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Connectedness of classes of fields and zero-cycles on
projective homogeneous varieties

Vladimir Chernousov and Alexander Merkurjev

ABSTRACT

We study the Chow group of zero-dimensional cycles for projective homogeneous varieties
of semisimple algebraic groups. We show that in many cases this group has no torsion.

1. Introduction

Let X be a proper scheme of finite type over a field F. A zero-cycle on X is the formal sum ) n;[z;]
where n; € Z and x; are closed (zero-dimensional) points of the variety X. The factor group of the
group of zero-cycles modulo rational equivalence is called the Chow group of dimension 0 and is
denoted by CHp(X). The assignment z — deg(x) extends to the degree homomorphism

deg : CHo(X) — Z.

The image of deg coincides with n(X)Z where n(X) is the greatest common divisor of the degrees
deg(z) = [F(z) : F] over all closed points x € X. We denote the kernel of deg by CHy(X).

The main purpose of this paper is to present a characteristic free uniform method of computing
the group CHo(X) for projective homogeneous varieties of semisimple algebraic groups. The method
is based on the idea of parametrization of fields over which X has a point. We illustrate the
method by proving that in many cases the group CHg(X) is trivial and give examples of varieties
when this group is not trivial. The main results of the paper can be summarized as follows.

Let X be a scheme over F. We denote by A(X) the class of all field extensions L/F such
that X (L) # (. We say that two fields Lo, L; € A(X) of the same degree n over F are simply
X-equivalent if they are members of a continuous family of fields L; € A(X), t € Al of
degree n over F (for a precise definition see §6). We say that L and L’ are X-equivalent if they
can be connected by a chain of fields Ly = L, Lq,...,L, = L’ such that L; and L;,1 are simply
X-equivalent for ¢ = 0,...,r — 1. Furthermore we say that the class A(X) is connected if every
two fields in A(Xg) of degree n(Xg) over E are Xpg-equivalent over any special extension F/F
(see Section 6).

Our first result (Theorem 6.4) asserts that if X is an arbitrary proper scheme over F' such
that the class A(X) is connected and CHy(Xy) = 0 for any field L € A(X), then CHy(X) = 0.
Note that the condition CHg(X 1) = 0 always holds for projective homogeneous varieties X . Thus the
connectedness of the class A(X) for such X implies CHy(X) = 0.

We prove the connectedness of A(X) for various classes of projective homogeneous varieties.
These include: Severi-Brauer varieties, certain generalized Severi-Brauer varieties, quadrics,
involution varieties, and projective homogeneous varieties related to groups of exceptional types
36Dy, Gy, Fy, "2 Eg, E; with trivial Tits algebras. As an application we get that CHo(X) = 0,
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ZERO-CYCLES

i.e. the Chow group CHg(X) is infinite cyclic for all the above-mentioned varieties. We borrow
from [Kra05] the idea of using symplectic involutions in the case of generalized Severi-Brauer
varieties and involution varieties.

Some of our results were known before under certain restrictions on the characteristic of the
ground field F. Triviality of CHo(X) in the case of the Severi-—Brauer variety X = SB(A) was proven
by Panin in [Pan84] if char ' does not divide ind(A). Quadrics over fields of characteristic not equal
to 2 were considered by Swan [Swa89] and Karpenko [Kar91]. The cases of certain generalized Severi—
Brauer varieties and involution varieties were treated by Krashen [Kra05] under the assumption
char ' = 0. Involution varieties of algebras of index at most 2 were considered in [Mer95b] by
the second author under the assumption char F' # 2. Petrov et al. [PSZ05], independently, have
recently shown that CHy(X) = 0 for projective homogeneous varieties X related to groups of types
Go, F4, ' Eg over fields of characteristic 0 with trivial Tits algebras.

