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Semicanonical bases and preprojective algebras
II: A multiplication formula

Christof Geiss, Bernard Leclerc and Jan Schroer

ABSTRACT

Let n be a maximal nilpotent subalgebra of a complex symmetric Kac-Moody Lie algebra.
Lusztig has introduced a basis of U(n) called the semicanonical basis, whose elements
can be seen as certain constructible functions on varieties of nilpotent modules over a
preprojective algebra of the same type as n. We prove a formula for the product of two
elements of the dual of this semicanonical basis, and more generally for the product of
two evaluation forms associated to arbitrary modules over the preprojective algebra. This
formula plays an important réle in our work on the relationship between semicanonical
bases, representation theory of preprojective algebras, and Fomin and Zelevinsky’s theory
of cluster algebras. It was inspired by recent results of Caldero and Keller.

1. Introduction and main result

1.1 Semicanonical bases

Let A be the preprojective algebra associated to a connected quiver ) without loops. This is the

associative algebra
A= (C@/< Z (aa—aa)>,

ac@Q1

where @ denotes the double of @ and @ is the set of arrows of Q (see, e.g., [Rin98, GLS05al).
Recall that @ is obtained from @ by inserting for each arrow a: i — j in ) a new arrow a: j — i.
The algebra A is independent of the orientation of @), and it is finite-dimensional (and selfinjective)
if and only if the underlying graph A of @ is a simply laced Dynkin diagram, i.e. if A € {A,(n > 1),
Dn(n > 4),E,(n = 6,7,8)}. In the sequel, all A-modules are assumed to be finite-dimensional
nilpotent left modules. We denote by I the set of vertices of @), and by Agq the affine variety of
nilpotent A-modules with dimension vector d = (d;)icr. The reductive group GLq = [[;c; GLg, (C)
acts on Agq by base change.

Let n be a maximal nilpotent subalgebra of a complex Kac—-Moody Lie algebra g of type A.
Lusztig [Lus91, Lus00] proved that the enveloping algebra U(n) is isomorphic to

M= M(a)
deN!

where the M(d) are certain vector spaces of GLg-invariant constructible functions on the affine
varieties Aq (see §2.1 for the definition of M(d)). This yields a new basis S of U(n) indexed by the
irreducible components of the varieties Ag, called the semicanonical basis [Lus00].

Received 29 March 2006, accepted in final form 21 February 2007.

2000 Mathematics Subject Classification 14M99, 16G20, 17B35, 17B67, 20G05.

Keywords: universal enveloping algebra, semicanonical basis, preprojective algebra, flag variety, composition series.
This journal is © Foundation Compositio Mathematica 2007.

https://doi.org/10.1112/50010437X07002977 Published online by Cambridge University Press


http://www.compositio.nl
http://www.ams.org/msc/
http://www.compositio.nl
https://doi.org/10.1112/S0010437X07002977

C. GEISS, B. LECLERC AND J. SCHROER

Let M* be the graded dual of M. A multiplication on M* is defined via the natural comultipli-
cation of the Hopf algebra U(n) = M. In [GLS05a] we considered the basis S* of M* dual to the
semicanonical basis of M, and began to study its multiplicative properties.

1.2 The é-stratification
For a A-module & € Aq define the evaluation form d,: M — C which maps a constructible function
f e M(d) to f(x). Define

() :={y € Aq | 0y = Iz}
This is a constructible subset of Ag since M(d) is a finite-dimensional space of constructible func-
tions on Aq. For the same reason we can choose a finite set R(d) C Aq such that

Aa= || (@)
z€R(d)

Each irreducible component Z of A4 has a unique stratum (z) N Z containing a dense open subset
of Z, and the points of this stratum are called the generic points of Z. We can then reformulate
the definition of §* as follows: the element pz of S* labeled by Z is equal to d, for a generic point
x of Z.

The aim of this paper is to prove a general formula for the product of two arbitrary evaluation
forms 9.

1.3 Extensions
Let ' € Ag, 2" € Agr, and e := d’ + d”. For a constructible GLe-invariant subset S C Ao we
consider

Ext} (2, 2")s = {[0 = 2" — y — 2’ — 0] € Exth(2/,2")\ {0} | y € S}.
This is a constructible C*-invariant subset of the quasi-affine space Ext ) (z/, 2"")\ {0}, see § 5.5. Thus,
we may consider the constructible subset PExt}(z/,2")s := Ext}(2/,2")s/C* of the projective
space P Ext} (2/,2"). For a constructible subset U of a complex variety let x(U) be its (topological)

Euler characteristic with respect to cohomology with compact support. For the empty set () we set
x(0) = 0. Note that we have, by the additivity of ¥,

Z X(P EXt}\(:E/’ 33”)@)) = X(PEXt/l\(x,’ 33”)) = dimExt/l\(ac', 33”))
zE€R(e)

see also §7.2.

1.4 Main result
THEOREM 1 (Multiplication formula). With the notation of § 1.3, we have

X(PExth (2, 2"))0paer = Y (X(PExtj(2',2") ) + x(PExty (2", ) ()))da-
z€R(e)

This theorem is very much inspired by recent work by Caldero and Keller on cluster algebras
and cluster categories of finite type [CK05].

Note that our multiplication formula is meaningless if Ext}(z/,2”) = 0 (or, equivalently, if
Ext} (z”,2') = 0). We proved in [GLS05a] that in all cases
550/@:0// = 5:0/ . 555//.

For this reason we regard Theorem 1 as a multiplication formula. Using the notation from [GLS05a]
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the formula of the theorem can be rewritten as
il
= — ) + / 1) >
dim Ext} (z/, 2”) ( C*[n]eP Ext] (z/,2"") e C*[n]€P Ext} (2" ,2") et

Here, the ‘integrals’ are taken with respect to the ‘measure’ given by the Euler characteristic, mt(n)
stands for the isomorphism class of the middle term of the extension 7. If [] # 0 we write C*[] for
the corresponding element in the projective space P Ext} (z',2").

5z’ . 5:0//

The following important special case is easier to state and also easier to prove.

THEOREM 2. Let 2’ and 2" be A-modules such that dim Ext} (2/,2") = 1, and let
0—2"—2—2"-0 and 0—2 —y—2"—0

be non-split short exact sequences. Then dy/ - 0511 = 6, + 0y.

A A-module z is called rigid if Ext}(z,z) = 0. If o is rigid, it is generic and 6, is a dual semi-
canonical basis vector. In the above theorem, if 2’ and " are rigid modules with dim Ext} (2, ") = 1
one can show that z and y have to be rigid as well, see [GLS06]. Thus, we obtain a multiplication
formula for certain dual semicanonical basis vectors. This is analyzed and interpreted in more detail
in [GLS06].

