖v0‖L∞(�)}. For any fixed t0 ∈R, w(t, x) = e−α(t−t0)S is a solution of{
∂tw =�w + c(t)∂1w − αw, t ∈R, (x1, y) ∈�,

∂νw = 0, t ∈R, (x1, y) ∈ ∂�.
(3.6)

We also have that v∗(t, x1, y) is a subsolution of (3.6). The comparison principle implies that

v∗(t, x1, y) ≤ e−α(t−t0)S for any t> t0, (x1, y) ∈�,

particularly, v∗(0, x1, y) ≤ eαt0S for any (x1, y) ∈� and t0 < 0. Choose t0 � −1 such that eαt0 S ≤ ε0, then
v∗(0, x1, y)< ε0 for (x1, y) ∈�, which is a contradiction. Therefore, for any ε > 0, there exist constants
Tε > 0 and L(ε)> 0 such that

v(t, x1, y; v0)< ε for t> T(ε) and |x|> Lε (3.7)

and (3.3) hold true.
Given v0 ∈ X+, ε > 0, let

vε(t, x1, y) = v(t, x1, y; v0) − ε.

Then, vε(t, x1, y) satisfies{
∂tvε =�vε + c(t)∂1vε + f (t, x, vε + ε), t ∈R, x ∈�,

∂νvε = 0, t ∈R, x ∈ ∂�.
(3.8)

By the assumption on f , we have f (t, x, vε + ε) ≤ g(t, x, 0)(vε + ε). Then vε(t, x1, y) satisfies{
∂tvε ≤�vε + c(t)∂1vε + g(t, x, 0)(vε + ε), t ∈R, x ∈�,

∂νvε = 0, t ∈R, x ∈ ∂�.
(3.9)

Since λ∞ < 0, there exists L> 0 such that λL < 0. Let η : R→ [0, 1] be a smooth function with η(x1) = 1
for |x1| ≤ L

2
and η(x1) = 0 for |x1| ≥ 3L

4
. Define

vε0(x1, y) = η(x1)
(

v0(x1, y) − min
[−L,L]×ω

v0(x1, y)
)

, (x1, y) ∈ [−L, L] ×ω.
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Clearly, vε0(x1, y) ∈ X+. Let v(t, x1, y; vε0) be the unique solution of the following problem⎧⎪⎨⎪⎩
∂tv =�v + c(t)∂1v + g(t, x, 0)(v + ε), t> 0, x ∈ (−L, L) ×ω,

∂νv = 0, t> 0, x ∈ (−L, L) × ∂ω,

v(t, −L, y) = v(t, L, y) = 0, t> 0, y ∈ω
with initial value v(0, x1, y; vε0) = vε0(x1, y), (x1, y) ∈ [−L, L] ×ω. Let UL(t, c) be the solution
operator of ⎧⎪⎨⎪⎩

∂tw =�w + c(t)∂1w + fu(t, x, 0)w, t> 0, x ∈ (−L, L) ×ω,

∂νw = 0, t> 0, x ∈ (−L, L) × ∂ω,

w(t, −L, y) = w(t, L, y) = 0 t> 0, y ∈ω.

Then by the variation of constants formula, we have

v(t, ·; vε0) = UL(t, c)vε0 + ε

∫ t

0

UL(t − s, c · s)g(s, x, 0)ds. (3.10)

Since λL < 0, by Definition 2.1, there exists M> 0 such that

ε

∫ t

0

UL(t − s, c · s)g(s, x, 0)ds< εM

for t ≥ 0. Together with (3.10), we have
v(t, ·; vε0) ≤ UL(t, c)vε0 + εM in (−L, L) ×ω, t ≥ 0. (3.11)

Note that
vε(t, ±L, y) = v(t, ±L, y) − ε < 0 for all t> 0, y ∈ω

and
vε(0, x1, y) = v0(x1, y) − ε ≤ vε0(x1, y) for x1 ∈ (−L, L), y ∈ω.

Then, by (3.9) and the comparison principle, we obtain that
vε(t, x1, y) ≤ v(t, x1, y; vε0) for t> 0, x1 ∈ (−L, L), y ∈ω.

By (3.11),
vε(t, x1, y) ≤ UL(t, c)vε0 + εM for t> 0, x1 ∈ (−L, L), y ∈ω.

Due to λL < 0, Definition 2.1 ensures that there exists Tε > 0 such that
UL(t, c)vε0 ≤ ε for all t ≥ Tε .

Hence,
vε(t, x1, y) ≤ (1 + M)ε (3.12)

for all t ≥ Tε , x1 ∈ (−L, L) and y ∈ω. By (3.9), choose large T > 0 and L> 0, v(t, x1, y; v0)< ε for t ≥ T ,
|x1|> L

2
and y ∈ω. This, together with (3.12), implies that

v(t, x1, y; v0)< (2 + M)ε for all t>max{Tε , T}, (x1, y) ∈�.