The notion of X-equivalence used in this paper as the main technical tool is formulated in terms
of field extensions and discrete valuations, so that we avoid the symmetric power constructions
used in [Kra05] to describe closed points. Flexibility of the notion of X-equivalence allows us not
to impose any characteristic restrictions on F' (except for the trialitarian Dy and Eg, E; where
we assume that the characteristic is not equal to 2 or 3). Another advantage of our method is its
transparency and shortness. Even for those varieties where the result was already known, our proofs
are simpler.

Finally, we remark that most likely our results on algebraic groups of exceptional types are close
to optimal. It looks hopeless to weaken restrictions on Tits algebras and prove that CHgy(X) is
infinite cyclic for larger classes of projective homogeneous varieties of exceptional groups.

At the end of the paper we give two examples of projective homogeneous varieties X with
CHg(X) # 0 related to algebraic groups of types A; + A; + A; and Bs with nontrivial Tits algebras.
Note that our first result is the minimal possible since CHg(X) = 0 for all projective homogeneous
varieties X of dimension at most 2 (see Proposition 4.4).

2. Preliminary facts on algebraic groups

2.1 Parabolic subgroups

Let G be a simple simply connected algebraic group over a field F'. Fix a maximal torus T" C G over
F and a basis A of the root system ¥ = (G, T) of G with respect to T'. Recall that for each subset
S C A one can associate the parabolic subgroup Pg in GG, whose semisimple part is generated by
the corresponding root subgroups UL, of G for all roots a € S. It is defined over a separable closure
Fiep of F' and is called the standard parabolic subgroup of type S. Every parabolic subgroup P in G
over Fgep, is conjugate to a unique standard parabolic subgroup Ps. We say that P is of type S.

Let Xg be the variety of all parabolic subgroups of G of type S. If S is stable with respect
to the so-called x-action of the Galois group Gal(Fgp/F') (see [Tit66]), the variety Xg is defined
over F. It has a rational point if and only if G contains an F-defined parabolic subgroup of type S.
If Xg(F) # 0, then we say that Xg is isotropic.

2.2 Tits indices

Recall [Tit66] that given G one can associate a geometric picture called the Tits index of G.
It comsists of the corresponding Dynkin diagram of G with some vertices circled. The set Sy
of uncircled vertices corresponds to an F-subgroup of G called a semisimple anisotropic kernel.
This subgroup is the semisimple part of the centralizer C(T}) where T3 C G is a maximal F-split
subtorus in G. All maximal F-split subtori are conjugate over F. Hence a semisimple anisotropic
kernel of G is defined uniquely up to conjugation.
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All vertices in the Tits index of G are circled if and only if GG is quasi-split over F', and none
of them is circled if and only if G is F-anisotropic. The last occurs if and only if G contains no
nontrivial F-split subtorus.

Let S be stable with respect to the x-action of Gal (Fyp/F'). Then the variety Xg of parabolic
subgroups in G of type S is defined over F' and it has a rational point if and only if S contains
the subset Sy of all uncircled vertices. Hence an F-defined parabolic subgroup P C G of type S is
minimal if and only if S = Sj; in particular all minimal parabolic subgroups in G have the same
type and they are conjugate over F'.

2.3 Basic types

We say that S is a basic type for G if there is a form H of G over a field extension L/F such that
H is L-isotropic and its minimal parabolic subgroups have type S. In other words, a type S is basic
if in the classification table [Tit66] of Tits indices there is one whose set of all uncircled vertices
coincides with S.

3. Strongly inner forms

One knows that G is a form of a quasi-split simply connected group Gy, i.e. there exists a cocycle
€ € ZY(F,Aut Gp) such that G is isomorphic over F' to the twisted group ¢Gp. One says that G is
of the same inner type as Go or an inner form of Gy if the class [¢] is contained in Im [H!(F,Go) —
H(F, Aut Gy)] where Gy = Go/Z is the corresponding adjoint group and Z C Gy is the center
of G. Otherwise G is an outer form of Gy. One says that G is a strongly inner form of Gg if [£] is
contained in Im [H*(F,Go) — H'(F, Aut Go)].