1.5 Calabi—Yau property
For the proof of our result it is crucial that in the category of finite-dimensional (nilpotent)
A-modules we have a functorial pairing
Ext} (z,y) x Ext} (y,z) — C.

In other words, for each pair (z,y) of finite-dimensional (nilpotent) A-modules there is an isomor-
phism

Gyt Exty(z,y) — DExtj(y, )
such that for any A € Homy (y,%'), [n] € Ext} (z,y), p € Homy (2, ) and [¢] € Exth (3, 2') one has

Gary (Ao ] o p)([€e]) = ¢ey([n))(pole]oA). (1.1)
This is well-known to specialists. The usual argument is that this is the ‘shadow’ of certain 2-Calabi—
Yau properties for preprojective algebras, see § 7.1 for more details.

In particular, in the non-Dynkin case this argument relies on the fact that the preprojective
algebra is a 2-Calabi—Yau algebra. Unfortunately, we could not localize a written proof for this last
fact. So we include in §8 a direct proof for the required functorial isomorphism which does not
depend on the type of Q and does not require nilpotency for the finite-dimensional modules either.

2. Flags and composition series induced by short exact sequences

2.1 Definition of M(d)

We repeat some notation from [GLS05a]. Recall that I is the set of vertices of Q). We identify the
elements of I with the natural basis of Z!. Thus, for i = (iy,...,%y) a sequence of elements of I, we
may define [i| := > 1", i), € ZL.

Let V be an I-graded vector space with graded dimension [V| € Z/. We denote by Ay the affine
variety of A-module structures on V. Clearly, if V' is another graded space with |V’| = |V]| the
varieties Ay and Ay are isomorphic. Therefore, it is sometimes convenient to write Ay instead of
Ay and to think of it as the variety of A-modules with dimension vector d = |V/|.
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If c =(c1,...,6m) € {0,1}™ and V is an I-graded vector space such that ), cpir = |V|, we
define a flag in 'V of type (i,c) as a sequence
f=(V=V'DOV!D...0V" =0)
of I-graded subspaces of V such that [V*~1/V*| = ¢iy for k = 1,...,m. We denote by ®; . the
variety of flags of type (i,c). When (c1,...,¢,) = (1,...,1), we simply write ®;.
Let # € Ay. A flag | is a-stable if z(V¥) C VF for all k. We denote by ®;. . (respectively
®; ) the variety of z-stable flags of type (i, c) (respectively of type i). Note that an z-stable flag is

the same as a composition series of = regarded as a A-module. Let dj.: Ay — C be the function
defined by

di,c(m) = X((I)i,c,x)’
It follows from [Lus91, §2.1] that d; ¢ is a constructible function; see also [GLS05a, §5.8]. If ¢, = 1
for all k, we simply write d; instead of d; . In general, d; . = d; where j is the subword of i consisting
of the letters i) for which ¢ = 1. We then define M(V) as the vector space over C spanned by
the functions dj, where j runs over all words in I with [j| = |V|. Again this space only depends

on d = |V|, up to isomorphism, and we also denote it by M(d). This is equivalent to Lusztig’s
definition in [Lus91, Lus00].

2.2 Reformulation

In order to prove Theorem 1 and Theorem 2 it is sufficient to show that both sides of the respective
equalities coincide after evaluation at an arbitrary dj, see §2.1. Since

5:(: (dl) = X(q)i,r)

to prove Theorem 1 we have to show that

K(PExth (&) x(Broer) = 3 (UPExt (e, ")) + x(PExth (o, ) ) - x(®10) (2.1)
z€R(e)

for all sequences i with |i| = e = dim(2’) + dim(z”). Similarly, for Theorem 2 we have to show that
X(Pizraar) = X(Piw) + X (Piy)
for all sequences i with |i| = dim(2’) + dim(z").
2.3 Let V', V" V be I-graded vector spaces such that |V'|+ |[V”| =|V], and let i = (i1,...,%) €
I with Y, i, = |V|. Let 2’ € Ayv, 2" € Ay, and z € Ay. For a short exact sequence
e:0—-a2"Sr -2 =0
define a map
Qe Py — |_| D; o g1 X Pj o1 g
(c',¢”)
which maps a flag f, = (Vl)oglgm € ®; , of submodules of x to (fu/, fz») where

for = (V/(VINU2"))ocicm  and  for = (VN 0(2”))o<i<m-

Here we regard f,~ as a flag in V” by identifying V" with +(z”) and f, as a flag in V' by identifying
V' with V/u(2"). Clearly, we have (fu,fz7) € @i ¢/ a0 X Pjer o for some sequences ¢, ¢’ in {0, 1}™
satisfying

m
> chin = [V'], chzk = V", &+ =101<k<m). (2.2)
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Let Wy v denote the set of pairs (¢/,c”) satisfying (2.2). Define

Lil,c/,c”,e = ((I)i,c',w' x (I)i,C"w”) n Im(ai,€)7

Li2,c/,c”,e = ((I)i,c',w' X (I)i,C"w”) \ Lil,c’,c”,a

<I>i7x(c’, C”, 6) = ai_gl(q)i,c/,x/ X (I)i,C”,x")'
Thus, we obtain maps

ai,e(cl7 C”): q)i,r(cla C”7 6) - q)i,c/,:c/ X (I)i,c”,z”-
Set Wy v e = {(c', ") € Wy v | @4 .(c,c”,€) # 0}. We get a finite partition
Dy, = |_| ®; ,(c', " e).

(C/ ,c")EWV/ V! e

2.4 For the rest of this section let
for=(' =2y 22) 2 22, =0) and fpr= (2" =25 222D =0)

be flags with (fo/, fz7) € @i o/ 2 X Pj v o for some (¢/, ") € Wy vy where 2’ € Ayv and 2 € Ayn.

. 3 H / / ! /! :
For 1 < j <m let ¢y j and ¢, ; be the inclusion maps Ty — Ti g and T — T _q, respectively.

Note that for all j either ¢,/ ; or 1y ; is an identity map. In particular, either 2, =0or z, ;| = 0.
All results in this section and also the definition of the maps 3 and [ (see below) are inspired
by [CKO05]. The following lemma follows directly from the definitions and the considerations in §7.2.

