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Abstract

We give a multidirectional mean value inequality with second order information. This result extends
the classical Clarke-Ledyaev's inequality to the second order. As application, we give the uniqueness of
viscosity solution of second order Hamilton-Jacobi equations in finite dimensions.
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1. Introduction

In 1994, Clarke and Ledyaev proved a multidirectional mean value inequality for the
Fréchet differentiable functions in Banach spaces [1], and for the lower semicontinuous
functions in Hilbert spaces [2]. Using a similar technique as in [2], Clarke and
Radulescu [3] extended the multidirectional mean value inequality for the locally
Lipschitz continuous functions in smooth Banach spaces. These authors considered
bounded sets of constraints. Recently, Zhu [10] generalized the result of Clarke and
Radulescu to a non necessarily bounded set of constraints, where the functions are
assumed to be lower semicontinuous (Isc) on smooth Banach spaces.

The main result of this paper is Theorem 1.3. It gives a second order generalization
to the multidirectional mean value inequality of Clarke and Ledyaev. The results of
this paper recover the mean value inequality establishes by Zhu in [10] and extend
some work of Deville and Ivanov in [9]. On the other hand, our extension will
permit to give the uniqueness of viscosity solution of second order Hamilton-Jacobi
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equations in finite dimensions by a simple proof. Note that the notion of viscosity
solution has been introduced by Crandall and Lions in [5]. In this paper, we develop
our conclusions from a smooth variational principle due to Deville, Godefroy and
Zizler in [6].

Let X be a real Banach space, we denote by X* the set of all continuous linear
forms on X, by By(x, r) the closed ball with center x and radius r and by By the
closed unit ball. For a point x € X and a subset C of X, we denote by d(x, C) :=
inf{lix —c|l:ce Cland [x,C] :={x +t(c —x) : c € C,t € [0, 1]}. We say that
a Banach space X satisfies property (H) if there exists a C2 bump function b on X
such that b’ is Lipschitz continuous. We denote by #(X) the space of all symmetric
bilinear forms on X. Let Y be a closed subspace of X, we denote by X/Y the quotient
space.

REMARK 1.1. Since property (H) is clearly hereditary and X/VY is isomorphic to a
subspace of X when the complementation takes place, the space X/Y satisfies (H).
The Hilbert space situation is more trivial. However, property (H) fails the three-space
property (see [7, Remark V.1.10]).

DEFINITION 1.2. Let X be a Banach space and let f : X — R U {400} be a
function. Suppose that x € X is such that f(x) < +o00. The viscosity (Fréchet)
subdifferential of f at x is defined as follows:

D f(x) :={¢'(x); ¢ : X - RisC' and f — ¢ has a local minimum at x}.
The viscosity (Fréchet) subdifferential of second order of f at x is defined as follows:
DY f(x):={(¢'(x), d"(x)); ¢:X = Ris C* and f — ¢ has a local minimum at x}.

Let X be a Banach space and let (x*, x®) € X* x 2(X). We use the following
notation: ||x*|| := sup{|x*(x)| : x € Bx} and [|x®| := sup{|x®(x,x)| : x € By}.
For a closed subspace Y of X, we use the following notation: |[x*||y. := sup{lx*(y)] :
y € By} and [|x* |5, := sup{|x?(y, )| : y € By}.

THEOREM 1.3. Let X be a Banach space satisfying (H) and Y be a closed subspace
of X such that X/ Y satisfies also (H). There exists a constant ay,;y > 0 satisfying the
following result: Letx € X,r € R. Set H :=Y + C, where C is a closed convex (not
necessarily bounded) subset of X and A := [x, H). Supposethat f : X — RU {400}
is Isc bounded below on A + h By for some h > 0 and that

lim infB fO)Y> f&x)+r.

n—0 veH+nBy

Then, for all € > 0, there exists xo € X and (x;, x(‘?) € D* f(xo) such that
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@ lxgllr <& 1% @y < € and d(xo, A) < €;
(i) r<(x§,y—x)+elly—x|,VyeH;
(lll) f(x()) < lirnn—»O infyeA+an f(y) + Irl + £
(V) x5l < e+ (infy f—infasnp, £); 1xF1 < €2+ (infy f—infainp, ).