Remark 3.1. The notion of strongly inner forms was first introduced by Tits in [Tit90].

For future reference we need some structure facts on strongly inner forms of a quasi-split simple
simply connected group Go. In what follows ¢ € ZY(F,Gy) and G = ¢Gj is the corresponding
strongly inner form of Gj.

3.1 Quasi-splitness criterion
LEMMA 3.2. The group G is quasi-split if and only if [{] = 1.

Proof. Let G be quasi-split. Since H'(F, Aut Gy) classifies all forms of Gy,
[€] € Ker[H'(F,Gy) — H'(F, Aut Gy)].

The group Aut Gy is the semi-direct product of the adjoint group Gy and the automorphism group
Aut D of the Dynkin diagram D of Gy. It follows that Aut Go(F) — Aut D(F) is surjective, hence
the mapping H'(F,Go) — H 1_(F , Aut Gy) has trivial kernel. This implies that [] is contained in the
kernel of HY(F,Gy) — H'(F,Gy). Consider now an exact sequence 1 — Z — Gy — Go — 1. It gives
rise to an exact sequence
HY(F,Z) — HY(F,Go) — H'(F,G).

It follows that & up to equivalence takes values in Z. As Gy is simply connected and quasi-split,
it contains a maximal quasi-split torus 7" C Gg. Since Z C T and HY(F,T) = 1, by Hilbert’s
theorem 90, the result follows. ]

3.2 Application of Steinberg’s theorem

Let C1 C G be a maximal F-split torus. The centralizer C(C}) is a reductive group over F
whose central torus C' contains ;. Note that if G is split, we have C' = (4. However in the
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general case C' # C;. The semisimple part H = [Ce(C1),Cq(Ch)] of Cg(Cq) is an F-anisotropic
simply connected group, not necessarily simple. Its Tits index coincides with the subindex of G
generated by uncircled vertices. The group C(C1) is an almost direct product of H and C,i.e. HNC
is a finite central subgroup of H and Cq(C1) = H - C.

THEOREM 3.3. Assume that H'(F,C/H N C) = 1. Then H is a strongly inner form of a quasi-split
simply connected group Hq over F.

Proof. Let Co C H be a maximal torus over F' and let T'= C - Cs. By dimension count, 7" is a max-
imal torus in G over F'. It easily follows from arguments contained in [Ste65, §10] (see also [PR94,
Propositions 6.18 and 6.19, pp. 338-339]) that there is an F-embedding ¢ : T — Gy such that the
class [¢] is contained in Im [H(F,T) — H'(F,Gy)]. Since CNH = CNCy and H*(F,C/CNH) =1,
the mapping H(F,Cs) — H'(F,T) is surjective. Thus, up to equivalence, we may assume that ¢
takes values in C5.

The centralizer C,(C1) is a reductive F-subgroup in Gy and from the construction of ¢ (see the
proof in [PR94, Proposition 6.18, p. 339]) it follows that Cg,(C) and C(C1) are isomorphic over
Fyep. Hence their semisimple parts Hy and H are isomorphic over Fiep. As all maximal F-split
tori in G are conjugate, Cg,(C1) (and hence Hy = [Cq,(C1),Cq,(C1)]) is a quasi-split group.
By construction Hy contains Co, hence & can be viewed as an element in Z!(F, Hy) and then clearly
we have H ~ ¢H,. O

3.3 Groups isotropic over a quadratic extension

Assume that F' is infinite and perfect. Let L/F be a quadratic extension making G isotropic.
We denote the generator of Gal(L/F) by o. If P C G is an L-defined standard parabolic subgroup
of type S C A, we denote by P~ the opposite parabolic subgroup (it is generated by root subgroups
U_oy, € A\S, and Uy,, a € S). The class P of parabolic subgroups conjugate to P is called
self-opposite if it contains P~. Clearly, P N P~ is a reductive part of P.