LEMMA 2.4.1. Let € : 0 — 2" — 2 — 2’ — 0 be a short exact sequence of A-modules. Then the
following are equivalent:

(i) (fx/, fx//) S L%7C/7C/I7E;

(ii) there exists a commutative diagram with exact rows of the form

€: 0 z” x x 0
€0 : 0 x( Zo x 0
ball 1 bal 1
€1: 0 ! 1 xh 0
Lall 2 Lyl o
Lol m—2 Lot 2
€Em—2 - 00— :L‘/T,n_2 ——Tm-2 1‘;71_2 0
Lall im—1 bl im—1
€m—1 - )—— x//n_l — Tm-1 ‘T;n—l 0
(iii) there exist elements [¢;] € Ext} (), 2") for i = 0,1,...,m — 1 such that [¢] = [¢] and
[Ej—l] Olygt j = Ly 50 [Ej] for j = ]., 2, cee, M — 1.
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We define a map

lcc !t Farr @EXtA Ljs ] =W @EXtA Ljt1s ])

m—

([60]’ 6m 2 — Z 6] Olg! j4+1 — Ly j4+10° [€]+1]) + [em—2] Olg' m—1-
7=0

(2.3)

OJ

Observe that [€j]ot,s j 11—ty j410[€j+1] is an element of Ext (2 %41, 27). We denote the canonical
projection map by

@ExtA —>ExtA(a;0,a;6').

LEMMA 2.4.2. For a short exact sequence €: 0 — z/ — x — 2/ — 0, the following are equivalent:

( ) (fr 7fr”) € Llc/ . E,
(ll) [ ] € pO(Ker(ﬁl e forsfa ,,))

Proof. We have [€] € po(Ker(8! ., s ,)) if and only if g , s ,([eo], - - ., [em—2]) = 0 for some
([eol, - -, [em—2]) with [eg] = [€]. This is the case if and only if tyr j11 0 [€j41] = [€5] 0 1y j41 for all
0<j<m—3, [em—2] 0ty m-1 =0 and [e] = [¢]. Now the result follows from Lemma 2.4.1. O

Next, we define a map

m—2 m—2
5i,c”,c’,fmu,fml : @ EXt}\ (.’E ]—i—l) =V ->W:= @ EXtA ,)
j=0

(2.4)

m—2
(o), - s [m—2]) = tar1 0 [0] + > (tar j1 © 3] = [nj—1] © tar 5)-
J=1

Note that ¢y j11 0[] — [1j—1] 0tz ; is an element of ExtA(a;J,m])
LEMMA 2.4.3. For a short exact sequence n: 0 — 2’ — y — 2" — 0 the following are equivalent:
(i) (fr//, fr’) S Lil,c”,c/,n;
(i) [n] € Exty(2”,2") NIm(Bierer i, )-
Proof. By definition, [] € Ext} (2", 2') N Im (B¢ e f,0 .5, ) if and only if

([’I’]], 0, ce ,0) = ﬁi7cll7clyfz//7fz/([770:|7 ey [’I’]m_g]),

in other words if and only if there exists ([no], ..., [m—2]) such that ¢, jo[ng] = [n] and [nj_1]otyr ; =
Ly j410[n;] forall 1 < j <m—2.

On the other hand, by Lemma 2.4.1 (fy»,f.) € L%’C,,’C,’n if and only if for 0 < i < m — 1 there
exist [; ] € Exty (27, 2}) such that [ny] = [n] and [0, ] 0 tyr; = tar o ;] for 1 <i <m — 1.

Taking into account that for each 7 either v,/ ; or ¢, ; is an identity, it is now easy to see that
the two conditions are equivalent. O
2.5 As before, let 2/ € Ay, 2" € Ayr, and let

for=(@' =2y 221222/, =0) and fp=E"=25022]2 - Dl =0)

be flags with (fx/,fx//) S (I)i,c’,z’ X (I)i,c”,:c” for some (C,,C”) S WV’,V”'
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Due to the Calabi—Yau property of A, see §1.5, we have non-degenerate natural pairings

m—2
¢v:VxV' —=C, (([ol -, mm=2]), ([0o] - -, [Fm—2])) = D bur e, ([n;])([65])
=0
m—2
¢W: W x W/_>(C7 (([1/}0]7”'7ij—Q])?([EO]?”'7[€m—2])) = %y,m;([%])([ﬁj])
=0
for the spaces (V, V') and (W, W') defined in (2.3) and (2.4).
LeEMMA 2.5.1. For all ([no], ..., [nm—2]) € V and ([e],. .., [em—2]) € W' we have

ov(([nol; - - Inm—21), B'(([€o], - - - - [em—2]))) = dw (B(([mo]; - - -, [Nm—2])); (€0l - - - ; [em—2]))-

Proof. By definition, the left-hand side of the equation is

m—3

Z ¢:c] ,ijrl([n]])([e]] Olg! j+1 — bz j4+10© [€J+1]) + sz

7=0

o ([m=1])([em—2] 0 tarr ),

m—2’

using (1.1), this is equal to

¢x” ) (Lr’ 10 770 60 + Z ¢x” x’ LZ J+10° [77]] [77]'—1] © Lr//’j)([ﬁj]),

which is by definition the right-hand 31de of our claim. O
PROPOSITION 2.5.2. For [¢] € Ext} (z',2") the following are equivalent:

(1) [ ] € pO(Ker(ﬁl c/ C”’fm”fz”));

(i) [e] is orthogonal to Exty (z”,2") NIm(Bicr e/ s.,)-
Proof. By Lemmas 7.3.1 and 2.5.1 we have

Ker(ﬁl RUIR LN VN //) = (Im(ﬁi c”.c\f, Nyfz/))J_'
Putting W = Ext} (zf, z§) = Ext}(2/,2") and Wy = Ext} (2§, zf) = Extj(2”,2'), it follows that
po(Ker(ﬁl ' ,)) is the orthogonal in Wy of Wo N Im(Bi e e i, 5., )- O
COROLLARY 2.5.3. Assume that dim Ext} (z/,2") = 1, and let
e0—2"—2—2"—-0 and n:0—2" —-y—2"—0

be non-split short exact sequences. Then the following are equivalent:

( ) (f-’ﬂ 7f-’£”) € L] c/,c” 5’

(11) (fr’% fx’) i,C”,C/,n'
Proof. By Lemma 2.4.2 we know that part (i) holds if and only if [e] € po(Ker(f{ . g ) BY
Proposition 2.5.2 this is equivalent to [¢] being orthogonal to Extj (z”,2") N Im(B;cr,er5.,.5,,)- Since
dim Ext} (z”,2") = 1 and since € is non-split, this is the case if and only if

Exty (¢, 2") N Im(Bier e 5,5, ) = 0.

