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Large Irredundant Sets in Operator Algebras

Clayton Suguio Hida and Piotr Koszmider

Abstract. A subset X of a C*-algebra A is called irredundant if no A € X belongs to the C*-subalgebra
of A generated by X’ \ {A}. Separable C*-algebras cannot have uncountable irredundant sets and
all members of many classes of nonseparable C*-algebras, e.g., infinite dimensional von Neumann
algebras have irredundant sets of cardinality continuum.

There exists a considerable literature showing that the question whether every AF commutative
nonseparable C*-algebra has an uncountable irredundant set is sensitive to additional set-theoretic
axioms, and we investigate here the noncommutative case.

Assuming < (an additional axiom stronger than the continuum hypothesis), we prove that there is
an AF C*-subalgebra of B (#>) of density 2 = w; with no nonseparable commutative C*-subalgebra
and with no uncountable irredundant set. On the other hand we also prove that it is consistent that
every discrete collection of operators in B (¢, ) of cardinality continuum contains an irredundant sub-
collection of cardinality continuum.

Other partial results and more open problems are presented.

1 Introduction

Definition 1.1 Let A be a C*-algebra. A subset X € A is called irredundant if and
only if for every A € X, the C*-subalgebra of A generated by X \ {A} does not contain
A. We define

irr(A) := sup{|X|: X is an irredundant set in A}.

Recall that the density of a C*-algebra A, denoted d(.A), is the least cardinality of a
norm dense subset of A; i.e., A is separable if and only if d(.A) is countable. It is easy
to see that irr(A) < d(A) for every C*-algebra, as irredundant sets must be norm
discrete. When A is an infinite dimensional C*-algebra, irr(A) is infinite, because A
then contains an infinite dimensional abelian C*-subalgebra ([41]), and locally com-
pact infinite Hausdorft spaces contain pairwise disjoint infinite collections of open
sets that yield infinite irredundant sets (Proposition 3.12). In this article, we are inter-
ested in uncountable irredundant sets in (C*-subalgebras of) the algebra B(¢,) of all
linear bounded operators on a separable Hilbert space.

Irredundant sets have been considered in the context of other structures. For ex-
ample, a subset of a Boolean algebra is called irredundant if none of its elements be-
long to the Boolean subalgebra generated by the remaining elements. We call such
sets Boolean irredundant (Definition 3.8). In Banach spaces irredundant sets, i.e.,
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Large Irredundant Sets in Operator Algebras 989

where no element belongs to the closed subspace spanned by the remaining elements
correspond exactly to biorthogonal systems ([20], see [30] for some comparisons be-
tween this type of notions). Examples of Boolean irredundant sets include indepen-
dent families, ideal independent families, or (almost) disjoint families, but there are
Boolean algebras of uncountable irredundance with no uncountable families of the
above-mentioned classes (see Remark 3.7). A collection (x4, x})q<k € B x B* of a
Banach space B is biorthogonal if x;(x,) = 1and x;(xg) = O foralla < < «.
As linear functionals on a C*-algebra A are not usually multiplicative, there are many
more biorthogonal systems than irredundant sets in A, one can even consistently have
a commutative C*-algebra C(K) with countable irredundance but with uncountable
biorthogonal systems ([9]).

Among our main motivations are consistent constructions of uncountable Boolean
algebras with no uncountable irredundant sets. They were first obtained by Rubin
([46]) under the assumption of <! and then by Kunen ([40]) under the continuum
hypothesis CH (improved further by Todorcevic to a b = w; construction from [51,
2.4]). Also some versions of the classical Ostaszewski construction assuming < from
[43] have these properties as further constructions assuming % from [20] as well as
forcing constructions from [6,9,29].

Some of the above constructions are of Boolean algebras and others of (locally)
compact Hausdorft totally disconnected spaces. Using the Stone duality, one trans-
lates one language to the other easily. The fact that the Kunen or Ostaszewski types
of constructions mentioned above correspond to superatomic Boolean algebras or
equivalently their Stone spaces are scattered spaces (every subset has a relative isolated
point) yields the equality between the Boolean irredundance of the Boolean algebra
and the irredundance of the commutative C*-algebra of continuous functions (Corol-
lary 3.10). In particular, the corresponding C(K)s have no uncountable irredundant
sets. In fact, the scatteredness can be exploited further to prove that the Banach spaces
C(K) have no uncountable biorthogonal systems [20,40].

The first question we considered was whether such phenomena can take place if
the C*-algebra is made considerably noncommutative. One of our main results is the
following theorem.

Theorem 1.2  Assume <. There is a fully noncommutative nonseparable scattered
C*-algebra (of operators in B(£,)) with no nonseparable commutative subalgebra and
with no uncountable irredundant set.

Proof Apply Theorems 2.12 and 6.2. ]

Here scattered C*-algebras are the noncommutative analogues of the scattered lo-
cally compact spaces. The condition of being fully noncommutative means that these
algebras are “maximally noncommutative” among scattered algebras. These notions
are reviewed in Section 2.1.

1 s an additional axiom (introduced by R. Jensen), which is true in the universe of constructible sets.
It says that there is a sequence (Sq )a<w, that “predicts” all subsets of w; in the sense that for any X ¢ w;
the set {& < w1:X N a = S} meets every closed and unbounded subset of w;; for details see [25] or [33].

Recently, <> has been successfully applied in the context of nonseparable C*-algebras by Akemann, Farah,
Hirshberg, and Weaver [3, 4,16]. We will not use the < axiom directly, but will apply its consequence
from Theorem 2.12, which was developed by S. Todorcevic in [54].
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Another motivation for our project was the result of Todorcevic ([52,53]) that as-
suming Martin’s axiom MA and the negation of the CH, every uncountable Boolean
algebra contains an uncountable irredundant set. Here the following main question
remains open.

Question 1.3  Is it consistent that every nonseparable (AF, scattered) C*-algebra
(of operators in B(¢;)) contains an uncountable irredundant set?

It should be added that even the commutative general case is open, since the re-
sult of Todorcevic provides uncountable irredundant sets in C(K)s only for K totally
disconnected, and there can be nonmetrizable compact spaces with no totally discon-
nected nonmetrizable compact subspace and similar examples (see [31]). So it is nat-
ural to initially restrict the attention in the noncommutative problem to C*-algebras
corresponding to totally disconnected spaces, namely to approximately finite dimen-
sional C*-algebras (AF), i.e., where there is a dense subset that is the union of a
directed family of finite dimensional C*-subalgebras (see [17] for diverse notions of
approximate finite-dimensionality in the nonseparable context). Another natural nar-
rowing of the question is to consider only the scattered C*-algebras, since one of the
conditions equivalent to being scattered for a C*-algebra of density w; is that each
of its C*-subalgebras is AF. Attempting to answer Question 1.3, we obtained several
results that shed some light on it. Let us discuss them below.

If A is AF C*-algebra of density equal to the first uncountable cardinal w;, then it
can be written as A = Uy<,, Ar where Ay € Ag forall & < &' < w; and each Ag is
separable and AF. It follows from the result of Thiel in [48] (cf. [42,49]) that each A is
singly generated by one element A € A. Hence, in the set {A:& < w; } irredundant
subsets are at most singletons. So there is no chance to extract (possibly using some
additional forcing axioms) an uncountable irredundant set from an arbitrary norm
discrete set of cardinality w; of operators in B(¢;).

The AF hypothesis nevertheless allows us to avoid sets of operators as above.
Namely, if A = Upep Ap, where all Aps are finite-dimensional and Ap < Aps
whenever D < D' for D € D and (D, <) is directed, then given any norm discrete
{Ag:€ < w1} € Upep Ap, which exists by the nonseparability of A, for every finite
F € w; the set

Xp={8<w:Ag e Ap}

is a finite superset of F, where A is the C*-subalgebra generated by {A,:7 € F}. So,
the search for an uncountable irredundant set among {A;:¢ < w;} is equivalent to
the search for an uncountable X ¢ w; such that X n X = F for every F ¢ X.

However, this combinatorial problem for a general function from finite subsets of
w) to themselves has a negative solution.” Nevertheless, passing to the second un-
countable cardinal w, allows for the following very general consistency result, which
is a consequence of Theorem 3.20.

21t is enough to take X to be of the form Y N [(maxF) + 1], where Y € u is of minimal rank that
contains F and where y is an (w, w1 )-cardinal as in [32]. This g is originally due to Velleman ([55]). A
positive result for general functions is that given n € N and a function ¢ from finite subsets of the n-
th uncountable cardinal w, into countable subsets of w,, there is an n-element set X S w, such that
E¢ ¢(X ~ {&}) for any & € X. In particular, this gives that any norm discrete subset of cardinality w, in
any C*-algebra has an irredundant subset of cardinality n.
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Theorem 1.4 It is consistent that 2° = w, and for every norm discrete collection of
operators (Ag:& < wy) in B(L,), there is a subset X € w; of cardinality w, such that
(Ag:& € X) is irredundant.

This is not a mere consequence of B(#¢,) having density w,, because by a result
of Brech and Koszmider [8], it is consistent that there exists a commutative
C*-subalgebra of €., of density 2 = w, with no uncountable irredundant set. The
cardinal w, in Theorem 1.4 can be replaced by any regular cardinal bigger than w,
but it is not known if the result of [8] can be generalized to bigger cardinals than w;.
Combining Theorems 1.4 and 1.2 and knowing that <> implies CH, we obtain the fol-
lowing corollary.

Corollary 1.5 It is independent of ZFC whether there is a norm discrete collection of
operators (projections) (Ag:& < 2¢) in B(€,) with no uncountable (of cardinality 2°)
irredundant subcollection of size 2°.

It is independent of ZFC whether there is C*-subalgebra of B(¢€,) of density 2¢ with
no uncountable (of size 2°) irredundant set.

The commutative results mentioned above are in fact most often of topological
nature, where the compact Hausdorft space under the consideration is the Stone space
K4 of a Boolean algebra A. For example, the reason the above-mentioned Boolean
algebras have countable irredundance is that the spread’ of K4 x K4 is countable, as
the finite powers of the mentioned K 4s are hereditarily separable. Namely, in general,
we have irr(A) < s(K4 x K4 ), which was first noted in [23] and easily follows from
the characterization of irredundant sets in the commutative case (Lemma 3.4). Also,
the Urysohn Lemma gives the inequality s(K) < irr(C(K)) for any locally compact
Hausdorft K. This argument cannot be transferred to the noncommutative setting,
since noncommutative versions of the Urysohn Lemma are not so general (for the
noncommutative Urysohn Lemma, see [2]). That is, for constructing an irredundant
set of cardinality « in a C*-algebra A it is enough to construct a sequence of states
(74:a < k) and a sequence of positive elements (A, :a < k) of A such that 7,(A4,) >
0 for all « < x and 7,(Ag) = 0 for all distinct &, 8 < « (Lemma 3.14); however,
a weak® discrete set of pure states does not produce the elements A, as above due
to the lack of the Urysohn Lemma for nonorthogonal closed projections. In fact,
assuming the Proper Forcing Axiom, PFA, every nonseparable scattered C*-algebra
has an uncountable weak™ discrete set of pure states (Corollary 3.17), but this does
not help us in the scattered case in constructing an uncountable irredundant set and
answering Question 1.3 in the positive.

A bolder approach to Question 1.3 would be to try to answer the following question
in the positive.

Question 1.6  Is it consistent (with MA and the negation of CH) that every nonsep-
arable scattered (or even AF) C*-algebra has a nonseparable commutative subalgebra
in one of its quotients?