By the arbitrariness of ε, we obtain limt→∞ v(t, x1, y; v0) = 0 uniformly for (x1, y) ∈�. This completes
the proof.

Consider the following mixed Dirichlet–Neumann boundary value problem⎧⎪⎨⎪⎩
∂tw =�w + c(t)∂1w + f (t, x, w), t> 0, x ∈ (−L, L) ×ω,

∂νw = 0, t> 0, x ∈ (−L, L) × ∂ω,

w(t, −L, y) = w(t, L, y) = 0, t> 0, y ∈ω.

(3.13)

For any w0 ∈ X+
L , we denote by w(t, x1, y; w0) the unique solution of (3.13) with w(0, x1, y; w0) = w0. Then

we have the following proposition on the dynamics of (3.13).
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Proposition 3.1. Assume that (H1)-(H4) hold true and λL > 0. Then (3.13) admits a unique positive
almost periodic solution w∗(t, x) and for any w0 ∈ X+

L \ {0}, there holds

lim
t→∞

‖w(t, x1, y; v0) − w∗(t, x)‖XL = 0. (3.14)

Proof. It can be proved by properly modifying the arguments in [32, Theorem 3.1]. For completeness,
we provide the proof in the following.

Let H(c, f ) be the closure of {(c · s, f · s) : s ∈R} with the compact open topology. For any (̃c, f̃ ) ∈
H(c, f ), assumptions (H1)-(H4) imply that w = M, M ≥ M0, is an supersolution of (3.13). Hence, by the
comparison principle and a priori estimates for parabolic equations, each solution w(t, x1, y; w0, c̃, f̃ ) of
(3.13) exists globally on [0, ∞), and for any t> 0, the set {w(t, x1, y; w0, c̃, f̃ ) : t> 0} is precompact in
X+

L . Define the skew-product semiflow �t : X+
L ×H(c, f ) →�t : X+

L ×H(c, f ) by

�t

(
w0, c̃, f̃

) = (w(t, x1, y; w0, c̃, f̃ ), c̃t, f̃t).

Then, the omega limit set ω(w0, c̃, f̃ ) of the forward orbit γ +(w0, c̃, f̃ ) := {�t(w0, c̃, f̃ ) : t ≥ 0} is well
defined, compact and invariant under �t, t ≥ 0, for each (w0, c̃, f̃ ) ∈ X+

L ×H(c, f ).
We first show that there exists a δ > 0 such that

lim sup
t→∞

‖w(t, x1, y; w0, c̃, f̃ )‖XL ≥ δ, ∀(
w0, c̃, f̃

) ∈ X+
L ×H(c, f ).

We set λL of (3.1) as λL(g). Since λL(g)> 0, then we can choose a sufficient small ε0 > 0 such that

λL(fu − ε0)> 0.

Since f is uniformly almost periodic in t and H(f ) is compact, there exists δ0 > 0 such that

|̃f (t, x1, y, u) − f̃u(t, x1, y, 0)u|< ε0, (x1, y) ∈�, t ∈R, u ∈ (0, δ0], f̃ ∈H(f ).

Suppose on the contrary that there is (w0, c̃, f̃ ) ∈ X+
L ×H(c, f ), such that

lim sup
t→∞

‖w(t, x1, y; w0, c̃, f̃ ‖XL < δ.

Then, there exists t0 > 0 such that

‖w(t, x1, y; w0, c̃, f̃ )‖XL < δ, ∀t ≥ t0, (x1, y) ∈�.

Since w(t0, x1, y; w0, c̃, f̃ )> 0, then

‖w
(
t, x1, y; w∗, c̃t0 , f̃t0

)‖XL < δ, ∀t ≥ 0, (x1, y) ∈�,

where w∗ = w(t0, x1, y; w0, c̃, f̃ ), c̃t0 = c(t + t0) and f̃t0 = f (t + t0, x, w). Then w
(
t, x1, y; w∗, c̃t0 , f̃t0

)
satisfies

the following differential inequality⎧⎪⎨⎪⎩
∂tw ≥�w + c̃(t)∂1w + (fu(t, x1, y, 0) − ε0)w, t> 0, x ∈ (−L, L) ×ω,

∂νw = 0, t> 0, x ∈ (−L, L) × ∂ω,

w(t, −L, y) = w(t, L, y) = 0, t> 0, y ∈ω.