£ £

REMARK 1.4. (i) If we replace property (H) by the existence of a Lipschitz
and C! bump function b on X, and if we set Y = {0} in Theorem 1.3, then we recover
the result of Zhu in {10].

(i1) If we suppose, in Theorem 1.3, that sup; inf o455, f = inf, f, then (iv) can be
replaced by: d(xo, A)||x}]l < € and d?(xo, A)[|xZ| < €2

For a subset S of X, we define the indicator function 85 by

0 if xesS;

ds(x) = _
400 otherwise.

We denote by dom f := {x € X : f(x) < +00}.
Let f be aconvex function ona Banach space X andx € X besuchthat f (x) < +o0,
then the subdifferential of f at x is the set

af (x) = {p € X*; f — p has a minimum at x}.

When f is Isc convex, the Fréchet subdifferential of f coincides with the subdiffer-
ential in the sense of convex analysis, that is, D~ f(x) = df(x). We shall say that a
function f : X — R U {400} admits a strong minimum at some point x if:

@) f(x)=inf{f(y). y € X} and

(ii) (y,) converges to x forevery sequence {y,) C X satisfying lim, f(y,) = f(x).

This paper is organized as follows. In Section 2, we give the proof of Theorem 1.3
and in Section 3, we prove the uniqueness of second order viscosity solutions of
certain Hamilton-Jacobi equations in finite dimensions.

2. The multidirectional mean value inequalities of second order

The variational principle below (Theorem 2.1), was proved by Deville, Godefroy
and Zizler (see [6]). In this statement, we denote by ||gll« = sup{lg(x)]; x € X},
lg'llc = sup{lig’()l; x € X} and llg"llec = sup{lig”(x)|l; x € X}, where ||lg"(x) | :=
sup{lg'(x)(M];h € X, [|hll <1}, and ||g"(x) || = {sup |g"(x)(h, W)|;h € X, ||h]| < 1}.

THEOREM 2.1. Let X be a Banach space satisfying (H) and f : X — R U {400}
be a bounded below, lsc function, which is not identically equal to +00. Then for all
€ > 0, there exists a C* function ¢ : X — R such that
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(i) f + ¢ admits a strong minimum,

(i) max(ll¢llec, 19" llco: 19" lc) < &

For the proof of Theorem 1.3, we need the following three lemmas.

LEMMA 2.2. Let X be a Banach space satisfying (H). Letg : X x X — RU {400}
be an Isc bounded below function which is not identically equal to +00. Let C be anon
empty subsetof X. Forallintegerm > 0, let usdenote A, (x, 2) == g(x, 2)+md(z, C)
forall (x,z) € X x X. Then, for all m > 0, there exist (X, 2,) € X X X and a C?
SJunction ¢, : X x X — R such that

(1) md(z,, C) > 0 whenm — oo.

(i1) max(lpmlloc. 19) oo @ lloc) < 1/m and A,, — ¢y, admits a strong minimum
at (Xp,, Zm)-

(i) liminf, o g (Xp, Zn) = lim, o infrexiac.cr<n (%, 2).

