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Introduction
When studying the solutions of elliptic boundary value problems in a
bounded, smoothly bounded domain D < R, we often encounter the formula

5 P u(y) ifyeD (1a)
j {u(X) Fvy (%, Y)—y(x, y) po u(X)} ds,= {3u(y) ifyedD  (1b)
2D ny ny 0 ifye¢D (1¢)

where u(x) e C3(D)nC’(D) is a solution of the second order self-adjoint elliptic

equation
Lu(x) = (A+kDu(x) =0, xeD )
and 2 denotes differentiation along the inward normal to dD at xe dD.
nx
y(x, ¥) is a fundamental solution of (2), and as such has at x = y a singularity
described by
1 .
—-——lo - if n=2,
5 logx—y| .
(%, y)~ ) &)
{2}z [x—y > ifnz3.
2n—4 \2

The results (la) and (1¢) can be obtained in a straightforward way by
applying Green’s Theorem to u(x) and any fundamental solution which is
defined in a sufficiently large domain. However the result (15) is neither as
obvious nor as easily obtained as is generally claimed in textbooks, though,
as we shall see, it is true in the sense of the theory of distributions for fundamental
solutions which, apart from a singularity of type (3) at x = y, are regular in
DxD. For other choices of the fundamental solution (e.g. the Dirichlet
Green’s function) not satisfying this restriction, (16) is meaningless unless a
suitable definition can be given for the left hand side. In this paper we shall
establish (15) for fundamental solutions having the required behaviour in D x D
and shall show that when a maximum principle is available (L = A—k?2,
k? = 0) (1b) can be made meaningful in the distributional sense for the Dirichlet
Green’s function of L and D. It is sufficient to demonstrate this for L = A.

1 Now at the Department of Mathematics, University of Strathclyde.
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1. For convenience we restrict ourselves to the case n = 2. Results for
n = 3 follow in a similar manner. Fix y € D and let K, be the disc of radius
¢ centred at y. Let S, = dK,nD. Applying Green’s Theorem to u(x) and
y(x, y) in D—K, and performing a simple residue calculation, noting that on
S, we have
0 _ 9

, on, 0Oe
and dS, = e¢df (0 £ 6 < =), we obtain the result

1
y(x, y)~— —loge,
2n

=0 <

lim f {u(x) 365, 9)=205, ) - u(x>} ds,, = hu(y).
oD— K, n, 0

Therefore to establish (15) it suffices to show that

lim f {i Y6 1) =3, 9) alu(x)} ds, = 0. @
8DNK, n

e~ 0 x x

Since 0D is smooth, we have in a neighbourhood of y, dS, =~ dr where

r=|x—y|. Since 5?— u(x) is continuous in D it follows that
x

lim f 2%, )2 u0)ds, = lim =2 2w | tograr=0.  (5)
aDnK. 0 0 '

&0 n, =0 T On, 0

Finally, let r(x) denote the radius of the circle C, through x and y which
is tangent to éD at x. Since 0D is smooth, r(x)— R, the radius of the osculating
circle for 8D at y, as x—y. Thus for ¢ small enough and x € DN K, it follows
that 7(x) = 1R. If ais the angle between the vector from y to x and the inward

normal n, to 0D at x we have, since [n, [ = 1 and | V, [x—y || = 1, that
on,

nx.Vxloglx—yl 27t|x—-y]

y(x, ¥)

~ —
T

By the geometry of the circle C, it follows that
| cos «| _ 1 1
{x—y| 2r(x) " R

and hence we have at once that

lim j u(x) 9 y(x, y)dS, = 0.
aDNK. on,

e—0

A

This completes the proof of (4) and so of (15).

2. The harmonic Green’s function, G(x, y), of D is defined for x e D,
y ¢ 0D by G(x, y) = y(x, y)+w(x, y), where y(x, y) is the function on the
right hand side of (3) and

Axw(x9 J’) = 0, xXe D,
w(x, y) = —y(x,y), xe€adD.
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G(x, y) is positive for x, y e D (1, p. 262). Since G(x, y) is not properly defined
for y € 0D, the appropriate form of (15), namely

d
J u(x) — G(x, y)dS, = tu(y), yeadD 6
aD on,
requires interpretation.

To this end let G(x, y) be the harmonic Green’s function for the region
D, = DnK,. Applying (1b) over D with y(x, y) = G,(x, y), we obtain

) 0
j u(x) — G(x, y)dS.— J Gx, y) — u(x)dS, = Iu(y).
ébD a x dDnK, 0 x
Fix gg. For e<ey, G, (%, y)—G(x, y) is harmonic in D, and non-negative on
dD,. By the maximum principle it is non-negative in D,.
Thus

< const. f G, (x, y)dS,.
dDnK,

f G, y) > u(x)ds,
aDnK, a

X

As in (5) above the right hand side tends to zero with &. Hence

nmf u() -2 G (x, y)dS, = bu(y), ye oD.
oD on

£~0 x

This shows that in (6) we may interpret ai G(x, y) as the limit in the distribution

X

sense as é—0 of the well defined functions Ea— G (x, y) (2, Chapter 2; 3).
n

x
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