3The spread of a topological space K, denoted by s(K), is the supremum of the cardinalities of discrete
subspaces of K.
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Note that the class of scattered C*-algebras is closed under quotients and subalge-
bras and every locally compact scattered Hausdorff space is totally disconnected, so
a positive answer to the question above and the MA result of Todorcevic mentioned
above would give a positive answer to Question 1.3 in the scattered case.

Known ZFC examples of nonseparable C*-algebras with no nonseparable commu-
tative subalgebras are the reduced group C*-algebra of an uncountable free group as
shown by Popa in [45] and the algebras of Akemann and Doner as shown in [7]. How-
ever, the former is not AF (and has an uncountable irredundant set corresponding to
the free generators of the group), and the latter has a nonseparable commutative quo-
tient ¢o(w;) (which also has an obvious uncountable irredundant set). Perhaps the
algebra of [19] could provide a negative answer to Question 1.6.

The reason our algebra from Theorem 1.2 does not contain a nonseparable com-
mutative C*-subalgebra is that, given any discrete sequence of projections in a certain
dense subalgebra, there are two of them that have maximal commutator equal to 1/2
(the fact that 1/2 is the maximal value is proved in [47]). However, in such an arbitrary
sequence there are also two projections that almost commute (see Theorem 6.2), so in
this sense our algebra is quite random; that is, no pattern repeats on any uncountable
norm discrete subset of elements. In fact, such behaviour is already sensitive to in-
finitary combinatorics beyond ZFC determined by <> and the Open Coloring Axiom,

(0CA)4 namely, we have the following theorem.

Theorem 1.7  Assume OCA. For every 0 < € < 1/2 among any sequence of operators
(Ag:& < wy) in B(&,) there is an uncountable X ¢ w, such that

o for every distinct &, &, € X we have [Ag, Ag,] > 1/2 - ¢, or

o forevery &, & € X we have [Ag, Ag,| <e.

However, assuming < there is a scattered C*-algebra A € B(¢€,) (it is in particular AF)
such that for every 0 < & < 1/2 among any discrete sequence of projections (Pg: & < wy)
in A

o there are & < & < wy such that [Py, Pg,] > 1/2 - ¢,

o there are & < & < wy such that [Py, Pg,] < e.

Proof Apply Corollary 4.6 and Theorem 6.2 ]

Another natural question related to uncountable irredundant sets in general
C*-algebras is the following.

Question 1.8

(i) Is it true that d(A) < 24 holds for every C*-algebra (every C*-algebra of
type I)?
(ii) Can therebe arbitrarily large C*-algebras with no uncountable irredundant sets?

This is motivated by a Boolean result of McKenzie (see [28, 4.2.3]), which says
that a Boolean algebra has a dense subalgebra not bigger than its irredundance. This
result was generalized by Hida [24] to all commutative C*-algebras, which implies

4For the statement of OCA, see Definition 4.4.
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that d(A) < 2" holds for commutative A. We prove this inequality answering
Question 1.8 for scattered C*-algebras in Theorem 3.18.

In Section 2 we review scattered C*-algebras and construction schemes, which
provide an elegant framework to deal with some constructions using < recently in-
troduced by Todorcevic in [54]. It has been applied in several functional analytic,
topological and combinatorial contexts in [36, 37, 54]. In Section 3 we prove basic
facts concerning irredundant sets in commutative and noncommutative settings. In
Section 4 we prove the OCA part of Theorem 1.7. Section 5 is devoted to defining and
investigating the partial order of finite dimensional approximations to our algebra
from Theorem 1.2. In the final Section 6 we use the appropriate construction schemes
described in Section 2 to construct the algebra from Theorem 1.2.

The notation and terminology of this paper should be standard; however, it draws
from diverse parts of mathematics like Boolean algebras, operator theory, set-theory,
logic, and general topology. When in doubt one could refer to textbooks like [14, 25,
28,33, 39]. In particular, by an embedding (isomorphism onto its image) we mean
a *-monomorphism (*-isomorphism) of C*-algebras that is not necessarily unital;
£,(X) denotes the Hilbert space of square summable complex functions defined
on a set X; B(£2(X)) denotes the C*-algebra of all bounded operators on €,(X);
€, = £,(N); (-, - ) denotes the scalar product; A, denotes the set of positive elements
of a C*-algebra A; 1,4 denotes the unit of A and A the unitization of A; B4+ denotes
the dual ball of the algebra A; [A, B] = AB — BA for A, B € B(¢;); M, denotes the
C*-algebra of n x n matrices for n € N; C(K) denotes the C*-algebra of complex
valued continuous functions on a compact K and Cy(X) the C*-algebra of complex
valued continuous functions vanishing at infinity on a locally compact X; yy denotes
the characteristic function of a set U; Clop(K) denotes the family of clopen subsets
of a space K; w, denotes the n-th uncountable cardinal for n € N; [X]" denotes the
family of all n-element subsets of a set X; [ X|<“ denotes the family of all finite subsets
of a set X; X < Y means that x < y for all x € X and y € Y where X, Y are sets of
ordinals.

2 Preliminaries

2.1 Scattered C*-algebras

The reason that scattered C*-algebras play an important role in our investigation of
irredundant sets is that in such algebras irredundant sets can easily be replaced by ir-
redundant sets of projections (Proposition 3.3); in particular, the Boolean results pass
to the C*-algebraic ones (Corollary 3.10). Moreover, all commutative results culmi-
nate around the scattered case, which seems most basic.

Recall that a topological space is called scattered if it does not contain any perfect
subset, in other words, if each (closed) nonempty subset has a relative isolated point.
The phenomena related to the scatteredness were analysed by Cantor, which resulted
in the notion of the Cantor-Bendixson derivative of a topological space ([14]). The
Boolean algebra manifestation of these phenomena was discovered by Mostowski and
Tarski in [38] as what is today known as superatomic Boolean algebras. The impor-
tance of the class of Banach spaces of the form C(K), where K is scattered, already
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implicitly known in the thirties, was first systematically revealed in [44]. Its gener-
alization, Asplund Banach spaces, started to play an important role in Banach space
theory in the sixties. It was Jensen [26] who first defined a scattered C*-algebra, but
they were considered earlier by Tomiyama [50] and Wojtaszczyk [56]. A recent sur-
vey [18] underlines the links of scattered C*-algebras with its Boolean algebraic and
commutative predecessors. Recall that a projection p in a C*-algebra is called mini-
mal if and only if pAp = Cp; i.e., minimal projections generalize isolated points. The
*-subalgebra of A generated by the minimal projections of A will be denoted J4(A).
We have the following observation from [18].

Proposition 2.1 Suppose that A is a C*-algebra.
(i) JA(A) is an ideal of A.
(ii) JA'(A) is isomorphic to a subalgebra of the algebra K (3() of all compact opera-
tors on a Hilbert space .
(iii) J4(A) contains all ideals of A that are isomorphic to a subalgebra of K () for
some Hilbert space 3.
(iv) if an ideal J € A is essential and isomorphic to a subalgebra of K () for some
Hilbert space }, then J = J41(A).

A selected list of conditions equivalent to being scattered and relevant to our paper
is given below. Any of these conditions can be taken as the definition of a scattered
algebra.

Theorem 2.2 ([18,26,27,34,35,50,56])  Suppose that A is a C*-algebra. The following
conditions are equivalent:

(i) Every non-zero *-homomorphic image of A has a minimal projection.

(ii) There is an ordinal ht(A) and a continuous increasing sequence of closed ideals
(94" (A)) ashe(a) called the Cantor-Bendixson composition series for A such that
j() = {0}, jht(A) =Aand

I (AT (A)) = {[alspcaya € Tah (A) ),

for every a < ht(A).

(iif) Every non-zero subalgebra of A has a minimal projection.

(iv) Every non-zero subalgebra has a projection.

(v) Every subalgebra of A has real rank zero.
(vi) A does not contain a copy of the C*-algebra

Co((0,1]) = { f € C((0,1]):lim f(x) = 0}.

(vii) The spectrum of every self-adjoint element is countable.

Definition 2.3 ([18]) A scattered C*-algebra is called thin-tall if and only if ht(A)
from Theorem 2.2(ii) is equal w; and J4¢ (A)/JA!(A) is separable for each & < w;.

In the nonseparable context we are especially interested in condition (ii), which
was introduced in [18] and gives an essential composition series corresponding to the
Cantor-Bendixson derivative. A scattered C*-algebra is called fully noncommutative
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if and only if for all a < ht(A) the algebra J4*(A/J,) is *-isomorphic to the algebra
of all compact operators on a Hilbert space. We have the following two observations
from [18].

Proposition 2.4  Suppose that A is a scattered C*-algebra. The following are equiva-
lent:

(i) A is fully noncommutative;
(ii) the ideals of A form a chain;
(iii) the centers of the multiplier algebras of any quotient of A are all trivial.

Proposition 2.5  Every scattered C*-algebra A is atomic, i.e., the ideal J4'(A) is
essential.

Recall that in a topological space a sequence of points {x;:& < «} is called right-
separated (resp. left-separated) if and only if x; ¢ {x,:n > &} for all & < « (resp.
xg ¢ {x,:n < &} forall & < k). Left and right separated sequences play an important
role in commutative set-theoretic topology, because a regular space is hereditarily
Lindelof (resp. hereditarily separable) if it has no uncountable right-separated (resp.
left-separated) sequences. Additional axioms like <, CH, MA, PFA> have substan-
tial impact on the existence of right or left separated sequences in regular topological
spaces, for example PFA implies that there are no regular S-spaces, i.e., every regu-
lar topological space which has an uncountable right-separated sequence has an un-
countable left-separated sequence as well ([51, Theorem 8.9]).

Proposition 2.6  Suppose that A is a thin-tall C*-algebra. Then the dual ball B 4+ of
A* contains an uncountable right-separated sequence of pure states in the weak™ topol-
ogy. In particular, under the Proper Forcing Axiom (PFA), the dual ball B+ of A*
contains an uncountable discrete set consisting of pure states.

Proof Let(Jy)q<qo, bethe Cantor-Bendixson composition series of Theorem 2.2(iii).
As J441/T, is an essential ideal of A/J,, which is *-isomorphic with the algebra of all
compact operators on ¢, we can embed A/J, into B(¢,) with the range containing
all compact operators. Take 7, to be a vector pure state on B(#,) composed with the
quotient map and the embedding. So 7, is a pure state on A that is zero on J,, and
there is A, € J441 such that 7,(A,) = 1. Denote the set of all pure states on A by
P(A). Now consider

Uy ={teP(A):1(Ay) > 0}.

Note that if 73 € Uy, then < &, s0 {Tq:a < w;} is right-separated in the weak*
topology. So {7, :a < w;} contains and uncountable left-separated sequence by PFA
([51, Theorem 8.9 ]). It is clear that a sequence that is both left and right separated is
discrete. ]

5For the statement of the Proper Forcing Axiom (PFA) or Martin’s Axiom (MA), we refer the reader
to, for example, [25] or [51]. PFA implies among others MA, OCA, and 2“ = w,.
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2.2 Construction Schemes
In this section, we recall some definitions and results from [54].

Definition 2.7 LetE,F € [w;]<*.
(i) F < Ewhenevera < fforallae Fand f€E.
(if) F £ E whenever there is & € w; such that E n « = F (we say that F is an initial
fragment of E or that E end-extends F).
(ili) Fc Ewhenever FEEand ENF # @.

Definition 2.8 Let 1 be an ordinal and let (Fz:& < n) = F € [w;]<“.