PROOF. Leta, := inf, .;exxx Am(x, 2), then (a.)., is an increasing sequence which
is bounded by lim,_., inf{g(x, z) : x € X, d(z, C) < n}. So (a,). converges to some
real number a € R such that

a< lirr(l)inf{g(x, Z):x € X,d(z,C) <n}.
n—’

Since X satisfies (H), then X x X also satisfies (H). Infact,if b: X — Risan C?
bump function with Lipschitz derivative, then the function B : X x X — R, defined
by B(x, z) := b(x)b(z), is also a C? bump function with Lipschitz derivative. By
applying Theorem 2.1 to A,, for all m, we obtain a C? function ¢,, defined on X x X
such that max(]|@n |loc, 1@, locs 1@ llc) < 1/m, and (xm,zm) € X X X such that
A, — ¢, has a strong minimum at (x,,, z,,) and

(1) Am(-xmvzm) < ianAm(va)+l/m=am+l/m-
Xz€
This implies (ii).
By the definition of a,, and (1), we have
1
a, < Am(-xmv Zm) = AZm(xmv Zm) - md(znn C) < ay, + % e md(zm; C)

Thus md(z,, C) < a, + 1/(2m) — a,, and it follows that md(z,, C) — 0 when
m — oo. This gives (i).
Now let us prove (iii):

a 5lin(1)inf{g(x. D:xeX, diz C)<n)
n—s
< Iim infg(x,,,, Zm) = liminf Am(xms Zm) <a.

So liminf, o 8 (X, 2») = lim,_oinf{g(x,2) 1 x € X, d(z, C) < n}. O
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In [9], Deville and Ivanov proved a variational principle of constraints of second
order, with finite dimensional spaces of constraints. Lemma 2.3 extends their result
to infinite dimensional spaces of constraints.

LEMMA 2.3. Let X be a Banach space satisfying (H) and Y be a closed subspace
of X such that the space X /Y also satisfies (H). Then there exists a constant ax;y > 0
with the following property: for every Isc bounded below function f : X — RU{+00},
every subset A of X (A Ndom f # @) and every ¢ > 0, there exists mg € N*,
x0,20 € X, (x5, x2) € D f(xo) and (2}, z8) € D* mod(-, A)(20) such that

@ Ixglly <& IxPlay <& dxo—20,Y) <eandd(zo, A) < €;

() flxg +z5ll <&

(i) f(xo) < limy oinfyessns, f(¥) + €
(V) lxgll < & + 2 (inf, f —infx £); X1l < €% + % (inf,, f — infx f).

PROOF. Let us denote by m : X — X/Y the canonical surjection and by b :
X/Y — R a bump function of class C? on X/Y with support in the unit ball By,y
of X/Y such that max(b) = b(w(0)) = 1. Set ax/y := max(||'|loc, I#"llc). The
function bom : X — R is also of class C2. Let ¢ > 0. We can suppose without loss
of generality that 0 < ¢ < min{1, 1/2ay,y}. Since f is bounded below, the constant
B :=inf, f —infy f > 0 is well defined. We set A := —(¢* + B) < 0. Now, for
every integer m > 2/&*, we consider the following function

A, (z,x):= f(x)+Abom ( A ) + md(z, A).
Let us apply Lemma 2.2 to A,,(x, 2) := g(x, 2) + md(z, A) with g(x, 2) == f(x) +
Ab o m(x — z/€). Then we obtain a point (x,, z») € X x X and a C? function ¢,
such that d(z,,, A) < 1/m; max({{¢mlloo; 1), loos HPpllc) < 1/m and A,, — @), has a
strong minimum at (x,,, Zy)-

Since A,, — ¢, has a strong minimum at (x,,,, z,), if we first fix z = z,, and then
X = X, we obtain (x*, x?) € D¥ f(x,) and (2}, z?) € D md(-, A)(z,) with

m’m

) Xy = <a¢m)(xm,zm)——b ( (xm_z'">)on,
d £ £
A n Xm — Im 2
3) x ( ) Xms Zm) — b (ﬂ ( )) om”,
£ £
m <a¢m)(-xm’ Zm)+}"b’ (7‘[ (x",_z'")) 07{,
£ £
£ £
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We prove that for a sufficiently large m € N, xo = x,,; x{ = x2; x5’ = x
(respectively zo = z,,; z; = z* and zZ = z®) satisfy our lemma.
From (2)-(3) and the fact that w(y) = Oforall y € Y, we have
. 0Pm
('xm’ y) = 8_ (xma Zm)sy Vy€ Y
X
and

