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MULTIGRID METHODS FOR THE BIHARMONIC EQUATION
USING SOME NONCONFORMING PLATE ELEMENTS
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Abstract

In this paper, muitigrid methods for solving the biharmonic equation using some non-
conforming plate elements are considered. An average algorithm is applied to define the
transfer operator. A general analysis of convergence is given.

1. Introduction

The biharmonic equation is a typical elliptic equation of order four and possesses
important theoretical value. The biharmonic equation is a basic mathematical model
in structure mechanics and is used in the blending probiem, image restoration, domain
transforms, and so forth. In the blending problem, given two frame surfaces (or
bodies) already located, a smoothly transferring surface is sought to connect the two
frame surfaces along a certain boundary. Usually, the “smoothness” means that the
blending surface and its tangent plane are continuous until the joint boundary. Thus,
the displacement vector of the blending surface satisfies the biharmonic equation. In
general, the nonconforming finite element method is applied in solving the biharmonic
problem, since the degrees of freedom in each element, and hence the computational
complexity, can be reduced.

Multigrid methods are very efficient iterative solvers for systems of algebraic
equations arising from finite element and finite difference discretizations of elliptic
boundary value problems. In recent years, multigrid methods of nonconforming
plate elements have been studied (see, for example, [4, 9]). But, because the finite
element spaces associated with nonconforming elements are not nested, thatis, V,_, ¢
Vi, it is difficult to define the transfer operator in the multigrid method of some
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nonconforming plate elements, such as the Adini rectangular element, the Morley
element, the complete cubic nonconforming element and the Zienkiewicz triangular
element. S. C. Brenner (see [4]) has used the idea of taking averages in defining
the transfer operator I}, for the Morley element. In this paper, we extend this idea
to some of the nonconforming finite elements mentioned above and give a simpler
convergence proof than Brenner’s.

We know that the complete cubic nonconforming plate element is of the same
convergence order as the Morley nonconforming element and the Adini element.
However, the cubic element has two degrees of freedom fewer than that of the Adini
element. Moreover, we can get the convergence order to be O(h?) when the compen-
sation method is used. So we apply the complete cubic nonconforming plate element
to develop an optimal-order multigrid method for the biharmonic equation in this
paper.

The paper is organized as follows. We begin with a discussion of the complete cubic
nonconforming plate element. In Section 3, the intergrid transfer operator is defined
and its two properties are proved. The multigrid algorithm is given in Section 4. In
the last section, the error order of the multigrid method is obtained.

2. The nonconforming complete cubic plate element

We consider the plate blending problem with clamped boundary condition

- .
[A u=f in Q, o

u=dufdn=0 on 0%,

where u denotes displacement, f € H~'(R), [ = 0 or 1 and is the loading force, Q2 is
a rectangular domain and r is the outward normal direction of boundary 3€2.

The boundary value problem (2.1) has a unique solution u € H*™'(2) N H3(RQ),
which satisfies the following elliptic regularity (see [1]):

Null o1y < CEDNS Nl1-1)- (2.2)

The problem (2.1) can be associated with the following variational problem: Find
u € H}(S), such that

a(u,v) = (f, v), Vv € HZ(S), (2.3)
where

a(u, v)=/(AuAv+(1—or)(2uxyvxy—u,xv,y—uy,vn))dx, , v)=/fvdx,
o Q

and 0 < 0 < 1/2 is the Possion ratio.

https://doi.org/10.1017/51446181100013079 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100013079

[3] Multigrid methods for the biharmonic equation 281

The problem (2.3) is discretized by the complete cubic nonconforming plate el-
ements. Let {r;},k > 1, be a family of rectangular elements of 2, where 7, is
obtained by connecting the midpoints of the edges of the rectangular elements in 1.
Then we have h, = max{diam T, T € 1;} = 2hzy,.

Let V, be the complete cubic nonconforming plate element space associated with ;.
Then v € V, possesses the following properties:

(i) v|ris a cubic polynomial for all T € 1;;

(ii) the degrees of freedom are the values of the functions at the vertices of the
rectangular T € 7, and the normal derivatives at the midpoints of the edges and the
mean values of two derivatives of the third order;

(iii) v and dv/0n vanish at the vertices and the midpoints on 352, respectively.
Note that V,_; ¢ V; (that is, V; is nonnested) and V, ¢ H¢ (that is, V; is noncon-
forming).

The discrete problem of (2.3) is: Given f € L%(Q), find u; € V,, satisfying

a (i, v) = (f, v), Yv e V,, (24)
where

a(u,v) = Z/(AuAv + (1 = 0)QRuxyVry — Uy Vyy — Uy, Vsy)) dX
TEH T
and

(f,v):Z/;fvdx.

