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Stability of Almost Periodic Nicholson’s
Blowflies Model Involving Patch Structure
and Mortality Terms

Chuangxia Huang, Xin Long, Lihong Huang, and Si Fu

Abstract. Taking into account the eòects of patch structure and nonlinear density-dependent mortal-
ity terms, we explore a class of almost periodic Nicholson’s blow�ies model in this paper. Employing
the Lyapunov function method and diòerential inequality technique, some novel assertions are devel-
oped to guarantee the existence and exponential stability of positive almost periodic solutions for the
addressedmodel, which generalize and reûne the corresponding results in some recently published lit-
eratures. Particularly, an example and its numerical simulations are arranged to support the proposed
approach.

1 Introduction

he qualitative theory of diòerential equations model has been an attractive topic be-
cause of its signiûcance and applications in areas such as physics, mathematical biol-
ogy, and control theory [9,11,21,26]. In population systems, due to factors such as sea-
sonal variation of weather, mating, harvesting and so on, the periodic �uctuations are
a widely occurring process and play key roles in modeling [12, 13, 15]. However, when
there are nonintegral multiples periods (also called incommensurable) for diòerent
components of the temporally nonuniform environment, more and more scientists
realize that assuming the environment has almost periodicity instead of periodicity
might be a better candidate [4, 7, 25, 27]. Nowadays, the investigations of almost pe-
riodic dynamics systems have been the new world-wide focus (see [5,6, 10, 14, 16, 18]).
In particular, the existence and global stability of almost periodic solutions for the
famous scalar Nicholson’s blow�ies model with a nonlinear density-dependent mor-
tality term,

(1.1) x
′
(t) = −a(t) + b(t)e

−x(t)
+

m

∑
j=1
β j(t)x(t − τ j(t))e

−γ j(t)x(t−τ j(t)) ,

and the Nicholson’s blow�ies systems with patch structure and nonlinear density-
dependent mortality terms,
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(1.2) x
′
i(t) = −a i i(t) + b i i(t)e

−x i(t) +
n

∑
j=1, j≠i

(a i j(t) − b i j(t)e
−x j(t))

+
m

∑
j=1
β i j(t)x i(t − τ i j(t))e

−γ i j(t)x i(t−τ i j(t)) , i ∈ Q ∶= {1, 2, . . . , n},

have been extensively investigated in previous studies [16, 22] and [3], respectively.
Here, the information on the delay and coeõcient functions presented in (1.1) and (1.2)
can found in [1, 2, 20, 23] and the references cited therein. For the feedback function
xe−x and its derivative 1−x

ex , the author of [17] pointed out that there exist two ûxed
positive numbers κ and κ̃ such that

κ ≈ 0.7215355, κ̃ ≈ 1.342276,
1 − κ

eκ
=

1
e2
,

sup
x≥κ

∣
1 − x

ex
∣ =

1
e2
, κe

−κ
= κ̃e

−κ̃ .

It should be pointed out that the global exponential stability of almost periodic solu-
tions of (1.1) has been shown in [16,22] under the restriction that the almost periodic
solution exists in a small interval [κ, κ̃]. he global exponential stability of (1.2) was
established in [3], where the authors adopted the restraint that the almost periodic
solution exists in a small domain

[κ, κ̃] × [κ, κ̃] × ⋅ ⋅ ⋅ × [κ, κ̃]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

n

.

Obviously, the above restriction and restraint do not correspond to the biological sig-
niûcance of the population models. In particular, to the best of our knowledge, no
research has been conducted on the global stability of almost periodic solutions of
Nicholson’s blow�ies systems with patch structure and nonlinear density-dependent
mortality terms when the almost periodic solutions do not belong to the above
domain.
According to the above discussions, in this paper, without adopting

[κ, κ̃] × [κ, κ̃] × ⋅ ⋅ ⋅ × [κ, κ̃]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

n

as the existence domain of almost periodic solutions, we establish the existence and
global exponential stability of positive almost periodic solutions for Nicholson’s
blow�ies systems (1.2) involving patch structure and nonlinear density-dependent
mortality terms. he proposed criterion improves and complements some existing
results in the recent publications [3,16,20,22,24], and its eòectiveness is demonstrated
by a numerical example.

2 Preliminaries

he following notation will be used throughout the rest of this paper. Let

g
sup

= sup
t∈[t0 ,+∞)

g(t), g
inf

= inf
t∈[t0 ,+∞)

g(t),
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σi = max
1≤ j≤m

τ
sup
i j , C+ =

n
∏
i=1
C([−σi , 0], [0,+∞)).

For x = (x1 , . . . , xn) ∈ Rn , deûne ∣x∣ = (∣x1∣, . . . , ∣xn ∣) and ∥x∥ = maxi∈Q ∣x i ∣.

Deûnition 2.1 (See [7,27]) Let u(t)∶ R→ Rn be continuous in t. hen u(t) is said
to be almost periodic onR, if for any ε > 0, the set T(u, ε) = {δ ∶ ∥u(t + δ) − u(t)∥ <

ε for all t ∈ R} is relatively dense, i.e., for any ε > 0, it is possible to ûnd a real number
l = l(ε) > 0, such that for any interval with length l(ε), there exists a number δ = δ(ε)
in this interval such that ∥u(t + δ) − u(t)∥ < ε for all t ∈ R.

Herea�er, for i ∈ Q , j ∈ I = {1, 2, . . . ,m}, it will be assumed that a i i , b i i , γ i j ∶ R →
(0,+∞), a i j(i ≠ j), b i j(i ≠ j), β i j , τ i j ∶ R → [0,+∞) are almost periodic functions
and there exist two positive constants S− and S+ such that

S− = min
i∈Q

{ lim inf
t→+∞

ln (
b i i(t) −∑

n
j=1, j≠i b i j(t)

a i i(t) −∑
n
j=1, j≠i a i j(t)

)} ,

S
+
= max

i∈Q
{ lim sup

t→+∞
ln (

b i i(t) −∑
n
j=1, j≠i b i j(t)

a i i(t) −∑
n
j=1, j≠i(a i j(t) +∑

m
j=1

1
e
β i j(t)
γ i j(t)

)
)} .

