REMARKS ON A THEOREM OF BOURBAKI

M. AUSLANDER"

In memory of Tapast NAKAYAMA

Bourbaki has established the following theorem which we state without

proof as

TueoreM A ([3, Theorem 6, §41). Let R be a noetherian integrally closed
domain and M a finitely generated torsion free R-module. Then there exists a
free submodule F of M such that M/F is isomorphic to an ideal in R.

It is our purpose in this note to present a few consequences of this theo-
rem. Before giving these results we briefly review some terminology and
known results.

We shall assume throughout this paper that all rings are noetherian.

Suppose R is a local ring and M is a finitely generated, non-zero R-module.

Then a sequence of elements #, . . ., % in the maximal ideal m of R is called
an M-sequence if x: is not a zero-divisor in M/(%, . .., xi-1)M fori=1,...,s.
It is easily seen that if x;,..., % is an M-sequence, then s <Krull dim R.

Thus all M-sequences can be extended to maximal M-sequences. It is well
known that all maximal M-sequences have the same length and that this length
is the same as the smallest integer >0 such that Exth(R/m, M) %0 (see [2,
Proposition 2.9] for instance). We shall denote by codhgM the length of a
maximal M-sequence.

We now list without proof some of the well-known basic properties of
codhzM. These can easily be derived from the characterization of codhgAM

in terms of the functor Exti(R/m,).

LemMa 1. Let R be a local ring with maximal ideal m of dimension d. Let
0->M—->M->M"-0 be arn exact sequence of non-zero finitely generated R-modules.

Then we have
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a) CodheM =0 if and only if me Ass(M), i.e. if and only if there exists
an exact sequence 0 > R/m— M.

b) If codhgM> codhzM", then codhzM’ =1+ codhrM".

¢) If codheM > codhrM!, then codhrM' =1 + codhrM".

d) If codhgM = codhzM' = ¢, then codhgM"=>1t—1.

e) If codhgM < codhgM', then codhrM = codhrM".

We now recall that if R is an arbitrary ring and M is an R-module, then M
is said to be reflexive if the natural homomorphism M- Homg (Homr(M, R), R)
is an isomorphism. In the following lemma we give various criteria for a

module to be reflexive.

LemMA 2. Let M be a finitely generated R-module. Then M is a reflexive
R-module if and only if M satisfies the following conditions:

a) For each prime ideal b in R such that codhg,Rp>1 we have that M, is
Ry-reflexive.

b) For each prime ideal p in R such that codhg,Rp=>2 we have that codhg,
Mp=2.

If in addition we assume that R is an integrally closed domain, then we
have the following equivalent conditions.

¢) M is reflexive.

d) There exists an exact sequence 0 > M~ Fy— Fy with the F; free R-modules.

e) M is torsion free and for each prime ideal v in R such that ht(p) =2
(where ht(p) = Krull dim Ry) we have that codhs,My=>=2.

Proof. Although this lemma is essentially known, we briefly sketch a
proof for the convenience of the reader.

Suppose M is reflexive. Then clearly M satisfies condition a). Let p be
a prime ideal in R such that codhg, Ry=2. Then M, is Ryreflexive and thus
My~Homg, (N, Ry) where N is a finitely generated Ry-module. Then it follows
from [1, Prop. 4.7] that any Rp-sequence of length two is also an M, sequence.
Thus if M is reflexive, then M satisfies conditions a) and b).

Suppose M satisfies a) and b) and let 0> M > M->M*>M'"->0 be an
exact sequence where M*=Homz (M, R). If M'%0, then Ass(M') g, ie.
there exists an exact sequence 0- R/p-M' for some prime ideal p. By con-
dition a) we know that codhs, Ry>2. But then by Lemma 1, we know that
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codhn,, My =0, which contradicts condition b). Thus we know that AM'=0.
Suppose M"=0 and p is a prime ideal in Ass(M"). Then by condition a) we
know that codhe,Ry=>2. Therefore by our previous proof the reflexive Ry-
module (M*)p = (Mp)*™ has codhg,My™* =2. Since codhe,(M")y =0, we deduce
from the exact sequence 0- Mp— (Mp)*™ — (M")p -0 that codhg,My=1 (see
Lemma 1). But this contradicts condition b). Therefore it follows that M
is also zero or that M is reflexive.

