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Abstract

We obtain a generalized discrete Hilbert and Hardy-Hilbert inequality with non-conjugate
parameters by means of an Euler-Maclaurin summation formula. We derive some general
results for homogeneous functions and compare our findings with existing results. We
improve some earlier results and apply the results to some special homogeneous functions.
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1. Introduction

Let [an] and {bn} be two non-negative sequences and l/p + l/q = 1, p > 1. If
0 < XT=o an" < oo and 0 < £n°°=o bn" < oo, then

d-D

where the constant factor n sin ' (n/p) is the best possible. This is a sharp version
of Hilbert's famous theorem for double series, which is important in analysis and its
applications. Although classical, inequality (1.1) has attracted the interest of numerous
mathematicians and has been generalized in many different ways. For more details
see [3].
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It is very interesting that one can extend Hilbert's inequality by using numerical
analysis. More precisely, one can obtain some extensions by using an Euler-Maclaurin
summation formula.

Jichang and Debnath recently obtained the following result using an Euler-Mac-
laurin summation formula:

THEOREM A. Let {an} and [bn] be two non-negative sequences and l/p + l/q = 1,
with p > 1. Further, let 0 < YlT=o(n + fx)l~san

p < oo and 0 < YlT=o(n +
H>y~sbn

q < oo, where 1/2 < fx < (1/2) min{p, q), and let K(x, y) be a non-negative
and symmetrical homogeneous function of degree — s (s > 0). If K{1, y) has its
first four derivatives continuous on (0, oo), and (—iy{d"K/dyn)(l, y) > 0 and
(dmK/dym)(l, y)y-2"/r -* 0, y -+ oo form = 0, 1, with

I(r,fjL)= I K(l,u)U-2^/rdu <oo, r = p,q,
Jo

then

oo oo

m=0 n=0

f oo yip
P I

< | ^2 [l{q, M) - <Pq(m, s, /x)] (m + /x)1 JaB

y/i

+ fx) dy

and r = p, q.

3AT / fi \)

Obviously, by putting the kernel K(m,n) = (m + n)"1 and /x = 1/2, Inequal-
ity (1.2) becomes the improvement of Inequality (1.1).

The main purpose of this paper is a generalization of Inequality (1.2) from The-
orem A, as well as the equivalent form of that inequality which we usually call the
Hardy-Hilbert inequality (see [3]). One possibility of generalizing it is by extending it
to the case of non-conjugate parameters. We shall also compare our results with some
previously known from the literature and obtain some improvements of our results
from [6] and [5].
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Throughout this paper p and q indicate real parameters such that p > 1, q > 1 and
\/p -f l/q > 1. Further, let p' and q' satisfy \/p + l/p' = 1 and \/q + l/q' = 1. It
is obvious that p', q' > 1. We define A. := l /p ' + l/q' and it follows that 0 < A < 1
(A = 1 gives the case of conjugate exponents). The following result can be found
in [3]:

THEOREM B. Let [an] and {bn} be two non-negative sequences. Under the above
definitions, the following inequality holds:

m=l n=l \m=l / \«=1 /

where the constant K depends on p and q only.

Hardy, Littlewood and Polya did not give a specific value for the constant K in
the previous theorem. An alternative proof by Levin, ([8]) established that K =
Bx{\/Xp', 1/A.g'), where B is a beta function, suffices but the paper did not decide
whether this was the best possible constant. This question remains open. The
inequality (1.3) was also generalized by Bonsall (see [2]).

The main idea, which was used by the above mentioned authors, is to reduce the
case of two non-conjugate parameters to the case of three conjugate parameters. We
shall also use that idea in our results. The techniques that will be used in the proofs
are mainly based on classical real analysis, especially on Holder's inequality and on
an Euler-Maclaurin summation formula.

2. Some lemmas

In order to verify our main results, we need the following lemmas. By using an
Euler-Maclaurin summation formula (see [7]) we have the following results.

