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Isometric rigidity of the Wasserstein space
over the plane with the maximum metric*

Zoltan M. Balogh, Gergely Kiss, Tamas Titkos and Daniel Virosztek

Abstract. We study p-Wasserstein spaces over the branching spaces R? and [—1, 1]? equipped with
the maximum norm metric. We show that these spaces are isometrically rigid for all p > 1, meaning
that all isometries of these spaces are induced by isometries of the underlying space via the push-
forward operation. This is in contrast to the case of the Euclidean metric since with that distance the
2-Wasserstein space over R? is not rigid. Also, we highlight that the 1-Wasserstein space is not rigid
over the closed interval [ —1, 1], while according to our result, its two-dimensional analog, the closed
unit ball [ -1, 1]? with the more complicated geodesic structure is rigid.

1 Introduction and the main result

Recent developments of optimal mass transport theory [1, 2, 3, 9, 16, 17] serve as main
motivation for studying the Wasserstein space; that is, the space of probability measures
endowed with a metric generated by optimal mass transport. The structure of the isom-
etry group of Wasserstein spaces has been studied for the first time in a groundbreaking
paper by Kloeckner [13] in the case when the underlying space is the Euclidean space
R™. This research has been followed up by Bertrand and Kloeckner [6, 7], Gehér, Titkos,
Virosztek [10, 11], Santos-Rodriguez [15]. These authors considered various underly-
ing metric spaces with different properties. The general feature of these spaces was, that
they were non-branching geodesic metric spaces. This non-branching property of the
underlying space was inherited by the Wasserstein space as well [1, 15] and it was used
in an essential way (e.g. in [15]) to show that isometries of Wasserstein spaces preserve
the class of Dirac masses.

In this paper, we consider the situation of branching spaces, namely R? and Q =
[-1,1]? endowed with the maximum metric. Since the above-mentioned technique
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does not work in our case, we shall use a different method in order to determine the
structure of the isometry group of the Wasserstein space over these spaces.

Before defining the necessary notions and introducing the notation we will use
throughout this paper, we highlight a very recent result of Che, Galaz-Garcia, Kerin,
and Santos-Rodriguez [8] which provided interesting examples of non-rigid Wasser-
stein spaces over certain classes of normed spaces.

To state our main result we start by introducing some notation. Let X € R? be a
closed subset equipped with the maximum metric dy, : X X X — [0, o)

dm((Xl,xz), ()ﬁ,yz)) = max {|X1 - yil, v = y2|},

which is a complete and separable metric space. For p > 1 we consider the p-
Wasserstein space (Pp, (X, dm), dw, ), where X C R? is a closed subset and P, (X, dyn)
is the space of Borel probability measures u supported on X C R? with finite p-th
moments:

/ 7 (x, o) dpu(x) < oo
X

for some (and thus for all) x, € R2. This set is endowed with the Wasserstein metric
coming from optimal mass transport, i.e.

1

2

dw,(u.v) = min //dfﬁ(x,y)dﬂ(x,y) ,
XX

where C(u, v) is in the set of couplings between p and v. Thatis, 7 € P (X x X) and its
marginals are equal to u and v: 71(A X X) = u(A),and 1(X X A) = v(A) for any Borel
set A C X.Recall that if 0 < p < 1, then the definition of the p-Wasserstein distance is

slightly different. In that case, dw,, (¢, v) = minzec (u,v) ff d? (x,v) dn(x,y).
XxX
For the sake of brevity, we will denote the Wasserstein space (Pp (X, dm), dwp) by

Wp(X, dw).
The support of a measure u will be denoted by supp(u). For some distinguished
collection of lines L C R? the set

(Wp(L’ dn) ={p € (Wp(Rz’ dn) | supp(u) € L}

will play an important role. Recall that a geodesic segment (or shortly: geodesic) is a
curvey : [a,b] — W, (X, dn) such that

dw, (y(1),y(s)) = Clt = 5|

for all#, s € R. Note, that by reparametrising the curve y we can always achieve that
C = 1. Geodesics with C = 1 will be called unit-speed geodesics.

This paper aims to connect isometries of the underlying space X, and the Wasserstein
space Wy, (X, dm). Recall that given a metric space (M, g) amap f : M — M is called
an isometry if it is bijective and distance preserving, i.e. o(f(m), f(m")) = o(m,m’)
forallm,m’ € M.
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Recall that any isometry of (X, dn) induces an isometry of W), (X, dr,) by push-
forward. Indeed, if T : X — X is an isometry, then the map 7 is an isometry of
W, (X, dw), where T, u stands for the push-forward measure of y by T’

T.u(A) = u(T"'(A) forall Borel sets A C X.

In what follows we shall call isometries of the type Ty trivial isometries. We call the
Wasserstein space ‘W), (X, dr,) isometrically rigid if all of its isometries are trivial.

Let us recall that by the results of Kloeckner [13] the quadratic Wasserstein space
Wr(R", d.|,) is not rigid as it has non-trivial shape-preserving isometries. Moreover,
in the case n = 1 there is a flow of exotic (non-shape-preserving) isometries. Further-
more, the structure of the isometry group of Wasserstein spaces could depend both
on the choice of X and the value of p. Indeed, the results of [10] show in the one-
dimensional case X = R that the isometry group of W5(R, d,.|) is much larger than
the isometry group of W, (R, d,.|) for all p # 2, while if X = [0, 1], then the isome-
try group of ‘Wi ([0, 1], d|.|) is richer than the isometry group of ‘W, ([0, 1], d|.|) for
all p > 1 (see [10]). As it was already pointed out in [10], the same conclusion holds for
every compact interval [a, b]. For our considerations, the relevant conclusion is that
W, ([-1,1],| - |) is rigid if and only if p # 1.

In this paper, we distinguish the cases p = 1 and p > 1. We note that the case p < 1
has already been covered by the general result [11, Corollary 4.7.] which says that the
Wasserstein space ‘W), (X, d) is isometrically rigid for every Polish underlying space
(X, d) and for every parameter p < 1. Furthermore, the underlying space X will be
either R? or the closed unit ball Q = [-1, 1]2. Our main result shows, that in contrast
to the above non-rigidity results in the one-dimensional case, (and also in the higher
dimensional R” with the Euclidean metric) in our situation the Wasserstein spaces are
isometrically rigid when the underlying space R? or Q is considered with the maximum
metric.

Theorem 1.1 Let X = R>or X = Q = [-1,1]? equipped with the maximum metric.
Then for any p > 1 the Wasserstein space Wy, (X, dy,) is isometrically rigid. That is, for any
isometry @ : Wy (X, dn) — Wy(X, dp) there exists a unique isometry T : (X, dy,) —
(X, dp) such that

() = Topt, forany p € Wp(X,dn).

The proof will be a combination of Proposition 2.1 with Theorem 3.3, Theorem 3.6,
Theorem 3.9, and Theorem 3.10.

Due to the difficulty caused by the branching nature of the underlying space, instead
of Dirac masses, we shall consider measures supported on diagonal lines and prove that
this class of measures is preserved by isometries. This seems to be a similar phenomenon
to the one in the recent work of Balogh, Titkos, and Virosztek [5] about rigidity in the
setting of the Heisenberg group. In that paper, the authors proved that measures sup-
ported on vertical lines in the Heisenberg group are preserved. In our setting vertical
lines will be replaced by diagonals that are suitable to our geometry. In the sequel, we
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shall consider two special lines (briefly: diagonals)
L. ={(t,t)|teR} and L_={(t,—t)|t € R},
and their translates:
L=Lgg,= {(xl,xz) eR? |xz = &x +a} forsomee € {—1,1}anda € R. (1.1)

When we are working in Q = [—1, 1]?, (with a slight abuse of notation) these symbols
denote the line segment contained in Q.

The consideration of diagonal lines in our arguments is based on the observation that
there is a unique geodesic (with respect to the maximum metric) connecting two points
in the plane if and only if the two points are on the same diagonal L. ,. We think that
understanding rigidity in this special branching space will give us important clues to
tackle the same question in general normed spaces.

Definition 1.1  Let X be either R? or Q equipped by the maximum metric. We call the
Wasserstein space ‘W, (X, dy,) diagonally rigid, if for every Wasserstein isometry @ :
Wy (X, dm) = Wy (X, dn) there exists anisometry T : (X, dy) — (X, dp) such that
®(u) = T.(u) whenever the support of y is a subset of Ly or L_.