2.,
(xZy, )’)=<< ¢ )(xm,zm)y,y> Vy €Y.

dax?
Now since max(||dmlloo; 1|19, llocs @ llc) < 1/m, it follows that [|x}{ly. < 1/m and

”x,,‘?”yam < 1/m.
To complete the proof of (i), it suffices to show that

”n(xm - zm)“X/Y = d(xm — Zm, Y) < €.
Indeed, since A,, — ¢,, has a minimum at (x,,, z,,), for all x, z € X we have

Xm = Zm

f(xm)+md(zm,A)+)»b07T< )_¢m(xm-2m)

X —2

< f(x)+md(z, A)+Ab077( >—¢m(x,z)-

Now suppose that |7 (x, — 2.)|lx;¥r = €. Then, using the fact that supp(b) C By,y,
we get b o m((x, — z,)/€) = 0. Now, taking z = x € A in the above inequality and
using the fact that b(7(0)) = 1, we obtain, forall x € A,

fxn) +md(z2m, A) = O (Xm, 2n) < f(X) + A — Pulx, x).

From {|¢,,|| < 1/m, we get
2 2
A > f(x,) —inf f(x)+md(z,, A)— — >inf f —inf f(x) — —
A m X A m

Since m > 2/¢*, it follows that A > —B — ¢*, which is impossible and concludes the
proof of (i).

From (2) and (4), we get: {|x + z2|| < 2/m. This gives (ii).

Now, we prove (iii). Using Lemma 2.2 (iii), we obtain that for sufficiently large m
(we can extract subsequences (X, )¢, and (z,, i of (x,), and (z,,), respectively)

f(x,,,)+kbo7t<x'"_zm)

£

<lin(1)inf{f(x)+)\bon(x8—z) x e X; d(z,A)Sn}+s
sy
51irr(1)inf{f(x)+kbon(0):xeA+nBX}+e

n—b

=lin(1)inf{f(x):x€A+an}+A+8.
n—
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Butbom((x, — 2Zm)/€) < land A < 0,50 Ab o T (X — Zw)/€) = A. Thus
Fm) < lir%inf{f(x) ‘x €A+ an] te
n—-

Finally, (iv) comes from (2) and (3). Indeed, using (2), the fact that m > 2/e*,
0 < ¢ < min{l, 1/2ayx,y} and that |A| = £* + (inf, f — infy f) we obtain

Al
£

axy
£

* ’ / 1 . .
bl < Hflloe + b Moo < = + sy + (inf £ —inf 1)

ge+(igff—i§ff)

axy
Pt

In a similar way, using (3), we obtain that [|x#|| < ¢+ (inf, f —infy flax,y/e?. O

LEMMA 2.4. Let X be a Banach space, Y a closed subspace of X, C a closed subset
of Xandx € X. Set H :=Y +C and A := [x, H}. Then, for every (x,, 20) € X x X,
we have

() d(xo, ) <d(xo— 20, ¥) + d(z0, A);

(i) d(xo, H) <d(xo — 20, Y) + d(20, H).

PROOF. Note that forevery y € Y andevery A € [0, 1[, H = H — y/(1 — A). This
is due to the linearity of the subspace ¥ € X. Now let us fix (x, 29) € X x X. For
all y € Y, we have

d(xo, A) = inf flxo — v|| = inf |lxo — (A% + (1 — M)A)||
vEA Ai[ghl].

Aé{(‘),fu, lxo — (XX + (1 — Mh)]||

heH

IA

1o = Go+ Y+ inf 1o +3) = Gk + (1 = 2]

heH
(- (o-37)

= llxo — (2o + Y)Il + inf |z — (A% + (1 — 1)h)]
s

= |lxo — (zo + V)l + Aelg(l)ﬁ[‘
heH

= [[(xo — 20) — ¥l + d(z0, A).