Furthermore, the following admissible initial conditions will be considered:

(2.1)
x i(t0 + θ) = φ i(θ), θ ∈ [−σi , 0],

φ = (φ1 , . . . , φn) ∈ C+ φ i(0) > 0, i ∈ Q .

We designate x(t; t0 , φ) to be a solution of the initial value problem (1.2) and (2.1),
and denote the maximal right-interval of existence of x(t; t0 , φ) by [t0 , η(φ)).

Lemma 2.2 (see [23, Lemma 2.1) For any two ûxed positive constants ω1 and ω2,

(e
−s
− e

−t
) sgn(s − t) ≤ −e

−ω2 ∣s − t∣, where s, t ∈ [ω1 , ω2],ω1 ≤ ω2 ,

and

∣se
−s
− te

−t
∣ ≤ max{

1
e2
,
1 − ω1

eω1
} ∣s − t∣, where s, t ∈ [ω1 , +∞).

Lemma 2.3 Assume that

(2.2) b i i(t) > a i i(t) −
n

∑
j=1, j≠i

(a i j(t) − b i j(t)), for all t ∈ [t0 , +∞), i ∈ Q ,

and

(2.3) sup
t∈[t0 , +∞)

{− a i i(t)
n

∑
j=1, j≠i

a i j(t) +
m

∑
j=1

β i j(t)

γ i j(t)

1
e
} < 0, i ∈ Q .

hen x(t) = x(t; t0 , φ) is positive and bounded on [t0 ,+∞), and

(2.4) 0 < S− ≤ lim inf
t→+∞

x i(t) ≤ lim sup
t→+∞

x i(t) ≤ S
+ , i ∈ Q .

Proof First, we claim that

x i(t) > 0 for all t ∈ [t0 , η(φ)), i ∈ Q .
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Otherwise, we can pick i0 ∈ Q and t i0 ∈ (t0 , η(φ)) to satisfy

x i0(t i0) = 0, x j(t) > 0 for all t ∈ [t0 , t i0), j ∈ Q .

Apparently, (1.2) and (2.2) yield

0 ≥ x
′
i0(t i0)

= −a i0 i0(t i0) + b i0 i0(t i0)e
−x i0 (t i0 ) +

n

∑
j=1, j≠i0

(a i0 j( t i0) − b i0 j(t i0)e
−x j(t i0 ))

+
m

∑
j=1
β i0 j(t i0)x i0(t i0 − τ i0 j(t i0))e

−γ i0 j(t i0 )x i0 (t i0−τ i0 j(t i0 ))

≥ −a i0 i0(t i0) + b i0 i0(t i0) +
n

∑
j=1, j≠i0

( a i0 j(t i0) − b i0 j(t i0)) > 0,

which is a contradiction and proves the claim proves the claim.
Now, we demonstrate that x(t) is bounded on [t0 , η(φ)). For t ∈ [t0 − σi , η(φ))

and i ∈ Q, we deûne

M i(t) = max{ ξ ∶ ξ ≤ t, x i(ξ) = max
t0−σ i≤s≤t

x i(s)} .

Suppose that x(t) is unbounded on [t0 , η(φ)). hen we can choose i∗ ∈ Q and a
strictly monotone increasing sequence {ζn}+∞n=1 such that

(2.5)
x i∗(M i∗(ζn)) = max

j∈Q
{x j(M j(ζn))} ,

lim
n→+∞

x i∗(M i∗(ζn)) = +∞, lim
n→+∞

ζn = η(φ),

and then limn→+∞ M i∗(ζn) = η(φ). According to (1.2) and the fact supu≥0 ue
−u

= 1
e , it follows from (2.5) that

0 ≤ x
′
i∗(M i∗(ζn))

= −a i∗ i∗(M i∗(ζn)) + b i∗ i∗(M i∗(ζn)) e
−x i∗(M i∗(ζn))

+
n

∑
j=1, j≠i∗

(a i∗ j(M i∗(ζn)) − b i∗ j(M(ζn)) e
−x j(M i∗(ζn)))

+
m

∑
j=1

β i∗ j(M i∗(ζn))

γ i∗ j(M i∗(ζn))
γ i∗ j(M i∗(ζn))x i∗(M i∗(ζn) − τ i∗ j(M i∗(ζn)))

× e
−γ i∗ j(M i∗(ζn)) x i∗(M i∗(ζn)−τ i∗ j(M i∗(ζn)))

≤ −a i∗ i∗(M i∗(ζn)) + b i∗ i∗(M i∗(ζn)) e
−x i∗(M i∗(ζn))

+
n

∑
j=1, j≠i∗

( a i∗ j(M i∗(ζn)) − b i∗ j(M(ζn)) e
−x i∗(M i∗(ζn)))

+
m

∑
j=1

β i∗ j(M i∗(ζn))

γ i∗ j(M i∗(ζn))

1
e
, for all M i∗(ζn) > t0 .
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Taking n → +∞ leads to

0 ≤ lim
n→+∞

[ − a i∗ i∗(M i∗(ζn)) +
n

∑
j=1, j≠i∗

a i∗ j(M i∗(ζn)) +
m

∑
j=1

β i∗ j(M i∗(ζn))

γ i∗ j(M i∗(ζn))

1
e
]

≤ sup
t∈[t0 , +∞)

[ − a i∗ i∗(t) +
n

∑
j=1, j≠i∗

a i∗ j(t) +
m

∑
j=1

β i∗ j(t)

γ i∗ j(t)

1
e
] < 0,

which is absurd and suggests that x(t) is bounded on [t0 , η(φ)). By [heorem
2.3.1][8], we easily show η(φ) = +∞.