By Lemma 2.4.3 and the fact that 7 is non-split this happens if and only if (f,», /) € Li2 el O

Let us stress that Proposition 2.5.2 is very similar to [CK05, Proposition 4]. We just had to
adapt Caldero and Keller’s result to our setting of preprojective algebras. Our proof then follows
the main line of their proof. In fact, our situation turns out to be easier to handle, because we work
with modules and not with objects in cluster categories.
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3. Euler characteristics of flag varieties

This section is inspired by the proof of [Lus91, Lemma 4.4].
3.1 Let V, W and T be I-graded vector spaces with V. =T @& W. We identify V/W with T. We
write m = dim V. Let ®(V) denote the variety of complete I-graded flags in V. Let

m: ®(V) — &,(T) x ,,,(W)

be the morphism which maps a flag (V!)g<i<, to the pair of flags ((T!)o<i<m, (W')o<i<m), defined
by W! =W NVl and T! = p;(V!). Here

p1:V=ToeW—->T

is just the projection onto T, and ®,,(T) and ®,,(W) denote the varieties of m-step I-graded flags
in W and T, respectively. Note that T//T/*! and W7 /WJ*+! have dimension 0 or 1 for all j. We
want to study the fibers of the morphism 7.

Let (f = (TY), 7" = (W!)) € Im(7). For an I-graded linear map z: T — W we define a flag
fo= fz,f’,f” = (V,lz)OSlém € <I>(V)
by
VL= (0,W)+{(t,2(t) [te T} CT' & W.
Clearly, we have ., € 7= 1(f,§").

We say that two [-graded linear maps f,g: T — W are equivalent if VSC = Vg for all [. In
this case we write f ~y v g or just f ~ g. In other words, f and g are equivalent if and only if
(f —g)(Th) € W! for all I.

The next lemma shows that every flag in 7= 1(§',§”) is of the form §, for some z.

LemmA 3.1.1. If w(f) = (f',§"), then there exists an I-graded linear map z: T — W such that
f = fz7f/7f//,

Proof. Choose a decomposition for the two graded vector spaces

T=PT({) and W=PHW()
=0

i=0
such that

T =P T() and W'=PW()
i=l 1=l
for all . Put
-1
WL =P W),
i=0
and take a flag f = (V!)o<i<m such that 7(f) = (f,”). Since we have a short exact sequence
0—W Vv T1l -0,
there exists a unique I-graded linear map w': T! — ch such that
V= (0,W') + {(t,w'(t)) | t € T'}.
The conditions V! © V+1 and WL C Wi imply
wH(t) — wl(t) e WL n Wl =W (1) (3.1)
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for all t € T!*!. Hence, for t € T we have
(t, W™ () = (' (1) = (0,0 (1) —w!(t)) € W C V.
Now, define z: T — W on the summands of T by z(t) = w'(t) for t € T(4). O

Thus, the fiber 7=1(f', ") can be identified with the vector space
HOHI(T, W)/ ~

of I-graded linear maps T — W up to equivalence.

3.2 Let I' = CQ’'/J be an algebra where @' is a finite quiver with set of vertices I and J is an
ideal in the path algebra CQ’. For a finite-dimensional I-graded vector space U let I'y be the affine
variety of I'-module structures on U. Fix a short exact sequence

1 /
€e:0—-2" -2z —2 —0

of I'-modules with z € T'y, 2’ € I't and 2" € I'ww. To an I-graded linear map z: T — W we
associate linear maps z': T! — W/W! defined by 2/(t) = z(t) + W' For a vertex i € I let
zi» T; — W, be the degree ¢ part of z. The next lemma follows from the definitions.

LEMMA 3.2.1. If x = 2’ ® 2" and if f and §" are flags of submodules of ¥’ and x”, respectively, then

f.p g is a flag of submodules of 2’ & 2" if and only if the map 2! is a module homomorphism for
all [.

We now deal with the case when the short exact sequence € does not split. A module m € I'y
can be interpreted as a tuple m = (m(a)), where for each arrow a € @} we have a linear map
m(a): Vga) — V() where s(a) and e(a) denote the start and end vertex of the arrow a. Thus,
given our short exact sequence

e:0—-2" -z —12" -0,

we can assume without loss of generality that the linear maps x(a) are of the form

v = (5 o).

where y(a): Ta) = We(q) are certain linear maps. The proof of the following statement is again
straightforward, compare also the proof of [Lus91, Lemma 4.4].

LEMMA 3.2.2. If §" and " are flags of submodules of ' and x”, respectively, then f, ¢ i is a flag of
submodules of x if and only if

(#"(a)25(a) = 2e(@)®' (@) = y(a))(Th(yy) € Wiy,
for al0 <1 <m—1anda€ Q).

3.3 Now we apply the above results to the case of the preprojective algebra A.

LEMMA 3.3.1. For a short exact sequence e€: 0 — 2’ — x — 2/ — 0 and (c/,c") € Wy yr . the
fibers of the morphism
ai,e(cl7cﬁ)3 (I)i,x(cla CN; 6) - (I)i,c’,:c/ X q)i,c”,:c”

are isomorphic to affine spaces, moreover Im(c; ((c/, ")) = Li . . .
k) k) k)

Proof. The condition in Lemmas 3.2.1 and 3.2.2 are both linear. The last equation follows from the
definitions, see §2.3. O

1321

https://doi.org/10.1112/50010437X07002977 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X07002977

C. GEISS, B. LECLERC AND J. SCHROER

COROLLARY 3.3.2. For a short exact sequence €: 0 — z” — x — 2/ — 0 and (c/,c”) € Wy yn we
have

X((I)i,:c(clvc )) (Ll c’/,c" e )

Proof. This follows from Lemma 3.3.1 and Proposition 7.4.1. U

COROLLARY 3.3.3. If v = 2/ ® 2", then for all short exact sequences ¢: 0 — 2" — x — 2’ — 0 and
(c,c") € Wy yn we have

X(CDM(C’, C”, 6)) = X(q)i,c/,x/ X q)LC//’x//) = X(q)i’c/’z/) . X(q)i7c//7x//).

Proof. If x = 2’2" and (c/,c") € Wy v, then L{ = ®; o/ 2 X Pj o v for all €, see [GLS05a).

O

i, C/ CN

In [GLS05a] we claimed that for (¢, c”) € Wy v . the map @; prayr (¢, ¢ €) — @ o o X P o1 1
is a vector bundle, referring to [Lus91, Lemma 4.4]. What we had in mind was an argument as above.
However, this only proves that the fibers of this map are affine spaces. Nevertheless, for the Euler
characteristic calculation needed in [GLSO05a] this is enough because of Proposition 7.4.1.