Our aim in Section 2 is to prove that diagonal rigidity implies rigidity. This step is
quite general in the sense that its proof works the same way for any p > 1 and X €
{R?, Q}. To prove that W, (X, d,) is indeed diagonally rigid is more tricky and uses
very different arguments for different underlying spaces X = R? and X = [~1, 1] and
for different values of p. These results are proven in Section 3.

2 Diagonal rigidity implies rigidity
The main result of this section is the following:

Proposition 2.1 Let p > 1and X € {R2 Q}. Assume that the space W, (X, dy) is

diagonally rigid. Then the Wy, (X, dr,) is rigid.

For the sake of brevity, we only prove the case X = R?. The same argument works in
the case X = Q, replacing lines by line segments contained in Q.

The proof of the statement will be a combination of lemmas. The first lemma is about
the minimal distance projection onto lines.

Lemma 2.2 Let L C R be a line that is not parallel to the x-axis and the y-axis, and let
x € R2. Then there exists unique X € L such that dy, (x,%) < d(x,) forally € L.

Proof Ifx € L,then we take X := x and the claim is obvious. If x ¢ L, then X is the
first point of contact of metric balls centered at x with L. Since metric balls are squares
aligned with the x and y-axes, and by assumption L is not parallel to any of these axes,
X is uniquely defined.

|
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Denoting by P (x) = %, we obtain a well-defined projection map Py : R? — L.
Our second statement is about the projection of measures defined by the push forward
under this projection map.

Lemma2.3 Let u € Wy, (R?, dy). Then, the measure (i = Py () is the metric projection
W, (R%, d) = W, (L, dy) i.e. the unique measure in ‘W), (L, dy) such that

dW,, (/J’ /j) < dWI, (,U, V)
forally € W, (L, dy,).

Proof To prove the inequality in the statement, let v € W), (L, dr) be an arbitrary
measure and 7 be an optimal coupling between y and v. Then

&y (uen) = [ dhixy) dntey).
R2XL
Since d%(x,y) > dP(x, Py (x)) forallx € R?,y € L and supp(rm) € R? X L, we have
that

&y ) = [ by anten > [ dhn i) anty)
R2XL R2xR?
= [ b P du() = dfy .
RZ
This shows that /1 is a minimizer for the problem inf{d{,’vp (u,v):veWy(L,dn)}.

To show that /1 is the unique minimizer, note that in the case equality we have that y =
Py (x) for m almost every (x, y) showing that 7 = (Id X Pp)sp and thusv = Pr.u. ®m

The next lemma shows that the action of the isometry and the push-forward by
projection commute.

Lemma 24 If®: W, (R dn) = W, (R?, dy) is an isometry such that D (u) = p for
all p € Wy (L, dw) U W, (L_, dy,) then we have the commutation relations

O(Pr,, (1) = PL(®(p)  and  O(Pr_, () = Pr_,(P(n))
forall p € W,(R?, dy).
Proof The proofis based on the previous lemma, and we prove only the first commu-
tation relation regarding L as the case of L_ is very similar.

Let u € W, (R?, di) and i = P, . (11). We have to show that @ (1) = Pp (P (u)).
Since i € Wy, (L, dm), we note that ® (1) = (i by assumption. As @ is an isometry,

D = dw, (. ) = dw, (), P(4)) = dw, (P(w), 4).
Letv € W,(Ly,dn). Thus v = D l(y) e W, (L4, d), and therefore
dw, (®(u),v) = dw, (u, @~ (v)) = dw, (1, v) 2 D forallv € W, (L, d).
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Since dw,, (®(u), @(4)) = D and fi = @(f1) € W), (L4, dp) is the minimizer of the
distance, from the uniqueness part of Lemma 2.3, we have & = ® (1) = Pr, . (P(u)) as
required. u

After this preparation we can turn to the proof of Proposition 2.1. The proof is
inspired by Bertrand and Kloeckner [6] and it is based on the method of Radon trans-
form. In our case the Radon transform will be a mapping R : W), (R%,dy) —
Wy (L, dn) X Wp(L_,dy) defined by

R(1) = (Pr..(). Pe_. (). @)

Proof Without loss of generality we can assume that ®(u) = pu for all u €
Wy, (Ly,dm) U W,(L_,dy). Now we want to extend this property to the whole
w, (R2, dyn). The main idea is to consider a subset ¥ C W, (R?, dyy) such that

e ¥ isdensein W, (R?, dy),
o forany u, u, € ¥ the following holds:

Pr,,(u) =Pr,,(u2) and Pp_,(u1) = Pr_,(u2) = M1 = Ha,
s O(F)CF.

The second condition is the injectivity of the Radon transform on the set . Suppose
that we have such an ¥ Then, applying Lemma 2.4 we get that for any u € F

Pr,,(®(u) = ®(Pr,, (1) = Pr, (1)
and

Pr_ (®(n) =@(Pr_, (1) = Pr_,(1).

By the third condition we have ®(u) € ¥ and so we can apply the second condition for
the two measures ¢y = u and u; = ®(u). This implies that ®(u) = uforall u € F.
Using the density of  in ‘W), (R?, dyy) (the first condition) we get that ®(u) = u for
all u € W, (R%, dyy).

Therefore it is enough to find a set # that satisfies the conditions above. We define
F by the following:

N
F ZZ{ Za,ﬁx,

i=1

N

NZ I,Z(lizl,

i=1

fori # j werequirea; # aj, and P, x; # Pr,xjand Pr_x; # Pij}.

Let us check the required conditions for this choice of . For the first condition we
use the fact that the set of finitely supported measures is dense in W), (R?, dy). Since a
finitely supported measure can be clearly approximated in ‘W), (R2, dy,) by elements of
¥, the first property follows.

In order to show the second property let u;, 4 € ¥ suchthat Py, (1) = Ppr,«(12)
and P;_.(u1) = Pr_:(uz). We have to conclude that uy = 5.
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To check this, let us assume that

N; N,
Uy = Zafl)éxi(]), and y; = Zafz)éxl@.

i=1 i=1

By the condition that Py .(p1) = Pr,.(u2) and Pr_.(u1) = Pr_»(p2) we obtain the

equations
N1 NZ
(1 — (2)
2.4 Op (") = 2. O, (x)
i=1 i=1
and
N, N,
(1 _ (2)
Z; a; 0p (xMy = Z; a;" " 0p (xy
i= i=

2

From here we conclude, that Ny = N, = N, afl) =aqa; ) andxl.(l) = xfz) fori=1,...,N

which gives that p = 5.

To verify the third property, i.e. that ®(F7) C ¥, let us take an element u =
Zf\il a;i0x, € ¥.Recalling that @ fixes all measures supported on the diagonals L, and
L_, we get by Lemma 2.4 that

Pr.(p) = ®(Pr.(n)) = Pr.(P(un))
for L € {L,, L_}, and therefore we have

N
PL (@) = Pr (1) = ) aibp,, (x,)»

i=1
where P, (x;) € Ly and

N
PL (D) = Pr_ (1) = ) aidp,_(x)»

i=1

where P;_(x;) € L_.In conclusion we obtain that the Radon transform of ¢ and ®(u)
are equal

N N
R = R(1) = ROO) = | D" aiSp,, (x)» ) | ai6p,_(x)

i=1 i=1

Now observe that ®(u) is a finitely supported measure with support contained in
the intersection of the two pre-images:

(PL) ™ ({Pry(x1)s - Pr (en) D) N (PL) T ({PL_(x1), o, Pr_(xn)})-

This intersection is an N-by-N grid, and we refer to its points by z; ; (1 <i,j <N),
where z; ; satisfies that Py, (z; j) = Pr,(x;) and Pr_(z;,j) = Pr_(x;). Hence ®(u)

can be written as
N N
D(u) = Z Z ai,jézi.j’
i=1 j=1
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N N N N .
where a; ; > 0, 2;1, ijl a;j =1land 3,1, a; ; = a; and ijl a;,j = a;. Since the
grid is finite, there is a positive minimal distance between its points
c:= min dy(z i,z ) > 0.
(0.1)#(0",J") s
From here, we assume by contradiction that ®(u) ¢ F. Since ®(u) ¢ ¥, then there

exist at least two points z, 7' € supp(®(u)) such that their projection onto either L, or
L_ coincide.

Figure 1: lllustration of a finitely supported measure y with a possible image ® () and the grid
determined by the pre-images of Py, and Py,_..

We briefly sketch how to obtain the desired contradiction and we give the details
later:
First, by slightly perturbing the measure u we will construct a measure y” such that

argmin {dw, (11.€) | £ € W, (B2, d) R(€) = R4} = (W} @2)

Figure 2: llustration of y/, the measure that we obtain by a sufficiently small perturbation of ..