LEMMA 3.4. IfP is self-opposite, then it contains an L-parabolic subgroup @@ € P such that QNo(Q)
is a reductive part of Q.

Proof. See [PR94, Lemma 17/, p. 383]. O

4. Comparison of two homogeneous varieties

PROPOSITION 4.1. Let X be a scheme over F' and Y be a projective homogeneous variety over
F such that Yp(,) is isotropic for every x € X. Then the projection f : X X Y — X induces an
isomorphism f, : CHo(X xY) — CHy(X).

Proof. Consider the spectral sequence [Ros96, § 8]
E;,q = H Ag(Ye(a), Kp) = Apiqg(X XY, Ko)
zEX(p)

for the projection f, where A,(X x Y, K,) are the K-homology groups defined in [Ros96]. It gives
an exact sequence

Ely L Ely— CHy(X xY) =0,
We shall identify the terms E}%O. It is proven in [CGMO05, Theorem 7.5] that the Chow motive of
the isotropic variety Yp(,) is isomorphic over F'(z) to a direct sum of the motive Z and twisted

motives of the form Z(r) for some projective homogeneous variety Z and r > 0. By the dimension
consideration, Ag(Z(r), K,) = A_(Z, Kp4r) = 0, hence

Ao(Yp(z), Kn) = Ao(Spec F(z), K,) = K F(z),
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where the isomorphism is the push-forward map with respect to the structure morphism Yp(,) —
Spec F'(z). Thus

Eno= [ KuF(w),
IEX(n)
and therefore CHy(X x Y') = Coker(d) ~ CHy(X). O

COROLLARY 4.2. Let X and Y be two projective homogeneous varieties over F' such that each of
them is isotropic over the residue field of every point of another. Then CHy(X) ~ CHy(Y) and

Taking Y = Spec I in Corollary 4.2 we get the following result.

COROLLARY 4.3. Let X be an isotropic projective homogeneous variety. Then CHy(X) = 0.

Let X be a variety over a field F'. Consider the Brown—Gersten—Quillen spectral sequence
EyT = AP(X, K_g) = K_p—¢(X), (4.1)

where AP(X, K_,) is the K-cohomology group and K, (X) is the K-group of X (see [Qui73, §7]).
If X is projective, the group Eg’_l = A% X, K1) of regular invertible functions on X is equal
to K1(F) = F*. Since the composite K;(F) — K(X) = A%X,K;) is the identity, the edge
homomorphism e is surjective. In particular, all the differentials going from E>7 are trivial. If d =
dim X < 2, all differentials coming to Ef’_d are trivial; in particular, the edge homomorphism
e : CHy(X) — Ko(X) is injective.

If X is projective, the degree homomorphism for CHy(X) is the composition

CHo(X) % Ko(X) £ Ko(Spec F) = Z,
where f, is the push—forward&momorphism with respect to the structure morphism f : X —
Spec(F). Therefore, Ker(e) € CHy(X). If X is a projective homogeneous variety, the group Ko (X) is
torsion free (see [Pan94]), hence CHy(X) C Ker(e') since CHp(X) is a torsion group. Thus CHy(X) =
Ker(e’). In particular we have proven the following proposition.

ProprosiTION 4.4. Let X be a projective homogeneous variety of dimension at most 2.
Then CHy(X) = 0.

4.1 Reduction to a basic type

Let G be a simple simply connected group over F'. We fix a maximal torus T' C G over F', the
corresponding root system ¥ = X(G,T), a basis A C ¥ and a subset S C A. Consider the variety
Xg of parabolic subgroups in G of type S. Let L = F(Xg) be the field of rational functions of Xg.
Since Xg(L) # 0, there is an L-defined parabolic subgroup P in G of type S. It contains a minimal
parabolic subgroup P’ C P of G over L whose type S’ is a subset in S.

PROPOSITION 4.5. There are canonical isomorphisms CHy(Xg) ~ CHg(Xg/) and CHo(Xg) =~
CHo(Xg/).