Next, we prove that (2.4) is true. Designate i l , iL ∈ Q such that

l = lim inf
t→+∞

x i l (t) = min
i∈Q

lim inf
t→+∞

x i(t), L = lim sup
t→+∞

x iL(t) = max
i∈Q

lim sup
t→+∞

x i(t).

By the �uctuation (by [19, Lemma A.1.]), we can select two sequences {t∗k}
+∞
k=1 and

{t∗∗k }+∞k=1 satisfying

(2.6) lim
k→+∞

t
∗
k = +∞, lim

k→+∞
x i l (t

∗
k ) = l = lim inf

t→+∞
x i l (t), lim

k→+∞
x
′
i l (t

∗
k ) = 0,

and

(2.7) lim
k→+∞

t
∗∗
k = +∞, lim

k→+∞
x iL(t

∗∗
k ) = L = lim sup

t→+∞
x iL(t), lim

k→+∞
x
′
iL(t

∗∗
k ) = 0,

respectively. From the almost periodicity of (1.2), we can select a subsequence of
{k}k≥1, still denoted by {k}k≥1, such that

lim
k→+∞

a i l j(t
∗
k ), lim

k→+∞
b i l j(t

∗
k ), lim

k→+∞
β i l q(t

∗
k ), lim

k→+∞
γ i l q(t

∗
k ), lim

k→+∞
x j(t

∗
k ),

lim
k→+∞

x i l (t
∗
k − τ i l q(t

∗
k )), lim

k→+∞
a iL j(t

∗∗
k ), lim

k→+∞
b iL j(t

∗∗
k ), lim

k→+∞
β iLq(t

∗∗
k ),

lim
k→+∞

γ iLq(t
∗∗
k ), lim

k→+∞
x j(t

∗∗
k ), and lim

k→+∞
x iL(t

∗∗
k − τ iLq(t

∗∗
k ))

exist for all j ∈ Q , q ∈ I. Furthermore, by taking limits, we have from (2.6) and (2.7)
that

0 = lim
k→+∞

x
′
i l (t

∗
k )

≥ − lim
k→+∞

a i l i l (t
∗
k ) + lim

k→+∞
b i l i l (t

∗
k )e

−l

+
n

∑
j=1, j≠i l

( lim
k→+∞

a i l j(t
∗
k ) − lim

k→+∞
b i l j(t

∗
k )e

−l) ,

and

0 = lim
k→+∞

x
′
iL(t

∗∗
k )

= − lim
k→+∞

a iL iL(t
∗∗
k ) + lim

k→+∞
b iL iL(t

∗∗
k )e

−L

+
n

∑
j=1, j≠iL

( lim
k→+∞

a iL j(t
∗∗
k ) − lim

k→+∞
b iL j(t

∗∗
k )e

− limk→+∞ x j(t∗∗k ))

+
m

∑
j=1

lim
k→+∞

β iL j(t
∗∗
k )

γ iL j(t
∗∗
k )

lim
k→+∞

γ iL j
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× (t
∗∗
k )x iL(t

∗∗
k − τ iL j(t

∗∗
k ))e

− limk→+∞ γ iL j(t
∗∗
k ) limk→+∞ x iL (t

∗∗
k −τ iL j(t

∗∗
k ))

≤ − lim
k→+∞

a iL iL(t
∗∗
k ) + lim

k→+∞
b iL iL(t

∗∗
k )e

−L

+
n

∑
j=1, j≠iL

( lim
k→+∞

a iL j(t
∗∗
k ) − lim

k→+∞
b iLj(t

∗∗
k )e

−L)

+
m

∑
j=1

lim
k→+∞

β iL j(t
∗∗
k )

γ iL j(t
∗∗
k )

1
e
,

which entail that

S− ≤ lim inf
t→+∞

ln(
b i l i l (t) −∑

n
j=1, j≠i l b i l j(t)

a i l i l (t) −∑
n
j=1, j≠i l a i l j(t)

) ≤ lim inf
t→+∞

x i l (t) ≤ lim inf
t→+∞

x i(t)

and

lim sup
t→+∞

x i(t) ≤ lim sup
t→+∞

x iL(t)

≤ lim sup
t→+∞

ln (
b iL iL(t) −∑

n
j=1, j≠iL b iL j(t)

a iL iL(t) −∑
n
j=1, j≠iL(a iL j(t) −∑

m
j=1

1
e
β iL j(t)
γ iL j(t)

)

)

≤ S
+ ,

for all i ∈ Q . his completes the proof of Lemma 2.3. ∎

Lemma 2.4 Assume that (2.2), (2.3) hold, and for i ∈ Q ,

(2.8) lim sup
t→+∞

{− b i i(t)e
−S+

+
n

∑
j=1, j≠i

b i j(t)e
−S−

+
m

∑
j=1
β i j(t)max{

1
e2
,
1 − γinf

i j S−

e
γ infi j S−

}} < 0.

Moreover, suppose that x(t) = x(t; t0 , φ). hen for any ε > 0, there exists l = l(ε) > 0,
such that each interval [α, α + l] includes at least one number δ for which there exists

Λ̂ > 0 that satisûes

(2.9) ∥x(t + δ) − x(t)∥ ≤ ε, for all t > Λ̂.

Proof According to (2.8), for all i ∈ Q it is easy to see that there exists t∗0 ≥ t0 such
that

sup
t≥t∗0

{ − b i i(t)e
−S+

+
n

∑
j=1, j≠i

b i j(t)e
−S− +

m

∑
j=1
β i j(t)max{

1
e2
,
1 − γinf

i j S−

e
γ infi j S−

}} < 0.