(i) Fiscofinal if for all E € [w;]<* there is F € F such that E ¢ F.
(i) (Fg:&<n)isa A-system of length # with root A whenever F; n Fy = A for all
§<& <y,
(iii) A A-system (F¢:& < ) with root A is increasing whenever Fy \ A < Fg \ A for
allE< & <.
(iv) A subset of a A-system is called a subsystem.
(v) FIF={E€¢F:E¢F}forFc w,.

Definition 2.9 A pair of sequences (1) ken € Nand (r¢) e € N are called allowed
parameters if and only if

(i) ro=ri=mno=0;

(ii) ng>2forallkeN;
(iii) each natural value appears in the sequence (7 )key € N infinitely many times;
(iv) 7kq1 < my where mg =1, My = rgpq + Ngp(my — 14y for k> 0.

Definition 2.10 A construction scheme with a pair of allowed parameters (1) ey S
Nand (7 )ken € Nis a cofinal family F = U,y Fy satisfying the following:

(i) Fo=[aw]"
(i) Ifk>0andE,F € Fy, then |E| = |[Fland ENFc E,F and

{(bp,E[G]G € 9’~|E} = 3:|F,

where ¢ g: E — F is the order preserving bijection between E and F.

(iii) Ifk > 0 and F € JF,, then the maximal elements of F|F are in F; and they
form an increasing A-system of length 7., such that F is its union. The family
of all these maximal elements is called the canonical decomposition of F.

Definition 2.11  Given a construction scheme F, we say that an F € JF for k > 0
captures a A-system (s;:i < n) of finite subsets of w; with root s if the canonical
decomposition (F;:i < ny) of F with root A has the following properties:

(i) ng>n,scAyands;\scF;\Aforalli<n.

(ii) @r,p[si]=sjforalli<j<n.

When n = ny, we say that F fully captures the A-system.

Theorem 2.12 ([54]) Assume <. For any pair of allowed parameters (ny) ey and
(%) kerys there is a construction scheme F with these parameters and there is a partition
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(Pu)nen of N into infinitely many infinite sets such that for every n € N and every
uncountable A-system T of finite subsets of w; there exist arbitrarily large k € P, and
F € Fyyy that fully captures a subsystem of T.

3 Irredundant Sets

3.1 Reducing Irredundant Sets to Special Ones

Because of the Weierstrass—Stone theorem for unital commutative C*-algebras, some-
times it is useful to consider a strengthening of being irredundant, where the subal-
gebras we generate are unital. However, as can be seen in the following lemma, this
does not affect the cardinalities of irredundant sets much.

Lemma 3.1 Suppose that A is a unital C*-algebra and that X € A is its nonempty
irredundant set. Then there is xo € X such that no element x of X \ {xo} belongs to the
unital C*-subalgebra generated by X ~ {x¢,x}.

Proof Ifno element x of X belongs to the unital C*-subalgebra generated by X~ {x},
we are done by taking any element of X as x,.

Otherwise let xy € X belong to the unital C*-subalgebra generated by X \ {x¢} so
X = Al+y where y is in the subalgebra generated by X~ {x( } and A € C~{0}. Suppose
that there is x € X \ {x¢} in the unital C*-subalgebra generated by X \ {x¢,x}, i.e.,
x = M1+ z where z is in the subalgebra generated by X \ {xp,x} and A’ € C ~ {0}.
So 1is in the algebra generated by X \ {xo}, but this shows that xy = A1 + y is in the
subalgebra generated by X\ {x,}, a contradiction to the fact that X is irredundant. m

Clearly any two orthogonal one-dimensional projections in M, form an irredun-
dant set; however, each of them is in the unital C*-algebra generated by the other
projection.

Proposition 3.2 Suppose that A is a C*-algebra, « is an infinite cardinal and {A ¢: & <k}
is an irredundant set in A. Then there is an irredundant set {B¢:& < K} consisting of
positive elements of A.

Proof Given X ¢ «, let Ax be the C*-subalgebra of A generated by {A;:§ € X}.
Clearly, (A, + A})/2, (A, — A}))/[2i € A (g for every n # §and (Ag + A7)/2 and
(Ag — A})/2i cannot both belong to A, (¢). So {Bg:& < «x} is an irredundant set
consisting of self-adjoint elements, where B¢ € {(A¢ + A})/2, (A¢ — A})/2i} is such
that B ¢ AK\{g}.

To prove that we can obtain the same cardinality irredundant set consisting of all
positive elements, by the above we can assume that the original A s are self-adjoint.
Wehave A; = Ag, — A;_. Note that there is By € {A¢,, A¢_}, which does not belong
to -Ax\{f}- But

Ay =(Ayl+A))/2 and A, =(A,-]A4])/2

where |A,| = | /A2, belong to A; for all 7 € k \ {&}. So {B;:& < «} is irredundant, as
required. ]
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The following proposition shows the role of being scattered while extracting irre-
dundant sets consisting of projections.

Proposition 3.3  Suppose that A is a scattered C*-algebra, « is an infinite cardinal,
and {A¢:& < k} is an irredundant set in A. Then there is an irredundant set { Pg: & < x}
consisting of projections.

Proof By Lemma 3.2 we can assume that As are self-adjoint. Let us adopt the no-
tation Ax for X € x from the proof of Lemma 3.2.

Since subalgebras of scattered algebras are scattered, A ¢ys are scattered for each
§ < x and so of the form Cy (K ) for some locally compact scattered K¢, that must
be totally disconnected. It follows that linear combinations of projections of A, s are
norm dense in A sys. Hence, for each & < «, there is a projection P € Ay such that
Pg ¢ Ay ey It follows that {P¢: § < «} is irredundant. ]

3.2 Irredundant Sets in Commutative C*-algebras

The following two lemmas characterize irredundant sets in commutative C*-algebras.

Lemma 3.4  Suppose that K is a compact Hausdorff space and X ¢ C(K) is such that
no f € X belongs to the unital C*-subalgebra of C(K) generated by X \ {f}. Then for

each f € X, there are x5, ys € K such that f(x¢) # f(yys) but g(x¢) = g(y¢) for any
geX~{f}

Consequently, if X is a nonempty irredundant set in C(K), then there is h € X such
that X \ {h} has the above property.

Proof By the Gelfand representation we can assume that C(K) is the unital
C*-algebra generated by X. By the complex Stone-Weierstrass theorem the proper
C*-subalgebra generated by X'\ { f } does not separate a pair of points of K, say xy, y.
But they must be separated by f, by the fact that X generated C(K).

The last part of the lemma follows from Lemma 3.1. ]

Lemma 3.5 Suppose that X is a locally compact noncompact Hausdor{f space and
X € Co(X) is irredundant then for every f € X there are xs, y ¢ € X such that either

« f(xf)#0and g(xs)=0forallge X~ {f}or
o f(xp) # f(yy) but g(xs) = g(yy) forall g € X~ {f}.

Points x satisfying the first case form a discrete subspace of X.

Proof Let K = X U {oo} be the one-point compactification of X. We will iden-
tify Co(K) with a C*-subalgebra of C(K). Note that X satisfies the hypothesis of
Lemma 3.4, because if f = A1+ g for f, g € Co(X), the unit would be in Cy (X), which
contradicts the hypothesis that X is noncompact. So we obtain the pairs of points
X7,y € K as in Lemma 3.4. The first case of the lemma corresponds to the situation
when one of the points xy, ys is 0o, say ys. But then h(ys) = 0 forall h € Co(X),
which implies f(x¢) # 0and g(xs) =0 forall ge X\ {f}.
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Considering open sets Uy = {x € Xj: f(x) # 0}, we obtain neighbourhoods wit-
nessing the discretness of the set of x s satisfying the first case. ]

In fact, as can be seen in the following remark, discrete subsets of K provide strong
irredundant subsets in C(K).

Remark 3.6 Suppose that K is a compact Hausdorff space and D ¢ K is discrete.
For each d € D, consider f; € C(K) such that f;(d) # 0 and f;(d") = 0 for all
d’ € D~ {d}. Then f; does not belong to the ideal generated by {f;::d" € D~ {d}}.
In particular, { f;:d € D} is irredundant.

However, we note in the next remark that there could be a dramatic gap between
the sizes of discrete subsets and the sizes of irredundant sets.

Remark 3.7 Let K be the split interval, i.e., {0,1}" x {0,1} with the order topology
induced by the lexicographical order. Then K has no uncountable discrete subset (in
fact, K is hereditarily separable and hereditarily Lindelof), but C(K) has an irredun-
dant set { y[gn-g,x-0]: % € {0, 13N} of cardinality continuum.

Most of the literature concerning implicitly or explicitly irredundant sets is re-
lated to Boolean algebras. As shown in the following lemma, the relationship between
Boolean irredundance and irredundance for C*-algebras is very close in the light of
Lemma 3.1.

Definition 3.8 A subset X of a Boolean algebra A is called Boolean irredundant if

for every x € X the element x does not belong to the Boolean subalgebra generated
by X\ {x}.

Lemma 3.9  Suppose that A is a unital C*-algebra and B ¢ A is a Boolean algebra of
projections in A and X C B is Boolean irredundant. Then X is irredundant in A.

Suppose that K is a totally disconnected space and X ¢ C(K) consists of projections
where no element of x € X belongs to the unital C*-algebra generated by X ~ {x}. Then
X is Boolean irredundant in the Boolean algebra { yy:U € Clop(K)}.

Proof Let C be the C*-subalgebra of A generated by B. It is abelian, so it is of the
form C(K) where K is the Stone space of B. It is enough to prove that X is irredundant
in €. But given a proper Boolean subalgebra, there are distinct ultrafilters on the
superalgebra that coincide on the subalgebra. These ultrafilters are the points of K
witnessing the irredundance of F as in Lemma 3.15. ]

For commutative scattered C*-algebras the relationship between Boolean and
C*-algebraic irredundance is even closer, as can be seen in the following corollary.

Corollary 3.10  Suppose that A is an infinite superatomic Boolean algebra. Then the
Boolean irredundance of A is the same as irr(C(K 4)), where K4 is the Stone space
of A.

Proof AsA isinfinite, its Boolean irredundance is infinite (just take an infinite pair-
wise disjoint collection). By the first part of Lemma 3.9, the Boolean irredundance of
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A is not bigger than irr(C(K4)). On the other hand consider any infinite irredun-
dant subset X of C(K 4 ). Then K 4 is scattered as A is superatomic, and so C(K 4 ) is
a scattered C*-algebra. By Proposition 3.3, there is an irredundant subset Y of C(K 1)
of the same cardinality as X and consisting of projections in C(K4 ). By removing
at most one element of Y, by the second part of Lemma 3.9 and Lemma 3.1, it is a
Boolean irredundant set in the Boolean algebra { yy: U € Clop(K 4)}, and this yields
a Boolean irredundant set in A. ]

The above positively answers [12, Question 3.10 (3)] in the case of a scattered space.

Corollary 3.11  Suppose that K is an infinite Hausdorff compact space. Then
ir* (Cr(K)) = irr(C(K)) where irr* (Cr(K)) is the supremum over the cardinali-
ties of sets X of real-valued continuous functions on K such that no f € X belongs to
the real unital Banach algebra generated by X ~ { f }. In particular, the n-weight of K is
bounded by irr(C(K)) and the density of C(K) is bounded by 2i7(¢(K)),

Proof Let X ¢ C(K) be an infinite irredundant set. By Lemma 3.2, we can assume
that it consists of real-valued (non-negative) functions. As in the proof of Lemma 3.1,
by removing at most one element, we can assume that no f € X belongs to the real
unital C*-algebra generated by X \ {f}. So irr* (Cr(K)) > irr(C(K)).

Now, given a set X as in the lemma, by the real unital Weierstrass—Stone theorem
there are pairs of points xy, y; € K such that f(x) # f(ys) but g(xs) = g(ys) for
any g € X\ {f} (¢f. [30]). Hence, X is an irredundant set in the C*-algebra C(K) by
Lemma 3.4.