Proof. We show that Xg and Xg satisfy the conditions of Corollary 4.2. As S’ C S, there is a
natural map f : Xg» — Xg over F. Therefore Xg is isotropic over F(z') for every 2’ € Xg.

Conversely, let z € Xg and set £ = F(z). The set S’ consists of all uncircled vertices of the Tits
index of G over F(X). Therefore S” contains all uncircled vertices of the Tits index of G over E(X).
Since E(X)/FE is purely transcendental, and the Tits index does not change under such extensions,
the set S’ contains all uncircled vertices of the Tits index of G over E, i.e. Xg/(E) # 0. O
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Remark 4.6. The previous proposition allows us to consider basic subsets S C A only while
computing CHp(Xg). In fact we have proved even more: it is sufficient to compute CHy(Xg) for
those basic subsets S that appear as sets of uncircled vertices of the Tits indices of G over all field
extensions L/F. Hence we can ignore a basic type S if it corresponds to an anisotropic kernel of a
form H of G which is not strongly inner.

5. Special fields

Let p be a prime integer. A field F' is called p-special if the degree of every finite field extension of
F is a power of p. We say that F' is special if F' is p-special for some p. The following properties
of special fields follow directly from the definition.

(i) An algebraic extension of a p-special field is p-special.

(ii) For every field F' and every prime p there is an algebraic field extension F),/F such that the
field F,, is p-special and the degree of any finite subextension L/F of F,,/F is prime to p.

If X is a scheme over a p-special field F', then n(X) is a power of p and there is a closed point
x € X such that degz = n(X).

The following statement reduces the problem of computing CHy(X) to the case of schemes over
p-special fields.

LEMMA 5.1. Let X be a proper scheﬁ over F. Assume that for any p-special field extension L/F,
the group CHo (X)) is trivial. Then CHo(X) = 0.

Proof. Let a € CHo(X) and fix a prime integer p. As the image of a in CHy(Xp,) is trivial, a is
trivial over some finite subextension L/F in F,/F. Applying the push-forward homomorphism with
respect to the morphism X7 — X, we get [L : F|-a = 0. In particular, the order of a is not divisible
by p. Since this holds for every prime p, we have a = 0. ]

The following statement enables us to consider only closed points of minimal degree.

LEMMA 5.2. Let X be a proper scheme over a p-special field F. Assume that for any finite field
extension L/F, every two closed points of X, of the smallest degree n(Xp) are rationally equivalent.
Then CHy(X) = 0.

Proof. Let x be a closed point of X of the smallest degree p® = n(X) and let y be a closed point of
X of degree p°. We claim that [y] = p*~%[z] in CHp(X).

We shall prove the claim by induction on p® = deg(y). We may assume that p® > p®. Choose an
intermediate field F C L C F(y) such that [L : F] = p and a point 3 € X, over y of degree p*~1.
Note that n(Xr) divides n(X) and n(X) divides p - n(Xr). Therefore we have the following two
cases.

Case 1: n(Xp) = n(X) = p®. Then there is a point 2’ € X, over x of degree p®. By the induction
hypothesis applied to X, [y/] = p*~17[2] in CHy(X[). Taking the push-forward homomorphism
with respect to f: X1 — X we get

] = fe(ly']) = 2" L)) = 0" p o] = PO
Case 2: n(Xy) = p®1. Choose a closed point 2/ € X}, of degree p®~! and denote by z its image
in X. The degree of z is p%; in particular, [z] = [z] in CHy(X). By the induction hypothesis applied
to Xz, [y] = p®V==D[2] in CHy(Xy). Therefore

] = fo([y]) = p D@V () = P70 L] = B[]
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The claim is proven. It follows that every zero-cycle a on X is equivalent to m[z]| for some m € Z.
If deg v = 0, then m =0, i.e. @« =0 in CHp(X). O

6. Equivalences of field extensions

Let F' be a field and let A be the class of all field extensions of F. For any subclass B C A and
every field L € A we write By, for the subclass of B of all fields containing L. Let n(B) denote the
greatest common divisor of the degrees [E : F] over all fields E' € B of finite degree over F. (We set
n(B) = 0 if B has no finite degree extensions.) In particular, n(A) = 1. If F' is p-special then n(B)
is a power of p or 0, and if n(B) > 0 then there is a field E € B such that [E : F] = n(B).