Set

H i(u, v) = sup
t≥t∗0

{− [b i i(t)e
−(S++v)

− u] +
n

∑
j=1, j≠i

b i j(t)e
−(S−−v)
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+
m

∑
j=1
β i j(t)max{

1
e2
,
1 − γinf

i j (S− − v)

e
γ infi j (S−−v)

}e
uσ i} , u, v ∈ [0, 1], i ∈ Q .

Furthermore, let B = 1
2 mini∈Q ∣H i(0, 0)∣; then B < 0. According to the continuity of

H i(u, v), one can pick a suõciently small constant 0 < η < 1 such that

H i(u, v) < −B for all (u, v) ∈ [0, η] × [0, η], i ∈ Q ,

and then for ûxed λ ∈ [0, η], we have

H i(λ, ε) = sup
t≥t∗0

{ − [b i i(t)e
−(S++ε)

− λ] +
n

∑
j=1, j≠i

b i j(t)e
−(S−−ε)(2.10)

+
m

∑
j=1
β i j(t)max{

1
e2
,
1 − γinf

i j (S− − ε)

e
γ infi j (S−−ε)

} e
λσ i} < 0,

for all ε ∈ (0, η], i ∈ Q, and

max
i∈Q

{ sup
ε∈[0,η]

H i(λ, ε)} = −B < 0.

Without loss of generality, to prove Lemma 2.4, we only need to show that (2.9)
holds for ε ∈ (0,min{η, S−}). For i ∈ Q, t ∈ (−∞, t0 − σi], we add the deûnition of
x i(t) with x i(t) ≡ x i(t0 − σi). Set

A i(δ, t) = [b i i(t + δ) − b i i(t)]e
−x i(t+δ) −

n

∑
j=1, j≠i

[b i j(t + δ) − b i j(t)]e
−x j(t+δ)

+
m

∑
j=1

[β i j(t + δ) − β i j(t)]x i( t + δ − τ i j(t + δ)) e
−γ i j(t+δ)x i(t+δ−τ i j(t+δ))

+
m

∑
j=1
β i j(t)[x i(t + δ − τ i j(t + δ))e

−γ i j(t+δ)x i(t+δ−τ i j(t+δ))

− x i(t − τ i j(t) + δ)e
−γ i j(t+δ)x i(t−τ i j(t)+δ)]

+
m

∑
j=1
β i j(t)[x i(t − τ i j(t) + δ)e

−γ i j(t+δ)x i(t−τ i j(t)+δ)

− x i(t − τ i j(t) + δ)e
−γ i j(t)x i(t−τ i j(t)+δ)]

− [a i i(t + δ) − a i i(t)]

+
n

∑
j=1, j≠i

[ a i j(t + δ) − a i j(t)] , t ∈ R.

For any ε ∈ (0,min{η, S−}), it follows from Lemma 2.2 that there exists Tφ > t∗0 such
that

(2.11) S− − ε < x i(t) < S
+
+ ε, for all t ∈ [Tφ − σi , +∞), i ∈ Q ,

which implies that the right side of (1.1) is also bounded, and x′i(t) is a bounded
function on [t0 ,+∞). hus, with the help of the fact that x i(t) ≡ x i(t0 − σi) for
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t ∈ (−∞, t0−σi], we gain that x i(t) is uniformly continuous onR. Fromuniformly al-
most periodic family theory in [7, Corollary 2.3, p. 19], for each ε ∈ (0,min{η, S−Let}),
there exists l = l(є) > 0, such that every interval [α, α+ l] ⊆ R, includes a δ for which

∣A i(δ, t)∣ ≤
1
2
Bε, for all t ∈ R, i ∈ Q .

Let Λ0 ≥ max{Tφ +maxi∈Q σi , Tφ +maxi∈Q σi − δ}. For t ∈ R, denote

u(t) = (u1(t), u2(t), . . . , un(t)), u i(t) = x i(t + δ) − x i(t),

U(t) = (U1(t),U2(t), . . . ,Un(t)), U i(t) = e
λt
u i(t),

where i ∈ Q. Let it be such an index that

(2.12) ∣U i t(t)∣ = ∥U(t)∥.

hen, for all t ≥ Λ0, we have

u
′
i(t) = b i i(t)[e

−x i(t+δ) − e−x i(t)](2.13)

−
n

∑
j=1, j≠i

b i j(t)[ e
−x j(t+δ) − e−x j(t)]

+
m

∑
j=1
β i j(t)[x i(t − τ i j(t) + δ)e

−γ i j(t)x i(t−τ i j(t)+δ)

− x i(t − τ i j(t))e
−γ i j(t)x i(t−τ i j(t))] + A i(δ, t).

With the help of Lemma 2.2, one can show the following inequalities:

γ
inf
i j (S− − ε) ≤ γ i j(t)x(t − τ i j(t)), γ i j(t)x(t − τ i j(t) + δ),

i ∈ Q , j ∈ I, t ≥ Λ0 ,
S− − ε ≤ x i(t), i ∈ Q , t ≥ Λ0 ,

(e
−s
− e

−t
) sgn(s − t) ≤ −e

−(S++ε)
∣s − t∣, ∣e−s

− e
−t
∣ ≤ e

−(S−−ε)∣s − t∣

for s, t ∈ [S− − ε, S+ + ε],

∣se
−s
− te

−t
∣ ≤ max{

1
e2
,
1 − γinf

i j (S− − ε)

e
γ infi j (S−−ε)

} ∣s − t∣

for s, t ∈ [γ
inf
i j (S− − ε),+∞), i ∈ Q , j ∈ I.

his, together with (2.11), (2.12), and (2.13), gives us we get

D
−
(∣U is(s)∣)∣s=t

(2.14)

≤ λe
λt
∣u i t(t)∣ + e

λt
{b i t i t(t)[e

−x it (t+δ) − e−x it (t)] sgn (x i t(t + δ) − x i t(t))

+
n

∑
j=1, j≠i t

b i t j(t)∣e
−x j(t+δ) − e−x j(t)∣ +

m

∑
j=1
β i t j(t)