Tern

Define the mesh-dependent energy norm as
vl := Vax(w,v),  Vve Ve
From [3], we have
e — uell < Clhilulns + Belf 1) (2.5)

Thus, we modify the problem (2.4) to take the following form: Find u} € Vi, such
that

a(uy, v) = (f, v, Yv € Vi, 2.6)

where v’ is a linear interpolation of v.
It is easy to prove the inequality

Nu — uplle < Chylulps. 27

Note that we don’t need to make the above modification for the Zienkiewicz element
and the Adini element, since V;, C C°(2). In this paper, C denotes a generic positive
constant, which may have different values in different occurrences.
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3. The intergrid transfer operator and its properties

The intergrid operator If | : Vi + H>(2) N HX(R) > V; is defined as follows.
Forv € Vi_; + H3(Q) N HX(RQ),

(i) Let A be a vertex of element T € 1, inside Q. If A is also a vertex of 7;,_;,
then

(I v)(A) := v(A).

If A is the midpoint of the common edges of two rectangular elements 7; and 7; in
T4—1, then

(I v)(A) == $[vlg (A) + vin(A)].
If A is in the interior of a rectangular in 7,_,, then
(I:_lv)(A) = vln_l(A)'

(ii) If the midpoint B of an edge in an element of 7, is located in the interior of a
rectangular in 7;_,, then

dUt v(B) _ Qv

onam| B

Tk-1

If B is on the common edges of two elements 7, and T; in 7,_, then

At v(B) 1 E ®)|
an T2 an T |

(iii) If_,v := Oatthe vertices of 7, along 32 and 8(I}_,v)/dn = 0 at the midpoints
of the edges of T € 1, along 9S2.

(iv) Let
R*Uf ,v) 9%v
———dxdx;, = —dxd
/; 8x,3 X1aXx, /;8xl3 X1ax2

d
(B) + —
T on

and
83 Ilc 83
/_(L'l)dxldxz =f—1§dﬁdx2’ Teun
T T 8

3
ax; X5

Thus, we have the following two lemmas.

LEMMA 3.1 (Stability Property). Forany v € Vi_, + H*(2) N HZ(S2), there exists
a constant C independent of hy, such that

17 vllx < Cllvlle-r-
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PROOF.
l,f_,v = (I,f_,v —mv)+(muv—v)+v
where m; is an interpolation operator from H3(Q2) N Hoz(Q) to V,. Thus, one gets
NIE oIl < MIE v = mevlle + v — vl + follicr 3.1)
Using the interpolation theorem of Sobolev space and the inverse inequality, we obtain
lv — mevlle < Clivilk-r. (3.2)
So, the key step is to estimate || I} v — mv|x.

From the definition of 7r,v and I,f_, v, We see

N. N.
(”kv—I:_lv)lT = {(U(Az)h‘. - v(AZ)sz) + f(U(A‘t)IT, - v(A4)|T2)

M (3U(Bz) >+yi (av(&) )
n 2 an ”

2 an
where T € 7, T; (i = 1,2,3) are three neighboring elements in 7,_,, M; and N,
(i = 2,4) are the shape functions, A; (i = 1, 2, 3, 4) are the vertices of 7 and B;
(i = 1,2, 3, 4) are the midpoints of the edges of the element T.
Applying the Bramble-Hilbert lemma and

M, 3°N;
0x;0x; 0x;0x;
the following inequality holds:

v — IE v|, 1 < C(vlen + [0l + [vlan).-
Summing the above inequality for T € 1, we get
lmew — 1o, < Cllvllea. 33)
Lemma 2.1 follows from inequalities (3.1)-(3.3).

o0v(By)
on

0v(B,)
on

T T

< Ch{',

<Ch!', ij,=12,

LEMMA 3.2 (Approximation Property). For any v € V,_,+ H?*(Q2) N HZ(R2), there
exists a constant C such that

o' — (L 0) lar < Chellvllea
and
Imew — I (e w)lle < Chelwlws,  Yw € H*(R) N HY(Q).
PROOF. The first inequality can be obtained as Corollary 1 in {4].
Using Lemma 2.1, the interpolation theorem in Sobolev space and
nw= I ,w, Ywe HQ)NHXQ),

the second inequality is obtained. Thus, the result of Lemma 2.2 is proved.
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4. The multigrid algorithm

From the spectral theorem, there exist eigenvalues 0 < &) < A; < -.- < Ay, and
eigenfunctions ¢y, ¢,, . .. , ¢u,, such that
ai(¢i, v) = Li(pi, v), Yvey,
and (¢, ¢;) = 8; (the Kronecker Delta). By the inverse inequality (see [7]) we have
An, < CH}. 4.1)

Assuming v = Zf:l cid;, the norm ||| - |||+ is defined as follows:

N
2 . /2
Il = 3 A2E, s er.
i=l

Obviously, {[|vlllox = llvllzz and [l|lv]ll2x = [lv]lk.