For every a € F, let v, be the discrete valuation of the rational function field F(t) over F
corresponding to the irreducible polynomial f(t) =t — a.

Let B C A be a subclass of field extensions of F. Two fields L and L' in B of the same
degree n over F are called simply B-equivalent if there is a degree n field extension E/F(t) such
that E € B and two discrete valuations of E over vy and vy with residue fields isomorphic to L and
L' respectively over F. Two fields L and L' in B are called B-equivalent if there is a chain of fields
Lo=L,Ly,...,L. =L"in B such that L; is simply B-equivalent to L; 1 for all i =0,1,...,r — 1.

Note that if two fields L and L’ in B contain a common subfield K € A, i.e. L, L' € Bk, then
L ~p, L' implies L ~g L'.

Let X be a scheme of finite type over F. Denote by A(X) the class of all fields E € A such that
X(E) # 0. The number n(A(X)) coincides with n(X), and A(X)-equivalent fields will be called
X -equivalent.

Ezample 6.1. In the notation of Proposition 4.5 the classes A(Xg) and A(Xg/) coincide.
We shall need the following result.

LEMMA 6.2. Let X be a proper scheme of finite type over F' such that CHy(Xy) = 0 for any field
L € A(X) (e.g. X is a projective homogeneous variety by Corollary 4.3). Let x and x’ be two
closed points of X such that residue fields F(x) and F(z') are isomorphic over F. Then [x] = [2/]
in CH()(X)

Proof. Let L = F(x). By assumption there are rational points y and 3’ of X over x and 2’
respectively. As [y] = [¢] in CHo(X1), taking the push-forward homomorphism with respect to
X1 — X we get [2] = fu([y]) = fo(Iy]) = ') O
LEMMA 6.3. Let X be a proper scheme of finite type over F such that CHy(Xy) = 0 for any field
L € A(X). Let x and 2’ be two closed points of X of degree n(X) such that residue fields F(x) and
F(a') are X-equivalent. Then [z] = [2/] in CHy(X).

Proof. We may assume that F(x) and F(z') are simply X-equivalent. Let E be the field exten-
sion of F(t) of degree n = n(X) in the definition of the simple equivalence between F(z) and
F(z"). We have the dominant morphism Spec E — Spec F(t) — P}. Since E € A(X), there is a
morphism Spec E — X over F. Denote by C the closure of the image of the diagonal morphism
Spec E — X X IP’};. Thus C' is an integral proper curve with a surjective morphism f : C' — IP’},.
By assumption there are two discrete valuations v and v’ of E over the valuations vy and vy of
F(t) respectively. Let v and v" dominate points ¢ and ¢ on C respectively, so that f(c¢) = 0 and
f(d) = 1. Note that the residue field of ¢ is isomorphic to a subfield of the residue field of v, which
in its turn is isomorphic to the field F(z) of degree n over F. On the other hand, C' C X x ]P’};,
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hence n(C) > n(X) = n. Therefore, c is a closed point of degree n, f~'(0) = Spec F(c) and
F(c) ~ F(x). Similarly, f~1(1) = Spec F(¢/) and F(c) ~ F(2').

The morphism f is flat, hence [c] = f*([0]) = f*([1]) = [¢] in CHy(C'). Consider the projection
g:C — X.Let z = g(c) and 2/ = g(¢). As F(z) is isomorphic to a subfield of F'(¢) and n(X) = n, we
have F(z) ~ F(c) ~ F(z). Similarly F(z') ~ F(c) ~ F(2'). Therefore, [z] = g.([c]) = g:([¢]) = [¢/].
By Lemma 6.2, [z] = [z] = [/] = [2/]. O

A class B C A is called connected if for any special field E € A every two fields in Bg of degree
n(Bg) over E are Bg-equivalent. For example, the whole class A is connected, and therefore for
every X with X (F') # 0 the class A(X) = A is connected.