4. Proof of Theorem 2
Assume dim Ext} (z/,2") = 1, and let
e0—2"—-2—2"—-0 and n:0—2' -y —2"—0

be non-split short exact sequences. We obtain the following diagram of maps.

q)i,x(cl7 Cl/v 6) q)i,y(cllv Clv 77)
ai’E(CI7C”)l la, n(c”,c’)
Lil,c’,c”,e Ll ,c'’.c’'\n
Ll c’/,c" e U Ll ,c/,c' e Lil,c”,c/ U Ll c’’,c'm
| |
q)i,C/,CC/ X (I)i,c”,x” —Z> (I)i,c”,x” X (I)i,c’,:c/

Here, the map 4 is the isomorphism which maps (f,/, o) to (for,fer), and ¢3¢ v and ¢ ¢ oy are
the natural inclusion maps. By Corollary 3.3.2,

X(q)iw(clﬂ CN? 6)) = X(Lil,c’,c”,e) and X((I)i,y(cﬂ7 C,, 77)) = X(Lil,c”,c’,n)'
We know from Corollary 3.3.3 that
X(q)i,r’@m”(cla CN? 9)) = X(q)LC',w' X (I)i,C",w") = X(Lil,c’,c”, ) + X(Ll c/,c, )7

where 6 is any (split) short exact sequence of the form 0 — z” — 2" @2’ — 2/ — 0. By Corol-
lary 2.5.3 the isomorphism ¢ induces isomorphisms

Zl 2 Ll e’ ¢ e — L ic”.c'n and 2'271 : Li20/ ce — L i,/
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which implies y(L?

i,c’,c’ e

X((I)i,r’@m”) = Z X(q)i’x/@x// (C,, C”, 0))

(C/ ,c")EWV/ v

= Z X(Lil,c’,c”,e) + Z X(L?,c/,c”,e)

(C/,C")EWV/,V// (c’,CN)EWV/’v//

= Z X(Lil,c’,c”,e) + Z X(Lil,c”,c/,n)

(¢!, ") EWN N1 (c/,c")EWryr yyir
= Z x(Pi (¢, " €)) + Z X (@i (", ¢\ n))
(C’,C")GWV/’V// (C’,C”)EWV/’V//
= X((I)i,:c) + X(@i,y)'
By the considerations in § 2.2 this finishes the proof of Theorem 2.

) = X(Lilﬂ,,’ o' )- Combining these facts we get

5. The general case

5.1 Derivations
For A-modules 2/ and 2" let Dy (2',2"”) be the vector space of all tuples d = (d(b))peq, of linear
maps d(b) € Homc(m’s(b),m’e’(b)) such that

Y (@@ (@) +a2"(@d() - D (da)r (@) +a"(a)d(a)) = 0 (5.1)
a€Q1:s(a)=p a€Qr:e(a)=p

for all p € Qo. We call the elements in Dy (2, z") derivations.
Let d = (d(a)),ecq, with d(a) € Hom@(x’s(a),x’e’(a)), and for each a € Q; let

_ (%@ 0
Ed(a) = <d(a) 38”((1)) .
Then E4 = (Ed(a))aEQI defines a A-module if and only if the maps d(a) satisfy (5.1) for all p. In

this case we obtain an obvious short exact sequence

€g:0—2"—E;— 2 —0.

5.2 Inner derivations
For A-modules 2’ and x” let Ix (2, z") be the vector space of all tuples i = (i(b))peg, of linear maps
i(b) € Homc(m’s(b),m’e’(b)) such that for some (¢g)4eq, with ¢, € Home(z], )/

%
i(b) = ey’ (D) — " (b)dsr)

for all b € Q. The elements in I,(2,z") are called inner derivations and we obviously have
In(2',2") € Dp(a/,2"). Let

) we have

7 Dp(2,2") — BExt} (2, 2")
be defined by 7(d) = [e4]. It is known that the kernel of 7 is just the set Ix (2, ") of inner derivations,
hence we obtain an exact sequence

0 — Homp (2/,2") — @ Homg (2}, z}) — Da(2/,2") & Extj (2/,2") — 0.
q€Qo

We choose a fixed vector space decomposition
Da(2',2") = Iz(2',2") & Ex(2, 2").
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We can therefore identify Ext}(z’,2”) with Ea(2/,2"). We also can identify P Ext}(2/,2") with
PEA(2',2"). Set
Ex(2/,2") = Ex(2',2") \ {0}.

5.3 Principal C*-bundles

Recall that the multiplicative group C* is special in the sense that each principal C*-bundle is locally
trivial in the Zariski topology, see [Ser58, §4]. Thus, if 7: P — @ is such a bundle, 7 admits local
sections. Since, moreover, the action of C* on P is free by definition, we conclude that (7, Q) is a
geometric quotient for the action of C* on P; see, for example, [Bon98, Lemma 5.6]. Note, moreover,
that 7 is flat (and, in particular, open) since locally it is just a projection.

As a rule, we write C*x for the C*-orbit of x if x belongs to a principal C*-bundle.

5.4 The varieties EF;(z’, ")

Let 2/ € Ays and 2" € Ay» and i = (i1,12,...,iy,) be a word in I"™ such that |i| = dim(a’ @ 2”).
The action of C* on V' & V” defined by

Ak (V") == (W N0
induces an action on the flag variety ®;(V' & V") if

then the ith component of (A xz®) is {A %z | z € x'}.

On the other hand we have the principal C*-bundle E} (2/,2") — PEx(2’,2”). Thus, we obtain
by [Ser58, §3.2] a new principal C*-bundle

G: B2, 2") x ®;(V' & V") = Ei(a', ") x& &;(V & V).
We consider
EFi(z',2") := {(d,z*) € Ey(z,2") x ®;(V' & V") | 2* € ®; 5, }.

This is clearly a closed subset of E}(z/,2") x ®;(V' & V"), and it is moreover C*-stable since

Iv/ 0 0 x’ 0
( 0 mv/,> H B = <d a:”> — B = <)\d x”> (52)

is an isomorphism of A-modules. We conclude that
EF;(a/,2") := G(EF;(2',2"))

is closed in B} (2',2") x© ®;(V' @ V") since § is open; see §5.3. Thus, the restriction of § to
q: EF;(',2") — EF(«',2")

is again a principal C*-bundle [Ser58, § 3.1] and, in particular, (¢, EF;(2’,2")) is a geometric quotient
for the action of C* on EF;(z’,2").