Similar to (2.2), λL(fu − ε0) = limt→∞ 1
t

∫ t

0
kL(στ fu)dτ and e

∫ t
0 kL(στ fu)dτφL(σtfu) is a solution of⎧⎪⎨⎪⎩

∂tw =�w + c̃(t)∂1w + (fu(t, x1, y, 0) − ε0)w, t> 0, x ∈ (−L, L) ×ω,

∂νw = 0, t> 0, x ∈ (−L, L) × ∂ω,

w(t, −L, y) = w(t, L, y) = 0, t> 0, y ∈ω.

Choose a sufficiently small ε > 0 such that w∗ ≥ εφL. By the standard comparison theorem, we have

w
(
t, x1, y; w∗, c̃t0 , f̃t0

) ≥ εe∫ t
0 kL(στ fu)dτφL(σtfu), t ≥ 0, (x1, y) ∈�.

Letting t → ∞, we have

lim
t→∞

w
(
t, x1, y; w∗, c̃t0 , f̃t0

) = ∞, ∀(x1, y) ∈�,
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which is a contradiction.
Following from the invariance of ω(w0, c̃, f̃ ) and�t((X+

L \ {0}) ×H(c, f )) ⊂ intX+
L ×H(c, f ), ∀t> 0,

we have

ω
(
w0, c̃, f̃

) ⊂ intX+
L ×H(c, f ), ∀(

w0, c̃, f̃
) ∈ (X+

L \ {0}) ×H(c, f ). (3.15)

For each (̃c, f̃ , t) ∈H(c, f ) × (0, ∞), for any w′
0( · ), w′′

0( · ) ∈ X+
L , when w′

0( · )>w′′
0( · ), by comparison

principal, we have

w
(
t, ·; w′

0, c̃, f̃
)
>w

(
t, ·; w′′

0, c̃, f̃
)

for all t> 0.

Then, w(t, ·; ·, c̃, f̃ ) is strongly monotone on X+
L for each (̃c, f̃ , t) ∈H(c, f ) × (0, ∞). Moreover, by

assumptions (H1)–(H4), w(t, ·; ·, c̃, f̃ ) is also subhomongenous on X+
L for each (̃c, f̃ , t) ∈H(c, f ) ×

(0, ∞). Let w′
0 ∈ X+

L \ {0} be fixed and K0 =ω(w′
0, c̃, f̃ ). By [32, Theorem 2.1] and (3.15), for every

w0 ∈ X+
L \ {0},

lim
t→∞

‖w
(
t, ·; w0, c̃, f̃

) − w
(
t, ·; w∗

0, c̃, f̃
)‖XL = 0,

where (w∗
0, c̃, f̃ ) ∈ K0. Therefore, w(t, ·; w∗

0, c̃, f̃ ) is a unique positive almost periodic solution of (3.13).
This completes the proof.

Theorem 3.2. Assume that (H1)-(H4) hold true. If λ∞ > 0, then for any L> 0 and v0 ∈ X+ \ {0},
lim inf

t→∞
inf

x1∈[−L,L],y∈ω
v(t, x1, y; v0)> 0.

Proof. By the definition of λ∞, due to λ∞ > 0, there is L∗ > 0 such that λL > 0 for any L> L∗. Then,
by Proposition 3.1, there is a unique positive almost periodic solution w∗(t, x) of (3.13). Note that any
nonnegative solution of (1.2) is a supersolution of (3.13). Then,

v(t, x1, y; v0) ≥ w(t, x1, y; v0) in (−L, L) ×ω.

Then by (3.14), we have

lim inf
t→∞

inf
x1∈[−L,L],y∈ω

v(t, x1, y; v0)> 0.

This completes the proof.

4. Forced wave solutions

In this section, we study the existence, uniqueness, stability, and exponential decay of forced wave solu-
tions of (1.1). By (1.5), in the following, we need to prove that there is an entire solution V(t, x1, y) of
(1.2), which is bounded, positive and almost periodic in t for any (x1, y) ∈�=R×ω.

Lemma 4.1. Assume that (H1)-(H4) holds true. When λ∞ > 0, equation (1.2), that is,{
∂tv =�v + c(t)∂1v + f (t, x1, y, v), (x1, y) ∈R×�,

∂νv = 0 on ∂�,
(4.1)

admits a unique bounded positive solution V(t, x1, y) with

lim
|x1|→∞

sup
t∈R,y∈ω

V(t, x1, y) = 0. (4.2)

Proof. Let M0 be given in (H3). Then v(t, x) = M0 is a supersolution of (4.1). Let v(t, x1, y; v, c, f )
be a solution of (1.2) with the initial condition v(0, x1, y; v, c, f ) = v. By comparison principle,
v(t, x1, y; v, c, f ) ≤ v(t, x) for x ∈� and t> 0. Since c and f are almost periodic function, there exists
tn → ∞ such that c · tn → c and f · tn → f uniformly as n → ∞. By a priori estimates for parabolic
equations, there exists a function V(t, x) such that v(t + tn, x1, y; v, c, f ) converges to V(t, x1, y) locally
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uniformly in (t, x1, y) ∈R×� as n → ∞. Then, V(t, x1, y) is a bounded entire solution satisfying (4.1)
for t ∈R and (x1, y) ∈�. By Theorem 3.2, we have infR×[−L,L]ω V(t, x1, y)> 0 for all L> 0.