Assume now that R is integrally closed.

c) =>d). Let Fi~»F,~>M*-0 be exact with the F; finitely generated free
R-modules. Then 0->M** - Fy - Ff is exact with F/ being finitely generated
free R-modules. Since M= M™* we have our desired exact sequence.

d) =e). Let 0-M-F,>F:, be an exact sequence with the F; free R-
modules. Then M is certainly torsion free. Suppose ht(p) >2. Since R is inte-
grally closed, it follows that codhg,Rp=2 and therefore that codhsFo® Rp=2.
Thus if codhg,My<1, then by Lemma 1 c) it follows that codhg,Lp =0 where
L=1Im(F,~F;). Therefore we have that pe Ass(L). But this is impossible
since L is torsion free. Thus we have shown that if ht(p) =2, then codhg,
My=2.

e) =>c). Since R is integrally closed we know that codhg,Rp<1 if and
only if ht(p) <1. For the same reason we know that Ry is either a field or
a discrete rank one valuation ring depending on whether ht(p) is zero or one.
Since M is a torsion free, it follows that My is Ry free and therefore reflexive
for ht(p) <1 or, what is the same thing, for codhg,Ry <1. Thus M satisfies
part a) of the first part of the lemma. The fact that M satisfies b) is part
of condition e). Thus by the first part of the lemma we know that e) = c).

With these preliminaries out of the way we need only recall the definition
of a Cohen-Macauley ring before stating our first result which is connected
with Theorem A. A ring R is called a Cohen-Macauley ring if for each prime
ideal p in R we have that codhg, Rq= Krull dim Ry.

ProrosiTioN 3. Let R be a Cohen-Macauley ring and M a finitely generated
reflexive R-module. If 0 —»F—>M-a—0 is an exact sequence of non-zero R-modules
with F a free R-module and a a proper, non-zero ideal in R, them ht(p) <2 for
each prime ideal b in Ass(R/a).

If in addition we assume that R is a unique factorization domain, then a is
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isomorphic to an unmixed ideal b with ht(b) <2 (i.e. all the prime ideals b in
Ass(R/b) have the same height which is at most 2).

Proof. Suppose there exists a prime ideal p in Ass(R/a) with ht(p) =3.
Then we know that COthP(R/Cl)p =0. Since codhg,Ry=>3, it follows from the
exact sequence 0-ay— Ry~ (R/a)y—>0 and Lemma 1 that codhgyay=1. On the
other hand since My is Rp-reflexive and codhg,Rp=3, it follows from Lemma
2, that codhg,Mp=2. Therefore we deduce from the exact sequence 0 - Fp-
My —ay~0 that codhg,F =2 (see Lemma 1b)). But since F is a free R-module
we know that the codhgr,FF=3. This contradiction shows that if pe Ass(R/a),
then the ht((p) < 2.

The rest of the proposition follows trivially from what has been established

and the following general fact concerning unique factorization domains.

ProrosiTioN 4. Let R be a unique factorization domain and a a non-principal
ideal in R. Then o is isomorphic to an ideal b in R such that the ht(b) >2 and
Ass(R/b) C Ass(R/a).

Proof. If ht(a) =2 we are done. Suppose ht(a) =1 and ;N + + = Nas O ss1
N++-Nq=a a primary decomposition of a with ht(q;)>2 for i=1, ..., s
and ht(q;) =1 for j=s+1,..., £ Since R is a unique factorization domain,
it follows that gs+1N * * + Ng:= (x) for some x in R. Therefore we have that
a=(x)NgN---Ng. From this it easily follows that a=x (a; x). Thus we
havea=<a:x Buta:x=(qu:x)N - N(gs : x) which shows that the hta : x>2
and Ass(R/a: x)C Ass(R/a). Therefore a : x is our desired ideal b.

Combining the above remarks with Theorem A we obtain

TueoreM B. Let R be an integrally closed Cohen-Macauley ring. Then we
have :

a) If M is a finitely generated reflexive R-module, then there exists a free
submodule F of M such that M/F is isomorphic to an ideal in o such that each
p in Ass(R/a) has height at most 2.

b) If N is a finitely generated R-module, then there exists an ideal b in R
such that:

i) If p € Ass(R/b), then the ht(p) < 2.

i) There exist exact sequences of functors

Extz(b, ) »Extk(N, ) -0 and
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0-Tori(N, )-Torf(b, ).
i11) For each i>2 we have isomorphisms of functors
Exth(b, )TExty? (N, ) and Torf(b, )=Torf.(N, ).

If in addition, we assume that R is a unique factorization domain then the
ideals a and b can be chosen to be unmixed.

Proof. a) This part follows immediately from Theorem A and Proposition

b) Let N be a finitely generated R-module and (*) 0->M-F;—»Fy,—>N -0
be an exact sequence with the F; free R-module. Then it follows from Pro-
position 2, that M is a reflexive R-module. Then by a) we know that there
exists an exact sequence (**) 0>F—->M—-b-0 with F free and b satisfying 7).

From the exact sequence (*) it follows that Extk(M, ) ~Exti¥*(N, ) and
Torf(M, Y= Tor}z(N, ) for all i>1. While the exact sequence (**) yields
the exact sequences 0->Tori(M, )-Tori(b, ) and Extr(b, ) ->Extk(M, ) -0

and the isomorphisms
Torf (b, )=Torf(M, ) and Exth(b, )~Exti(M, ) for i=>2.