Next, using the existence of z and 7’ as above; by small perturbations of ® (1) we will
construct two measures v; and v/, such that R(v]) = R(v}) = R(u’) and

arg min {dw,, (®(1),&)[é € W,(R, dn), R(€) = R(1)} 2 (V. v3}.  (23)
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Figure 3: Tllustration for vi and vé - the two measures that we obtained by sufficiently small per-
turbations of ®(u)..

Finally, dw,, (1, (I)_l(v{)) =dw, (1, 1') = dw, (1, <I>_1(v;)) contradicts the fact
that u” is the unique minimizer. This contradiction guarantees that ®(u) € F.

{EIR(E) = R(w)} {€IR(E) =R ()}

Figure 4: llustration of the final step leading to a contradiction. Dashed lines represent equal dis-
tances..

After this brief sketch of the proof, we turn to the details.

If ®(u) ¢ F, then there exist two points z, 7 € supp(®(u)) such that their projec-
tions onto either L, or L_ coincide. Indeed, if there are no such points, then all points
of the support of ®(u) project to different points of L, and L_. Since

N N
PL(®(W) = )\ aibp, (n)s PL(®(W) =Y aidp,, ()

i=1 i=1

anda; # a; (1 <i# j < N), this implies that ®(u) = Zfil aidy; = |, which leads to
a contradiction. Without loss of generality, we can assume that this common projection
is Pr,(x1) € Ly, ie, Pr (2) = Pr,(2') = Pr,(x1),and for some 1 < j; # j, < N
we have z = 21,2 = z1,j, and a;j, > 0,a;j > 0. Using this observation, we
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construct the measures u’, v{, v} as follows. We take a point x’ € L, such that ¢y :=
dm(Pr,(x1),x") < ¢/2.Let us denote the elements of

((PLO™" {PLD) 0 ((PL)T {PL (1) PL_(x)})

by zo,j (1 £ j < N)sothat Py, (z0,;) = x" and Py_(z0,;) = Pr_(x;). We will also use
the notation xo = zo,1. Forevery0 < i’ < N, 1< j,j’ <N

dm(z0,j,21,7) < dm(zir,j7, 21,)

if (i’,j) ¢ {(0, ), (1, j)}. To see this, observe that by construction, dp,(zo,;,21,;) =
co. If i’ # Oand (i, j) # (1,), then we have d,,,(z;,js,21,;) > c by definition. If
i” =0and j’ # j, then using the reverse triangle inequality, we have d,,, (2o, j7, 21,;) =
dm (21,7, 21,j) —dm (20,7, 21,j7) = ¢ —co > co. Let us fix a weight a satisfying 0 < a <
min{a j,,ai,j,} < ai. Now, we consider the following measures

N
7
W= ady, + (a1 - a)6x1 + Z a0y,
i=2
N N N
4 — . — . . PR
vy = a5zo,_,-1 +(ayj, a)ézm + “LJz‘SzL_,-Z + Z a joz ; + Z Z a; j0z
J=Lj#]02 i=2 j=1
N N N
4 _— . . — . PR
vy =ady, ;, +ai,;0z ; + (a1, —a)dz ;, + Z ap joz ; + Z Zal’l‘szu'
J=Lj#j1,]2 i=2 j=1

’

Obviously, u’,v{, and v} are probability measures satisfying R(u’) = R(v]) =
R(v5) = R’, namely

N N
R' =|ady + (a1 —a)dp,, (x,) + Zai(SPL+(x,»)’ Zai(SPL, (x1)
i=2 i=1
Our next step is to prove that:
1
dw, (1, 1) = dw,, (@(u), vy) = dw, (P(p),v3) = ar co, 2.4
moreover, ¢’ satisfies the following uniqueness property:
if dw, (u, &) = aico, and R(£) =R thené =y’ (2.5)

Equations (2.4) and (2.5) together will justify relations (2.2) and (2.3).
In order to show (2.4) note that if &1, &, are finitely supported probability measures
with supports in a discrete set P, then

( Z d,';(u,v)-l_[(u,v))%.

(u,v)ePXP

dw, (£1,&2) =

min
NeC(&1,6)

The proof of each of the equations in (2.4) is similar, therefore we will only prove the

1
equality dw, (4, ") = a co. Notice first, that since every transport plan must move a
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total weight of at least a to x; from the support points of ', we have that

N
1 1 1
dw, (1) 2 (Y dip (i x) T (x,x0)) 7 2 (di(xo.x1)a) 7 = a¥ o,
i=0

since d¥, (x;,x1) = db (x0,x1) and Zf\:lo I1(x;,x1) = a. On the other hand, if we move

1
weight a directly from x to x1, we exactly get that the cost of this transport planis a » cy.
Now we turn to the proof of (2.5). Let us suppose that we have a probability measure ¢
with R(&) = R’. Then & can be written in the form

N N
=)D biiday
such that
N N
Zbo,j =a, Zbl,j =a; —a,
Jj=1 Jj=1

Again, every transport plan must move a total weight of at least a to x from the support
points of £. Hence, we get that again

N
bi’jILli(ZSiSN), Zbi’j:aj'
j=1 =0

N N
L L 1
dw, (& 1) = (DD dn(zijox)(zi,x1)) 7 2 (dh(xo,x1)a)7 = arco. (2.6)
i=0 j=1

Let us recall that d,,, (x0, X1) < dm(2i,j,x1),if (7, j) € {(0,1), (1,1)}. (Note that 9 ; =
X0,21,1 = X1.) Therefore, equality holds in (2.6) if and only if all transport occurs between
xo and x; with weight a. This implies that & — ady, = ¢t — ady, and hence & = y’.

In the last step, we show that the existence of v] # v/, implies that u” is not a unique
minimizer in relation (2.2). Indeed, since @~ is an isometry preserving measures sup-
ported on L, and L_ we have by Lemma 2.4 that R(®~'(v})) = R(®~!(v})) = R
Furthermore, according to (2.4), we have

1 ’
de (u’q)_l(y;)) = de ((I)(ﬂ)’ V;) =arco= de (/J,/J )9

and similarly,
’ ’ L ’
dw, (1, @' (V) = dw, (@), v5) = a? co = dw, (1, 1').
Since @~!(v}) # ®~!(v}), this is a contradiction. [ |

3 Proof of the main result

According to Proposition 2.1, it is enough to show that the Wasserstein space
W, (X, dn) is diagonally rigid. The proof of this fact is divided into four parts according
to the choiceof X =R?or X =Qandp =1lorp > 1.
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3.1 Diagonal rigidity of W;(R?, dy,)

In this subsection, we deal with the case p = 1 and show that ‘W, (R?, d,) is diagonally
rigid. That is, we show that if ® : W, (R?,dp) — Wi(R?,dy,) is an isometry, then
O(u) = pforal u € Wi(Ly) U Wi (L-) — up to a trivial isometry induced by an
isometry of the underlying space R?.

We recall the slightly more general notion than L, and L_ of diagonal lines by calling
L c R? a diagonal line if

L=Lg,= {(xl,xz) e R? |x2 = &x1 +a} forsomee € {—1,1}anda € R. (3.1)

Observe that these lines coincide with the set of images of L, by the isometry group of
(R, d,,). The following proposition is a metric characterization of those elements of
W, (R?, dy,) that are supported on a diagonal line. Let us note that this statement plays
the same role as Lemma 3.5 in [11], where Dirac masses were characterized in a similar
way in Wasserstein spaces over a Hilbert space. In this sense, diagonally supported mea-
sures in our space have the same metric property as Dirac masses in the case of Hilbert
spaces.

Proposition 3.1  Let u € Wi(R?, dy,). The following statements are equivalent.

(i) w is supported on a diagonal line L. , C R?.
(ii) Forevery v € Wi (R?, dy,) there exists an g € W, (R?, dy,) such that

1
dw,(u,v) = dw,(v,n) = EdW‘ (. 1m). (3.2)

In words, this item means that u admits a symmetrical with respect to every other measure.

Proof We prove the direction (i) = (ii) first. Let £ € {—1, 1} and a € R be fixed, let
u € Wi (R?, dy) such that

supp() CL=Lg 4 = {(xl,xz) € R? |x2 = &x +a} .

Let us construct the following map, which we will call the allocation of directions in the
sequel:

(-&,1) ify,>ey;+a (3.3)

e :R* = R% (y1,52) = e((y1,)2)) = {(8 1) ify;<eyi+a
s 2 1

See Figure 5 for an illustration the map given above.
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e=1,a<0 e=—-1,a>0

Y2 T Y2

e(y) = (-11) \ ' /

P ) = (LD
\\\ \\\ //
NN
\ | y) = (~1,-1) S

e(y) = (1.-1)

Figure 5: The allocation of directions in R2 according to (3.3).