Taking the infimum over y € Y, we conclude the proof of (i).
In a similar way we prove (ii). U

PROOF OF THEOREM 1.3. We first prove the theorem when r = 0 and then we
deduce the general case.
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Casel: r =0. Lete > Oandletus fix h € ]O, k/2[ such that

inf  f(y) > f(x).

veH+2hBy

We assume without loss of generality that

(5) e<min{ inf  f(y)— f(X),h}.

yeH+2hBy

Let us denote by S := A + hBy the closure of A + hBy in X. The function h
defined by fi(x) := f(x) + §s(x) for all x € X is Isc bounded below on X. Let us
apply Lemma 2.3 to the function f;, the subspace Y and the set A. So, there exists
X0, 20 € X, (x3, x¥) € D¥ fi(xo) and (2%, z#) € D? mod(-, A)(zo) such that

@) lixglly- < €/2, le(‘?llg(y) < &/2,d(xo — 20, Y) < &/2 and d(zo, A) < £/2;

(d) llxg + 25l < &/2;

(©) filxo) < lim,_ginf caipns, fi(y) +&/2;

(d) llxgll < &/2+ 2ayxv/e(inf, fi —infx £i); IxZ| < €%/4 + 4axy /e*(infy fi —
infy f)

First, we show that d(x,, A) < &, which implies that x, belongs to the interior of
A+ i_sz, and so (x;, xg?) € D% f(x;). Indeed, thanks to Lemma 2.4 (i), we have
the following inequality: d(xg, A) < d(xo — 29, Y) + d(z0, A). It follows from (a)
that d(xy, A) < €. This completes the proof of (i).

Proof of (ii). Since zj € D mo.d (-, A)(z9) = dmoed(-, A)(Z0), it follows that

(6) (25, 2 — 20) < mod(z, A) —mod(z0, A), Vze€X.

Choose a bounded sequence (u,), € A such that ||z — u,|| < d(z9, A) 4+ 1/n. For
every w € A wehaved(w —u,+29, A) < ||zo—u,ll < d(z0, A)+1/n and it follows
from (6) that

@) (zg, W — u,) < mod(w — u, + 2o, A) — mod(20, A) < mo/n.

By (b) we deduce (xj, w — u,) + ellw — u,|| > —(z5, w — u,). Using (7), for all
w € A, we obtain

(8) (x(‘;,w—u,,)+sllw—~u,,|| > _mO/n'
To complete the proof of (ii), we need the following claim.

CLAIM. There exists h > 0 such that foralln > 2/¢, d(u,, H) > h.
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PROOF OF THE CLAIM. First we need to show that d(xo, H) > 2h. Suppose that
the contrary holds. Using (5), it follows that

flxo) > inf  f(y)> f(¥) +e.
H+2hBy

ve

On the other hand, by (c) and the fact that ¥ € A, we get f(xy) < f(x) + . This
leads to a contradiction. Consequently,

9 d(xo, H) > 2h.

Now, from (9), the fact thatd(xg — 20, ¥) < €/2 < 5/2 and Lemma 2.4 (ii) we deduce
that d(zg, H) > h. On the other hand,

d(zo, H) < |lzo — unll + d(un, H) < d(zp, A) +1/n +d(u,, H).

Thus d(u,, H) > d(zy, H) — d(z9, A) — 1/n for all n € N. It follows that, for
n>2/e,

d(u,,, H) > d(ZO! H) - d(ZO’ A) -

and the claim is proved with 7 := h — O

Now we complete the proof of (ii). Since u, € A, there exists ¢, € [0, 1] and
¥. € H such that

(10) U, = -i' + tn(in - -i)

Let (1, ). be a subsequence of (t,), that converges to some point #, € [0, 1]. We
claim that t, # 1. Suppose the contrary holds, that is, #, = 1. Using the Claim for
sufficiently large k, we get

h<d(n, H) < lltn, — ¥nll = (1 = ;)X = Ju |l

Since (u,, )« is bounded and r,, — 1, = 1, it follows from (10) that the sequence y,,
is also bounded and it follows from the above inequality that

h < liminf (1= ,)11£ = Fn ) = (1 = to) lim inf £ — 3,, ]l = 0,

which is impossible since i > 0. Hence 7, # 1.