LEMMA 2.1. Let f have its first four derivatives continuous on [M, N] and
/ ( 4 )00 >0, x € [M, N]. Then the following inequality holds:

(2.1)

PROOF. By the Euler-Maclaurin summation formula in [7], we have
N rN i i

• • / 1 1
= / f{x) dx + -[/(Af) + f{N)] H [f (N) - / '

JM 2 12k=M

hf fi4)(0(B4-B4(t-lt)))dt,Z 4
 J
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where Bk, Bk(t) are the Bernoulli numbers and the Bernoulli polynomials, respectively.
Since B4 = —1/30 and the sign of B4 — B4(t — It}) is the same as B4, we obtain the
inequality (2.1). D

REMARK 1. If we put M = 0 and let N -> oo, under the assumptions / (* ) ,
f'{x) -y 0, when x -> oo, one obtains the inequality

OO - c

E / < * > < /
as in [4].

We now establish the following two results concerning homogeneous functions
of negative degree. More precisely, K : (0, oo) x (0, oo) i-> K is a non-negative
differentiable homogeneous function of degree —s, s > 0. We define

/•oo

k{a) := / K(l,u)u-adu,
Jo

and suppose that k(a) < oo for min{l - s, 0} < a < max{l, 2 — s}. Under these
assumptions we have the following result.

LEMMA 2.2. Let K : (0, oo) x (0, oo) i->- R be a non-negative, four times contin-
uously differentiable homogeneous function of degree —s, s > 0, such that

0, n = 1,2,3,4 and

3K ^
lim K(x, y) = lim —— {x, y) = 0.

>->oo )>->oo dy
We define

oo

0,,(m, s, At) := (m + ix)q'A' J^ K{m + \i, n + fi)(n + iiYq'A\ (2.3)
«=o

where 0 < A2 < 1/q' and [x > 1/2. Then the following inequality holds:

@q,(m, s, (i)<(m + rf-'+o1^-** [k(q'A2) - 6q.{m, s, /x)],

where

,*,*)=(;

i dK

24/i(m +
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PROOF. Let / be the function defined by

(m + u)q'A*
:K(m + n,y + n)) .

(y + fx)i A*
Since 0^(m, s, fj,) = YlT=o /(")> w e obtain, using Lemma 2.1, the inequality

0,.(m, s, n)<(m+ M)1-'+»'w--'W [k(q'A2) - coq,(m, s, /*)],

where

,s,fj,)= / K(l,t)rq'A2dt

, w M \2-qA2^(h * y
12/x2 \m + M/ dy \ ' m + fj,)

Furthermore, if we apply the partial integration formula twice, we have

/

M">+M) 1 / ., \ l~9'M /

/f(i,Or^A = — - — ( - ^ — J A: ( I, - ^
1 -q'A2 \m + ixj V m +

V ' m +(\-q'A2){2-q'A2) 3v
1 rMVo+M a2K

/ ( l ,
(l-q'A2)(2-q'A2)

Since the last term in the previous equality is non-negative and since it is easy to verify
that

(l-q'A2)(2-q'A2)
for 0 < q'A2 < 1 and \x > 1/2, we obtain the inequality coq'{m, s, /A) > 9q'(m, s, /x),
which completes the proof. D

REMARK 2. Under the assumptions of Lemma 2.2, the function 6q'(m,s, ix) is
non-negative.

Similarly, if we differentiate with respect to x we obtain the following result.

LEMMA 2.3. Let K : (0, oo) x (0, oo) y-+ K be a non-negative, four times contin-
uously differentiable homogeneous function of degree —s, s > 0, such that

( - 1 ) " T T ( * . 3 ' ) > 0 , n = 1,2,3,4 and
(2.4)

lim K(x, y) = lim —(x, y) = 0.
JT->OO X->CX> OX
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We define
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&p,(n, s, M) := (n " n

m=0

where 0 < A\ < \/ p' and fx > 1/2. 77zen the following inequality holds:

®p,{n, s, n) < (n + Al)'-*+''(^>> [A:(2 - , - p'A,) - ^ ( n , 5, /x)] ,

where

3A: —.01-24ix(n + yn,) d

REMARK 3. Similarly as before, under the assumptions of Lemma 2.3, the function
6P'(n, s, ix) is non-negative.

3. Main results

In this section, we shall prove our main theorem for homogeneous functions, which
is an extension of Theorem A from the introduction, and we also establish some
important corollaries. First of all, let's say that we suppose that all the series converge
and that they are not identically equal to zero. Under these assumptions we have the
following result.