The last part of the corollary follows from [24, Theorem 10] where 7(K) <
irt” (Cr(K)) is proved and from the fact that the weight of a regular space is bounded
by the exponent of its -weight ([21, Theorem 3.3]). [ |

3.3 Irredundant Sets in General C*-algebras

Having developed the motivations in the previous section, we now move to the irre-
dundant sets in general, possibly noncommutative C*-algebras.

Proposition 3.12  Every infinite pairwise orthogonal collection of self-adjoint elements
in a C*-algebra is irredundant. In particular, every infinite dimensional C*-algebra con-
tains an infinite irredundant set.

Proof This follows from the fact that given a self-adjoint element A of a C*-algebra
A, the set {B € A:AB = BA = 0} is a C*-subalgebra of A. ]

Proposition 3.13  Suppose that an infinite dimensional C*-algebra A is a von Neu-
mann algebra. Then A has an irredundant set of cardinality continuum.

Proof An infinite dimensional von Neumann algebra has an infinite pairwise or-
thogonal collection of projections, and so it contains the commutative C*-algebra £,
that is *-isomorphic to C(SN). The Boolean algebra p(N) is isomorphicto { yy: U €
Clop(N)}, and so the Boolean irredundance of p(N) is equal to the irredundance
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of £ by Lemma 3.10. By considering an almost disjoint family (or an independent
family) of cardinality continuum of subsets of N, we obtain an irredundant set of car-
dinality continuum. |

The following lemma corresponds to Remark 3.6.

Lemma 3.14  Suppose that A is a C*-algebra, k a cardinal {Ag:& < k} € A, and
{741 < x} a family of states such that

s T4(Ay) >0,

e 74(Ag) =0for &4 a.

Then {A¢:& <k} is irredundant.

Proof As in the GNS construction, one proves that

Ly={AeA:1,(A"A) =0}
is a left-ideal in A, and, in particular, a C*-subalgebra. So X¢ € L, where A = X7 X
and so Ag € L, for all £ # a. However, by [39, Theorem 3.3.2.] we have

0<74(Ay) < |7alma(ALAL),
s0 A, ¢ L. ]

In the noncommutative case, for pure states {7,:a < x}, being discrete in the
weak* topology does not yield in general the existence of positive elements A, as in
the lemma above, as the noncommutative Urysohn lemmas require extra hypothe-
ses ([2]).

The following proposition is a version of the commutative characterizations in
Lemmas 3.4 and 3.5. It is interesting to note that a version of the following propo-
sition where “representations” are replaced by “irreducible representations” implies
the noncommutative Stone-Weierstrass theorem, which remains a well-known open
problem. One should note that below, one of the possibilities of the representation is
to be constantly zero.

Proposition 3.15 ([22]) Suppose that A is a C*-algebra and X ¢ A is an irredundant

set. Then for all a € X, there are Hilbert spaces H, and representations m\, m2: A —
B(H,) such that ni’,(a) # n2(a), but

X~ {a) < {be A (b) = 72(b)).
3.4 Irredundance in Scattered C*-algebras

The following proposition shows that thin-tall algebras play a special role in the con-
text of uncountable irredundant sets.

Proposition 3.16  If there is a nonseparable scattered C*-algebra with no uncountable
irredundant set, then it contains a thin-tall scattered C*-algebra.

Proof First note that by the characterization of subalgebras of the algebra of compact
operators ([5]), a C*-algebra that is isomorphic to a subalgebra of the algebra of all
compact operators on a Hilbert space H{ but not isomorphic to a subalgebra of the
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algebra of all compact operators on the separable Hilbert space J{ must contain an
uncountable pairwise orthogonal set that is irredundant by Proposition 3.12. So if a
scattered A has no uncountable irredundant set, then all the algebras J4(A/J,) are
*-isomorphic to a subalgebra of the algebra of all compact operators on the separable
or finite dimensional Hilbert space, but as A is nonseparable, ht(A) > w;, and so J,,,
is the required thin-tall subalgebra of A. ]

Corollary 3.17  Assume PFA. Suppose that A is a nonseparable scattered C*-algebra.
Then there is an uncountable weak™ discrete set of pure states of A.

Proof First suppose that A has a quotient that contains an uncountable orthogonal
set of projections. Then it is clear that we can find pure states that form a weak”
discrete set. Otherwise, using the argument as in the proof of Proposition 3.16, we can
assume that A is thin-tall. By Proposition 2.6, A has an uncountable weak* discrete
set of pure states. ]

Below we prove a simple noncommutative version of a theorem of McKenzie (see
(28, 4.2.3]).

Theorem 3.18 If A is a scattered C*-algebra, then d(A) < 2i(A).

Proof Let x be the minimal cardinal such that J4/(A) is a subalgebra of the alge-
bra of all compact operators on ¢,(x). By the characterization of subalgebras of the
algebra of compact operators ([5]) A must contain pairwise orthogonal set of cardi-
nality «, which is irredundant by Proposition 3.12. So « < irr(A). By the essentiality
of J4*(A) which follows from Proposition 2.5 we can embed A into B(£,(x)), so
d(A) < 2% < 27"(A) a5 required. |

3.5 Extracting Irredundant Sets from a Given Collection of Operators

Proposition 3.19  ‘There is a collection of operators (Ag:& < wy) in B(¢€,) that gen-
erates a nonseparable C*-subalgebra of B(€,) with no two-element irredundant subset.
Any fully noncommutative thin-tall C*-algebra is generated by such a sequence.

Proof Construct a fully noncommutative thin-tall C*-algebra A as in [18, Theorem
7.6], in particular with the Cantor-Bendixson decomposition (J4/(A))g<s, (see 2.2
(2)), where J4! | (A) is *-isomorphic to Jz‘_f(\fl) ® K(£,).

By [42, Theorem 8], any C*-algebra of the form B & K(¢,) is singly generated if
B is separable and unital. So for each & < w;, pick A, to be a single generator of
Tata(A).

An alternative approach that gives the final statement of the proposition is to use
the fact that scattered C*-algebras are locally finite dimensional (see [17] for more on
these notions in the nonseparable context) in the sense that each of its finite subsets
can be approximated from a finite dimensional C*-subalgebra ([34,35]). So J2/(A) is
locally finite dimensional and separable for each & < w and so AE. Thus the result of
[48] implies that J4(A) is singly generated for each a < w;. So pick A, as before.
This completes the proof of the theorem. ]
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Using the free set lemmas as in [13], one can prove that given a discrete set of
operators (Aq)a<w, for n € N, there is an n-element irredundant set. However, there
is the following much stronger consistent extraction principle.

Theorem 3.20 It is relatively consistent that whenever (Ag:& < 2¢) is a collection of
operators in B(€,) that generates a C*-algebra of density continuum, then there is a set
I € 2% of cardinality continuum such that (Ag:& € I) is irredundant.

Proof To obtain the relative consistency, we will use the method of forcing (see [33]).
We start with the ground model V satisfying the generalized continuum hypothesis
(GCH), and we will consider the generic extension V[G] where G is a generic set in
the forcing P = Fn(w,,2) for adding w, Cohen reals (see [33, Chapter VIII §2]).

Fix a ground model orthonormal basis (e, : n € N) for £, in V. In V[G] let
(Ag:& < 29) be as in the theorem. By passing to a subset of cardinality 2 = w, and
using the hypothesis that (A;: & < 2¢) is a collection of operators in B(¢,) that gener-
ates a C*-algebra of density continuum, we may assume that A ; does not belong to the
C*-algebra generated by the operators (A, : 7 < §) for each & < w;. Moreover, by pass-
ing to a subsequence, we can assume that there is a rational ¢ > 0 such that || A—A¢| > ¢
for every A in the C*-algebra generated by the operators (A, : < ) for each & < w;.

Each A; can be identified with an N x N complex valued matrix
({A¢(en)s €m))muen. Let Ay be P-names in V for these matrices. Using the
standard argument of nice names, the countable chain condition for P and passing
to a subsequence using the A-system lemma for countable sets that follows from
the GCH, we can assume that there are permutations o ,: w, — w; that lift to the
automorphisms of I” and the permutations o}, . of P names such that

GE,W(A.'/) = AE’
and for every &, i1 € w,, we have that
Pi- ¢(x1,..., %) ifand only if P 1= ¢ (0, (1), ..., 0f , (%))

for any formula ¢ in k € N free variables and any sequence %, ..., X of P-names
for k € N ([33, 713]). Using this for the formulas that say that the distance of A
from any element of the C*-algebra generated by the operators (A,:5 € F) for
any finite F C £ is bigger than e, we conclude that [P forces that no A belongs the
C*-algebra generated by any countable collection from {A,:n # &} (by considering
a permutation of w, that moves & above the countable set). This means that IP forces

that no A¢ belongs the C*-algebra generated by the remaining operators {4, :7 # £},
i.e., that the collection is irredundant as required. ]

The above is a version of applying a standard argument as in [52] in the context of
Boolean irredundance.

4 Commutators Under OCA

The main consistent construction of this paper presented in the following sections has
a strong randomness property. In this section, we show that this randomness does not
take place for any uncountable collection of operators in B (¢, ) under the assumption
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of Open Coloring Axiom (OCA). We will follow the approach to the strong operator
topology from the book [11] of Davidson. Thus, we have the following definition.

Definition 4.1 Let H be a Hilbert space. The strong operator topology (SOT) on
B(H) is defined as the weakest topology such that the sets

S(ayx) = {b e B(H):| (b - a)(x) ] <1}
are open for each a € B(H) and x € H. We denote by (B(H), Tsot) and (B(H)1, Tsot)

respectively the space B(H) and the unit ball of B (H) with the strong operator topol-
ogy.

Proposition 4.2 If H is a separable Hilbert space, then (B(H)1, Tsot) is metrizable
and separable in the strong operator topology.

Proof For metrizability, see [11, Proposition 1.6.3.]. For the separability fix some
orthonormal basis (e, ) ey and consider finite rank operators in the linear span of
one dimensional operators of the form v ® w where v, w have finitely many nonzero
rational coordinates with respect to (e, )nen. It is clear that such operators are SOT
dense in B(1,),, as required. |

By the remarks on [11, pp. 16-17], we have the following lemma.

Lemma 4.3  The multiplication on B(H); is jointly continuous in the SOT topology
and so every polynomial © is SOT continuous on B(H);.

We will follow the approach to the Open Coloring Axiom (OCA) from [15, p. 55].
Its weaker version was discovered by Abraham, Rubin, and Shelah [1], and the final
form was introduced by Todorcevic [51]. It is consistent with ZFC. In fact, it is a
consequence of the Proper Forcing Axiom (PFA); see [51, Theorem 8]. Recall that

[X]* = {{x, y} e Xex £y}
It is well known that the original form of OCA from [51] for subsets of the reals is
equivalent to the version for separable metric spaces as in [15].

Definition 4.4 (Todorcevic [51]) OCA denotes the following statement:

If X is a separable metric Hausdorff space and [X]* = K, U K; is a partition with
K, open’, then either there is an uncountable Y ¢ X such that [Y]? ¢ Ky, or else
X = Upen X, where [X,,]? € K, for each n € N.

Theorem 4.5 (OCA) Let (Ay)a<w, be an uncountable family in B(1,) and let P(x, y)
be a polynomial satisfying |P(A,B)| = |P(B,A)| for all A,B € B(l,). Then given
e > 0, either there is an uncountable Ty c w, such that |P(Aa, Ag)| < & for every
distinct a, B € Ty or else there is an uncountable I\ ¢ w; such that |P(Aq, Ag)| > € for
every distinct a, € T1.