The projection
P BFi(2,2") — PEy(2/,2"), (d,2°) — C*d

is constant on C*-orbits. So we obtain a morphism p;: EFj(2’,2") — PEj(2',2"”) which maps
C*(d, z*) to C*d. In other words, we have

py ' (C*d) = ®; g,
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5.5 The d-stratification of EFj(x’,x")
Let e := dim(z') + dim(z”) and consider the d-stratification
Ae = |_| (x).
2€R(e)
We claim that
EF;(2,2") = {C"(d,2*) € EF;(a’,2") | Eq € (x)}

is a constructible set. Indeed, we have a morphism ¢: Ej (2, 2"”) — Ae which maps d to E,4. Since
(x) is constructible and GLe-invariant,

En(2",2") () = {d € Ex(2),2") | Eq € (z)}
is constructible and C*-invariant (see also (5.2)). Now,
EFi(x,’ x”)(@ = pl_l(PEA(xlv xll)(z>)

is also constructible.

The fibers pl_l([d]) are identified with the varieties ®; g,. Since they all come from the same
d-stratum, they all have the same Euler characteristic. Thus, from Proposition 7.4.1 we obtain

X(EFi(z',2")4)) = X(PEA (2", 2") 1a)) - X(®1.5,) = X (PExctp (2, 2") ) - X(Pi )
for any d € Ep(2,2") (). It follows that,

X(EE(,2") = Y x(PExty(e’,2")) - x(Pia)- (5:3)
zE€R(e)

5.6 Proof of Theorem 1
We define a morphism of varieties
I EFi(l‘,,l‘”) — |_| (PEA(:L‘/,I‘”) X (I)i,c/,z’ X @17(://@//)

(c’,CN)EWV/’v//
which maps C*(d, 2*) to (C*d, f,,f.») where (f,r, f,) is the pair of flags in 2’ and z” induced by x*®
via the short exact sequence

€g:0—2" - E;— 2 —0.
(Observe that (d,z®) and (Ad, A x 2*) induce the same pair of flags via the sequences €; and €)gq,
respectively.) We denote by L! the image of 7, and by L? the complement of L' in

|_| (]P’EA(:L’,,.%”) X q)i,c’,r’ X q)i,c”,ac”)-
(C’,C")GWV/’V//

The following diagram illustrates the situation.
EF;(«/,2") C Ei(/,2") x ®;(V' & V)

p1 q q: (d,z*) — C*(d,z*)

Y

PEA(2', 2") EF;(a2',2") C Ei(2,2") x© &;(V' @ V")

P1

m: C*(d,z®) — (C*d, fpr, furr)

Ll 4 L2 - I—l(Clyc/')EWV/’v// (PEA(:E,7:E”) X (I)iyclyxl X (I)i,c"yu’l?//)
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ProprOSITION 5.6.1. The following hold:

(a) X(L') = x(EF;(a',2"));

(b) X(I—l(C,,CH)GWV/’V// (PEA({ZI,7IE’/) X (I)i,c’,x/ X Q)LC//’:C//)) = X(]PEA(IL’,,IE”)) . X((I)i,x’EBz”);

(¢) X(L?) = x(BFi(z",1)).

Proof. (a) By the same argument as in Lemma 3.3.1, the fibers of 7 are isomorphic to affine spaces.
This implies part (a) by Proposition 7.4.1.

(b) We have to show that
Z X(q)LC/’x/) . X(q)i//’cnw//) = X(q)i7x/®x//),
(c’,CN)EWV/’v//

This is explained in the proof of [GLS05a, Lemma 6.1], see also the remark after Corollary 3.3.3.
(c) Let (P[d],fa, for) € L% By Lemma 2.4.2, this means that for all (¢/,c”) € Wy vy,

d & po(Ker (B ¢r e s, 5.0)):
By Proposition 2.5.2, this means that for all (¢/,c”) € Wy yn,
d L (Ea(2”,2") N Im(Bier et fomf,0)-

Therefore, there exists d’ € Ex(z",2") N Im(Byer ¢ 5, 5,,) Which is not orthogonal to d, and a flag
y® of submodules of the module
0
<d’ x’ >

such that y® induces f,~» and f,,. We are thus led to consider the constructible set C' of all pairs
(((C*dv f:l/) fz")7 C*(dlv y.)) € L2 X EFi(xllv xl)

such that (d’,y®) induces (fz, f), and d and d’ are not orthogonal for the pairing between E (2/, 2”)
and Ep(z”,2"). Let us consider the two natural projections as follows.

C
py WA
1,2 EF;(2",2")

We are going to show that all fibers of both projections have Euler characteristic equal to 1. More
precisely, we have:

(i) the map pry is surjective with fibers being extensions of affine spaces;

(ii) the map pro is surjective with fibers being affine spaces (of constant dimension dim Ey (2", ")
—1).

Let us prove part (i). Let (C*d, ./, for) € L%, Let Ex(z",2") ., 5.,y be the set of all d' € Ex(2",2')
such that there exists a filtration y*® of the module

" 0
(v 2)

which induces f,» and f,,. This is a vector space, and by the above discussion we know that it is
not contained in the hyperplane d*. Thus,

d- N Ex(2",2'),, 5.)
is a hyperplane in E\ (2", x/)(fzn,fz/)’ and
7 = ]P)(EA(‘T”a x/)(fm/hfcs’) \ dl)
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is an affine space. We get a map
prl_l((C*d7 f$'7 fx//) - Z

which maps ((C*d, f,/, fo), C*(d’,y*)) to C*d’. By construction this map is surjective and its fibers
are affine spaces which implies part (i).

Let us prove part (ii). Let C*(d’,y*) € EF;(2”,2"). Let f,» and f,» be the flags induced by y* on
2" and 2/, respectively. Then, by Lemma 2.4.3 and Proposition 2.5.2,

d c po(Ker(ﬁl e’ S, ,,))J_

for some (c’,c”) € Wyy yn. Soif d & Ld', then (C*d,fu,f.) € L?, by Lemma 2.4.2. Therefore,
pryt([d',y°]) can be identified with the projectivization of the set of all d € Ex(x',2") such that
d ¢ +d. However, the projectivization of the complement of a hyperplane in a vector space of
dimension m is an affine space of dimension m — 1. ]

Now, the proposition together with (5.3) obviously implies (2.1), which is equivalent to Theo-
rem 1.

6. An example

In this section, A will be the preprojective algebra of type D4, with the following underlying quiver.

Nl

We study extensions between

\}/

and the simple module S;. We have dim Ext} (7, S;) = 2. The middle terms of the non-split short
exact sequences

0—-T—FEF—5S,—0

_ (Ev)‘) a7 _% —
b b
3

4
(AeC\{0,~1}) M(0) := %
4

are of the following form.