Following from the arguments for (3.3), we also have lim|x1|→∞ supt∈R,y∈ω V(t, x1, y) = 0, that is, (4.2)
holds true. In the following, we prove the uniqueness of V(t, x1, y). Suppose that there are two bounded
positive solutions V(t, x1, y) and V ′(t, x1, y) of (4.1). We first show that V(t, x1, y) ≤ V ′(t, x1, y). For any
ε > 0, define

Kε := {k> 0 : kV ′ ≥ V − ε in R×�}.
By (4.2), there exists R(ε)> 0 such that

V(t, x1, y) − ε < 0, ∀ |x1|> R(ε), y ∈ω, t ∈R.

Together with V ′ > 0 in R×�, we find that the set Kε is nonempty. Set k(ε) := inf{k : k ∈ Kε}. Then,
k : R+ →R is a nonincreasing function and thus limε→0+ k(ε) exists. Set k∗ = limε→0+ k(ε). Assume
that

k∗ > 1. (4.3)
For any 0< ε < sup

R×� V small enough, we have k(ε)> 0,
k(ε)V ′ − V + ε ≥ 0 in R×�

and there exists a sequence {tεn} ⊂R such that
lim
n→∞

inf
(x1,y)∈R×ω

[kεV
′(tεn, x1, y) − V(tεn, x1, y) + ε] = 0.

Without loss of generality, we assume that there are V ′
ε
(t, x1, y), Vε(t, x1, y) and (cε , f ε) ∈H(c, f ) such

that
V ′
ε
(t, x1, y) = lim

n→∞
V ′(t + tεn, x1, y

)
, Vε(t, x1, y) = lim

n→∞
V

(
t + tεn, x1, y

)
and

f ε(t, x, u) = lim
n→∞

f (t + tεn, x1, y, u)

locally uniformly in (t, x1, y) ∈R×R×ω, u> 0 and
cε(t) = lim

n→∞
c(t + tεn) uniformly in t ∈R.

Then, Vε and V ′
ε

are bounded positive solution of (1.2) with c and f replaced by cε and f ε , respectively.
Moreover, there hold kεV ′

ε
≥ Vε − ε and

inf
(x1,y)∈R×ω

[kεV
′
ε
(0, x) − V(0, x) + ε] = 0.

By (4.2) again, there is (xε1, yε) ∈R×ω such that
kεV

′
ε

(
0, xε1, yε

) − V
(
0, xε1, yε

) + ε = 0.

Then, the function t → kεV ′
ε
(t, xε1, yε) − V(t, xε1, yε) + ε attains its minimum value at 0 and kεV ′

ε
(0, x1, y) −

V(0, x1, y) + ε attains its minimum value at (xε1, yε).
Then, at point

(
0, xε1, yε

)
, by (H1)-(H4), we have

0 = kε
∂V ′

ε

∂t

(
0, xε1, yε

) − ∂Vε

∂t

(
0, xε1, yε

)
= [

kε�V ′
ε

(
0, xε1, yε

) + cε(0)∂1

(
kεV

′
ε

(
0, xε1, yε

)) + f ε
(
0, xε1, yε , kεV

′
ε

)]
− [
�Vε

(
0, xε1, yε

) + cε(0)∂1Vε

(
0, xε1, yε

) + f ε
(
0, xε1, yε , Vε

)]
= [

kε�V ′
ε

(
0, xε1, yε

) −�Vε

(
0, xε1, yε

)] + cε(0)
[
∂1

(
kεV

′
ε

(
0, xε1, yε

)) − ∂1Vε

(
0, xε1, yε

)]
+ f ε(0, xε1, yε , kεV

′
ε
) − f ε(0, xε1, yε , Vε)

≥ f ε(0, xε1, yε , kεV
′
ε
) − f ε(0, xε1, yε , Vε)

≥ [
kεV

′
ε

(
0, xε1, yε

) − Vε

(
0, xε1, yε

)] [
gε(0, xε1, yε , kεV

′
ε
) + Vε

(
0, xε1, yε

)
gεu

(
0, xε1, yε , ηε

)]
,
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where ηε is between kεV ′
ε
(0, xε1, yε) and Vε(0, xε1, yε). Since kεV ′

ε
(0, xε1, yε) − Vε(0, xε1, yε)< 0, we obtain

that

gε(0, xε1, yε , kεV
′
ε
) + Vε

(
0, xε1, yε

)
gεu(0, xε1, yε , ηε) ≥ 0.