By a polynomial P(x,y), we mean a expression in the form P(x,y) = ¥, aix’ + X; by’ +
X cijx'yl + Xij dijy'x) + eo.

"We call Ko < [X]? open if the symmetric set {(x, y) € X x X : {x,y} € Ko} is open in (K x K) \ A
in the product topology, where A denotes the diagonal of X x X.
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Proof By passing to an uncountable subset, we can assume that there is M > 0 such
that |A,| < M forall @ < w;. Let X = {Ay:a < w1} € MB(¢;); and note that
MB(¢£,); is metric and separable by Proposition 4.2. Define

Ko ={{A,B} €[X])*: |P(A,B)| > ¢}

and K; = [X]* \ K.

First note that the separability is hereditary for metric spaces, so X is metric sepa-
rable as a subspace of (MB (1)1, Tsot)-

Now note that K, is open. Indeed if | P(A, B)| > ¢, then there is x € £, of norm
one and & > 0 such that |P(A, B)(x)| > ¢ + §. Now if P(A’, B") € S(P(A, B),x/9),
we have |P(A’,B")(x) - P(A,B)(x)| < §and so |P(A’, B")| > &. Hence, {{A’,B'} €
[X]*:P(A’,B") € S(P(A,B),x/8)} € Ko. But (A, B) € P"'[S(P(A, B),x/8)] is open
in X x X with the product SOT topology, by the continuity of P (Lemma 4.3).

So we are in the position of applying the OCA. From Definition 4.4 we obtain the
required uncountable set Iy or I7. [ |

Corollary 4.6 (OCA) Let (Ay)a<w, be an uncountable family in B(1,). Then given
& > 0, either there is an uncountable Ty ¢ wy such that |[A, Ag]| < e forevery a, f € T
or else there is an uncountable Ty c w; such that |[A,, Ag]| > € for every a, 8 € T.

Proof Consider P(x, y) = xy — yx and apply Theorem 4.5. |

Remark 4.7 Let us remark on two trivial versions of the above results. First, let
(A,)nen be an infinite family in B(l;). Then given ¢ > 0, either there is an infinite
Iy c Nsuch that |[A,, Ay ]| < € for every n, m € T or else there is an infinite I[; ¢ N
such that |[A,, A ]| > € for every n, m € I}. This follows from the Ramsey theorem
whose consistent generalization is the OCA.

Secondly, note that if (A,)s<w, is an uncountable family in a separable
C*-subalgebra of B(¢,), then by its second countability in the norm topology, it fol-
lows that for every § > 0, there is an uncountable Ty € w; such that | A, — Ag|| <  for
every «, 8 € Iy, and so given any polynomial P satisfying P(x,x) = 0 and € > 0, by
the norm continuity of P there is an uncountable Ty € w, such that [P(A,, P)| < &
for every a, § € Iy.

In fact, in the nontrivial cases of Theorem 4.5 and Corollary 4.6 when (A,)a<q,
generates a nonseparable C*-subalgebra of B(¢,), we can assume that (A ) g<e, forms
a norm discrete set.

5 The Partial Order of Finite Dimensional Approximations
5.1 Notation

The C*-algebras that we consider in the rest of this paper are subalgebras of
B(£,(w; x N)). In fact, the subspaces £,({&} x N) of £;(w; x N), which we call
columns, will be invariant for all our algebras, so our algebras could be identified
with subalgebras of IT¢,, B(£>({&} x N)). Also, the map

i Macecw B(L({€} xN)) — B(£:({a} xN)),
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applied to the appropriate quotients, will be faithful (see Lemma 5.24(iii)). Thus, the
purpose of this presentation of the algebras is related to the transparent structure of
the Cantor-Bendixson composition series (see Proposition 5.25(iii)).

For X ¢ w; x N, we introduce the following notation:

* (e,:& < wy, n e N) is the canonical orthonormal basis of £, (w; x N).
+ Denote by Bx the family of all operators A in B(€,(w; x N)) such that
- (X n({&} xN)) is A-invariant for all £ < wy,
- A(eg,) = 0 whenever (&, n) ¢ X.
+ The unit of the C*-algebra B x will be denoted by Py.
* g, is the operator in By, « satisfying

erm ifk=né&=n,
1£,m,n(er1,k) :{ b 1

o If A€ B, «y we define A|X = APx.
e If A€ By,xyand a C w; we define Ala as A|(a x N).
e AIX={A|X:AecA}for Ac B,y xyand X € w; x N,

0 otherwise.

5.2 The Definition of the Partial Order of Finite-dimensional Approximations

Definition 5.1 We define a partial order [P consisting of elements
p=(ap{nf:Ecap}, (AL, Eeapnmelo, n‘g)}),
where

(i) a, is a finite subset of w;;
(ii) n? € N for each ¢ € a?;
(iii) A@)m’n € By, foreach { € a, and n,m € [0, n‘g), where
X,={(&n):Eeapne [O,nlg)};
(iv) Ap’m’n = (AP,m,n|f) + g, n for each & € a, and n, m € [0, n?)
The order <p=< on P is defined by declaring p < g if and only if the following hold:
(@ ap2ag
(b) ng > n? for & € ag;
(c) there is a (nonunital) *-embedding i,,: Bxs — Bxs such that ip, (A'é’m)n) =

A’g n for all £ € a; and m, n € [0, ng);
(d) ipq(A)|Xy=Aforall Ae Bys.

Definition 5.2 Suppose that p € P and X € X,,. Then the C*-subalgebra of By,

generated by {Ap’m (&,m), (& n) € X} is denoted by A%.

‘71:

Lemma 5.3 Forevery a € w; and every p € P, we have
P —

AXPﬁ(ocxN) - BXpﬂ(axN)-

In particular, Aip =B X,-
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Proof We will prove this by induction on |a, N a|. If a, N & = &, then both of the
algebras are {0}. Suppose |a, N «| = n + 1 and we have proved the Lemma for every
q € Pand a < w; such that [a; N «| = n. Let £ = max(a, N «). By the definition
of Bx, we have that By, (axn) is *-isomorphic to By, nexn) © B{f}x[o at)- BY the
e
inductive hypothesis, B x, gy is generated by {A L imea,némnelo, n?)}
But by Definition 5.1(iv), we have that 1; ,,, , = Alg)m’n — Afor some A € By, (&)
and all m, n € [0, n‘g). In particular, B, £)x[0.n0) is included in the algebra generated
by {A} .1 € apna;m,n € [0,nh)}. This together with the inductive hypothesis
completes the proof. ]

Lemma 5.4  Suppose that « < wy and p, q € P satisfy p < q and A = i, 4(B), where
B e A% . Then

|Alle, @1)]| = [ Bl[ @, w1)]-

Proof Since B|a and B|[«, w) are in Aqq, by Lemma 5.3, we have

|Alle, @) [ = llip,q(B)l[ & @) | = [ip,q(Bla)|[a, 1) + ip,q(Bl[, w1))|[ @, w1)].

But Bla € .Af(gn (axt) by Lemma 5.3 and this generation must be preserved by the

isomorphism iy g, i.e., iy q(Bla)|[@, w;) = 0, and so
|Alle, @1)[ = [ip,q(Bl[er, @1)|[ e, @1) | < [[ip,q (B[t w1)].
Since i, 4 is an embedding (in particular an isometry), we conclude that
|Alla, @1)]| < [ Bl[@ w1)]-

The other inequality follows from Definition 5.1(iii)-(iv). [
5.3 Density Lemmas

In the terminology related to partial orders occurring in the theory of forcing a subset
D of a partial order Q is said to be dense if for every p € Q there is d € D satisfying
d < p. In what follows, we usually need stronger information for Q = P, namely that
aq = dp.

Lemma 5.5 Suppose that & < wy. Then D¢ = {p e P:& € a, } is a dense subset of IP.

Proof Letq e Pbesuchthaté¢ ag4. Define p as follows:

« ap=agU{};

. nf;:anorneaqandngzl;

. A‘Z)m,n = A?m,,n forn e ag and A‘;)O,O =1g0,0-

Itis clear that p € IP. Also, p < qasldz, :Bx, - Bx, is a *-embedding good for ip 4
in Definition 5.1(iii). ]

Lemma 5.6  Suppose that & < wy, k € N, and q € P are such that £ € a,. Then there is

peEgr={peP:fe ap,n‘gzk}
such that p < g and a, = a,.
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Proof
Consider g € IP such that & € a, but nz < k. Define p as follows:

[ ap:aq;
g:nf,forneapx{f}andn?:k;

° A;1 myn — A?y,m,n Heag {f})

°n

. A?mn—AZmnforn,me[O,ng);
. A‘gmn =1gmqif n,me[0,k)and {n,m} n [ng,k)#z.

Itis clear that p e PN Eg . Also p < qasIdg, :Bx, - By, is a *-embedding good
for i, 4 in Definition 5.1(iii). ]

Lemma 5.7 Suppose that g € P and X ¢ X, and that a € a,. Then thereis p < q
such that p € Fx o, where

Fxo= {p ePaca,, XcX,, andVAce A§\|A|{oc}|\ > |Al[a, w1)]}-
Moreover, a, = aq and n‘g = ng whenever £ € ap \ {«}.

Proof Let g € IP. We can assume that X = X,. If & = max(a, ), then there is nothing
to prove. Solet a, N (a« +1) = {&,..., &} for some k € N and put

= E{ngizlgigk}.

Consider Y = X, N ((a, w1) xN). Let ¢: Y — [nd, nd + 1) be any bijection. We obtain
a «-homomorphism i:Bx, — By (1a}x[nt,nl+1)) given by i(A) = A+i.(A), where
ir:Bx, = Blayx[nt,nisr) satishies

(ir(A)(ea,ng+¢(E,,k))’ e(x,n2+¢(£y,k’)) = (A(e&,k)’ eE,.r,k’>

forall (&, k), (&', k") € Y and every A € By, . Define p in the following way:

[ apzaq;
. n?znqiffeap\{a}andnﬁ:ng+l;
. A‘zmn i(Aq)m)n)for(f,m),(f,n)EXq;

o ALy = la o if {m,n} 0 [nd, nh) + @.

Itis clear from the construction that p € [P, as condition (iv) of Definition 5.1 s satisfied
due to the fact that we change only Ag . for &> aon {a} x N, and that (a), (b) of
Definition 5.1 are satisfied. o

If we put i, 4 = i, condition (c) follows from the fact that i is a x-embedding, since
{a}x[nd, ni+1)nX, = @. Wealsohavei, (AT )= AP pfor(&,m), (&n) e X,
The construction yields (d) of Definition 5.1.

&m,n
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Finally, to check the main assertion of the lemma, note that by Lemma 5.4 for any
A € By,, we have

lip.q(A) o} = max (lip.g(A){a}], lipg(A){a} x [ng ng +n)|)

= max ([[ip,q(A){a} ], [|Al(a, w1)])

= max ([[ip,q(A){a} ], [ip.q(A)l(a, @1)])

= ip.g(A)l[a @)
foranyAeB X, as required, since X ¢ X,. [ ]
Lemma 5.8 Let X € w; x N be finite and let « € X. If q € Fx 4 and p < g, then
p € ]FX,vc-
Proof Let A e A%, As X c X,, we have that A = i, ,(B) for some B € A% c Ag(q.
First note that by Lemma 5.4,

|Alle, @1)]| = [ Bl[@, @1)]-

Now | B|[«, 1) < || B[{«}| by the hypothesis that q € Fx 4. But |B|{a}| < |A|{a}|
by the fact that A|X? = B by Definition 5.1(d). So |A|[«, w1)| < [A[{a}|, as re-
quired. ]

5.4 Basic Amalgamations
Definition 5.9 We say that two elements p,q € P are in convenient position (as
witnessed by 0:a, — a,) if and only if
A=ag,nag<ap,~A<agNA,
and there is an order preserving bijection 0: a, — a4 such that
. ng = ”Z(E) for € ay,
and the *-isomorphism of Bx, onto Bx, induced by o, denoted by j,, which is given
by
{Jo(A)(eei)seci) = (Aleae.i)s eoc.i)
for every (&, k), (§,1) € X, and A € By, satisfies

. jo(A?T(E),n,m) = A‘;n’m for every &€ a,, n,m € [0, n?)