THEOREM 3.1. Let K : (0, oo) x (0, oo) h-> K be a non-negative, four times contin-
uously differentiable homogeneous function of degree —s which satisfies constraints
(2.2) and (2.4). Then the following inequalities hold and are equivalent:

Kk(m +/x,n + /x)ambn

m=0 n=0
«/P

- 9q,{m, s, ix)]p/qam

m=0

,s, ix)]q/p'bn" (3.1)
. n=0
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and
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n=O

W+«'O-'>//»' [jt(2 - s - p'Ax) - 0,(n, s,

+ (i, n + [A.)an

_m=0

, s> (3.2)
m=0

for any A\ e (0, 1/p'). ^2 € (0, l/q') and (M > 1/2, w/rere the functions 6q,{m, s, /i)
a«<i 6P'(n, s, n) are defined in Lemmas 2.2 and 2.3, respectively.

PROOF. The left-hand side of Inequality (3.1) can be expressed in the following
form:

m=0 n=0

K(m + /x, n
4.

m=0 n=0 ( «

1/9'

+ jx, n + /x)
(n

(m
-Gq~

p'(n)fen*l
UP'

[(«x [(m (3.3)

where the functions F and G are defined by

00

V K{m +n,n+ n)(n + /j,)-q'Al
r

and

[tG(n) = Y K(m + /i,n+ fi)(m ]
UP'

Now, by applying Holder's inequality with the conjugate parameters p', q' and
1/(1 — X) to (3.3) we obtain the inequality

m=0 n=0
>n

, s,
m=0

'aJ
J L

> s>

- | 'II
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where the weight functions 09(m, s, n) and 0 P (« , s, /x) are given by (2.3) and (2.5),
respectively. Now, the result follows from Lemmas 2.2 and 2.3.

It remains to prove Inequality (3.2) and the equivalence of Inequalities (3.1)
and (3.2). If we put the sequence

bn=(n _ s - p'A<) - 9p,{n, s,

m=0

in the inequality (3.1), we easily obtain the inequality (3.2).
Otherwise, let's suppose that the inequality (3.2) is valid. By using Holder's

inequality with conjugate parameters q and q', we have

m=0 n=0

«=o

x (n

_ s _ p,

[k{2 - s - p'A{) - 0p,(n, s,

\m=0

n=0

[k(2 - s - p'A,) - ep,(n, s, ix)f' bn"

_ s _ p'Al) _

\m=0 I

and the result follows from the inequality (3.2). So, the inequalities (3.1) and (3.2)
are equivalent which completes the proof. D

Now, if we put A] = A2 = 2fM/p'q' in the previous theorem, we obtain the
extension of Theorem A to the case of non-conjugate parameters.

COROLLARY 3.2. Let K : (0, oo) x (0, oo) \-> K be non-negative, four times con-
tinuously differentiable homogeneous function of degree —s which satisfy conditions
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(2.2) and (2.4). Then the following inequalities hold and are equivalent:

L,n+ \L)ambn

\ UP

427

m=0 n=0

[ m=0 L \ P /

f + M)?/p'(1^ [* ( 2 - *

, s, J a

( 3-4 )

and

«=o

-s-^-)- 4>q,{n, s,

r«,
^ / i : A (

L">=0 J

' \k (^\ - 9>, 5,

Up

(3.5)

where 1/2 < /x < (1/2) min{/?', ^'} and the functions (f>P' and cj)q> are defined as in
Theorem A.

REMARK 4. If the function K : (0, oo) x (0, oo) i-> K is homogeneous and
symmetrical then k(2 — s — a) = k(a). Hence, if K is symmetrical and X — 1, then
p' = q and q' = p, so Inequality (3.4) becomes Inequality (1.2) from Theorem A.

Further, by putting k = 1 in Theorem 3.1 we obtain the following result.

THEOREM 3.3. Let K : (0, oo) x (0, oo) \-+ OS be a non-negative, four times
continuously differentiable homogeneous function of degree —s which satisfies condi-
tions (2.2) and (2.4). Then the following inequalities hold:

, UP

m—\ n = l

1/?

_ 5 _ p'Al) _ (3.6)
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and

-s-p'Ai)-<pp,(n,s,n)Y"'/P'
n=1

and

Al)[k{qlA2)~(pq,{m,s,n)Y"am
p\ , (3.7)

for any A, € (0, \/p'), A2 e (0, \/q') and ix > 1/2, where

) 1 V ' m) |_1 -q'A2 ~ 2 1 2 J ~ 24m~3y"\ ' m) J

(pp.(n,s,ix)

= (}.\ PA'\K(- I)\ 1 l pAi] l dK(l iM
\ « / I V " ' / L l - P ' ^ i 2 12 J 2 4 n 3 j c V n > / J '

/n particular, Inequalities (3.6) and (3.7) are equivalent.