THEOREM 6.4. Let X be a proper scheme of finite type over F such that CHo(Xy) = 0 for any field
L € A(X). Suppose that the class A(X) is connected. Then CHy(X) = 0.

Proof. By Lemma 5.1 we may assume that F'is p-special for some prime p. It follows from Lemma 6.3
that, for any finite field extension L/F', every two closed points of X7, of degree n(Xy) are rationally
equivalent. By Lemma 5.2, CHy(X) = 0. O

7. Severi—Brauer varieties

Let A be a central simple algebra of degree m over a field F' and let X be the corresponding Severi—
Brauer variety of right ideals of A of dimension m (see [KMRT98, §1]). The variety X is projective
homogeneous of the group SLj(A) of type S = {aa, ..., ay,—1} where simple roots aq,. .., @1 of
the Dynkin diagram A,,_1 are numbered as follows:

a1 Q2 Am—1

Here m — 1 is the rank of SLq(A). A field extension L/F belongs to A(X) if and only if the algebra
A = A®p L is split. In particular n(X) = ind(A). If A is split, i.e. A = End(V) for some vector
space V', the Severi-Brauer variety X is the projective space P(V).

Let D be a (unique up to isomorphism) central division algebra F-algebra Brauer equivalent
to A. Every maximal subfield of D has degree n = n(X) over F' and it is a splitting field for D and
A and it belongs to A(X). Conversely, every field in A(X) of the smallest degree n is isomorphic
over F' to a maximal subfield of D [Her94, §4.4].

For every element d € D denote by Prd; = Prdg(s) € F[s] the reduced characteristic polynomial
of d. The polynomial Prd; is monic of degree n and Prdy is irreducible if and only if d generates a
maximal subfield of D. In this case F'(d) ~ F[s]/(Prdy).

Recall that a finite field extension L/F is called simple if L is generated over F' by one element.
In particular every separable finite extension is simple.

LEMMA 7.1. Let L C D be a simple maximal subfield and let d € D. Then there is a maximal
subfield K C D containing d such that L ~x K.

Proof. We have L = F(a) for some a € D. In particular the polynomial Prd, is irreducible.
Consider the element ¢ = td+(1—t)a € D]t] and its reduced characteristic polynomial Prd. € F'[s, t].
Note that Prd.(s,0) = Prd, and Prd.(s,1) = Prdg. In particular Prd,. is irreducible monic in s.

Set R = F[s,t]/(Prd.). Since Prd, is irreducible, R is a domain. The quotient field F of R is the
maximal subfield of Dy generated by ¢ and therefore belongs to A(X). Let @ be the principal
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ideal of R generated by t. The factor ring R/Q) is isomorphic to F[s]/(Prd,) ~ L. In particular, @
is a maximal ideal of R. As the localization Rq is a Noetherian local domain of dimension 1 with
principal maximal ideal, R is a discrete valuation ring. The corresponding discrete valuation of £
with residue field L restricts to vy on F\(t).

Let v be a discrete valuation of E restricting to v;. Since R is integral over F[t], R is contained
in the valuation ring O of v. As R/(1 —t) = F|s]/(Prds) and Prdy is a power of the minimal
polynomial A = h(s) of d, the intersection of R with the maximal ideal of O is generated by 1 — ¢
and h. In particular residue field K of O contains F[s]/(h) = F(d).