Lemma 5.10  Suppose that two elements p, q € P are in convenient position as wit-
nessed by o:a, — a, and that & € A = a, n a,. Then A’ = A{;’n’m for every

&En,m
n,me [O,n‘g) = [0, ng)

Proof Note that in Definition 5.9 the bijection ¢ must be the identity on A, because

it is order-preserving and A is the initial fragment of both a, and a,; and so any & € A

must have the same position in both a, and a,4. So j, (Aq’n,m) = A‘Z’n’m, and it is

enough to prove that j, (A%,n’m) = A1
For 1 € a, \ A we have

n,m’

(ju(AZ,n,m)(eq,k),eq,z) = (AZ,n,,,,(eow),k), ea(n),1) =0
for every k, I € N such that (n,k), (n,1) € X, as () € ag \ A.
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On the other hand, for 7 € A we have o (%) = #, and so

(jJ(AqE,n,m)(e’T)k)’ e’”) = <A(Z’,n,m(e’1)k)’ e'l’l)

for every k, I € N such that (#,k), (#,1) € X, as 0(n) = # by Definition 5.9. Using
Definition 5.1(iv), this proves the required A%)n’m = Jjo (Aq’n’m) = AP ]

n,m’°
Lemma 5.11  Suppose that p, q € IP are in convenient position as witnessed by o: a, —
aq. Then there is r < p, q such that
s ar=apUag;
— P — 1 .
. ”2 =1 1f§e‘ap and n = ng if § € ag;
s ipp = Idgxp, irg = Idgxq .

In particular,
© Afpn = A‘;)m’nfor each & € ap and n,m € [0,n});
« Al = A%)m,nfor each § € ag and n,m € [0, ny).

The element r will be called the disjoint amalgamation of p and q.

Proof Define r as in the lemma. As p, g € P, it is easy to see that r € P. To see that
r < p,qnote that Idg, andIds, are +-embeddings into By, . ]

Lemma 512 Suppose that p, q are two elements of P in convenient position as wit-
nessed by 04,y a, > aq. Let U € Bx,ux, bea partial isometry satisfying UU* = U*U =
P, x,» Where Px,\ x, is the projection on the space spanned by {eg ;1 (§, k) € X, N X }.
Then thereis ry = r < p, q such that

s a,=a,Uag

. ;?E:n‘giffeap,ng:ngiffeaq;

* ipp = Id’Bx},;

¢ irq(A) =A+Uj,, ,(A)U” forall A € By,.

In particular,
- A, = AL, for&eayand mne[0,n});
* Afpyn = UAI;;;(E)M’” U* + A%’m)nfor §eagapandm,n e [0,nf).

The element ry will be called the U-including amalgamation of p and q; if U = Px,,.x,,
then ry is called the including amalgamation.

Proof Define ry asin the lemma. It is clear by Definition 5.1 applied to p and g that
reP.Thenry < p,becauselds, : By, - Bx, isa x-embedding. For ry < g, we note
that A} X, = AL as (UAi;L(E)’m)nU*NXq = 0, since UU* = U*U = Py,x,
and that the formula i, ;(A) = A+ Uj,(A)U* for all A € Bx, defines a *-embedding
from By, to By,. This follows from the fact that sending A to Uj,(A)U* is a
*-homomorphism since By, x, is Aip—invariant, $0 i, 4 is a *-homomorphism. But

its kernel is null, since Uj,(A)U* = (Uj,(A)U")[(X, \ X;) forall A € By, . |
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Lemma 5.13  Suppose that vy, v, are two orthogonal unit vectors of C" for n > 1. Then
there is a unitary U € M, such that

I[UAU™, A]|| =1/2
for every nonexpanding linear A € M, satisfying A(v,) = v, and A(v,) = 0.

Proof Choose an orthonormal basis vy, ..., v, of C" starting with v, v, and con-
sider the orthogonal projection P € M, onto the line containing v, so, in particular,
we have P(v;) =v;and P(v,) =0.Let U=V @& I,,, U* = V* @ I,_,, where

-1
v=vi=[V2 V2

1 1
7

V2
So we obtain that

=1 1 1 0 -1 1 -1 -1
non)\CY\E S 7 2

[UPU*,P] = UPU"P - PUPU"
-l S
3/J\o o 0 0)\35 F
-1 S -1
2 O ®0,2—|2 2 ]|®0,,= ° 7)s0.
30 0 0 530

And so |[[UPU*, P]|| =1/2, and, in particular,

« [UPU", P](n1) = (-1/2)v2,

« [UPU*, P](v2) = (1/2)n:.

Since P equals A on the space spanned by v; and v,, and U, U” leave this space in-
variant, we have the same equalities for A instead of P, hence ||[UAU*, A]| > 1/2. The
other inequality follows from the fact that |[ B, C]|| < 1/2 for any two B, C satisfying
0 < B, C <1by a result of Stampfli [47, Corollary 2]. ]

L)
D[ Ls|L

Lemma 5.14  Suppose that p, q are two elements of P in convenient position as wit-
nessed by 0:a, — ag such that A < a, \~ A < ag \ A. Suppose that ng =n > 1 for every

§eagNapandthatvi = (vg,...,vh_1),v2 = (¥§,...,Vi_,) are two orthogonal unit
vectors of C". Then there is r < p, q such that

s ar=apUag

L Le ap e iftea,

e WLirg(A)sirp G (A = 1/2

for every nonexpanding A € By, such that thereis § € ag \ a,, with
A( > vief,k) = Y viegx and A( > v,zceg,k) =0.
k<n k<n k<n

We call r the (v1, v2)-anticommuting amalgamation of p and q.
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Proof By Lemma 5.13, for each & € a, \ a, for n; = 07'(&), there is a unitary
Ug e B{q;}x[o,n) such that

(%) | [UeGia(A){neDUE jo(A{ned]| = 1/2,

whenever A € B x, is nonexpanding such that
A( > vieg,k) = Y viegr and A( D vie&k) =0.
k<n k<n k<n

Let U € Bxryxq be a partial isometry such that U|({#¢} x [0,n)) = Ug and U is
zero on the columns not in in X\ X9, and UU™ = Px, x4. Consider the U-including
amalgamation ry < p, g as in Lemma 5.12.

We claim that r = ry satisfies the lemma we are proving. Let A € By, be non-
expanding, and let & € a4 \ a, be such that A(X ., viecr) = XienVieek and
A(Tienvierr) = 0. Since &, ({&} x [0, ng)) for & € a4 \ a, are invariant for Bx.,
the operator A|{&} is nonexpanding as well, and so is j,(A)|{#¢}. By Lemma 5.12,
we have i, ,(A) = A+ Uj,(A)U* and i, ,(js(A)) = js(A), so for n; = 67 (&) we
have

[ir.q(A), irp (jo (A ][({me} x [0, 1)) = [Ue(jo (A){n}) U jo (A){ne} ],

So by (+) we have ||[i,4(A), iy (js(A))]| > 1/2. The other inequality follows from
the maximality of 1/2 [47, Corollary 2]. |

5.5 Types of 3-amalgamations

Lemma 5.15 Suppose that py, p2, p3 are distinct elements in P that are pairwise
in convenient position as witnessed by gj;:a,, — ap, for1 < i < j < 3 such that
A<ap NA<ap, NA<a, \A. Thenthereisr < py, pa, p3 satisfying the following:

s a,=ap Uay, Uap,;
e thereis n € N such that for each & € a, we have

n=ng> n':max{n?:fe ap,,1<i <3}

e re{Fxa: X € {Xp, Xp,, Xp, ), € X}
The element r is called the amalgamation of py, p2, p3 of type 1.

Proof Leta, = {ai,...,a;} in the increasing order. Using Lemma 5.7 find p; >
pl > > pfsuchthata, = agandap € Fx, o forl< j<k. Now using Lemma 5.6
]
several times, find g; < pf such that a,, = a,, and n? =n>n' forevery £ € ag,.
Now find g, g5 € IP such that g, < p, and g3 < p3 and “isomorphic” with ¢, i.e.,
with ag, = a,,, ag, = a,, and where qi, g;, g3 are pairwise in convenient position as
witnessed by 0; ;: a4, — a,4, for1< i < j < 3. Note that by Lemma 5.8 we have

qi € {Fx, ot € X, }.

Now let s; < g1, g2 and s, < g1, g3 be the disjoint amalgamations as in Lemma 5.11.
Note that s; and s; are in convenient position as witnessed by Id,, U035 : ap Ua,, —
a,, U a,, where a;, N a,, = a,. Sonow let r < 51,5, be the disjoint amalgamation
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of s; and s, as in Lemma 5.11. Note that we have the final statement of the lemma by
Lemma 5.8. u

Lemma 5.16  Suppose that pi, pa, ps are distinct elements in P that are pairwise
in convenient position as witnessed by gj;:ap, — ap, for1 < i < j < 3 such that
A<ay ~NA<ap, ~A<a, N A Thenthereisr < py, pa, p3 satisfying
s a,=ap Uay, Uap,;
— P i .
. ’?2—”5 if€cap for1<i<3;
4 lr,Pl = Id'BXPl;
* irp,(A) = A+ jo,, (A)lx, \x,, forall Ae By, ;
© drp,(A) = A+ jg,, (A)|x,,lxx,,3 forall A € By, .

In particular,

ihP} (A) i?’)Pz (j03,2 (A)) = iT’,Pl (jﬁs,l (A) )2
forevery A € By, . The element r is called the amalgamation of p1, p2, ps of type 2.

Proof First consider s, < p, p, and s3 < p;, p3, which are the including amalgama-
tions of p1, p> and py, p3 as in Lemma 5.12. It is clear that s; and s, are in convenient
position as witnessed by Id,, Uos2:ap, U ay, = ap, U a,,. Now let r be the dis-
joint amalgamation of s; and s, as in Lemma 5.11. The properties of r follow from
Lemma 5.12 and Definition 5.1.