Statements ii) and iii) follow immediately from the above exact sequences and
isomorphisms.

The rest of the theorem now follows trivially from what has just been
established and the second part of Proposition 3.

As immediate consequences of Theorem B, we have the following corolla-

ries:

CoROLLARY 5. Let R be an integrally closed Cohen-Macauley ring. Suppose
the pdg(a) (the projective dimension of o) is finite for every ideal o such that
the ht(p) <2 for each p< Ass(R/a). Then R is a regular ring, i.e. Ry is a

regular local ring for each prime ideal in R.

If, in addition, one assumes that R is a unique factorization domain, then

R is regular if every unmixed ideal of height 2 has finite projective dimension.

CorROLLARY 6. Let R be a regular local ring of dimension d=3. If a is an
unmixed ideal of height 2, then 1< pdra < d—2. Further, given any integer
such that 1<i< d-2, then there exists an unmixed ideal of height 2 such that
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the pdgra =1i.

Proof. The first corollary does not need any explanation. As for the
second corollary we first observe that if a has height 2, then a is not pro-
jective, thus the pda=1. On the other hand since Krull dim R=d=>=3 and a
is unmixed of height 2 <d, then the pdgR/a<d. Thus we see that 1<pda<d—2.

Suppose 1<i<d-2. Then let N be a finitely generated R-module such
that pd N=7¢+2. For instance, we can take N=R/(xi, ..., %i+) where
%, . .., %+ iS an R-sequence of length /+2. Since every regular local ring
is a unique factorization domain, we know by Theorem B, that there exists
an unmixed ideal a of height 2 in R such that Extk(a, ) —>Extk(N, )-0 is
exact and Ext%(a, )xExti'2(N, ) for all j=>2. From this it follows that the
pda=13.

We now give an application of Theorem A in a different direction. Before
stating our concluding main result, we remind the reader of the definition of
a Gorenstein ring. Namely, a ring R is a Gorenstein ring if the inj dimg,Ry
< o for all prime ideals p in R. For instance, a regular ring is a Gorenstein

ring.

TureoreM C. Let R be a Gorenstein ring which is also an integrally closed
domain with the property that the Krull dim Rm =2 for each maximal ideal m
in R. If M is an R-module of finite length, then M can be imbedded in a cyclic
module of finite length which is an essential extension of M.

Before procéeding with the proof of Theorem C we first show that it

suffices to prove the following special case of Theorem C.

TueoreMm C'. Let R be a local Gorenstein ring of dimension n=>2 which is
also an integrally closed domain. If M is an R-module of finite length, then M
can be imbedded in a cyclic R-module of finite length.

Suppose we have established Theorem C' and M and R satisfy the hypo-
thesis of Theorem C. Then there are only a finite number my, ..., ms of
distinct maximal ideals in R containing the annihilator of M. Further, the

13
natural map M- >) M, (direct sum) is an isomorphism and each.Mpm, has
i=1

finite length over Rm,;. Therefore by Theorem C’, we have that each Mm,C
Rum,;/q({)m; where each q(i) is an m;-primary ideal in R. Since each m; is
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maximal in R, we know that Rm,/dm;< R as R-modules. Thus we see that
Mc gR/q;. But since R is the ideal generated by each ¢; and ¢, N+« - NN
<+« N, it follows by the Chinese remainder theorem that the natural map
R/bagR/qx' where b=q, N - -+ Ng is an isomorphism. Thus we have that
MCcC R/b.

Now suppose E(M) is an injective envelope of M and f: R/b—E(M) is an
extension of the identity map on M. Then the Im f is our desired essential
cyclic extension of finite length containing M. Thus we see that in order to
prove Theorem C it suffices to prove Theorem C'. The rest of this paper is
devoted to this task.

From now on we will assume all our rings are local rings. Since the proof
of Theorem C’ depends heavily on the properties of Gorenstein rings, we will
give a brief review of those portions of the theory of Gorenstein rings which
we will need before going on to the proof of Theorem C'. Qur general refer-
ence for these results is [2].

Suppose R is a Gorenstein ring of Krull dimesion # and 0->R->Ey—~> - - -
- Ey—> - -+ is a minimal resolution of . Then by the fundamental theorem
of [2, §1] we have that a) E,=0 for 2>#n;b) E»n<E(R/m) where m is the
maximal ideal in R; ¢) Ex=<~ >E(R/p) where p runs through all prime ideals
of height #.