× ∣x i t(t − τ i t j(t) + δ)e
−γ it j(t)x it (t−τ it j(t)+δ)
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− x i t(t − τ i t j(t))e
−γ it j(t)x it (t−τ it j(t))∣

+ ∣A i t(δ, t)∣}

= λe
λt
∣u i t(t)∣ + e

λt
{b i t i t(t)[e

−x it (t+δ) − e−x it (t)] sgn(x i t(t + δ) − x i t(t))

+
n

∑
j=1, j≠i t

b i t j(t)∣e
−x j(t+δ) − e−x j(t)∣ +

m

∑
j=1

β i t j(t)

γ i t j(t)

× ∣γ i t j(t)x i t(t − τ i t j(t) + δ)e
−γ it j(t)x it (t−τ it j(t)+δ)

− γ i t j(t)x i t(t − τ i t j(t))e
−γ it j(t)x it (t−τ it j(t))∣ + ∣A i t(δ, t)∣}

≤ λe
λt
∣u i t(t)∣ + e

λt
{ − b i t i t(t)e

−(S++ε)
∣u i t(t)∣ +

n

∑
j=1, j≠i t

b i t j(t)e
−(S−−ε)∣u j(t)∣

+
m

∑
j=1
β i t j(t)max{

1
e2
,
1 − γinf

i t j (S− − ε)

e
γ infit j(S−−ε)

} ∣u i t(t − τ i t j(t))∣ + ∣A i t(δ, t)∣}

= −[b i t i t(t)e
−(S++ε)

− λ]∣U i t(t)∣

+
n

∑
j=1, j≠i t

b i t j(t)e
−(S−−ε)∣U j(t)∣

+
m

∑
j=1
β i t j(t)max{

1
e2
,
1 − γinf

i t j (S− − ε)

e
γ infit j(S−−ε)

} e
λτ it j(t)∣U i t(t − τ i t j(t))∣

+ e
λt
∣A i t(δ, t)∣ for all t ≥ Λ0 .

Let

E(t) = sup
−∞<s≤t

{e
λs
∥u(s)∥}.

It is obvious that eλt∥u(t)∥ ≤ E(t) and E(t) is non-decreasing.
Now the remaining proof will be divided into two steps.

Step one. If E(t) > eλt∥u(t)∥ for all t ≥ Λ0 , we assert that

E(t) ≡ ∥U(Λ0)∥, for all t ≥ Λ0 .

In the contrary case, one can pick Λ1 > Λ0 such that E(Λ1) > E(Λ0). Because

e
λt
∥u(t)∥ ≤ E(Λ0) for all t ≤ Λ0 ,

there must exist β∗ ∈ (Λ0 , Λ1) such that

e
λβ∗

∥u(β
∗
)∥ = E(Λ1) ≥ E(β

∗
),

which contradicts the fact that E(β∗) > eλβ
∗

∥u(β∗)∥ and proves the above assertion.
hen, we can select Λ2 > Λ0 satisfying

∥u(t)∥ ≤ e
−λt
E(t) = e

−λt
E(Λ0) <

ε

2
for all t ≥ Λ2 .
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Step two. If there exists ς ≥ Λ0 such that E(ς) = eλς∥u(ς)∥, we have from (2.14) and
the deûnition of E(t) that

0 ≤ D−(∣U is(s)∣)∣ s=ς

≤ −[b iς iς(ς)e
−(S++ε)

− λ]∣U iς(ς)∣ +
n

∑
j=1, j≠iς

b iς j(ς)e
−(S−−ε)∣U j(ς)∣

+
m

∑
j=1
β iς j(ς)max{

1
e2
,
1 − γinf

iς j (S− − ε)

e
γ infiς j(S−−ε)

} e
λτ iς j(ς)∣U iς(ς − τ iς j(ς))∣

+ e
λς
∣A iς(δ, ς)∣

≤ { − [b iς iς(ς)e
−(S++ε)

− λ] +
n

∑
j=1, j≠iς

b iς j(ς)e
−(S−−ε)

+
m

∑
j=1
β iς j(ς)max{

1
e2
,
1 − γinf

iς j (S− − ε)

e
γ infiς j(S−−ε)

} e
λτ iς j(ς)}E(ς) +

1
2
Bεe

λς

< −BE(ς) +
1
2
Bεe

λς ,

which leads to

(2.15) e
λς
∥u(ς)∥ = E(ς) <

ε

2
e
λς and ∥u(ς)∥ <

ε

2
.

For any t > ς satisfying E(t) = eλt∥u(t)∥, by the same method as in the derivation of
(2.15), we can show

(2.16) e
λt
∥u(t)∥ <

ε

2
e
λt and ∥u(t)∥ <

ε

2
.

Furthermore, if E(t) > eλt∥u(t)∥ and t > ς, one can pick Λ3 ∈ [ς, t) such that

E(Λ3) = e
λΛ3 ∣u(Λ3)∥ and E(s) > eλs∥u(s)∥ for all s ∈ (Λ3 , t],

which, together with (2.15) and (2.16), suggests that

(2.17) ∥u(Λ3)∥ <
ε

2
.

With similar reasoning to that in the proof of step one, we can infer that

E(s) ≡ E(Λ3) is a constant for all s ∈ (Λ3 , t],

which, together with (2.17), implies that

∥u(t)∥ < e
−λt
E(t) = e

−λt
E(Λ3) = ∥u(Λ3)∥e

−λ(t−Λ3) <
ε

2
.

Finally, the above discussion infers that there exists Λ̂ > max{ς, Λ0 , Λ2} such that

(2.18) ∥u(t)∥ ≤
ε

2
< ε for all t > Λ̂,

which ûnishes the proof of Lemma 2.4. ∎
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3 Global Exponential Stability of Almost Periodic Solutions
Combining Lemma 2.2 with Lemma 2.3, we have the following theorem.

heorem 3.1 Assume that all assumptions of Lemma 2.4 are satisûed. hen (1.2) has
a globally exponentially stable, positive, almost periodic solution x∗(t). Moreover, there

exist constants Kφ ,x∗ and tφ ,x∗ such that

∥x(t; t0 , φ) − x
∗
(t)∥ < Kφ ,x∗ e

−λt
for all t > tφ ,x∗ .