From (H2), gεu ≤ 0. Then

0 ≤ gε(0, xε1, yε , kεV
′
ε
) + Vε

(
0, xε1, yε

)
gεu(0, xε1, yε , ηε) ≤ gε(0, xε1, yε , kεV

′
ε
) ≤ 0.

By (H4), {xε1} must be bounded. From kεV ′
ε
(0, xε1, yε) − V(0, xε1, yε) + ε = 0, we get that {kε} is bounded

and then k∗ ∈ [1, ∞). Choose a sequence {εn} in R
+ such that

lim
n→∞

εn = 0, ξ := lim
n→∞

xεn
1 ∈R, η := lim

n→∞
yεn ∈ω,

and

V ′∗(t, x1, y) = lim
n→∞

V ′
εn

(t, x1, y), V∗(t, x1, y) = lim
n→∞

Vεn (t, x1, y)

locally uniformly in (t, x) ∈R×�,

c∗(t) = lim
n→∞

cεn (t) uniformly in t ∈R,

and

f ∗(t, x1, y, u) = lim
n→∞

f εn (t, x, u) uniformly in t ∈R, x ∈�, u> 0.

Then V∗ and V ′∗ are bounded positive entire solutions of (4.1) with c and f are replaced by c∗ and
f ∗. Moreover, we have k∗V ′∗ ≥ V∗ and k∗V ′∗(0, ξ , η) − V∗(0, ξ , η) = 0. Set W := k∗V ′∗ − V∗ satisfies
W(0, ξ , η) = 0. Then,

Wt =�W + c∗(t)∂1W + k∗V ′∗g(t, x, V ′∗) − V∗g(t, x, V∗)

≥�W + c∗(t)∂1W + [g(t, x, k∗V ′∗) + V∗gu(t, x, η)]W, ∀t ∈R, x ∈�
and

∂νW = 0, t ∈R, x ∈ ∂�.

Since W is nonnegative in R×�, vanishes at (ξ , η), the strong maximum principle and the Hopf lemma
yield W = 0. Then

g(t, x, k∗V ′∗) = g(t, x, V ′∗) = g(t, x, V∗),

which implies that k∗ = 1 and then V(t, x1, y) ≤ V ′(t, x1, y). Similarly, we can also prove V(t, x1, y) ≥
V ′(t, x1, y). Therefore, V(t, x1, y) = V ′(t, x1, y) and V(t, x1, y) is a unique bounded positive solution of
(4.1). This completes the proof.

Lemma 4.2. A function f (t, x) is almost periodic in t uniformly with respect with respect to x ∈ E ⊂R
K

if and only if it is uniformly continuous on R× E and for every pair of sequences {sn}∞
n=1, {rm}∞

m=1, there
are subsequences {s′

n}∞
n=1 ⊂ {sn}∞

n=1, {r′
n}∞

n=1 ⊂ {rn}∞
n=1 such that for each (t, x) ∈R×R

K ,

lim
m→∞

lim
n→∞

f (t + s′
n + r′

m, x) = lim
n→∞

f (t + s′
n + r′

n, x).

Proof. See [10, Theorems 1.17 and 2.10].

Theorem 4.1. Assume that (H1)–(H4) hold true. If λ∞ > 0, V(t, x1, y) is a bounded, positive, unique
and almost periodic entire solution of (4.1). For any v0 ∈ X+ \ {0}, there holds

lim
t→∞

‖v(t, x1, y; v0) − V(t, x1, y)‖∞ = 0. (4.4)

Proof. From Lemma 4.1, we need to show that V(t, x1, y) is almost periodic in t for (x1, y) in bounded
sets. We write V(t, x1, y; c, f ) for V(t, x1, y) to indicate the dependence on c and f . The Schauder estimates
ensure that V(t, x1, y; c, f ) is uniformly continuous in (t, x1, y) ∈R×�. It then suffices to show that for

https://doi.org/10.1017/S0956792525100272 Published online by Cambridge University Press

https://doi.org/10.1017/S0956792525100272


European Journal of Applied Mathematics 17

each x in bounded sets, V(t, x1, y; c, f ) is almost periodic in t. To this end, let {αn} and {βn} be any two
sequence of R. Without loss of generality, we may assume that

c′ = lim
m→∞

c(t + βm), c′′ = lim
n→∞

c(t + αn + βn),

f ′(t, x, u) = lim
m→∞

f (t + βm, x, u), f ′′(t, x, u) = lim
n→∞

f (t + αn + βn, x, u)

locally uniformly in (t, x, u) ∈R×�×R and

V ′(x) = lim
m→∞

V(βm, x; c, f ) V ′′(x) = lim
n→∞

V(αn + βn, x; c, f )