Let z, be an initial guess value of the solution. Then an approximate solution
M G(k, zp, G) of the multigrid algorithm is defined by the following problem: Find
z € Vi, such that

a;(z,v) = G(v), VveV,, GeV, 4.2)

where V," denotes the conjugate space of V;.

For k = 1, MG(1, z9, G) is the solution of (4.2) obtained from a direct method.
Fork > 1, MG(k, 20, V) := Zm + l,f_,q,,, where z,, can be obtained by m smoothing
steps:

(zi —zi-,v) = A;l(G(v) — a(zi-1,v)), YveY, (4.3)

where 1 < i < m, A = Ch;*, (see (4.1)). The quantity g, is obtained by the
(k — 1)th-level iteration being performed p times (p = 2, 3), that is,

G0=0 ¢g=MGk-1,q.,,G), 1<i<p,
where
G = GUL v) — ai(zm, IF V) = ay(z — 20, IE¥), Vv € Viey.

The full multigrid method is defined as follows. Let &, be the solution by a direct
method. The approximations i, (k > 2) are obtained recursively by

uf, = Ijj_,ilj_l,

W =MG(,u_,,G), 1=<l<r G(U)=/fvdxldxz,
G

iy =i,

where r is a positive integer to be determined.
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5. The convergence analysis
First, we give the following statement:
(S:) When the kth-level iteration is applied to the variational problem, we have
where y € (0, 1) is a constant independent of k.

THEOREM 5.1. If the number of smoothing steps m is large enough, then we have
in the energy norm

(Sk-1) = (S4).
PROOF. Let ¢g := 7 — 29, €; := z — z; (1 < i < m + 1). Recall that g satisfies
ar-1(g, v) = G(v) = arleo, IF_v), Vv € Vi)

Let zy :== 20+ If_,q. & := z—Z;, then Z; 2 < i < m+ 1) can be obtained
recursively by

- - 1 -
@ = 21, v) = =(G) = aZi-i, ), Vv € Ve (5.1
k
Thus we can get

lz = MGk, 20, Gl = Iz — Zms1lle = lemsrll < ll€ms1 — Znsrll + Nzmsalle- (5.2)

From (4.3) and (5.1), we have that

1

(ei — €i—1, V) = ——ar(ei—y, v) (5.3)
A

and

- 1 _
(& — ei_1, v) = ——ai(ei_y, v). (5.4)
Ay

( - - ) - ( - - )
e'._e'.._e‘. +e’ "U —_—— e'. _e'. ’v_
1 1 A i 1

Let p; = e; — ¢;, then

1
pi—pi-1,v) = _Xak(Pi-la v), YveV.
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Assume that p; = ) % cipi, then pp = D %, ¢i(1 — A;/A)™@. Thus
ng A 2m
lemst = emilly = lpmulf =D& (1 - X') Ai.
i=1
Using A; < A < Chy*, we finally get [lems1 — ZmetlI} < Ip1ll2 = lley — Z1 |12, that is,
llen+t — emsille < ller — €]l (5.5)
Using lle, — el = || I,f_l(q,, — q)|lx and Lemma 2.1, we have the inequality
ller — éille < CYPlIqlle-1- (5.6)
On the other hand, ¢ satisfies the equation

ai-1(q, v) = alen, If_v), Vv € Viy.
Thus we have .
lglli-1 < lleolls- 5.7

Combining (5.5), (5.6) and (5.7) implies
lems1 — emsille < Cy?lleollk. (5.8)

Now we analyse the term || &1, of (5.2). Let & = ) _;*, ¢;¢;, then we get from

the above analysis that
ng )\' m
-m = i 1- — i
fra =D e (1-%) 0

In view of the definition of ||| - |||;.«, we obtain

2

ne A 2m h..
emill? = c.z(l———') A< C—2—{llalll?,,
lemaill; =) _ ¢ A) = Cam=liall,

i=l

that is,
-1

- h -
lemstille < C7—"—Hlenllll,k- (5.9)
+1

Tam 1

From [4]} we know that
Nelllix < CUlellla + hellénlle)- (5.10)

Let & € H!(R), then —A&! = ¢ € H™'(Q) and

I¢ll-s = sup 129

peH] lloll HI(@)
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By means of Green’s formula and the Cauchy-Schwarz inequality, we get

(@, ©)| < e lmll@lla.
Thus

-1
lolla-1o < le -

Now let £ € HZ(2) N H*(R2) be the solution of the biharmonic equation with right-
hand side ¢ € H~!, that is,

At =¢ in €2,
& =0&/0n on 0€2.