(a,—l—y
1

S DN =—

M(X) =
N N
4
N E-1) (a,—1) c
M(-1):=1 ib M(c0) := / \\3
N4 N
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The middle terms of the non-split short exact sequences
0—-S4—>FEF—-T—0

are of the following form.

1 2 3 1 2 3
N Y AR RN ¥
44 4 4
2 1 3 3 1 2
RSN
4 4 4 4

Note that R is rigid, and A, B, C' belong to the orbit closure of R. Our multiplication formula yields,
for any A € C\ {0,—1},
207 - 85, = ((=1)dpr00) + Oar(0) + Onr(—1) + Orr(s0)) + ((=1)0r + 64 + B + dc)-

To see this, note that ]P’Ext}\(&l, T') is a projective line, with points identified to the middle terms
of short exact sequences

0—-T— MM\ —S;—0 with A e CU{oo}.

This becomes ‘stratified” according to the Euler characteristics of flags of submodules into (C\
{0,1}) U {0} U {1} U {oc} and we obtain the first term on the right-hand side. Also Ext} (T, Sy) is
a projective line with three special points corresponding to the extensions with middle term A, B,
C and generic points corresponding to the extensions with middle term R. This gives the second
term on the right-hand side of our equation.

Using the rigid modules

we obtain
On(o) = Omn) +0m, 04 =0r+0p,
Sni(—1) = Om() +0F, 0B =0r+dc,
OM(co) = O\ T 06, 0c =0Rr+0H.

These equalities follow from simple calculations of Euler characteristics of varieties of composition
series. For example, to see the first equality one should observe that for M (0) there are two types of
composition series. Those with top S4 may be identified with the composition series of M () for A
‘generic’. The remaining composition series have top S3 and may be identified with the composition
series of H. Our claim follows, see §2.1.

1328

https://doi.org/10.1112/50010437X07002977 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X07002977

SEMICANONICAL BASES AND PREPROJECTIVE ALGEBRAS 11

So, eventually,
o7 - ds, :5M(A) +0r+0F +dc +om

as an expansion in the dual semicanonical basis.

7. Recollections

7.1 The 2-Calabi—Yau algebras and categories

Let k be a field. A triangulated k-category 7 with suspension functor X is called a d-Calabi—Yau
category if all its homomorphism spaces are finite-dimensional over k, and there exists a functorial
isomorphism

T(l‘, y) - Homk(T(yv Zdﬂj)v k)
for all z,y € 7.

It is well known that for a preprojective algebra A of Dynkin type the stable module category
A-mod with the suspension functor Q7! is a 2-Calabi-Yau category; see, for example, [GLS05b,
§7.5]. In this case, (1.1) follows via the natural isomorphism (see [Hel60, §6]) Ext}(z,y) —
Hom, (z, 2 y) from the 2-Calabi-Yau property of A-mod.

Recently it was announced by Chuang and Rouquier (see also remark (1) in §8.3) that a (con-
nected) preprojective algebra A which is not of Dynkin type is a 2-Calabi—Yau algebra, so by
definition D¢(A), the full subcategory of the bounded derived category of A of complexes with
finite-dimensional nilpotent cohomology, is a 2-Calabi—Yau category. In this case, (1.1) follows from
the 2-Calabi-Yau property of Df(A) via the natural isomorphism Exth (z,y) — Dy(x,y[1]) for
nilpotent A-modules x, y.

7.2 Extensions

Ife:0 — y" — y — 3y — 0is a short exact sequence of A-modules, we write [¢] for its class
in Ext} (y/,y"). Let us recall the functorial behavior of Ext} in terms of short exact sequences. If
p € Homp (2/,y') and X € Homp (y", 2”), then [e]op € Ext} (2/,y”) is represented precisely by a short
exact sequence 0 — y” — y — 2/ — 0 which is obtained from e as the pullback along p. Similarly,
Mo €] € Ext)(y/,2") is represented precisely by a short exact sequence 0 — 2” — z — ¢/ — 0 which
is obtained from e as the pushout of € along A.

6)\ . 0 X S P Y 0
A o
€. y// y/
p
El))\: O_TZ//_ee_QI”%O
AR
Ep . 0 " z 2 0
So in the above diagram we have [¢*] = A o [¢] and [e,] = [€] o p and the associativity (Ao [e]) o p =

[ = Ao ([d] o p).

7.3 Bilinear forms and orthogonality
Let ¢: U x U’ — C be a bilinear form. For subspaces L C U and L' C U’ define

Lt ={u e U | ¢(u,u') =0 for all u € L},
L ={ue U] é(u,u)=0 foral u' € L'}.
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We call u € U and v’ € U’ orthogonal (with respect to ¢) if ¢(u,u’) = 0. If ¢ is non-degenerate,
then +(L+) = L and (*L')* = L', and
dim L + dim L* = dim L' + dim* L/ = dim U = dim U
Let ¢y: V x V' — C and ¢y : W x W' — C be non-degenerate bilinear forms, and let f €
Homg(V, W). Then we can identify f with the dual f™: V* — W™ of a map f’ € Homc(W’, V") if
and only if
v (v, f'(W)) = dw (f(v),w) N (7.1)
for all v € V and w’ € W’. Here we use the isomorphisms ¢y : V — V™ and ¢y: W — W'

defined by v — ¢y (v, —) and w — ¢w (w, —), respectively. Assume that (7.1) holds. Thus, we get
the following commutative diagram.

/ /

Vv 1774 U f('l))
fﬁvl - lgw 5\/]{ I(ZW
Vi ——— ¢V(U,_)|—f*>¢v(v,f'(—)) = ow(f(v),—)

The proof of the following lemma is an easy exercise.

LEMMA 7.3.1. We have Ker(f') = Im(f)*.

7.4 Euler characteristics

For a complex algebraic variety V', let C(V') denote the abelian group of constructible functions on
V' with respect to the Zariski topology.

If 7: V. — W is a morphism of complex varieties and f € C(V), we define a function , f on
W by

o = [ r=d e @ns w), wew)

Then it is known that m, f is constructible. Moreover, for morphisms 7: V. — W and 6: W — U of
complex varieties we have

(fom)s =0, o0m,.

(The case of compact complex algebraic varieties is discussed in [Mac74, Proposition 1], the general
case can be found in [Dim04, Proposition 4.1.31].) As a particular case, we note the following result.

PROPOSITION 7.4.1. Let w: V — W be a morphism of complex varieties such that there exists some
c € Z with x(7—Y(w)) = ¢ for all w € Im(7). Then

x(V) = ex(Im(m)).
In particular, if m: V. — W is a morphism of complex varieties such that for all w € Im 7 the fiber
7~ 1(w) is isomorphic to an affine space, then x(V) = x(Im(r)).