The above allocation of directions has the crucial property that for all x = (x1,x;) €
L, forally = (y1,y;) € R?, and forall f > 0 we have

dn(x,y +1e(y)) = dn(x,y) +dn(y,y +te(y)) = dm(x,y) +1. (3.4)

Let us justify (3.4) only in the sub-case € = 1 and y, > €y; + a as the other three sub-
cases are very similar. We know that x, = x; + a and y, > y; + a which implies that
Y2 — X > y1 — X1, or equivalently, x; — y; > x; — y;. Therefore,

A (x,y) = dm((x1,X2), (Y1, ¥2))
=max{x; — Y1, Y1 — X1, X2 — Y2, Y2 — X2} (3.5

= max{x1 — Y1, ¥Y2 —)Cz}.

Moreover,

dm(x,y +1e(y)) = dm((x1,x2), (y1,y2) +1(=1,1))
= dn((x1,%2), (y1 = 1, y2 +1))
=max{x; —y1+Ly1— X1 —tLYy,—xXa+t,x, -y, —t} (3.6
= max{x1 - yV1+L,y,— X2 +l}
= max{x; — y1,y2 — X2} +1.
That is, (3.5) and (3.6) shows that d,, (x, y + te(y)) = dn(x, y) + ¢ indeed, and it is clear
by the definition (3.3) that d,, (v, y + te(y)) = t for every non-negative .
It is a straightforward consequence of the definition of e(y) — see eq. (3.3) — that
for every t > 0 the map y > y + te(y) is an injection of R? and hence invertible on its

range.
Let v € Wi (R?, dy) and let tg := dw, (i, v). Let us define

= y+te(y).,v (3.7)

fort > 0. Asthe map y — y + te(y) is invertible, the couplings of ¢ and v are in a

one-by-one correspondence with the couplings of i and 7, (for every ¢ > 0), and this
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correspondence is given by

T(u,n) = (idgz X (y = y +te(¥))). TT(u,v) (ﬂ(/t,v) € C(u,v), T(u,n) € C(u,ms)).

(3.8)
Therefore,
dw, (1,m1) = mf{// din (X, 2) A7 (1, 7,) (X, 2) | T () € C (W, nz)}
R2xR2
= inf {/‘/ dm(x,y +1te(y)) dm ) (X, ¥) | T (uyv) € C(,u,v);
R2xR2
(3.9)
= inf (dm(x,y) +1) dr(uv) (X, ¥) [T(u,v) € C(u,v)
R2xR2
1nf{ A (X, y) dm vy (X, ¥) | T(u,v) € C(/J,V)} +1
R2xR2

=dw, (U, v)+t=ty+t

for every t > 0.
Note, that in the above computation, we heavily relied on the identity (3.4). The
reversed triangle inequality implies that

dW](V7 nt) > |dW1 (,Ll, nt) - dW] (H7 V)| = (lo + t) —tp=1t.

On the other hand, the cost of the coupling (y — (y,y +te(y))), v € C(v,n,) issimply
t, and hence dw, (v, 7;) = t. Therefore, with the particular choice 7 := ty = dw, (i, v)
the triple (y, v, 14,) satisfies the requirement

1
dW] (ﬂ’ V) = dW] (V’ 7710) = EdWl (:u’ 771‘0) (3.10)

as every expression in (3.10) is equal to 7.
We turn to the proof of the direction (ii) = (i). The assumption (ii) implies in
particular that for every y € R? there exists an n € W;(R?, dy,) such that

1
dw, (i, dy) = dw, (6y,m) = dw, (1. m). (3.11)
Note that

dw, (u, 6y) = / dm(x,y) du(x) and dw, (6y, 1) = / dn(y,z) dn(z).

R? R?
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Moreover, let ﬂ’(‘ﬂ ) denote an optimal coupling of (¢t and 77, and let us note that we have
the following chain of inequalities:

dwtun = [ dntr2) dr, , (02)

< /.]RZXRZ dm(x,2) d(L®n)(x,z) o1
< _/,/R‘ZXRZ(dm(x’ y) + dm(y,Z)) dﬂ(x) dn(Z)

= dWl (/1’ 6))) + dW] (6))’ 77)

Therefore, (3.11) implies that both inequalities of (3.12) are saturated. The saturation of
the first inequality means that 4 ® is an optimal coupling of i and v with respect to the
transport cost ¢(x, y) = dm(x, y), while the saturation of the second inequality means
that

dm(x,2) = dm (x,¥) + di (v, 2) for u ® p-almost every (x,z) € R* xR?.  (3.13)

In order to get a contradiction, assume that u is not supported on a diagonal line, and let
x and x’ be points of the support of u that do not lie on a common diagonal line. Now
let us choose y tobe y := %(x + x’). With this choice we get

dm(%,2) < dm (%, Y)+dm(,2) 0r di(x',2) < di (x',y)+dim(y, 2) forall z € R*\ {y}.

(3.14)
Indeed, it is easy to check — see also Figure 6 — that if both triangle inequalities in (3.14)
are saturated, then z = y by necessity.

{z € R |du(2',2) = d(2',y) + d(y, 2)}

< {z € R? [dn(7,2) = din(2,y) + d(y, 2)}

Figure 6: lllustration for eq. (3.14).
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Consequently, (3.13) forces 17 to be 7 = §,.. But then dw, (6y,7) = 0, which contra-
dicts to (3.11), because dw, (i, 6,) > 0 as y is not diagonally supported and hence not
a Dirac. This contradiction completes the proof of the implication (i) = (i). ]

Now we give a metric characterization of the property that two measures y; and ,
are supported on the same diagonal line.

Proposition 3.2 Let uy, uy € W (R?, dp). The following statements are equivalent.

(i) py and u, are supported on the same diagonal line.
(ii) Forevery v € Wi (R?, dy,) there exists an n € Wy (R?, dy,) such that

dw, (i, 1) = dw, (i, v) + dw, (v,n) fori = 1,2 and dw, (v,n) = 1. (3.15)
In words, this item means that there is a measure n aligned with both (uy,v) and (uz, v).
Proof Let us start with the proof of the direction (i) = (ii). Assume that y; and u,

are supported on the diagonal line L = {(xl, x;) € R? |x2 =ex; + a} . Let us recall the
allocation of directions (3.3) and its crucial property (3.4). Let 7 be defined by

n=Qry+e(y).v. (3.16)

Note that (3.16) is a special case of (3.7) with t = 1, and hence dw, (i, 7) = dw, (i, v)+

1fori=1,2.
Similarly as in the previous proposition, the reverse triangle inequality
ensures that dw, (v,n) > |0[W1 (pi,m) — dw, (i, v)| = 1, and the transport map

(y = (y,y+e(y))):v between v and 1 shows that dw, (v, ) = 1 which completes the
proof of this direction.

To prove the direction (ii) = (i), note that by the previous statement, both of the
measures (1 and i, are supported on some diagonal line. Assume by contradiction that
1 and p, are not supported on the same diagonal line, and hence in particular there
exist points x; € supp(u;) and x, € supp(uz) that do not lie on a common diagonal
line. As in the proof of Proposition 3.1 let us choose v := ¢y, where y = %(xl +x,). With
this choice, (3.15) implies that

dm(x,2) = dm (x, ) +dm (v, z) for y; ®n-almost every (x, z) € R*xR? (i=1,2).

In particular, dy, (x4, 2) = dm(xi,y) + dn(y, z) fori = 1,2 which implies z = y for n-

almost every z, and hence forces 17 to be 6,,. However, this contradicts the requirement

dw,(v,17) = 1, so we got the desired contradiction. [ ]
Now we are in the position to prove the main result of this section.

Theorem 3.3 The Wasserstein space Wy (R?, dy,) is diagonally rigid. That is, for any isom-

etry @ : Wy (R?,dm) — Wi(R?, dn) there exists an isometry T : R?2 — R2 such that
® o T. fixes all measures supported on L and L_.
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Proof Let® : W;(R2, dy) — Wi (R?, dy,) be an isometry, and let u, u’ € Wy (L)
be two measures, u # p’. According to Proposition 3.2, their images @ (u) and ()
are supported on a diagonal line L. , for a suitable ¢ € {—1,1} and a € R. Since for
every e € {—1,1}and a € R there is an isometry T : R> — R? that maps L. , onto
L, we can assume that supp(®(u)) € L. and supp(®(y')) € L. In fact, for every v
with supp(v) € L, we conclude that supp(®(v)) C L. Indeed, let us repeat the above
argument for ¢ and v. Since they are both supported on L, their images are supported
on the same diagonal line. We already know that supp(®(u)) € Ly, and therefore if
®(u) is not a Dirac mass, then Proposition 3.2 guarantees that supp(q)(v)) C Ly If
®(u) is a Dirac mass, say ®(u) = 0(x,x) then we have to exclude the possibility of
supp(®@(v)) € L_j,x. To this aim, consider v and y’, and again, apply Proposition
3.2 to conclude that supp(®(y’)) € L_j . But this is a contradiction, as we already
know that supp(®(y’)) C L and therefore supp(®@(u’)) = {(x,x)}, or equivalently
O(y') = O(x.x) = D ().