To prove the last statement of the lemma, note that

ir,P3 (A) i’;Pz (j03,2 (A))
= (A + jﬂs,l(A)KXPl N XP})) (jas,z (A) + jﬂs,l(A)KXpl N Xps))
= (jUs,l(A))z = iT,Pl (j03,1(A))2' u

Lemma 5.17  Suppose that p, pa, p3 are distinct elements in P that are pairwise
in convenient position as witnessed by gj;:a,, — ap, for1 < i < j < 3 such that
A<ap NA<ap NA<ap \Aand n}g‘ = n for some n > 1 and each i € {1,2,3}
and thatvy = (v§, ..., vL_1),va = (v, ..., v:_)) are two orthogonal unit vectors of C".
Then there is r < py, p2, p3 satisfying
© ar=a,Uap, Udy,;

—pPi_ i .
s np=ny' =niffca, for1<i<3;
[ lirpn(A)sirp(Gona (AN = 1/2, for m = 2,3 and for every nonexpanding

A€ By, suchthat there is §ean \ ap, with

A( > v,lceg)k) = Y viegx and A( ) vieg,k) =0.
k<n k<n k<n
The element r is called the amalgamation of pi, p2, p3 of type 3 for vectors viand v,.
Proof First consider s, < pi,p, and s3 < py, ps, which are the (vy,v,)-anti-
commuting amalgamations of p;, p, and p;, p3 as in Lemma 5.14. It is clear that s;

and s, are in convenient position as witnessed by Id,, Ugs2:ap, U ap, > ap, U ay,.
Now let r be the disjoint amalgamation of s; and s, as in Lemma 5.11. The properties
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of s; and s, from the (v;, v, )-anti-commuting amalgamations s; and s, pass to r by
Definition 5.1(iv). u

5.6 Inductive Limits of Directed Families in P

In this section we adopt the terminology where a directed set is a partial order (X, <)
where for any two x, y € X, there is z € X such that z < x, y. In this section we
will consider inductive limits A® of systems (Af(P :p € G) where G ¢ P is a directed
subset of IP with the order < = <p. Here, for p < g the embeddings ipq:A?(q - .Af(p
are given by Definition 5.1(c); i.e., they satisfy i,, (Ag’m)n) = A‘Z’m’n for & € a, and
n,m € [0, ng) Formally, we define A€ differently in order to work with its conve-

nient representation in B, «, but then, in Lemma 5.22 we prove that the constructed
algebra is the corresponding inductive limit.

Definition 5.18 We say that G ¢ P is covering if and only if
w xNcU{X,:peG}.

Definition 5.19 Suppose that G € P is directed and covering. Then AG’n’m € BN
is given by

( AE”;’” (6,1)](), e'1>l> = ( Alg,n,m (e”’k)’ 6,1)[)

for any (all) p € G such (1, k), (1,1), (& n), (& m) € X,.

Note that A(?,n,m are well defined if G is directed and covering. This is because
given two p, p € G such that (#, k), (1, 1), (& n), (& m) € X;,, X, thereis q < p, p’,
which implies that X,, X,» € X, and so

<A§,n,m(e’7’k)’e’1>l> = (Az,n,m(emk)’eml) = (A}g,n,m(emk)’eml)
by Definition 5.1(c)-(d). The following definition is parallel to Definition 5.2.

Definition 5.20  Suppose that G ¢ PP is directed and covering. Then A® is the

subalgebra of B, x generated by the operators AG’m’n forall £ € w; and m,n e N.
Let X be a subset of w; xN. We define A$ to be the C*-subalgebra of A® generated

by (A?m,n (& n), (& m) € X). In particular, for every & < w;, by AS we mean the

C*-subalgebra of A® generated by {AG’m’n &<a,mneN},

Lemma 5.21 Suppose that G c P is directed and covering and p € G. There is a
s-embedding igp: Ay~ A, such that

(i) ZG’P(AE,m,n) = As’m)n,

(i) ic,p(A%, )IX, =A%}

E&m,n

for every &, n, m such that (¢, n), (§, m) € X.
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Proof By Definitions 5.1 and 5.19, a map sending A?m’n to A(?,m,n extends to a

*-homomorphism of Af(P into Ag’p. Its kernel must be null as the kernels of i, ,

for g < p are null.
To prove the second part of the lemma, use the first part and Definition 5.19. =

Lemma 5.22  Suppose that G c P is directed and covering. There is a *-isomorphism
j of A and the inductive limit limeg Af(p of the system (.Af(p :p € G) with maps
(ip,q:p < q) such that

. AG _1; p

](Aﬁ,n,m) - IP}GIEAE),,)W,

foreach & € wy and m,n e N.

Proof Asin [39, Ex. 1. Chapter 6] it is enough to prove that for every p,q € G
satisfying p < ¢, the diagram

q _'ea. ¢
Ax, r Ax,

ol

G

p ' 4G
‘AXP > Ax,

commutes. This follows from the fact that by Definition 5.19, we have

. . G .
IG’P( IP»q(Aqf,n,m)) =A nym IG»q(Aq,n,m)

for &, m, n such that (&, m), (& n) € X,. But these elements generate Ag(q. [

Definition 5.23 A family G c Pis called F-rich if and only if G is directed, covering
and Fx , NG # @ for every finite X € w; x Nand « € X, where Fy , is defined in
Lemma5.7.

Lemma 5.24 Let G c P be an F-rich family. Then for every a < w,, the following
hold:
(i) AP isan ideal of A® equal to {A € A®: A|[a, w;) = 0};
(i) there is a *-isomorphism j,: A®JAS — A®|[a, w));
(iii) the representation m, : A®|[a, w) - AC|{a} given by . (A) = A|{a} is faithful.

Proof As¢,({&} x N) are A®-invariant, it is clear that sending A € A to A|[«, w;)
is a *-homomorphism. So for (i) and (ii) we are left with proving that its kernel is
equal to A%,

First, note that the kernel contains every generator A(?,n,m for{ <awand m,n e N
of A® and so includes A®. This is true by Definition 5.1(iv).

For the other inclusion, let A € A® satisfy A|[a, w;) = 0. Since A® is the inductive
limit of Af(l,s for p € G by Lemma 5.22, for every € > 0 thereis p € Gand B ¢ .Af(p
such that ||ig,,(B) — A|| < &, and so |ig,p(B)|[a, w1)| < & By Lemma 5.3, Bl €

Aﬁpn(axN) c Aip and B|[a, w;) € A‘;P, so we can apply ig,, to them. By Lemma 5.4
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and Definition 5.19 we have that
lic.p(Bllas )| = [[ic.»(B) | [as @)

So we have
|4 icp(Bla)] = | 4= i (B) + (il ) |
<A=icp(B)] + [lic,, (B)|[a @) < 2e.
But ig,,(Bla) € A, since B|a € Af(,,n(axN)' As & > 0 was arbitrary and ig, ,(B|a) €

A€, we conclude that A € A, completing the proof of (i) and (i).

To prove (iii) first note that since £, ({a} x w;) is A®-invariant, it is clear that 7, is
a representation of A®|[a, w; ). Now suppose that A e qu for g € G. By Lemma 5.21,
there is B € A?(q such that ig 4(B) = A. Since G is assumed to be F-rich, by Lem-
mas 5.7 and 5.8, there is p € Fx, o such that p < g. By Lemma 5.4 and Definition 5.19,
we have [|Al[&, w1)| = [[ip,q(B)|[a wi)]. By the fact that p € Fx, ., we have that

[A{ a3 2 lip.q(B){a}] 2 |ip.q(B)l[a wr)]| = [ Al[, 1)

This shows that 77, is an isometry when restricted to Ugec A‘,G(’q [, w1 ), which is dense
in A®|[&, ;) by Lemma 5.22, and so the representation is faithful. ]

Proposition 5.25  Suppose that G ¢ P is an F-rich family. Then A® is a scattered
thin-tall fully noncommutative C*-algebra such that

(i) J'(A%) = AG;

(i) there is a *-isomorphism j,: A€ JJA(A®) - AC|[a, w;) satisfying

Ju([Algaay) = Alla, @1);

(iii)  the collection {[Aa,m.n a4y : 1, m € N} satisfies the matrix units relations and
smun JJ3t(A)
generates the essential ideal At(AC [J41(A®)).

Proof By [18, Theorem 1.4] it is enough to prove (i)-(iii) to conclude that A is a
scattered thin-tall fully noncommutative C*-algebra.

The proof of (i)-(iii) is by induction on « < w;. For « = 0 we have that J, = {0}
and so (i) and (ii) are trivial. Also, A%;’)n)m = 1g,n,m by Definition 5.1, so these el-
ements satisfy the matrix unit relations. Moreover, they generate the algebra of all
compact operators on £,({0} x N), which is an essential ideal in B¢y.n. Since 7o
from Lemma 5.24 is faithfull, the collection {Ag ,,,:n, m € N} generates an essen-
tial ideal isomorphic to an algebra of all compact operators on a Hilbert space, so by
(18, Theorem 1.2(4)] this ideal is J4! (A®) as required.

Now suppose we are done for ff < a < w;.

(i) If & is a limit ordinal, then by [18, 1.4] and the inductive hypothesis we have

I2'(A) = U I§'(A) = U Ap = A
P<a f<a
If @ = B + 1, then (iii) of the inductive hypothesis implies (i).

(ii) follows from Lemma 5.24.
(iii) is proved as in the case o = 0. [ |
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6 An Operator Algebra Along a Construction Scheme

In this section, we adopt the terminology and the notation of Section 5. We will use
the constructions scheme of [54] described in Section 2.2 to build appropriate [F-rich
families G in the partial order IP of approximations whose inductive limit A® will
have interesting properties described in the introduction. To prove the main theorem
of this section we need one more general lemma.

Lemma 6.1  Suppose that A is an AF C*-algebra and {Ap:D € D} is a directed
family of finite-dimensional subalgebras with dense union. Let P € A be a projection.
Then for every 0 < € < 1there is D € D and a projection Q € Ap such that |Q - P|| < ¢.

Proof Let D € D be such that there is A € Ap satisfying | A — P|| < ¢/6. By consider-
ing (A+A*)/2 instead of A we may assume that A is self-adjoint and || A- P|| < ¢/6. As
Ap is finite dimensional, it is *-isomorphic to the direct sum of full matrix algebras.
Let 7z be the isomorphism. The matrix 7(A) is self-adjoint, so it can be diagonalized.
As |A - P| < ¢/6, we have that | A> — A|| < /2 and so the distance of each entry on
the diagonal of the diagonalized 7(A) from 0 or 1 cannot be bigger than ¢/2, so there
is a projection Q € Ap such that | 7(Q) — m(A)| < &/2, and hence |Q — A|| < ¢/2 and
|Q — P| < &, as required. ]

Theorem 6.2  Suppose that there exists a construction scheme I with allowed param-
eters (rx ) keny and (ny) ken, where ny = 3 for each k € N\ {0} and a partition (Pp ) men
of N into infinite sets such that for every m € N and every uncountable A-system T of
finite subsets of w; there exist F € F of arbitrarily large rank in P,, that fully captures a
subsystem of T.

Then there is an F-rich family G of elements of P such that the scattered thin-tall fully
noncommutative C*-algebra A® has the following properties:

(i) There is a nondecreasing unbounded sequence (I )ken € N and a directed family
of finite dimensional algebras { A% : X = F x [0, 1}, F € Fy, k € N} whose union
B is dense in A, such that if (P¢:& < wy) S B is a family of projections which
generate a nonseparable subalgebra of A®, then for every & > 0,

(a) thereare & < & < & < wy such that | Py, — P, Py, | < ¢,
(b) thereare & < & < wy such that [Py, Pe,| <&,
(c) thereare & < & < wy such that [Pg,, P, ]| >1/2 - e.
(ii) A® has no uncountable irredundant subset.
(iii) A® has no nonseparable abelian subalgebra.

Proof Fix an enumeration ((v",w™):m > 3), with possible repetitions, of all pairs
of orthonormal complex vectors with finitely many coordinates, all of them rational,
such that v, w™ € C™ for each m > 3 (we abuse notation and identify C™ with a
subset of C™ for m' < m).

We construct the sequence (I )keeny € Nand G = {pp:F € F} ¢ P by induction
with respect to k € N such that F € F. Moreover, for each k € N we require that

m
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whenever F, F' € F} are such that F \ F’ < F’ \ F (¢f. Definition 2.10(ii)), then

(6.1) pr and ppr are in convenient position as witnessed by ¢ p.
(6.2) ap, = F,
(6.3) n?F =l forallé e Fand F € F, and k € N.