locally uniformly in x ∈�. Therefore,

V(t, x; v′, c′, f ′) = lim
m→∞

V(t + βm, x; c, f ), V(t, x; v′′, c′′, f ′′) = lim
n→∞

V(t + αn + βn, x; c, f ) (4.5)

locally uniformly in (t, x) ∈R×�, where V(t, x; v′, c′, f ′) and V(t, x; v′′, c′′, f ′′) are bounded positive
entire solution of (4.1) with c and f replaced by c′, f ′ and c′′, f ′′, respectively. By Lemma 4.1,

inf
R×[−L,L]×ω

V(t, x; v′, c′, f ′)> 0 and inf
R×[−L,L]×ω

V(t, x; v′′, c′′, f ′′)> 0

for all L> 0.
Let

V ′(t, x) := lim
n→∞

V(t + αn, x; v′, c′, f ′)

locally uniformly in (t, x) ∈R×�. Since limn→∞ c′ · αn = c′′, then V ′ is a bounded positive entire solu-
tions of (1.2) with c and f are replaced by c′ and f ′, and infR×[−L,L]×ω V ′ > 0. By the uniqueness of strictly
positive solution, see Lemma 4.1, V ′(t, x) = V(t + αn, x; v′′, c′′, f ′′). It then follows from (4.5) that

lim
n→∞

lim
m→∞

V(t + αn + βm, x; c, f )

= lim
n→∞

V(t + αn, x; v′, c′, f ′) = V(t + αn, x; v′′, c′′, f ′′)

= lim
n→∞

V(t + αn + βn, x; c, f )

holds for all t ∈R and uniformly for x in bounded subsets. Hence, by Lemma 4.3, V(t, x; c, f ) is almost
periodic in t uniformly for x in bounded sets.

Next, we show that (4.4) holds true. Let v0 ∈ X+ \ {0}. Assume that the conclusion fails. Then there
exist ε0 > 0 and {tn} ⊂ (0, ∞) satisfying limn→∞ tn = ∞ and {(xn

1, yn)} ⊂� such that∣∣v (
tn, xn

1, yn; v0, c, f
) − V

(
tn, xn

1, yn; c, f
)∣∣ ≥ ε0, ∀n ∈N. (4.6)

It is no loss of generality to assume that yn converges to some η ∈ω. We may assume with-
out loss of generality that c · tn → c′ as n → ∞. When limn→∞ |xn

1| = ∞, by (3.3), we must have
limn→∞ V(tn, xn

1, yn; c, f ) = 0 and limn→∞ v(tn, xn
1, yn; v0, c, f ) = 0, which is a contradiction with (4.6).

When {xn
1} is bounded, set xn

1 → x′
1 as n → ∞. By standard parabolic estimates, we may assume

that

v (t + tn, x1, y; v0, c, f )→ v1

(
t, x1, y; c′, f ′) and V(t + tn, x1, y; c, f ) → v2(t, x1, y; c′, f ′)

locally uniformly in t ∈R and (x1, y) ∈�, respectively. Then, vi(t, x1, y; c′, f ′) (i = 1, 2) are bounded pos-
itive entire solution of (4.1) with c and f replaced by c′ and f ′. Moreover, infR×[−L,L]×ω vi(·, ·, ·; c′, f ′)> 0
for all L> 0. The uniqueness in Lemma 4.1 implies that v1(t, x1, y; c′, f ′) = v2(t, x1, y; c′, f ′) for all t ∈R

and (x1, y) ∈�. By (4.6) again, when n → ∞, there is |v1(0, x′
1, η; c′) − v2(0, x′

1, η; c′)| ≥ ε0. This is a
contradiction. Hence, (4.4) holds true. This completes the proof.

In the following, we will mainly study the effects of fluctuations on the shifting speed and the
exponential decay of the forced wave solution V(t, x1, y) of (4.1). Assume the shifting speed function
c(t) = c + σ (t) for some fluctuations σ (t). We would like to see if the fluctuation σ (t) can drive the
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species to extinction and how large it needs to be in order to make this happen. Consider the following
specified model {

∂tu =�u + f
(
t, x1 − ct − A

∫ t

0
σ (s)ds, y, u

)
, t> 0, x ∈�,

∂νu(t, x) = 0, t> 0, x ∈ ∂�,
(4.7)

where c> 0, A ≥ 0 and σ : R→R is Holder continuous. The linearisation of (4.7) in the moving frame
around the extinction state 0 is{

∂tw =�w + [c + Aσ (t)]∂1w + g(t, x, 0)w, x ∈�,

∂νw = 0, on ∂�.
(4.8)

Here, Aσ (t) is the fluctuation on the shifting speed c and the parameter A characterises the amplitude if
fluctuations.