Proof Let v(t) = v(t; t0 , φv) be a solution of equation (1.2) with initial conditions
satisfying the assumptions in Lemma 2.4. We also deûne v i(t) ≡ v i(t0 − σi) for all
t ∈ (−∞, t0 − σi], i ∈ Q. Deûne

Π i ,k(t) = [b i i(t + tk) − b i i(t)]e
−v i(t+tk)

−
n

∑
j=1, j≠i

[b i j(t + tk) − b i j(t)]e
−v j(t+tk)

+
m

∑
j=1

[β i j(t + tk) − β i j(t)]v i

× (t + tk − τ i j(t + tk))e
−γ i j(t+tk)v i(t+tk−τ i j(t+tk))

+
m

∑
j=1
β i j(t)[v i(t + tk − τ i j(t + tk))e

−γ i j(t+tk)v i(t+tk−τ i j(t+tk))

− v i(t − τ i j(t) + tk)e
−γ i j(t+tk)v i(t−τ i j(t)+tk)]

+
m

∑
j=1
β i j(t)[v i(t − τ i j(t) + tk)e

−γ i j(t+tk)v i(t−τ i j(t)+tk)

− v i(t − τ i j(t) + tk)e
−γ i j(t)v i(t−τ i j(t)+tk)] − [a i i(t + tk) − a i i(t)]

+
n

∑
j=1, j≠i

[a i j(t + tk) − a i j(t)], t ∈ R, i ∈ Q ,

where {tk} is any sequence of real numbers. For any ε ∈ (0,min{η, S−}), by Lemma
2.3, we can choose tφv > t0 such that

S− − ε < v i(t) < S
+
+ ε, for all t ≥ tφv , i ∈ Q ,

which, together with the boundedness of v′i(t) and the fact that v i(t) ≡ v i(t0 − σi)

for t ∈ (−∞, t0 − σi], entails that v(t) is uniformly continuous on R. hen, from the
almost periodicity of a i j , b i j , τ i j , γ i j , and β i j , we can select a sequence {tk} → +∞

such that

∣a i j(t + tk) − a i j(t)∣ ≤
1
k
, ∣b i j(t + tk) − b i j(t)∣ ≤

1
k
,(3.1)

∣τ i j(t + tk) − τ i j(t)∣ ≤
1
k

∣β i j(t + tk) − β i j(t)∣ ≤
1
k
,

∣γ i j(t + tk) − γ i j(t)∣ ≤
1
k
, ∣є(k, t)∣ ≤

1
k
,

for all i , j, t.
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Since {v(t + tk)}
+∞
k=1 is uniformly bounded and equi-uniformly continuous, from

Arzala–Ascoli Lemma and the diagonal selection principle, we can select a subse-
quence {tkq} of {tk}, such that v(t + tkq) (which for convenience we still designate by
v(t + tk)) uniformly converges to a continuous function x∗(t) = (x∗1 (t), x

∗
2 (t), . . . ,

x∗n(t)) on any compact set of R, and
(3.2) S− − ε ≤ x

∗
i (t) ≤ S

+
+ ε, for all t ∈ R, i ∈ Q .

Now, we prove that x∗(t) is a solution of (1.2). In fact, for any t ≥ t0 and ∆t ∈ R,
from (3.1), we have

x
∗
i (t + ∆t) − x

∗
i (t)(3.3)

= lim
k→+∞

[v i(t + ∆t + tk) − v i(t + tk)]

= lim
k→+∞

∫

t+∆t

t
[ − a i i(s) + b i i(s)e

−v i(s+tk)

+
n

∑
j=1, j≠i

(a i j(s) − b i j(s)e
−v j(s+tk))

+
m

∑
j=1
β i j(s)v i(s + tk − τ i j(s))e

−γ i j(s)v i(s+tk−τ i j(s)) +Π i ,k(s)]ds

= ∫

t+∆t

t
[ − a i i(s) + b i i(s)e

−x∗i (s) +
n

∑
j=1, j≠i

( a i j(s) − b i j(s)e
−x∗j (s))

+
m

∑
j=1
β i j(s)x

∗
i (s − τ i j(s))e

−γ i j(s)x∗i (s−τ i j(s))]ds,

where t, t + ∆t ≥ t0 , i ∈ Q . Consequently, (3.3) suggests that

d

dt
{x

∗
i (t)} = −a i i(t) + b i i(t)e

−x∗i (t) +
n

∑
j=1, j≠i

(a i j(t) − b i j(t)e
−x∗j (t))

+
m

∑
j=1
β i j(t)x

∗
i (t − τ i j(t))e

−γ i j(t)x∗i (t−τ i j(t)) , i ∈ Q .

Hence, x∗(t) is a solution of (1.2).
Furthermore, from Lemma 2.4 and (2.18), for any ε > 0, there exists l = l(ε) > 0,

such that every interval [α, α+ l] contains at least one number δ for which there exists
Λ̂ > 0 obeying

∥v(t + δ) − v(t)∥ ≤
ε

2
< ε, for all t > Λ̂.

Given s ∈ R, one can pick a suõciently large positive integer N1 > Λ̂ such that, for any
k > N1,

s + tk > Λ̂, ∥v(s + tk + δ) − v(s + tk)∥ ≤
ε

2
< ε.

Letting k → +∞ gives us
∥x

∗
(s + δ) − x

∗
(s)∥ < ε,

which suggests that x∗(t) is a positive almost periodic solution of (1.2).
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Next, we validate that x∗(t) is globally exponentially stable. Let x(t) = x(t; t0 , φ),
and

z i(t) = x i(t) − x
∗
i (t), Wi(t) = ∣z i(t)∣e

λt for all t ∈ [t0 − σi ,+∞).