For k = 0, we have that F; = [w; ]! by Definition 2.10(i), so we define pr. for F = { &}
to be the element of P such that

* aPF = {E}’
* T’lgF = l() =1

P —
d AE,FO,O = 15)0)0.

Suppose that we have constructed pr forall F € Fy for k' < k satisfying (6.1)-(6.3).
Now we need to define the pr for F € Fy,4. Since ny; = 3, each F € F; is the union
of the maximal elements Gj, G, G3 of F|F which form an increasing A-system by
Definition 2.10(iii). If k € P;, then we define pr as the amalgamation of pg,, pe,> Pa,
of type 1 from Lemma 5.15. If k € P, then we define pr as the amalgamation of
PG> PGy PG, of type 2 from Lemma 5.16. If k € Py, for m > 3, and I < m, then we
define pr as the amalgamation of pg,, pg,, pg, of type 1 from Lemma 5.15. If k € P,
for m > 3, and Iy > m, then we define pr as the amalgamation of pg,, pe,, pg, of
type 3 for vectors (v, w™) from Lemma 5.17.

Observe that amalgamation of type 1 increases [y, so I — co when k — oo.

First, let us note that our inductive hypothesis (6.1)-(6.3) is preserved when we pass
from k € Nto k+1. Let F, F' € F,; be such that F\ F' < F’'\ F. By Definition 2.10(ii),
there is an order preserving bijection ¢p p:F — F and FNF' < FNF' < F'\ F.
In particular Definition 2.10(ii) implies that the maximal elements of F|F are sent
by @5 F onto the maximal elements of F|F’, on the other hand, Definition 2.10(iii)
implies that these maximal elements form the canonical decomposition consisting of
elements in %, which in fact are used in the construction of pr or pr.. Now to verify
Definition 5.9 in order to check (6.1), we note that the amalgamations described in
Lemmas 5.15, 5.16, and 5.17 consist of constructions of operators that depend only on
the place of the involved objects in F, so Definition 5.9 and (6.1) are satisfied for pg
and ppr. Equations (6.2) and (6.3) follow from the descriptions of the amalgamations
from Lemmas 5.15, 5.16, 5.17. We have I;; = I if k e NN Py and I, > I if k € P, and
Definition 2.10 guarantees that the amalgamations that follow Lemma 5.15 can be done
in “the same way” up to the bijection ¢ r, and so obtaining nf, =l = n;:;, for any
F,F' € Fry1and € € Fand & € F'. This completes the construction of G = {pg:F € F}
and completely determines the C*-algebra A€ as in Definition 5.20.

Now note that G is [F-rich as in Definition 5.23. First note that pp < pr whenever
F'c Fand F, F’ € J. This can be proved by induction on k € N such that F € F%. Note
that it is true if F’ is a maximal element of F|F, because then F’ is in the canonical
decomposition of F by Definition 2.10(iii) and we use pgs in the construction of pp,
obtaining ppr < pp by the Lemmas 5.15-5.17. Now we proceed with the inductive
argument; given F' ¢ F, either F’ is below a maximal element G of F|F or it is one of
the maximal elements. The latter case is proved above, and the former follows from
the inductive assumption for the pair F’, G and from the transitivity of the order in P.
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To prove the directedness of G take F, F’ € F and use the cofinality of F in [w; ]
(Definition 2.10) to find F”" € F such that F U F’ ¢ F”. By the above arguments, we
have Prs Prr < PErr.

Nowlet X =ax[0,1) € [w; x N]*“ and « € w; and aim at proving further parts of
the F-richness. Consider the A-system

T:{au{a,f}:max(au{oc})<£<w1}

of finite subsets of w;. By the hypothesis there is k € P, with [ > [ and F € J such that
F fully captures a subsystem of T. In particular, F = G;uG,UGj5 for some Gy, G2, Gs €
Frand X € X, and a € ap, . By the construction, we do the amalgamation of type 1
as in Lemma 5.15 while constructing pr, and so pp isin F Xpgp o> but this implies that
itisin Fy 4, as required for F-richness in Definition 5.23.

Proposition 5.25 implies that A®, as in Definition 5.20, is a thin-tall fully noncom-
mutative scattered C*-algebra.

To prove (i), the directed family of finite dimensional subalgebras of A® is
{A% :p € G} asin Definition 5.20. By Lemma 5.21, the algebras Agp are *-isomorphic
to the algebras Af(y and they are finite dimensional, since they are equal to Bx, by
Lemma5.3. Let B = U{AEP peG}.

Suppose that { P;: & < w;} € B isa collection of projections that generate a nonsep-
arable subalgebra of A®. So, there must be distinct a¢ € w; such that Pg|({ag} x N) #
0. Since B4,y is invariant for AC, it follows that Pg|({a;} x N) is a non-zero pro-
jection. Moreover, it is not the unit of B (., «, because such a unit would produce a
unit of A®/ Jﬁg(fl@) by Lemma 5.24 and Theorem 5.25, which is impossible because
AC is the union of proper ideals 4! (A®) for & < w,.

Let F¢ € J be such that a; € Fy, P; ¢ Ag”s = A%{X[OJE) for each & € w;, where

lg = Iy for Fy € Fj and P¢|({a¢} x [0, I¢)) is a nonzero projection that is not the unit
of B4, yx[0,1;)- This can be obtained from the cofinality of F and the fact that Iy — oo
when k — co.

Let Qg € Ai:i[o,lf) be such that iG,pr, (Q¢) = P;. Note that by Lemma 5.21 the Q;s
are projections and Q¢|({a¢} x [0, ) is a nonzero projection that is not the unit of
B (agyx[0,1¢) for each § < wy.

By passing to an uncountable subset, we can assume that T = {F¢:& < w;} forms
an increasing A-system of elements of ¥y for a fixed k" € N and that

| ( Qf(eﬂ’l)’ 6’7’1') - ( Qf'(e%{,,ﬁf(ﬂ)’l)’ 6¢FE,,FE('1))1’> < S/ZIk'

for every (,1),(1,1") € F¢ x [0, I;) and every & < & < w;. This guarantees that
(6.4) lirer, (Qe) = Qe <&/2

for every £ < & < w;. Now let us prove item (a) of (i). By the hypothesis on T,
there is k € P, bigger than k' and F € Fy;, which fully captures T; i.e., the canonical
decomposition of F is { Gy, G2, G3 }, and there are &; < &, < &3 < w; such that Fy, € G;
and ¢¢,,G,[F,] = Fg; forall1 < i,j < 3. As §g,,g, are order preserving, they must
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agree with ¢, . on Fg,, so (6.4) implies that
oFg;

Hj¢c3,c,» (Q&) - QE,- H < 8/2

holds for i = 1,2. Since we use amalgamation of type 2 at the construction of pr for
k € P, by Lemma 5.16, we have

iPF,PG3 (Qfs ) iPF:PGZ (j¢c3,cz (Qfs )) = iPF)PGl (j¢c3,cl (Qfs ))2>
and so
” iPF:PG3 (Qfs)iPF,PGZ (sz) - iPF’PGl (QE1)2 H <&
and hence | Pg, Py, — P, | < ¢, since

iG,PF ° iPF)PGE'_ (QE;) = iG)PGE'_ (Qf,‘) = iG,pc{l_ (ipcfi Prg, (QE,))
= iG’PFEi (in) = Pfi

by Definition 5.19 and Lemma 5.21. This completes the proof of (a) of (i). Item (b)
follows from (a) for ¢/2 and by taking adjoints.

Now let us prove item (c) of (i). For & < w; let Qg € Br,x[0,1,,) be such projections
that | Q¢ — Q|| < &/8, and there is an orthonormal basis in B (4,}x[0,1,,) of eigenvec-
tors for Qj consisting only of vectors with all rational coordinates with respect to our
canonical basis (eaz,l :0 < I < ;). Note that by Lemma 5.3, we have that Qg € .A‘;if .

F,
Since Q¢|( {ar¢} x [0, Ir+)) is a nonzero projection that is not the unit of TB{OCE}X[()J;)
for each & < wy, Qg can be assumed to have the same rank as Q; and so there are
orthogonal unit vectors v¢, w* € C' with all rational coordinates such that
Qé( > eras,l) = 3 viea s QQ( > eraf,z) =0.
I<lpr I<lir 1<l

As there are only countably many such vectors, we may assume that all of them are
equal to a pair (v, w), and moreover that

(6.5) lorer, (Q¢) = Qull < &/4

forevery £ < & < w;.

By the hypothesis on F there is k € P,, bigger than k' such that v,, = v =
(vis...»vy, ) and wy, = w = (wy,...,w;,,) and there is F € Jy,; which fully cap-
tures T, i.e., the canonical decomposition of F is {G;, G,, G3 } and there are & < &, <
§3 < wy such that Fy, € G; and ¢¢,,6,[Fe,| = Fe, forall 1 < i, j < 3. Note that ag;s
are not in the root of { Gy, G,, G3} as they are not in the root of the Fgs. As $c,.G, are
order preserving, they must agree with ¢ Fe,Fg, ON Fy,, so (6.5) implies that

Hjﬁbcl,ci (le) - Qg, H < 5/4

holds for i = 2, 3. Since we use amalgamation of type 3 at the construction of pr for
k € P,, by Lemma 5.17, we have

H [ iPF»PG1 (le)’ iPF’PGz (j¢Gerz (le)) ] || = 1/2
and so

H [ iPF,PGl (le)’ iPFaPGz (ng)] ” 2 1/2 - 5/2>
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and hence

” [ipp,p(;l (Qfl)’ ipp,pc2 (sz)]” 2 1/2 -6
as [ Q¢ — Qg < ¢/8 for each § < &’ < wy; and finally

I[Pe> P ] 21/2 =,

since

iG)PF © iPF;PG ) (in) = iG)PG ) (in) = iG)PG ) (iPG PFg (Qfx))
& & &i &0
= iG)PFs,- (Q¢) = P,

by Definition 5.19 and Lemma 5.21. This completes the proof of (c) of (i).

The proof of (ii) will be based on (i)(a) and Lemma 6.1. Suppose that AC contains
an uncountable irredundant set { Q¢: & < w;}. By Lemma 3.3, we can assume that all
Q¢s are projections. For each &, let A, . (¢ be the C*-subalgebra of AC generated by
the set {Q,:17 € w; \ {&}}. By passing to an uncountable subset, we can assume that
there is & > 0 such that for each & < w; we have A~ Q¢| > e foreach A € A, (. Let
P; € B be a projection satisfying | P; — Q¢|| < £/4, which is obtained using Lemma 6.1.
By (i)(a) there are &, < &, < & < w; such that |Pg, — Py, Py, || < £/4. This implies that
|Q¢, — Q¢, Qg || < & which contradicts the defining property of € and completes the
proof of (ii).

The proof of (iii) will be based on (i)(c) and Lemma 6.1. Suppose that A® contains
a nonseparable abelian subalgebra. As subalgebras of scattered algebras are scattered
and scattered locally compact spaces are totally disconnected, it follows that A® con-
tains an uncountable Boolean algebra of (commuting) projections {Q¢:& < w;}. In
particular |Qg — Qg | =1forall £ < & < wy.

Let P; € B for & < w be projections satisfying |P; — Q¢| < 1+ for each & < wj,
which is obtained using Lemma 6.1. In particular, |P; — Pg| > & forall £ < & < w;
and so they generate a nonseparable C*-algebra.

We have | P, Pe, - Qg Qg || < £ and |[Pg, Py, — Qg, Qg || < £ for each & < & < wy,
so [Py, Py, ] < % for each & < & < w;. But by (i)(c), there are & < &, < w; such that
I[Py, Pe,]|| > 2, a contradiction. [
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