Now, foreach y € H, we set h,(y) == y + t,(y, — y) (h,(y) € H, by convexity
of H). Using (10) we get h, (y) — u,, = (1 —t,,)(y — x) for all y € H. Taking
w=h,(y) e HC Ain(8), weget

mg 1

(xg, ¥y — X) Vy e H.

nkl— e
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Letting k tend to infinity, we obtain (x}, y — x) + ¢|ly — x|} > 0, for all y € H. This

completes the proof of (ii). The proofs of (iii) and (iv) are given directly by (¢) and (d).
Now we deduce the general case.

General case: On X x R, we consider the norm defined as follows:

Hx, o := |lx|l +[¢] forall (x,1) € X x R.
Let 0 < ¢ < 1 and choose ¢’ such that ¢’ € ]0, /4], ¢'|r| < £ and

lim inf f(y)> f(X)+r+¢.

n—0 yeH+nByx

Let us define the function F on X x R as follows: F(x,t) := f(x) — (r +&')t. Itis
clear that F is Isc on X x R and is bounded below on [(x, 0), H x {1}] + ABx.g. On
the other hand,

lim inf F= (lim inf f) —(r+¢)> f(x)=F(x,0).

n—0 Hx{1}+nBx.r n—0 H+nBx

Now we apply Case | with the function F,theset H' = H x {1} = C x{1}4+Y x{0} and
the point (x, 0). There exists (xo, ) € [(£,0), H x {1}] + & Bxxg (which implies,
in particular, that d(ty, [0, 1]) < & and d(xo, A) < &) and (x}, xZ) € D¥ f(xo)
satisfying |[x2lly < &, |1xZ|ly < ¢’ and

F(xo, t0) = f(xo) — (r + &)ty < lim inf (fX) =@ +eH)+¢.

=0 [(£.0),H x{1}]4nBx xr

It follows from the above inequality that

f(xo) < lim inf (f(x)=(r+eNt—1))+¢

10 [(3.0),Hx{1}]+7Bx»

<lim inf f4+|r+e|(1+6)+¢

n—0 [%. H}+nBx
<lim inf f+]r|+e.

n—=0{x,H]+nBx

Using Case I, we also deduce the following inequality:
0<(xj,y—X)—(r+&)+ely—xIl+1), VyeH.

This inequality implies that r < (x5, y — X) + ¢lly — x|| for all y € H. The proof is
completed. O

The following corollary will permit us to prove uniqueness of second order viscosity
solution of Hamilton-Jacobi equations.
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COROLLARY 2.5. Let Y be a Banach space satisfying (H). Letx € Y, T € R and
r € R. Suppose that f : R x Y — R U {400} is Isc function bounded below on
[0, T +h]l x Y for some h > 0. Assume further that f(0,y) > f(T,x) + r, for all
y € Y. Then, forall e > O, there exists (tg, xo) € [0, T + ¢[xY, (a, p) € Rx Y* and
(8:9:) € BR x Y)with ((a, p), (% &) € D* f(t, x0), such that

@ lpl <& Qs <&

(i) a<-r/T +¢;

(iii)  f(xo, to) < lim, oinf( e oy, (01xr1nBaxy f & X) + |r| + €.