We obtain in this way, that @ restricted to “Wj(L,) is a (bijective) isometry of
‘Wi (L), which is isomorphic to Wi (R, | - |) which is known to be isometrically rigid
— see [10]. Therefore measures in ‘W (L) are left invariant by ®.

Finally we need to show that measures in ‘W (L_) are also left invariant by ®. To
see this note that (0,0) € L, N L_ and considering the measure u = §o,0) together
with another measure v supported on L_ we conclude by applying Proposition 3.2 that
both ®(u) and ®(v) are supported on the same diagonal line. Since we know already
that @(u) = 1 = 80,0y we can conclude that the support of ®(v) isin L, oritisin L_.
Since the first option cannot hold as the pre-images of measures supported on L, are
supported on L, by the previous paragraph, we are left with the second one. This shows
that if v € ‘W, (L_) then so is ®(v). By possibly applying another isometry of R? we
obtain that @ fixes the elements of v € ‘W, (L_) as well. [ ]

3.2 Diagonal rigidity of W, (R?,d,,) for p > 1

In this subsection, we show that the Wasserstein space ‘W, (R?,dy,) for p > 1is
diagonally rigid. First, we give a metric characterization of Dirac measures. Such a
characterization will guarantee that if g is a Dirac mass, then ®(u) is a Dirac mass as
well.

Proposition3.4 Letp > land u € ‘W, (R2, dy,). The following statements are equivalent,

(i) pis a Dirac mass, that is, 1 = O for some x € R2.
(i) For every v € W, (R?, dy,) there exists ann € W), (R?, dy,) such that

1
dw, (1, v) = dw, (v.n) = Sdw, (1. 1) (3.17)

In words, item (ii’) means that g admits a symmetrical with respect to every other
measure.

Note that the above Proposition 3.4 characterizing Dirac masses in ‘W), (R?, dy,) for
p > 1 highlights the difference between the cases p = 1 and p > 1. This statement
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is very similar in spirit to Proposition 3.1 characterizing measures supported on diagonal
lines in Wy (R?, dyy). In fact, condition (ii) of Proposition 3.1 is the same as condition
(ii’) of Proposition 3.4, up to a modification in the parameter value of the Wasserstein
distance that we consider. This means that diagonally supported measures play the role
of Dirac masses in the case p = 1, and in particular, there are plenty of examples of non-
Dirac measures satisfying condition (ii), which is the 1-Wasserstein version of condition
(ii’) above. These examples are explicitly constructed in the proof of the (i) = (ii) part
of Proposition 3.1.

Proof Let us prove the direction (i) = (ii’) first. Let x € R, let 4 = , and let us
define the following dilation with center x on R:

Dy :R* > R%y D(y) =x+2(y —x). (3.18)
Now, for any v € W, (R?, dy), let us define the corresponding 77, by
My = (Dy).v. (3.19)

It is clear that dw, (1, 1) = 2dw,, (i, v). Indeed,

P

dw, G = [ dhix.2) d(D)v(2)

2
1

P

2

_ \R/ AP (x,x + 2(y - x)) dv(y)

P

- \R/ 2PdP(x,v)) dv(y)

2

ZdW,, (5x, V).

Moreover, by the reversed triangle inequality, de (v,my) = dwp (u,my) —
dw, (u,v) = dw, (i, v), while the obvious coupling of v and 7, given by the dilation
D guarantees that dw, (v,7,) < dw, (u,v), and hence the direction (i) = (if’) is
proved.

To prove the other direction (ii') = (i'), let v be a Dirac mass, v = §y, and let ) be as
in condition (ii’). Then
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dw, (u,1n) = ( ,I;(x, 7) d"?u.n)(x’ Z))l’
P
< (//RZXRZd (x,2) d(u ® 1) (x, z))
( // (dm(x.y) + dm(3.2)P d(u @ n)(x,z)) ’
R2xR2
(/szde (x, y)P d(u ®@n)(x, Z)) (//R - dia(y,z) d(u®n)(x, Z))

1 1

IA

IA

(R d (eo)? du(o) | + / a7 (. 2) dn(2)

2

(//RZsz dm(x,2)P d(u ® 6y)(x, z)) - (//RZXR2 dP(x,2) d(6, ® ) (x, Z))p

=dw, (4, v) +dw,(v,n).

Since we assumed that dw, (1, v) = dw, (v,1) = %dwp (u, m), all the inequalities in the
above chain are saturated. In particular, by the saturation of the L ,-Minkowski inequal-
ity for p > 1 (strictly convex norm), we get that there is a nonnegative constant @ > 0
such that

dn(y,2) = ady(x,y) for p-a.e. x € R? and for n-a.e. z € R%. (3.20)

If y is not a Dirac mass, then let x; and x; be two different points in its support, and let
y = %xl + %xz. Then the left hand side of (3.20) is independent of x, while the right
hand side is not — a contradiction.

|

The next step is to find a metric characterization of the property that the support of a
measure (4 is diagonally aligned with a point x in the underlying space, that is, supp () C
(x+ L) U (x+L_). This metric characterisation turns out to be the property that there
is only one p-Wasserstein geodesic between 6, measure and p1.

Proposition 3.5 Let p > 1and x € R? be fixed. For a measure u € Wy, (R?, dy,) the
following statements are equivalent:

(a) There exists a unique unit-speed geodesic segment <y such that y(0) = 6, and y(T) =
where dw, (6x,u) =T
(b) We have the inclusion suppu C D, where Dy = (x + L) U (x + L_).

Proof To prove the statement let us note that Corollary 7.22 in Villani’s book [17]

says that if p > 1, and the underlying metric space is a complete, separable, and
locally compact length space, then constant-speed geodesics connecting two measures

2025/04/29 10:27

https://doi.org/10.4153/S0008414X25101053 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101053

20 Z.M. Balogh, G. Kiss, T. Titkos and D. Virosztek

are all displacement interpolations, i.e., geodesics are always constructed from optimal
transport plans.

Therefore (see Corollary 7.23 in [17]), if we want to guarantee that there is only one
geodesic between two measures (L, v, we need two properties:

e we need a unique optimal transport plan 7
e and for -almost every (x, y), x and y must be joined by a unique geodesic.

Let us note that the first property is automatically satisfied since one of the masses that
we consider is a Dirac mass. Furthermore, note that in (Rz, dp), the second property
means exactly that x and y are diagonally aligned, i.e. both points lie on the same diagonal
line. For a fixed x € R? let us denote by D, the set of those points that are diagonally
aligned with x. Of course, D is the union of the two diagonal lines Ly + x and L_ + x
passing through x concluding the proof. |

Now we are in position to prove that W, (R?, dy,) is diagonally rigid for p > 1.
Theorem 3.6  Forall p > 1 the Wasserstein space ‘W), (R, dyy) is diagonally rigid.

Proof Let @ be an isometry. Since Proposition 3.4 is a metric characterization of
Dirac masses, we know that @ maps the set of Dirac masses onto itself. That is, there
exists a bijection T : R* — R? such that ®(6y) = O7(y). In fact, T is an isome-
try, as dwp (0x,0y) = dm(x,y) forallx,y € R2. Without loss of generality, we can
assume that T(x) = x, and thus ®(5,) = 6, for all x € R%. Next, consider the diag-
onal line L,. (The case of L_ is completely analogous.) Fix an arbitrary x € L., and
observe that according to Proposition 3.5, for any u such that supp(u) C L, there is
only one geodesic connecting d, and p. Therefore, there must be only one geodesic
between ®(5,) = &, and P(u). Again, according to Proposition 3.5 this means that
supp(®(u)) € D. Now choose ay € L, (y # x) and repeat the argument. The con-
clusion is that supp(®(u)) € Dy.But DxNDy, = L,,and therefore supp(®(u)) C L.
Now we know that @ sends measures supported on L, into measures supported on L.
Since L, endowed with the restriction of dp, : R* X R> — R, onto Ly X L is nothing
else but (R, | - |), the set

Wy (Ly.dn) = {n € W,(R?, dn,) | suppu € L.}

endowed with the Wasserstein distance is isometrically isomorphic to the Wasserstein
space W), (R, d|.|) investigated in [10, 13], which is isometrically rigid if p # 2. Since
we assumed that @(6x) = dy, isometric rigidity forces the restriction ®|qy, (L, .4,,) to
be the identity, i.e. @®(u) = u for all u supported on L,. The same argument with L_
completes the proof in the p # 2 case.