Clearly,

(3.4) z
′
i(t) = b i i(t)[e

−x i(t) − e−x
∗
i (t)] −

n

∑
j=1, j≠i

b i j(t)[e
−x j(t) − e−x

∗
j (t)]

+
m

∑
j=1
β i j(t)[x i(t − τ i j(t))e

−γ i j(t)x i(t−τ i j(t)) − x
∗
i (t − τ i j(t))e

−γ i j(t)x∗i (t−τ i j(t))] .

For any ε ∈ (0,min{η, S−}), it follows from Lemma 2.4 that there exists Tφ ,x∗ > t0
such that

(3.5) S− − ε ≤ x i(t) ≤ S
+
+ ε, for all t ∈ [Tφ ,x∗ − σi , +∞), i ∈ Q .

By (3.4) and calculating the upper-right Dini derivative ofWi(t), we obtain

D
−
(Wi(t))(3.6)

≤ b i i(t)[e
−x i(t) − e−x

∗
i (t)] sgn(x i(t) − x

∗
i (t))e

λt

+
n

∑
j=1, j≠i

b i j(t)∣e
−x j(t) − e−x

∗
j (t)∣eλt

+
m

∑
j=1
β i j(t)∣x i(t − τ i j(t))e

−γ i j(t)x i(t−τ i j(t))

− x
∗
i (t − τ i j(t))e

−γ i j(t)x∗i (t−τ i j(t))∣ eλt

+ λ∣z i(t)∣e
λt , for all t > Tφ ,φ∗ , i ∈ Q .

Now we assert that

Wi(t) < e
λTφ ,x∗ ( max

j∈Q
{ max

t∈[t0−σ j , Tφ ,x∗ ]
∣x j(t) − x

∗
j (t)∣} + 1) ∶= Mφ ,x∗

for all t > Tφ ,φ∗ , i ∈ Q. Otherwise, we can choose i ∈ Q and T i
∗ > Tφ ,x∗ such that

(3.7) Wi(T
i
∗) = Mφ ,x∗ and Wj(t) < Mφ ,x∗

for all t ∈ [t0 − σ j , T i
∗), j ∈ Q. With the help of (3.2), (3.5), and Lemma 2.2, one can

show the following inequalities:

γ
inf
i j (S− − ε) ≤ γ i j(T

i
∗)x(T

i
∗ − τ i j(T

i
∗)), γ i j(T

i
∗)x

∗

i (T
i
∗ − τ i j(T

i
∗)), j ∈ I,

(e
−s
− e

−t
) sgn(s − t) ≤ −e

−(S++ε)
∣s − t∣, ∣e

−s
− e

−t
∣ ≤ e

−(S−−ε)∣s − t∣,
where s, t ∈ [S− − ε, S+ + ε],

∣se
−s
− te

−t
∣ ≤ max{

1
e2
,
1 − γinf

i j
(S− − ε)

e
γ inf
i j

(S−−ε)
} ∣s − t∣,

where s, t ∈ [γ
inf
i j (S− − ε), +∞), j ∈ I.
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his, together with (3.6) and (3.7), gives us that

0 ≤ D−(Wi(T
i
∗))

≤ b i i(T
i
∗)[e

−x i(T
i
∗) − e

−x∗
i
(T i

∗)] sgn(x i(T
i
∗) − x

∗

i (T
i
∗))e

λT i
∗

+
n

∑
j=1, j≠i

b i j(T
i
∗)∣e

−x j(T i
∗) − e

−x∗j (T
i
∗)∣e

λT i
∗

+
m

∑
j=1
β i j(T

i
∗)∣x i(T

i
∗ − τ i j(T

i
∗))e

−γ i j(T
i
∗)x i(T

i
∗−τ i j(T

i
∗))

− x
∗

i (T
i
∗ − τ i j(T

i
∗))e

−γ i j(T
i
∗)x

∗

i
(T i

∗−τ i j(T
i
∗))∣e

λT i
∗ + λ∣z i(T

i
∗)∣e

λT i
∗

≤ −[b i i(T
i
∗)e

−(S++ε)
− λ]∣z i(T

i
∗)∣e

λT i
∗ +

n

∑
j=1, j≠i

b i j(T
i
∗)e

−(S−−ε)∣z j(T
i
∗)∣e

λT i
∗

+
m

∑
j=1

β i j(T
i
∗)

γ i j(T
i
∗)

∣γ i j(T
i
∗)x i(T

i
∗ − τ i j(T

i
∗))e

−γ i j(T
i
∗)x i(T

i
∗−τ i j(T

i
∗))

− γ i j(T
i
∗)x

∗

i (T
i
∗ − τ i j(T

i
∗))e

−γ i j(T
i
∗)x

∗
i (T

i
∗−τ i j(T

i
∗))∣e

λT i
∗

≤ −[b i i(T
i
∗)e

−(S++ε)
− λ]∣z i(T

i
∗)∣e

λT i
∗ +

n

∑
j=1, j≠i

b i j(T
i
∗)e

−(S−−ε)∣z j(T
i
∗)∣e

λT i
∗

+
m

∑
j=1
β i j(T

i
∗)max{

1
e2
,
1 − γinf

i j
(S− − ε)

e
γ inf
i j

(S−−ε)
} ∣z i(T∗ − τ i j(T

i
∗))∣e

λ(T i
∗−τ i j(T

i
∗))e

λτ i j(T
i
∗)

≤ {−[b i i(T
i
∗)e

−(S++ε)
− λ] +

n

∑
j=1, j≠i

b i j(T
i
∗)e

−(S−−ε)