PROOF. Set H = {0} x Y, A = [(T,x),{0} x Y] and F = f + Sjo.74mxr-
The function F is Isc bounded below on [—h, T 4+ h] x Y. Let us remark that
A+hBgyy C[—h, T+h]xY. Then we have that F is bounded below on A+h By, y.
Now let us observe that

lim inf F(x):ingf(O,y)>f(T,)?)+r—gT=F(T,j)+r_gT.
ye

n—0xeH+nBrxy

Consider X = R x Y and x = (T, X). Then we apply Theorem 1.3 to the set H, the
space X, the point x € X, the real number r — ¢T € R, and the function F. We get
a point (f, xo) € (A + ¢ Bx) Ndom F (this implies that (zy, xo) € {0, T + ¢[xY) and

((a, p). (8! 23)) € D* f(t, xo) satisfying the corollary. O

REMARK 2.6. If we suppose in Corollary 2.5 that f(0, y) > O forall y € H, then
we cansetr = — f (T, ¥), and we obtain in (ii) thata < f(T,x)/T + &.

3. Application to Hamilton-Jacobi equations

The purpose of this section is to recover, by a simple proof, the uniqueness of
viscosity solution of second order. Note that the formula for the second order subdif-
ferential of the sum of two lower semicontinuous functions is not available in infinite
dimensions. A counterexamples in infinite dimensional Hilbert spaces are given in [8].

LEMMA 3.1. Let uy, u, be two Isc functions defined on a finite dimensional Banach
space X. Let xo € X and (p, Q) € D* (u, + uz)(xo). Then for all ¢ > 0, there exists
x1, X3 € X, (p1, Q1) € D* (uy)(x1) and (pa, Q2) € D* (u;)(x;) such that

() llxr = xoll < € and |lx — xoll < &3

(1) Nur(xy) — ui(xo)ll < € and [luz(x2) — u2(xo)ll < &

(i) lpr+p—pl<eand Qi+ Q02— Qll <e.
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Let X be a Banach space and H : R x X x X* x #(X) — R be a uniformly
continuous function. We consider the associated evolution equation:

u,+ H(t,x, Du, D*’u) =0

11
( ) u(Ov x) =u0(x)9

where uy : X — R is the initial condition, u is defined on R x X, u, denotes the
partial derivative with respect to the real variable, and Du and D*u denote the first
and second partial derivatives with respect to the x-variable.

Here we focus our attention here on the uniqueness of a continuous viscosity
solutionu : R* x X — R of (11).

As in Definition 1.2, we define the viscosity superdifferential of second order of f
atx by D¥ f(x) := {(¢'(x), ¢"(x));¢ : X — Ris C?and f —¢ has alocal maximum
at x}.

DEFINITION 3.2. A function u : Rt x X — R is a viscosity subsolution of (11)
if u is upper semi continuous (usc) and, for every (¢,x) € R* x X and every
((a, p), (25)) € D* f(1, x), we have

a+H(t,x,p,D) <0,
1(0, x) < up(x).

The function u is a viscosity supersolution of (11) if u is lower semi continuous (Isc)
and, for every (¢, x) € R* x X and every ((a, p), (2 §)) € D* f(t, x), we have

[a + H(t, x, p, D) >0,

u(0, x) > uo(x).

Finally, u is a viscosity solution of (11) if u is both a viscosity subsolution and a
viscosity supersolution of (11).

PROPOSITION 3.3. Let X be a finite dimensional Banach space and let u, v be two
real valued functions defined on R* x X such that u is usc bounded above and v
is Isc bounded below. If u is a viscosity subsolution of (11) and if v is a viscosity
supersolution of (11), thenu < v.

PROOF. Let us fix T €]0, +00[ and, in order to get a contradiction, let us assume
that infjo rjxx(v — u) < 0. The function v — u is Isc bounded below on [0, T] x X.
Thus, for & > 0 sufficiently small, there exists (%, xo) € 10, T] x X such that

(v—u)(tg, x9) < inf (w—u)+¢eT <O.
[0.T]xX
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According to the initial condition, we have (v — u)(0,x) > O for every x € X.
Now, let us apply Corollary 2.5 and Remark 2.6 to the function v — u. Thus, there
exists (£, x) € [0,70+¢[ x X and ((a, p), (4§)) € D* (v — u)(t, x) such that
a < (v—u)ty, x0)/to + &, |pll < eand ||D|| < e. Let us apply Lemma 3.1 to the
functions u#; = v and u, = —u. There exist (¢;, x;), (2, x;) € Rt x X,