REMARK 5. The functions (pp> and î y from Theorem 3.3 are non-negative (see
Remarks 2 and 3). Inequalities (3.6) and (3.7) are improvements of those in our
papers [6] and [5] in the conjugate case.

In the next, we apply our general results to some special choices of homogeneous
functions.

4. Some applications

We now apply our general results to some special homogeneous functions whose
first four partial derivatives satisfy conditions (2.2) and (2.4). First, consider the
function K{x, y) = (x + y)~s. In this case k(a) = B(l — a, s +a — 1), where B is a
beta function. We define b{ct) := 6(1 — a, s + a — 1) and obtain the following result.
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THEOREM 4.1. The following inequalities hold and are equivalent

429

l/P

m=0

, s, /*)] '"am

qlp''AO - f,{n, s, n)]qlp'bn

n=0

and

, s, \-q'lp>

n=0

Xs

1/9'

, s,
lra=0

forany A, € (max{(l-s)///, 0}, 1//>'). A2 e (max{(l-5)/?', 0}, l/q')andfi > 1/2,

and

~ ' * '

PROOF. The result easily follows by putting K(x, y) = {x + y)~s in Theorem 3.1,
and noting that irq-{m, s, n) < dq\m, s, /x) and irp>(n, s, /x) < 6p>{n, s, fj,). O

REMARK 6. If we put At = A2 = 2/j,/p'q' in Theorem 4.1, then, under the as-
sumption max {1/2, (1 - s)/2p', (1 - s)/2q'\ < /x < max {p'/2, q'/2}, we obtain,
in the conjugate case, the result from [4].

Further, we consider the function K(x, y) = (xs + ys)~l. For such a function
we have k(a) = (l/.s)#((l — a)/s, (s + a - l)/s), where B is a beta function. We
define bs(a) := (l/s)fi((l — a)/s, (s + a — l)/s) and obtain the following theorem.
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THEOREM 4.2. The following inequalities hold and are equivalent:
oo oo

w ambn

[b,{q'A2) - 2 - W ( m , s,1 00

m=0

I

n = 0

1«

E yjxj^ [(m + fj,)s + (n + ix)s

''+P(A,-A2) [bs(q'Al) _ 2 J - ' W ( m , 5, At)]"7'' aw

lm=O J

/or any A, e (max{(l -*)/p ' ,0}, 1//?'), A2 e (max{(l -s)/q',O}, l/q')andfi >
1/2, where the functions \jfq'{m, s, (A) and Yy (n, s, ix) are defined as in the previous
theorem.

REMARK 7. Similarly, by putting A\ = A2 = 2fj./p'q' in Theorem 4.2, under
the assumption max {1/2, (1 - s)/2p', (1 - s)/2q'} < \x < max {p'/2, a'/2}, we
obtain the generalization of the result from [4].

It is interesting to put A\ = (1 — s/r)/p' and A2 = (1 — s/t)/q', where r and t are
conjugate parameters with r > 1 and 0 < s < 1. Under these assumptions we have

COROLLARY 4.3.Ifl/r + l/t = l, with r > 1 and 0 < s < 1, /lien the following
inequalities hold and are equivalent

oo oo

i/p

|2> '
[m=0

X

r _ -l p/«'
2 y/a'(m, s, /i) aw

|_5sin(7r/r) J

'~xyjrp.{n,s,ix)\ b,
r
LL^in(7r/f)
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and

i -I'/P'

^ [(m + /*)' + (« +

j
where the functions rjrq-(m, s, /A) and r[rp>(n, s, /x) are defined in Theorem 4.1.

REMARK 8. If X = 1, then we obtain an inequality which is sharper than that in [1].

REMARK 9. Other types of results can be obtained by putting Ax = A2 = ^ ,
where p', q' and s satisfy the constraint

max I 1 - min j — — - j - , - 7 — j . 1 ,2 — min{p', q'} j < s < 2.

In such a way improve our results from [6] and [5], as well as some previously known
results which include the beta function.
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