Suppose M is an R-module of finite length, then we have that Homg(M, E5)
=0 for h<n From this it follows that a) Extxz(M, R) =0 for i<z and b)
Extz(M, R) *Homz (M, E(R/m), a module of finite length. Since it is well
known that the natural map M- Homg(Homz(M, E(R/m), E(R/m)) is an iso-
morphism if M has finite length, it follows that Exth(Exti(M, R), R) =0 for
i<n and Extrx(Ext?(M, R), R)= M.

ProrosiTION 7. Let R be a Gorenstein ring of dimension n. If M is a non-
zero finitely generated R-module such that codhr M =t, then n-t is the maximum
integer i such that Exty(M, R) %0.

Proof. We proceed by induction on #. Suppose #=0. Then there exists
an exact sequence 0— R/m—> M (see Lemma (a)). Since the inj dimeR =, it
follows that the induced map Extk(M, R) »Extz(R/m, R) is an epimorphism.
Since Extz(R/m, R) =Homgz(R/m, E(R/m)) =R/m, it follows that Exti(M,R) =0
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which gives us our desired result when #=0.

Suppose the proposition is true for 0<t<s and suppose codhxM=s. Let
x=m be a non-zero divisor for M. Then we know that the codhgM/sM=s—1.
Therefore we know by the inductive hypothesis that Exti **'(M/xM, R) %0
and Ext;(M/xM, R) =0 for j>n— s+1 From the long exact sequence

. . x . .
« - Exth(M, R) »Ext' (M, R) » Ext'"*(Mx/M, R) > - - -

x
derived from the exact sequence 0 - M - M - M/xM - 0, it follows that

x

Exti(M, R) - Exth(M, R) is an epimorphism for all i=#—s+1. Since x€m
and the Exth(M, R) are finitely generated R-modules, it follows from Naka-
yama’s lemma that Extk(M, R) =0 for all i>=n—s+ 1.

On the other hand, it follows now that the map Exti *(M, R) - Extz **!
(M/xM, R) is an epimorphism. Since Exti:i(M/xM, R) 0, we know that
Ext? *(M, R) =0, which establishes the proposition for #=s and thus completes
the proof of the proposition.

CoroLLARY 8. Let R be a Gorenstein ring of dimension n and let M be a
finitely gemerated R-module. 1If M' is the maximal submodule of M of finite
length, then the natural map Ext" (M, R) -Ext*(M', R) is an isomorphism.

Proof. Consider the exact sequence 0—->M'->M->M"-0. If M"=0, we
are done. If M" =0, then we know that codhrM'" >0 and thus by Proposition

7 that Extz(M", R) =0. Our desired result now follows from the exact sequence
Ext"(M", R) -Ext"(M, R) »Ext*(M', R) 0.

We now return to the proof of Theorem C'. Suppose R and M satisfy the
hypothesis of Theorem C'. Let 0-K—->G->M-0 be an exact sequence of R-
modules with G a finitely generated free R-module. Then by Theorem A we
know that there exists an exact sequence 0—»>F->K-a—-0 with F a free R-
module and a an ideal in R. Since Krull dim R=%=>2, it follows that the
induced map Extz '(a, R) »Ext? (K, R) is an epimorphism. Since it follows
from the exact sequences 0-K-G->M-0 and 0-a-R->R/a—>0 that
Exti(M, R) XExty (K, R) and Exti(R/a, R) ~Exti '(a, R) (remember that
7>2), we obtain an epimorphism Extz(R/a, R) -»Extz(M, R).

Now let a=q:N +++ Ng: be a primary decomposition of a. Since Extx
(R/a, R) »Extz(M, R) -0 is exact and since we may assume that M and thus
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Extz(M, R) are not zero, it follows from Corollary 8 that one of the g; is m-

primary. Let us assume that g, is m-primary. From the fact that R/q; is the

- i
maximal submodule of >)R/a: of finite length, it follows from Corollary 8 that

=1
t ¢

Exti(SIR/ai, R) = Extz(R/a:, R). Therefore the exact sequence 0->R/a—>3)

i=1 =1
R/q; gives us an epimorphism Ext:(R/a;, R) »Extk(R/a, R). Therefore we have
an epimorphism Extk(R/q, R) »Extz(M, R), or what is the same thing, we
have an epimorphism Homg(R/q,, E(R/m)) - Homg(M, E(R/m)). Applying the
exact functor Homg( , E(R/m)) to this epimorphism we obtain the exact
sequence
0 »Homgz(Homz(M, E(R/m)), E(R/m)) -»Homg(Homg(R/q:, E(R/m)), E(R/m)).
By the duality theorem for modules of finite length, we obtain an exact sequence

0->M-R/q. Thus we have shown that M is a submodule of a cyclic module
of finite length. This completes the proof of Theorem C'.

Remark. The fact that the condition the Krull dim R>2 in Theorem C’

is necessary can easily be seen by considering fields and discrete rank one

valuation rings for which the theorem is obviously false.
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