A _
((al,po, (C: g‘l)) € D¥ v(ty, x))

A, C +
((az, P2, (Cj DZ)) € D¥ u(ty, x,)

@ flxy—xll <&, llx2—xll <e& |ty —tl<e,|ta—1t] <&
(i) |IDy—Dy—D| <&, |lpp—p2—pl <eand|a, —a, —al <e.

and

satisfying:

The function u is a viscosity subsolution of (11), so a, + H(tz, x2, p2, D,) < 0. On
the other hand, the function v is a viscosity supersolution of (11), so

a + H(tlv-xl; pla Dl) 2 0'
Consequently,

infio ryxx(v —u) (v —u)(to, xo) (v —~ u)(to, xo0)
> — > — ¢
T T to
>a—2&>a —a,— 3¢
> H(ty, x3, p2, D7) — H(t, x1, p1, D)) — 3e.

Moreover, [lx) —x2|l < llxi—xoll +llxo—x2ll < 2¢, =Ll < I —toll+lto—2ll < 2e,
lpi—p2ll < llpi—p2—pl+lpll < 2¢and || Dy~ D, || < |Dy—D;—D||+ D] < 2e.
Using the uniform continuity of H and sending ¢ to zero, we get
infio 7y, x (v — 1) >
T

which is a contradiction. O

0’

REMARK 3.4. Proposition 3.3 clearly implies the uniqueness of viscosity solution
for (11). The existence of viscosity solutions for (11) was established in [4].

Acknowledgements

The author wishes to thank R. Deville for his constant support and many fruitful
conversations.

https://doi.org/10.1017/51446788700013045 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700013045

172

(1]

(2]
{31

(4]
(5]
{61
{7
(8]
(9]

[10]

Mohammed Bachir [14]

References

F. H. Clarke and Yu. Ledyaev, ‘Mean value inequalities’, Proc. Amer. Math. Soc. 122 (1994),
1075-1083.

~———, ‘Mean value inequalities in Hilbert space’, Trans. Amer. Math. Soc. 344 (1994), 307-324.
F. H. Clarke and M. L. Radulescu, ‘The multidirectional mean value theorem in Banach space’,
Canad. Math. Bull. 40 (1997), 88-102.

M. G. Crandall, H. Ishii and P. L. Lions, ‘User’s guide to viscosity solutions of second order partial
differential equations’, Bull. Amer. Math. Soc. (N.S.) 27 (1992), 1-67.

M. G. Crandall and P. L. Lions, ‘Viscosity solutions of Hamilton-Jacobi equations’, Trans. Amer.
Math. Soc. 277 (1983), 1-42.

R. Deville, G. Godefroy and V. Zizler, ‘A smooth variational principle with applications to
Hamilton-Jacobi equations in infinite dimensions’, J. Funct. Anal. 111 (1993), 197-212.

, Smoothness and renormings in Banach spaces, Pitman Monographs 64 (Longman, New
York, 1993).

R. Deville and El. Haddad, ‘The subdifferential of the sum of two functions in Banach space, II.
Second order case’, Bull. Austral. Math. Soc. 51 (1995), 235-248.

R. Deville and M. Ivanov, ‘Smooth variational principles with constraints’, Arch. Math. 69 (1997),
418-426.

Q. J. Zhu, ‘The Clarke-Ledyaev mean value inequality in smooth Banach spaces’, Nonlinear Anal.
32 (1998), 315-324.

Laboratoire de Mathématiques
Université Bordeaux 1

351, cours de la Libération
33405 Talence Cedex

France

e-mail: bachir516@yahoo.fr

https://doi.org/10.1017/51446788700013045 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700013045