If p = 2 we need to use a more involved argument, since ‘W, (R, d|.|) is not isomet-
rically rigid. In fact, if ¥ : WAh(R, d).|) = WA(R, d}.|) is an isometry, then ¥(6x) =
for all x € R itself does not imply W(u) = u forall u € WhH(R,d).)), as Wh(R, d|,)
admits exotic isometries and a nontrivial shape-preserving isometry.

Therefore, even if we know that @(6(x, x)) = O(x x) forall (x,x) € L, we cannot
guarantee yet that ®(u) = y for all g with supp(u) € L. We have to rule out that the
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restriction of ® onto ‘W), (L, dy,) does not act like a non-trivial isometry. This boils
down to investigating the action on measures whose support consists of two points of L,
as follows: using the isometric identification t + (¢, ) between the real line and L., we
will use Kloeckner’s result which tells us how the image of a it = @6 (x x) + (1 - @)y, y)
would look like if @ would act on L, like non-trivial isometry. Then we will choose a
special u and a special Dirac measure d(,,,) (not supported on L) with the property
that dw, (14, 6 (u,v)) # dw, (P(1), 6 (uv)) = dw, (P (1), D(6(u,v))), a contradiction.

Let us introduce some notations. For the diagonal line L, the set of measures
supported on two points of L, will be denoted by A,

Ay ={ad(xx)+(1=a)d(yy) @€ (0,1), x,y € R} (3.21)

Following the notations in Kloeckner’s paper [13], elements of A, will be parametrized
by three parameters m € R, o > 0, and r € R as follows:

—r r

ﬂ(m, g, r) = m‘s(m—o’e’,m—(rer) + md(m+a'e’r,m+(re”) . (322)

According to Lemma 5.2 in [13], if an isometry ® fixes all Dirac masses, then its action
onA,is

O(u(m,o,r)) = p(m, o, ¢(r))

where ¢ : R — R is an isometry. In other words, ® is equal to the shape-preserving
isometry

O : Wi(Ly) = Wir(Ly), @ (u(m,o,r)) = pu(m,o,-r), (3.23)
or @ is equal to an exotic isometry
D, : Wr(L,) —» Wh(L,), @ (,u(m, o, r)) =pu(m,o,r+t) (3.24)

for some ¢ # 0, or @ is the composition @, o @ for some ¢ # 0. Note, that if # = 0, then
@, is the identity, so @ is not an exotic isometry.

To handle the case @, choose i = (0, 1,In2) = %6(_2,_2) + %‘6(%,% . Then
. 4 1
(0] (/l) =;1(O,1,—In2) = 36(_%,_%)+§(5(2’2).

Calculating the Wasserstein distance of u and @ () from 6, ¢y, we obtain that

4
dw, (82,0 1£(0,1,1n2)) = V5 and  dw, (5(2.0)> (0, 1,—In2)) = 4[5 + =

So if @ is an isometry, it cannot act on L, like ®*.

To handle the case ®; for t > 0, choose 4 = u(0,1,0) = %(5(_1,_1) + %6(1,1).
Then ®(1(0,1,0)) = wu(0,1,¢). Now fix the Dirac measure §(_1,) and calculate
dw, (8 (-1,0y, (0, 1,0) and dw, (6(-1,0), #(0, 1,). Again, if ® would act like ®; on
L, we should get the same result, since @ is an isometry. The calculation shows that
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dw, (5(—1,0),#(0, 1,0)) = \/gand

B 2—e!
dw, (6(-1,0 #(0, 1,1)) = (2 + Pt

These two numbers are equal if and only if # = 0 or # = In 3. We assumed that 7 > 0,
so one single Dirac §(_ oy excluded all ®; except ¢ = In 3. Choosing a different Dirac
measure, say 6 _1 ), a simple calculation shows that

/13 12 1
? = de (6(_%’0)»#(0’ 1’0)) = sz (6(_%,0)’/'[(09 1,11'1 3)) = ? + %3

a contradiction. Similar calculations for @, with negative ¢ and for @* o ®; show that the
only case when we don't get a contradiction is when @ acts as @y, which is the identity.
|

3.3 Diagonal rigidity of W(Q, dy,)

In this subsection, we consider the case when X = Q = [-1,1]? and p = 1. Diagonal
rigidity is achieved as a result of the following statements about measures that are sup-
ported on the sides, at the corners, and finally on the diagonals of Q. The first statement
concerns measures supported on the opposite sides of the boundary of Q and it is valid
forallp > 1.

Lemma 3.7 Letp > 1and ® : W,(0Q,dn) — Wy,(0,dn) be an isometry. If u,v €
W, (Q, dw) are two probability measures whose supports lie on opposite sides of the closed
unit ball Q = [—1, 1], then their isometric images ®(u) and ®(v) have the same property.

Proof Let us note that if x, y € Q are any two points then d, (x, y) < 2 with equality
if and only if x and y lie on two opposite sides of Q.
This implies that if u, v € W, (Q, dp), then

dw, (1, v) <2, (3.25)

with equality if and only if the supports supp(u) and supp(v) are contained in two
opposite sides of Q. To see this, note that inequality (3.25) follows immediately from the
definition of the Wasserstein metric dy,, and the fact that di, (x, y) < 2forallx, y € Q.
Furthermore, if supp(u) and supp(v) are contained in two opposite sides of Q, then
dm(x,y) =2 forallx € supp(u) and y € supp(v).

Let 79 be an optimal coupling of u and v. Since supp(7o) C supp(u) X supp(v) we
have that dp, (x, y) = 2 for any (x, y) € supp(7mo) and therefore

&y ) = [ i) dmatx) = 2.
oxQ
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To show the converse, let us assume that d“‘,’vp (i, v) = 2P. Then for all couplings 7 €
C(u,v) we have

2 =dfy = [ dhenann < [ 2 ann =2
oxQ oxQ

thus dy, (x,y) = 2 for m almost all (x, y). This applies for 7 = u ® v, and so ¢ and v
must be concentrated on the opposite sides of Q.

The statement of the lemma is now an immediate consequence of this claim. Indeed,
assume that supp(u) and supp(v) are contained in two opposite sides of Q. Then we
have d\ljv,, (¢, v) = 2P.Since ® : W, (0, dn)) — W, (0, dy) is an isometry, we have

d“';vp (D(u), ®(v)) = 2P. But, then the supports of the two measures ®(u) and O(v)
must be contained in two opposite sides of Q. |

Corollary 3.8 Let us fix a p > 1 and denote by D = {x1,x2,x3,X4} the set of vertices of
Q and let V be the set of Dirac measures supported on the points of D, i.e.,

V ={6x, =6(-1,-1),0x, =0(1,-1)>0x; = 0(1,1)»0x, = O(—1,1) }-

Given any isometry ® : Wy,(Q,dm) — W,(Q,dn), there exists an isometry ¥ :
(Q,dwm) — (Q,dy,) such that ® o Y. (5x) = dx forallx € D.

Proof Let us denote by S, S5 the two vertical and by S,, S4 the two horizontal sides
of O such that S is the left vertical and S is the top horizontal side.

We apply Lemma 3.7 to every pair of elements of V, and we conclude that for every
j €{1,2,3,4}, the measure <D((5Xj) is supported on a certain side S; of Q.

We claim that each ®@(J;) must be in fact supported on some vertex. To see this we
argue by contradiction. Let us assume that for example ®(8y, ) is supported on one of
the sides, say S but not on any of the vertices of S;.

It is clear by Lemma 3.7 that all other measures ®(d,) fori = 2, 3, 4 must be sup-
ported on the opposite side of Sy, that is 3. But the mutual distance of any pair of these
measures must be equal to 2 which shows that any two of these three measures must be
lying on opposite sides again, which is S, and S4. But there are only two possibilities
for measures with support in S, N §3 and S4 N S3, namely the two Dirac masses on the
vertices of S3 which gives a contradiction.