From the elliptic regularity, one gets
I€lws < Cllgllu-r < Cléjiu.
Assume &, € V, and §,_, € V,_, satisfy

a (&, v) = (9,0"), YveV
and
a1 (Ex=1, V) = (¢, 0"), Vv € Vi
Then we have
NE — &lle < Chylélns, NE — Eoillit < Chei[§lus
and
el = [(¢,8) —aE eo— @) + @&, e0—q) =1 + L.
Let
L= (9,2)—aE, e0—q)
=ab—§ ) + a — &1, 9) — 4, UE,9" — g,
then it holds that
IL < Chklé“H'”eO”k-
Let
L = a(§, 0 — q) = a(§ — Mk, &) + a(mk — I}, (M), )
— a1 —m-ib, q),

then the approximation property implies |I;| < Chylé! |y l|eolli. Therefore the fol-
lowing inequality holds:

le{]m < Chlleoll- (5.11)
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However,
I€te = llz — zolle = lleo — I&_iqllx < lleoll + I, gl < Clleolls-
In view of (5.10), we finally get
eilllix < Chelleolle- (5.12)

Combining (5.9) and (5.12), we obtain

- C
lemeilte < W”eo"b (5.13)

It follows from (5.8) and (5.13) that

C
—MGk, 25, Ol 2| CY? + — .
”Z ( 20 )”k ( 14 \‘/4"1__*_1) ”eOHk

Choosing y € (0, 1) and m such that

(Cyp + ——_L) < y;
Jim+1/) —

we have ||z — M G(k, zo, G) |« < ylleoll«- The proof is now complete.

THEOREM 5.2. If i, and i}, are the solutions of the full multigrid algorithm for the
problems (2.4) and (2.6), then there exists a constant C such that

lu — delle < Chi(lueles + el f ll2)
and

[fee — '2;”/: < Chulys.

PROOF. We only prove the first inequality, since the proof of the second inequality
is similar to the first. By (2.5) and Theorem 5.1, one obtains

N — delle = llu— u’:"k
< llu — uglle + Nl — bl
< lu = uelle + Cy llue — Ig_ B |l
< Clhelul> + hf"f 21+ Cy llux — I;f_lﬁk-l"k-
But
Now — IE i lle < Mo — ulle + lu — meulle + lmew — IE Grie )|l
+ M, Grimqu) — If i i

< Clhiluls + Bf i) + lu = il
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R Chyy”
It e < Chaludis + Bl 1) + 775 & Qulp + Bl f a2

Choosing y such that 1 — 2Cy" > 0, we then have

o = dtelle < Clheluls + RIS Nl 2).

Theorem 5.2 follows by the above analysis.

Acknowledgement

This work was supported by The Science Foundation of China.

(1]
2]

3

—

(4]

[5

—

(6]

(7]
(8l

9]
(10]

(11]

References

H. Blum and R. Rannacher, “On the boundary value problem of the biharmonic operator on
domains with angular corners”, Math. Meth. Appl. Sci. 2 (1980) 556-581.

D. Braess and R. Verfurth, “Multigrid methods for nonconforming finite element methods”, SIAM
J. Numer. Anal. 27 (1990) 979-986.

J. Bramble, J. Pasciak and J. Xu, “The analysis of multigrid algorithms with nonnested spaces or
non-inherited quadratic forins”, Math. Comp. 56 (1991) 1-34,

S. C. Brenner, “An optimal-order nonconforming multigrid method for the biharmonic equation”,
SIAM J. Numer. Anal. 26 (1989) 1124-1138.

Zhi-Qing Cai, C. L. Golastein and J. E. Pasciak, “Multilevel iteration for mixed finite element
systems with penalty”, SIAM J. Sci. Comput. 14 (1993) 1072-1088.

Qian-Shun Chang and Lin-Bao Xu, “A numerical method for a system of generalized nonlinear
Schrédinger equations”, J. Comput. Marh. 4 (1986) 191-199.

P. G. Ciarlet, The finite element method for elliptic problem (North-Holland, Amsterdam, 1978).
C. L. Golastein, “Multigrid methods for elliptic problems in unbounded domains”, SIAM J. Numer.
Anal. 30 (1993) 159-183.

P. Lascaux and P. Lesaint, “Some nonconforming finite elements for the plate bending problem”,
RAIRO. Anal Numer. 9 (1975) 9-53.

Zhong-Ci Shi, “Construction and analysis of a new energy-orthogonal unconventional plate ele-
ment”, J. Comput. Math. 8 (1990) 75-91.

Shu-Zi Zhou and Feng Gang, “A multigrid method for the Zienkiewicz element approximation of
harmonic equations”, J. Hunan Unv. XueBao 20 (1993) 1-6.

https://doi.org/10.1017/51446181100013079 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100013079