Define λA the principal Lyapunov exponent of (4.8) and λA
L restricted on (−L, L). Then, λA

∞ =
limL→∞ λA

L and λA
L ≤ λA. Let λ(�) is the generalised Neumann principal eigenvalue of the following

problem {−(�φ + c∂1φ) = λ(�)φ, x ∈R×ω,

∂νφ = 0, x ∈R× ∂ω

and we refer to see Remark 2.1(2) for the definition of generalised Neumann principal eigenvalue.

Theorem 4.2. (1) If A = 0, then there is a critical speed c∗ > 0 such that λ0
∞(c)> 0 for c ∈ [0, c∗) and

λ0
∞(c)< 0 for c> c∗.

(2) If A �= 0, assume that σ (t) and f (t, x, u) are periodic in t. Then

λA
∞ ≥ −λ(�) + inf

t∈R,x∈�
g(t, x, 0).

Proof. (1) When A = 0, by the Liouville transformation v(t, x1, y) = u(t, x1, y)e
c
2 x1 , problem (4.1)

reduces to {
∂tv =�v + f

(
t, x1, y, v(t, x1, y)e− c

2 x1
)

e
c
2 x1 − c2

4
v, t> 0, x ∈�,

∂νv(t, x) = 0, t> 0, x ∈ ∂�.
(4.9)

The associated linearised problem associated with (4.9) is{
∂tw =�w + g(t, x, 0)w − c2

4
w, t> 0, x ∈�,

∂νw(t, x) = 0, t> 0, x ∈ ∂�.
(4.10)

Let λ0
∞(0) is the principal Lyapunov exponent of{

∂tw =�w + g(t, x, 0)w, t> 0, x ∈�,

∂νw(t, x) = 0, t> 0, x ∈ ∂�.
(4.11)

Then

λ0
∞(c) = λ0

∞(0) − c2

4
.

Define

c∗ =
{

2
√
λ0

∞ if λ0
∞ > 0,

0 otherwise .

It then follows that λ0
∞(c)> 0 for c ∈ [0, c∗) and λ0

∞(c)< 0 for c> c∗.
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(2) Fix A> 0. Note that σ (t) and f (t, x, u) are periodic in t. Then λA
L is the principal eigenvalue of

(4.10) on (−L, L) ×� and t ∈R. Then

λA
L ≥�L + inf

t∈R,x∈�
g(t, x, 0), (4.12)

where �L is the principal eigenvalue of⎧⎪⎨⎪⎩
∂tw =�w + [c + Aσ (t)]∂1w, x ∈ (−L, L) ×ω,

∂νw = 0, x ∈ (−L, L) × ∂ω,

w(t, L, y) = w(t, −L, y) = 0, y ∈ω
and φL(t, x1, y) is the periodic eigenfunction corresponding to �L. Set

z = x1 + A
∫ t

0

σ (s)ds and �L(t, z, y) = φL(t, x1, y).

Then �L(t, z, x) is a periodic function defined on periodic domain

DT = ∪t∈R

(
{t} × [−L + A

∫ t

0

σ (s)ds, L + A
∫ t

0

σ (s)ds] ×ω

)
and �L(t, z, x) also satisfies⎧⎪⎨⎪⎩

∂t�L =��L + c∂1�L −�L�L, x ∈ (−L, L) ×ω,

∂ν�L = 0, x ∈ (−L, L) × ∂ω,

�L(t, L, y) =�L(t, −L, y) = 0, y ∈ω.

Let L̃> 0 large such that R× [−L̃ − 1, L̃ + 1] ×ω⊂ DT . Moreover, L̃ → ∞ as L → ∞. Then on R×
[−L̃ − 1, L̃ + 1] ×ω, we find that �L is periodic in t and inf�L > 0 and{

∂t�L =��L + c∂1�L −�L�L, [−L̃ − 1, L̃ + 1] ×ω,

∂ν�L = 0, x ∈ (−L, L) × ∂ω.

Set �̃L is the principal eigenvalue of⎧⎪⎨⎪⎩
�φ + c∂1φ = �̃φ, x ∈ (−L̃, L̃) ×ω,

∂νφL = 0, x ∈ (−L̃, L̃) × ∂ω,

φ(̃L, y) = φ(−L̃, y) = 0, y ∈ω.

Then the comparison principal implies that �L ≥ �̃L. By (4.12), we get

λA
L ≥ �̃L + inf

t∈R,x∈�
g(t, x, 0).

Following from [3, Proposition 1], we have that limL→∞ λ̃L exists and limL→∞ λ̃L = −λ(�). Thus, we
obtain that λA

∞ ≥ −λ(�) + inft∈R,x∈� g(t, x, 0). This completes the proof.