Itis easy to see that there exists anisometry ¥ : Q@ — Q such that ®o¥, fixes d, and
Oyx,,, for somei € {1,2, 3,4}, and therefore we can assume without loss of generality
that (& o W.)(dy;) = Oy, fori = 1, 2. This will imply that all measures supported on S4
are fixed. We must show that ® o W, (Jy,) = Jy, fori = 3, 4. Note, that the map

DoV, : Wy,(0,dn) —» Wy (Q,dn)

is itself an isometry. Let us assume indirectly that ® o W, (Jy,) = Jy, (Which implies
thatand @ o W, (Jy,) = dy,), and take a & such that supp(&) C S3, & ¢ {0x,, Ox, }- Since
dw, (0x,,€) =2, we have

2= de (6)(175) = de ((D((le)vq)(‘f)) = de (6)(1’(1)(5))’
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which implies that supp(®(&)) € S3 U Sy. Similarly, dw,, (0x,, &) = 2, and thus

2 = dw, (6x,,€) = dw, (P(6x,), D(£)) = dw, (6x;, P(£)),

which implies that supp(®(£¢)) € S; U S,. Combining supp(®(£)) € Sy U S, and
supp(®(£)) € S3 U Sy with & ¢ {0y, Ox, }, we get that (&) = @Iy, + (1 — ™)y,
for some a@* € (0, 1). (Recall that ®(dy,) = Jy,, P(dx,) = Jx,, and D is injective.) If
p > 1, then this is a contradiction. Indeed, choose & := ¢, with y € S3 \ {x2,x3},
and observe that the triple dy,, 6, and J,, saturates the triangle inequality, but the
triple @(0y,) = 0y, P(6y) = a*x, + (1 — a”)dx, and P(x,) = I, does not,
as €/21’(1 —a*) + {2Pa* # 2.1f p = 1, we need a different argument. The set
T = {lq = @by, + (1 — @)dyx, |@ € (0,1)} is isometric to the set ((0,1),2] - |),
since dw, (Ua» 1) = |a — B]. Therefore for any three different elements (o, , Loy, Hay
there exists a bijection o : {1,2,3} — {1,2,3} such that dw, (fta, ) Hays) =
(Hag s Magp) T (Hagoys Hags))- Now choose a non-degenerate triangle £1, &2, &3
supported on S3 \ {x2,x3} in the sense that they do not saturate the triangle inequal-
ity in any order. The existence of such a triple is a contradiction, as an appropriate
permutation of their image in J will saturate the triangle inequality.

From now on we shall assume without loss of generality that our isometry
(D : (WP(Q’ dm) - (WP(Q’ dm)

fixes the elements of V, i.e. the Dirac masses on the corners of Q. Note that this prop-
erty implies by Lemma 3.7 that any measure supported on one of the sides of O will be
mapped to a measure supported on the same side of Q.

In what follows we shall prove, even a stronger property for measures supported on
the main diagonals

L,={(t,t):t€[-1,1]}, and L_ = {(¢t,-1) : t € [-1,1]},
namely, that they are fixed under the action of the isometry. This is valid for the case
p=1
Theorem 3.9  The Wasserstein space Wy (Q, dy,) is diagonally rigid.

Proof By Corollary 3.8, we can assume without loss of generality that ® fixes the Dirac
masses at the four corners of Q. It is enough to show that if u € W;(Q, dn,) supported
on L., then ®(u) = yu as the case of L_ is similar. We show first that if supp(u) C L,
then supp(®(u)) € L. This is based on the following observation: If x € Q then

dn((=1,-1),x) + dn(x, (1,1)) > dn((-1,-1),(1,1)) =2 (3.26)

with equality if and only if x € L.

The above inequality follows simply by the triangle inequality applied for the metric
dp. The characterization of the equality case is slightly more tricky. It is based on the
fact that the line segment L, : t — (t,1),t € [—1, 1] is the only geodesic with respect
to the metric dy, connecting the endpoints (—1, —1) and (1, 1). This observation has the
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following consequence for measures: If u € ‘W (Q, dy,), then

dw, (6(-1,-1), ) +dw, (@, 6(1,1)) = 2, (3.27)
with equality if and only if supp(u) € L;. To show inequality (3.27) we integrate
inequality (3.26) with respect to y. In this way we obtain

Ay (8 1—1yo 1) + o, (1 5(1.0)) = / (1, ~1), ) dpa(x) + / (5, (1,1)) dpa(x)
Q o

> 2du(x) =2.
/

(3.28)

Let us assume that supp() € L. Then equality holds true in (3.26) for every point
x € supp() and thus by integrating, we obtain that equality holds in (3.28) as well.
Conversely, let us assume, that

dw, (6(-1,-1), 1) +dw, (1,6(1,1)) =2

for some measure u € “W;(Q, dn,). We have to show that supp(u) C L.. We argue
by contradiction: assume that the exists a point xo € supp(u) that is not contained in
L. Then there exists a small radius » > 0 and a small & > 0 with the property that
6 = u(B(xg,r) > 0and

dn((-1,-1),x) +dn(x, (1,1)) > 2 + &, forall x € B(xg, 7).
Using this relation we obtain
dw, (6(-1,-1), 1) +dw, (4, 6(1,1)) =
= [ (10 du s [ daen (1) duto -

supp(u) supp ()
- / [ (=1, 1),) + din(x. (1, 1))] dux) =
supp (1)

- / [ (=1, ~1),) + dm(x, (1, 1))] dpa()+

supp (u)NB(xo,r)

+ / [dm((=1,=1),) + dm(x. (1, 1)] dpe(x)
supp(u)\B (xo,7)
>(2+¢e)6+2(1-6)=2+¢&6 > 2,
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which is a contradiction. Let us consider an isometry @ : ‘W, (Q, dy,) — Wi(Q, dn)
that fixes the elements of V, (i.e. the Dirac masses on the corners of Q). Then we have

dw, (8 (-1,-1), P(u)) + dw, (P(), 6(1,1)) = dw, (6 (=1,-1), 1)) + dw, (1, 8(1,1))-

Assuming that supp(u) € L, we obtain that by the above that

dw, (8 (=1,-1), 1)) +dw, (1, 6(1,1)) = 2.

By the above equality we have, then

dw, (0 (=1,-1), P(u)) + dw, (P(1),6(1,1)) = 2,

which implies in turn that supp(®(u)) € L.

As mentioned at the beginning of the proof, the same argument shows that if we have
supp(p) € L_, then it follows that supp(®(u)) C L- as well. Since p19 = 6(0,0) has
its support in Ly N L_, and it is the unique measure with this property, we conclude,
that @ () = po. Now let us consider the Wasserstein space ‘W (L., d,) of measures
supported on L. By the above consideration, we have

D : Wi (Ls,dp) = Wi(Ly, dn),

moreover, we know that @ (o) = po for the measure 1o = 80,0y € Wi(Ly, dr). We
cannot apply the characterization of Wasserstein isometries on a line segment (see [10,
Theorem 2.5]) which implies that ®(u) = u for all measures u € Wi (L4, dy). In the
same way we can also conclude, that ®(u) = u for all measures u € Wy (L_, dy,).

|

The combination of Proposition 2.1 and Theorem 3.9 implies that ‘W, (Q, dy,) is
isometrically rigid.

3.4 Diagonal rigidity of W,(Q, dn) forp > 1

In this final subsection, we consider the case X = Q = [—1, 1]? and p > 1.In this case,
we also have the statement:

Theorem 3.10  The Wasserstein space W), (Q, dr,) is diagonally rigid.

Proof Let ® be an isometry of the Wasserstein space ‘W), (Q, dr,). Since the Wasser-
stein space ‘W), ([—1, 1], d|.|) is isometrically rigid, Corollary 3.8 and the remark after
that, implies that we can assume without loss of generality that ® leaves every measure
supported either on the right vertical side [ (1, —1), (1, 1)] or on the top horizontal side
[(—1,1), (1, 1)] fixed. We are going to show that ® leaves every measure supported on
the line diagonal segment [(—1,—1), (1, 1)] C Q fixed. The case of the other diagonal
is analogous.

In the first step, we consider measures supported on the upper half of the diagonal, i.e.
on the line segment [(0, 0), (1, 1)]. We prove first that these measures will be fixed. In
the second step we proceed to consider general measures supported on the full segment

[(_1’ _1)5 (1’ 1)]
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Let u be a measure supported on the upper half of the diagonal of Q (that is, on
[(0,0),(1,1)]), and consider the projections p, : (¢,¢) + (1,2t — 1) and p, :
(t,1) — (2t =1, 1) that map [(0, 0), (1, 1)] onto the right vertical side [(1,—1), (1, 1)]
and the top horizontal side [(—1, 1), (1, 1)], respectively. Let us introduce the notation
Hr = (pr)e(p)  andand g, = (pu)s ().