8. Ext-symmetry for preprojective algebras

The main goal of this section is to provide a direct proof of the following result which is crucial for
this paper. Otherwise it is independent of the main body of the paper.

THEOREM 3. For a quiver () without loops let A be the associated preprojective algebra over a
field k. Then for all finite-dimensional A-modules M and N there is a functorial isomorphism

e Exty(M,N) — DExty (N, M).
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8.1 Preliminaries

Let k be a field and let @ = (Qo, @1, s, €) be a finite quiver without loops. Here @)y denotes the set
of vertices, (1 is the set of arrows of ) and s,e: Q1 — Qo are maps. An arrow « € Q1 starts in a
vertex sa = s(a) and ends in a vertex ea = e(«).

By Q we denote the double quiver of Q, so Qy = Qo, Q; = Q1 U{@ | a € Q1}, and we extend
the maps s, e to maps s,e: Q1 — Qo by sa := eqa, ea := sa for all a € Q;. It will be convenient to
consider 7 as an involution on (); with

5o {B if 8 e Qi

a if g =@ for some a € Q1.

Moreover, for all 3 € @, we define

1 otherwise.

. {0 if 5 € Qu.

We consider the preprojective algebra

A =kQ/{pilicq,) where pi = > (=1)V3p.

BeQ,

sPB=i
Note that A is a quadratic, possibly infinite-dimensional quiver algebra; in any case A is augmented
over S = k*@o (i.e. we have k-algebra homomorphisms S — A — S whose composition is the

identity on S). Note that S is a commutative semisimple k-algebra which has a natural basis
consisting of primitive orthogonal idempotents {e; | i € Qo}. In what follows, all undecorated
tensor products are meant over S.

The proof relies on the following well-known result which holds mutatis mutandis more generally
for any quadratic quiver algebra. It follows, for example, from the proof of [BBK02, Theorem 3.15].

LEMMA 8.1.1. Let A be the preprojective algebra as defined above. Then

0
PiAoReA S AcAer L AeSan
is the beginning of a projective bimodule resolution of A, where S = @ier ke;, A = @ﬁeal kg
and R = @z‘er kp; are S—S-bimodules in the obvious way, and
A= (BResp®esp—eep®eep® B) @55 5,
BeQ,
d'= Y (~1)B B es+ e @B B) R s pig-
BeQ,
In the statement of the lemma we denote, for example, the dual basis for the S—S-bimodule
DA = Homy (A, k) by (5*)5651' In this case we have e;3%e; = d; s30;,c83".

8.2 Proof of Theorem 3
For finite-dimensional A-modules M and N it is easy to determine the complex Homp (P®*®x M, N):

@D Hom (M), V(@) 222 @) Homy (M (55), N(e)) 2 @) Homy(M().NG)  (8.1)
1€Qo 6eQ, 1€Q0

where d(z)w,N = Homy (d° @4 M, N) is given by
(fi)ieqo — (N(B)fsp — feﬁM(B))ﬁeél
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and d}W,N = Homy (d' @ M, N) is given by

g~ (X COPW B+ 950100

BeQ, : sp=i i€Qo

Thus, we have functorially Ext} (M, N) = Ker(d}m ~N)/ Im(d?w N)-
Similarly, we find D Homp (P® ®x N, M), which is identified via the trace pairings

(€D Homu (310, 50 ) x (@) Homu (V0. M) ~ K. (00, (1) 3 Tegio f)

1€Qo 1€Qo 1€Qo
and
(€ Homu(a1(68). N(e) ) x ( € Homu(N(s).M(e5) ) — k. (eah(aa) — X Te(ezegs)
BeQ; BEQ; BeQ,
to

€D Homy (M (1), N (1)) % @) Homy(M(s5), N(e8)) % @) Homy (M (), N() (82
i€Qo B8eqQ, i€Qo

with d}\}TM = DHomy (d' ® N, M) given by
(pi)ico — (DN (B)psp — pepM (B))) seq,
and d?\}TM = D Homy (d° ® N, M) given by

(Eﬁ)@teH< Y. M@ - ) N(B)Eﬁ>.

BEQ; : ef=i BEQ,: sB=i i€Qo

In fact, we have by definition

(o) (0s)seg,) = 30 (e (3 (000 + 95305 ) )

1€Qo 5§§1
=Y (-1)IP(Tr(p5M(B)gs) + Tr(gzN (8)¢pss))
BeQ,
= > (D) T((N(B)pss — wesM(B)) © g5)
BEQ,

and

B)fsp — fesN(B)))

((Z%M -3 ) o)

BEQ BeQ,
efB=i sPB=i

0,%
dN,M((Eﬁ)ﬁEQ (fi)ieqo)

©M @lM

Thus, we have functorially D Ext} (N, M) = Ker(d?\}fM) / Im(d}\}TM). The complexes (8.1) and (8.2)
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are isomorphic:

Dicq, Homy (M (i), N(i)) d—%;N@ﬁeal Homy (M (sf3), N(eﬁ))d%ﬂ) icqo Homy (M (i), N (i)

l]l i/QM,N l]l
dO,*

dl,*
Dicq, Homy (M (i), N (1)) =D geg, Homi(M(s8), N(ef)) “2 Bjeq, Homy (M (i), (7))
with eMvN((gﬂ)ﬁEQ) = ((—1)'5‘%)%@1. This finishes the proof of Theorem 3.

8.3 Remarks

(1) Assume that @ is connected. Then it is known that in the situation of Lemma 8.1.1 we have an
isomorphism of bimodules:

Kerd! = DA if @ is a Dynkin quiver,
erd =
0 otherwise.

This follows, for example, from [BBK02, Theorems. 4.8 and 4.9] in the first case and from [BBK02,
Proposition 4.2] together with [BK99, Theorem 9.2] in the second case.

Thus, P°® is a projective bimodule resolution of A, if @) is not a Dynkin quiver. A similar
calculation as in §8.2 shows that P* is self-dual in the sense of Bocklandt [Boc06, §4.1], thus the
bounded derived category D?(A-mod) is 2-Calabi-Yau [Boc06, Theorem 4.2].

(2) We leave it as an (easy) exercise to derive Crawley—Boevey’s formula [Cra00, Lemma 1] and
in the non-Dynkin case the equation

dim Hom (M, N) — dim Ext) (M, N) + dim Ext} (M, N) = (dim M, dim N)g,

where (—, —)¢ is the symmetric quadratic form associated to @, from the calculations in §8.2.
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