In order to use Theorem 4.2(1), let V(t, x1, y) be the forced wave solution of (4.1) with c(t) ≡ c, that
is A = 0.

Lemma 4.3. Let v(t, x1, y) ∈ W1,2
N+1,loc(R×�L) with ∂νv ≤ 0 on R× ∂� for every L> 0 and let C, γ > 0

be such that

∀(t, x1, y) ∈R×�, 0< v(t, x1, y) ≤ Ce
√
γ |x1|,

lim sup
|x1|→∞

∂tv −�v(t, x1, y)

v(t, x1, y)
<−γ

uniformly in t ∈R and y ∈ω. Then there exists a constant κ > 0 such that

∀(t, x1, y) ∈R×�, v(t, x1, y) ≤ κe−√
γ |x1|. (4.13)

https://doi.org/10.1017/S0956792525100272 Published online by Cambridge University Press

https://doi.org/10.1017/S0956792525100272


20 X. Bao and D. Zhou

Proof. The proof is similar to that in [3]. For sake of completeness, we include the proof here. By the
hypotheses on v, there exist ε > 0 and L> 0 such that

∂tv −�v< (−γ − 2ε)v

for a.e. t ∈R and (x1, y) ∈� \�L. We list the following functions as that in [3, Lemma 3.2]. For a> 0,
let θa : [L, L + a] →R be the solution to⎧⎪⎨⎪⎩

θ ′′ = (γ + ε)θ , in (L, L + a),

θ (L) = ke
√
γL,

θ (L + a) = ke
√
γ (L+a).

(4.14)

Hence, θa(ρ) = Aae−√
γ+ερ + Bae

√
γ+ερ , ρ ∈ [L, L + a] with

Aa = ke(
√
γ+√

γ+ε)L
(

1 − e
√
γ a − e−√

γ+εa

e
√
γ+εa − e−√

γ+εa

)
and

Ba = ke(
√
γ−√

γ+ε)L
(

1 − e
√
γ a − e−√

γ+εa

e
√
γ+εa − e−√

γ+εa

)
.

Fix τ ∈R and define

θa(t, x1, y) := θa(|x1|) + (τ − t)δa,

where

δa = ε

2
min

[L,L+a]×ω
θa > 0.

By the similar computation in [2, Lemma 3.2],{
∂tθa ≥�θa − (γ + 2ε)θa, t ∈ (−∞, τ ), (x1, y) ∈ (L, L + a) ×ω,

∂νθa = 0, t ∈ (−∞, τ ), (x1, y) ∈ (L, L + a) × ∂ω.
(4.15)

Note that v is a subsolution of (4.15) and v ≤ θa on {±L, ±(L + a)} ×ω, t ∈ (−∞, τ ). Then the
comparison principle implies that

v ≤ θa in (x1, y) ∈�L+a \ �̃L, t< τ , for any a> 0.

For |x1|> L and y ∈ω, we have

v(τ , x1, y) ≤ lim
a→∞

θa(τ , x1, y) = ke
√
γ+√

γ+εLe−√
γ+ε|x1|.

Due to the arbitrarily of τ , we obtain that (4.13) holds true. This completes the proof.

Theorem 4.3. Assume that (H1)-(H4) hold true. Let V(t, x1, y) be a solution of (4.1) with c(t) ≡ c. Then
there exist two constants h and β > 0 such that

∀(t, x1, y) ∈R×�. V(t, x1, y) ≤ he−β|x1|.

Proof. The function v(t, x1, y) = V(t, x1, y)e
c
2 x1 is a solution of (4.9). Hence,

∂tv −�v(t, x1, y)

v(t, x1, y)
= ζ (t, x1, y) − c2

4

for t ∈R and (x1, y) ∈�, where ζ (t, x1, y) ≤ g(t, x1, y, 0).
Set ζ = − limr→∞ sup|x1|>r,t∈R,y∈ω g(t, x1, y, 0) and (H4) implies ζ > 0. Then for γ ∈ ( c2

4
, c2

4
+ ζ ),

lim
L→∞

sup
|x1|>L,y∈�

∂tv −�v(t, x1, y)

v(t, x1, y)
≤ lim

L→∞
sup

|x1|>L,y∈�
g(t, x1, y, 0) − c2

4
≤ −ζ − c2

4
<−γ .
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On the other hand, v(t, x1, y)e−√
γ |x1| ≤ v(t, x1, y)e− c

2 |x1|, which is bounded. Then by Lemma 4.3, there exist
two constants h and β > 0 such that

V(t, x1, y) = v(t, x1, y)e− c
2 x1 ≤ he−√

γ |x1|− c
2 |x1| ≤ he−β|x1|, ∀(t, x1, y) ∈R×�.

This completes the proof.
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