Hu = (}%)#(H)

tr = (pr) o (1)

])/‘

Figure 7: lllustration for the definition of p,, p,, uy and ;..

Our goal is to show that g is the unique minimizer of the functional
Wy (0,dn) v > dgv,, (tr,v) + dlv)v,, (v, ). (3.29)
Once this is proved, we are done, as in this case the equation

dly (. ®(0) + dly (D). 1) = dfy (®(p1r). D)) +dly (D). D))
=dy, (pr. ) +dyy, (. piu)

—_ : p p
h vE'M};l(lg,dm)(dWP (kr,v) + de (. )
(3.30)

forces ®(u) to be u.

Let v € W, (Q, d) be arbitrary, let ﬂ?ur,v) be an optimal transport plan between
i, and v with respect to the cost c(x, y) = d% (x, y), let ﬂzﬁv,#u) be an optimal transport
plan between v and y,, with respect to the same cost, and let nzﬁyr,v,ﬂu) € Prob(Q?) be
the gluing of them — see the “gluing lemma" [16, Lemma 7.6] for further details of this
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construction. Moreover, set 7+ = (71* ) . Now
(ks ) (Hrv.m) [ 13

40, () +dly (v, = //Q By drg,, ) () + //Q (2 diy ) (0)

= ///(23 (di(x,y) +dR(y,2)) dn(, 3 (6,,2)

> i p 14 drt
> [/Q3 IyneHQl{dm(x’ V) +dh(y, 2} dn(, 0 (6 ,2)

2 ye

- P p *
= /Q mlg{dm(x, y) +dn(y,2)}dri, 3 (x,2).
(3.31)

Let us compute minyep{dh(x,y) + da(y,z)} for any (x,z) € Q* —the case x = z
gives a trivial zero. By the reversed triangle inequality, we have

dn(y,2)|"
dh(x,y) = |dm(x,2) = dm(y, 2)|” = db(x,2) |1 - 20 '
dm(x,2)
Consequently,
dn(. D[ |du(3. 2|
dp ) dé’l ) > dl'll?l ’ 1= '
P(x,y) +dl (v,2) (x,2) (‘ 4o (%, 2) + dn(x,2)

It is crucial that p > 1 and hence the map t > |[¢|P is strictly convex on R. Therefore,
the function R 3 A + |1 — A|” +|2|P has a unique minimizer which is 1y = %, and the
minimum is 2! =P — this can be justified by simple one-variable calculus. To sum up,

min{df,(x,y) + di (v, 2)} = 2! P df (x,2),
Y€

and this minimum is achieved if and only if d, (x,y) = dn(y,2) = %dm (x,2) — note
that this does not imply that y = %(x + 7). So we can continue (3.31) as follows:

in{d” (x.y) + d".(y.2)} dr’ ,zzl—P//d{:,,d* ,

/Q2 ;rég{ (x y) (y Z)} ﬂ(ﬂraﬂu)(x Z) QZ ('x Z) ﬂ(ﬂr,/‘u)(x Z)
> 2'7Pdg, (pr ).

(3.32)

The inequality in (3.32) is saturated if and only if ﬂ”(‘# 1) is an optimal transport plan

between u, and u, with respect to the cost ¢(x,z) = db(x,z). Observe, that (p, x
Pu)= () is the unique optimal transport plan between u, and y,, for this cost. Indeed,
by the definition of the max norm we get

(1-Qt=1))? <dl((1,2t-1),(2s - 1,1)) (3.33)
and
(1-2s-1))? <dl((1,2t-1),(2s-1,1)) (3.34)

for all (s,1) € [0, 1] X [0, 1]. By the construction of u, and y,,, the couplings of these
measures are in 1 — 1 correspondence with the couplings of y with itself — now we
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consider y as a measure on [0, 1]. This correspondence is described as follows: if 7 €
C(ur, py), then let us define & € C(u, u) by 7 := (p; ! X p;;1)+(x). Then

//QZ db(x,z) dm(x, z) = //[0’1]2 db((1,2t = 1), (2s — 1,1)) di(t, 5).

> //[0’1]2(1 — (2t = 1))? da(t, 5) (3.35)

- / (1= (20 = 1)) du(r)
[0,1]

and (3.35) is saturated if and only if s > 7 for 7—a.e. (s, 1). Using (3.34) we get

f/ dh(x,z)dn(x,z) > / (1-(2s=1))? du(s)
QZ

[0,1]

which is saturated if and only if + > s for 7—a.e. (s,1). Therefore, if 7 is an optimal
coupling of y, and y,,, then 7 is supported on the diagonal of [0, 1] which implies that
7 = (id X id):(u). This means that 7 = (p, X py)« (). So (pr X py):(w) is the only
optimal transport plan.

At this point we know by (3.31) and (3.32) that

d",’vp (Hr,v) + dé’vp(v, Hy) = 21—PdPWp (i f)s (3.36)

and (3.36)is saturatedifandonlyifﬂ”(‘ﬂ ) = (prxpu):(n)anddy(x,y) = dn(y, 2) =

(Hr sV,
supp(}, . ) € (12— 1),y, 2= L, 1) |1 € [0,1], y € O}

However, the unique metric midpoint of (1,2t — 1) and (2¢ — 1, 1) is (¢, t). Therefore,
y= %(x + z) must hold for ﬂ’gﬂ vty "2 (x,y,z) € Q3, which forces v to be

%dm (x,z) form —ae. (x,y,z) € Q3. Therefore, equality in (3.36) implies that

(1.2 = 30+ 0) = (000 = 30+ 0) o XG0 =

#

Now let us consider y, a probability measure supported on the main diagonal
[(-1,-1), (1,1)]. The displacement interpolation given by

s = (0, x) = (1=9)(1,1) +s(x,x)), (0) (s €[0,1])

is the unique geodesic line segment between uo = 0(1,1) and u; = u. Note that I is
supported on the “upper half of the diagonal" [(0, 0), (1, 1)] and hence preserved by ®.
Moreover, (ﬂs)osvs% is the only geodesic line segment between 61,1y and K1 and the

unique extension of this geodesic segment to the parameter domain [0, 1] is (f45)o<s<1 -
Therefore, the geodesic line segment (¢(ps))g<g<; containing ®(ug) = P(d(1,1)) =
d(1,1) and CI)(u%) = pt1 must coincide with (ts)o<g<; » in particular, @(u) = P (u;) =
M1 =M. n

The combination of Proposition 2.1 and the above theorem implies that the Wasser-
stein space ‘W), (Q, dr) is isometrically rigid for p > 1.
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4 Final remarks and open questions

We think that the ideas developed in this paper can be used to prove isometric rigid-
ity of Wasserstein spaces that are built over certain normed spaces. Recent studies of
the structure of Wasserstein isometries feature interesting examples of both rigid and
non-rigid Wasserstein spaces. Kloeckner showed in [13] that the quadratic Wasserstein
space over R admits non-trivial isometries. As a recent result of Che, Galaz-Garcia,
Kerin, and Santos-Rodriguez demonstrates [8], non-trivial isometries show up even if
the underlying normed space X can be written as H X Y, where H is a Hilbert space
and Y is a finite-dimensional normed space. Furthermore, by an application of a recent
result of Balogh, Stoher, Titkos and Virosztek (see Theorem 1.1. in [4]) it follows that
the Wasserstein space ‘W (Q, d1), (where d; is the £;- metric on Q) is non-rigid as it
contains mass-splitting isometries. This result is in sharp contrast to our main result,
Theorem 1.1. On the other hand, non-quadratic Wasserstein spaces over Hilbert spaces
[10, 11], and Wasserstein spaces over spheres, tori, and Heisenberg groups [5, 12] turned
out to be rigid in the last years. Based on these recent developments, it would be an
intricate question to study the problem of rigidity of quadratic and non-quadratic
Wasserstein spaces over general normed spaces.

The question of rigidity of quadratic Wasserstein spaces have been investigated for
various underlying spaces including Hadamard spaces [6], [7] and more general metric
spaces with negative curvature in the sense of Alexandrov. The case of positive sectional
curvature has been considered by Santos-Rodriguez [15]. It would be an interesting
question to study the problem of rigidity in more general metric measure spaces sat-
isfying a curvature-dimension condition, the so-called CD (K, N) (see [14] and [17])
for K > 0 Note, that CD(K, N) spaces have a generalized lower bound on the Ricci
curvature and therefore are more general objects that the spaces considered in [15].
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