+
m

∑
j=1
β i j(T

i
∗)max{

1
e2
,
1 − γinf

i j
(S− − ε)

e
γ inf
i j

(S−−ε)
} e

λσ i}Mφ ,φ∗ ,

from which, together with (2.10), we derive that

0 ≤ −[b i i(T
i
∗)e

−(S++ε)
− λ] +

n

∑
j=1, j≠i

b i j(T
i
∗)e

−(S−−ε)

+
m

∑
j=1
β i j(T

i
∗)max{

1
e2
,
1 − γinf

i j
(S− − ε)

e
γ inf
i j

(S−−ε)
} e

λσ i < 0.

his is a clear contradiction and proves the above assertion. Hence,

∣z i(t)∣ < Mφ ,x∗ e
−λt for all t > Tφ ,x∗ , i ∈ Q ,

which ûnishes the proof of heorem 3.1. ∎
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4 A Numerical Example

Example 4.1 Let us consider system (1.2) involving the following parameters:

(4.1)

n = m = 2, a11(t) = e−(2+∣ cos
√

2t∣) , b11(t) = 10.1 + 10.1 cos2 t,

a12(t) = (0.2 + 0.2 cos t)e−(2+∣ cos t∣) , b12(t) = 0.01 + 0.01 cos2 t,

β11(t) =
1+cos t
1000 , β12(t) =

1+sin t
2000 , γ11(t) = γ12(t) = 0.5,

τ11(t) = 2∣ sin
√
5t∣, τ12(t) = 3∣ sin

√
5t∣,

a22(t) = e
−(2+∣ sin

√
3t∣) , b22(t) = 20.2 + 20.2 sin2

t,

a21(t) = (0.2 + 0.2 sin t)e−(2+∣ sin t∣) , b21(t) = 0.02 + 0.02 sin2
t,

γ21(t) = γ22(t) = 0.5, β21(t) =
1+cos t
2000 , β22(t) =

1+sin t
3000 ,

τ21(t) = 2∣ cos
√

7t∣, τ22(t) = 3∣ cos
√

7t∣.

Obviously, it is observed that

S− = min
1≤i≤2

{ lim inf
t→+∞

ln (
b i i(t) −∑

n
j=1, j≠i b i j(t)

a i i(t) −∑
n
j=1, j≠i a i j(t)

)} ≈ 4.1,

S
+
= max

1≤i≤2
{ lim sup

t→+∞
ln (

b i i(t) −∑
n
j=1, j≠i b i j(t)

a i i(t) −∑
n
j=1, j≠i(a i j(t) +∑

m
j=1

1
e
β i j(t)
γ i j(t)

)
)} ≈ 7.1,

max
t∈R

⎧⎪⎪
⎨
⎪⎪⎩

− b i i(t)e
−S+

+
2

∑
j=1, j≠i

b i j(t)e
−S− +

2

∑
j=1
β i j(t)max{

1
e2
,
1 − γinf

i j S−

e
γ infi j S−

}

⎫⎪⎪
⎬
⎪⎪⎭

≈ −0.05 < 0, i = 1, 2,

which suggest that (4.1) satisûes all assumptions adopted in heorem 3.1. hus, by
heorem 3.1, we know that system (1.2) with parameters (4.1) has a unique almost
periodic solution x∗(t) = (x∗1 (t), x

∗
2 (t)) that is globally exponentially stable (see

Figure 1), and x∗i (t) ≥ S− > 4 for all t ∈ R and i = 1, 2.

Remark 4.2 It should be mentioned that the assumptions

γ i j(t) ≥ 1, for all t ∈ R, i ∈ Q , j ∈ I,

and
inf
t≥0

{1 − τ
′
i j(t)} = µ > 0, for all t ∈ R, i ∈ Q , j ∈ I,

have been adopted as fundamental to showing the stability of periodic and almost
periodic solutions for Nicholson’s blow�ies models in [3, 16, 17,22,23,25] and [20], re-
spectively. In particular, the results on periodic scalar Nicholson’s blow�ies model in
[24] give no opinions about the problem of almost periodic solutions of Nicholson’s
blow�ies systems involving patch structure and nonlinear density-dependent mor-
tality terms. Clearly, the parameters γ i j(t) = 1

2 , i , j = 1, 2, and τ11(t) = 2∣ sin
√
5t∣,
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Figure 1: Numerical solutions of (4.1) for initial value (φ1(s), φ2(s)) = (5, 6), (6, 7), (5.5, 6.5),
s ∈ [−3, 0].

τ12(t) = 3∣ sin
√
5t∣, τ21(t) = 2∣ cos

√
7t∣, τ22(t) = 3∣ cos

√
7t∣ do not satisfy the above

assumptions. Moreover, the fact that

x
∗
i (t) ≥ S− > 4 > κ̃ for all t ∈ R, i = 1, 2,

entails that x∗(t) is out of [κ, κ̃]×[κ, κ̃]. Hence, all the results in [1–4,16,17,20,22–25]
cannot be used to show the global exponential stability on the positive almost periodic
solution of system (1.1) involving parameters (4.1).

5 Conclusions

In this paper, we combine the Lyapunov function method with the diòerential in-
equality method to establish some new criteria ensuring the existence and exponen-
tial stability of positive almost periodic solutions for a class of delayed Nicholson’s
blow�ies systems with patch structure and nonlinear density-dependent mortality
terms. hese criteria are obtained without assuming that

[κ, κ̃] × ⋅ ⋅ ⋅ × [κ, κ̃]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

n

≈ [0.7215355, 1.342276] × ⋅ ⋅ ⋅ × [0.7215355, 1.342276]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

n

is the existence region of almost periodic solutions, and the homologous results in the
recently published literature are summarized and reûned. he approach presented in
this article can be used as a possible way to study the patch structure populationmod-
els with nonlinear density-dependent mortality terms, for example, the neoclassical
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growth model, the Mackey–Glass model, epidemical systems or age-structured pop-
ulation models, and so on.
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