On the other hand, since X is proper, a morphism Spec E — X extends to SpecO — X.
Therefore K contains F'(z) for some z € X. But [K : F| < [E : F(t)] = n, therefore K = F(z) and
[K : F] =n. Thus K is isomorphic to a maximal subfield of D containing d and L ~x K. 0

THEOREM 7.2. Let A be a central simple F-algebra and let X be the Severi-Brauer variety SB(A).
Then the class A(X) is connected.

Proof. 1t is sufficient to show that every two maximal subfields of D are X-equivalent. We proceed
by induction on deg D and may assume that deg(D) > 1. Choose a separable maximal subfield L
of D. It is sufficient to show that L is X-equivalent to any maximal subfield £ C D. Choose an
element d € E\F. By Lemma 7.1, L ~x K for some maximal subfield K containing d. Let M = F(d)
and consider the centralizer D’ of M in D. The fields F and K are maximal subfields of D’. By the
induction hypothesis, K ~x,, E and therefore K ~x E. Finally, L ~x K ~x E. O

Theorem 6.4 yields the following corollary.

COROLLARY 7.3 (cf. [Pan84]). Let X be a Severi-Brauer variety. Then CHo(X) = 0.

8. Generalized Severi—Brauer varieties

Let A be a central simple F-algebra of degree m. Denote by X = SB(2, A) the generalized Severi—
Brauer variety of right ideals of A of dimension 2m (see [KMRT98, §1]). It is a projective homo-
geneous variety of the algebraic group SLi(A) of type S = {a1,as,...,a,—_1} where simple roots
are numbered as in §7. A field extension L/F belongs to A(X) if and only if ind Ay, < 2. If A4 is
split, i.e. A = End(V) for some vector space V, the variety SB(2, A) is the Grassmannian variety
of planes in V.

If the index of A is odd, then a field extension L/F belongs to A(X) if and only if L splits A.
Therefore the class A(X) coincides with A(SB(A)). Hence the class A(X) is connected, by
Theorem 7.2.

Suppose now that ind A = 2n is even. We have n(X) = n. Let D be a central division F-algebra
of degree 2n Brauer equivalent to A. In particular A(X) = A(SB(2, D)). Every finite extension of
F of degree n in A(X) is isomorphic to a subfield of D and conversely every subfield of D of degree n
is contained in A(X).

Suppose that D has a symplectic involution o. Denote by Symd(D, o) the subspace of D of
all elements d + o(d) for d € D. The characteristic polynomial of an element a € Symd(D, o)
is the square of the monic pfaffian characteristic polynomial Prp,(s) of degree n (see [KMRT9S8,
Proposition 2.9]). In particular, [F'(a) : F] < n; moreover the polynomial Prp,(s) is irreducible if
and only if [F(a) : F] = n.

LEMMA 8.1. For any subfield K of D of degree n there is a symplectic involution T of D such that
K C Symd(D, 7).
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Proof. The centralizer @ of K in D is a quaternion algebra over K. By [KMRT98, Theorem 4.14],
the canonical involution of () can be extended to a symplectic involution 7 on D. Choose an element
y € @ such that y + 7(y) = 1. Then x = xy + 7(zy) for every x € K, i.e. K C Symd(D, 7). O

LEMMA 8.2. Let o and T be two distinct symplectic involutions on D and let L be a simple subfield
of Symd(D, o) of degree n. Then the following hold.

(i) There exists a subfield K of D of degree n such that L ~x K and K N Symd(D, ) contains a
nonconstant element.

(ii) For every d € Symd(D, o) there exists a subfield K of D of degree n such that d € K and
L~x K.

Proof. Let L = F(a) for some a € Symd(D, o).

(1) Choose b € D* such that o = Int(b) o 7 [KMRT98, Proposition 2.7]. We have ba €
Symd(D, 7). Replacing a by a 4 1 if necessary we assume that ba # F.

Consider the element ¢ = ¢ + (1 — ¢)b € DI[t] and the involution o; = Int(c) o op) on Dp.
Then ca € Symd(Dp),0¢). The pfaffian characteristic polynomial Prp,, belongs to F'[s, t]. We have
Prp.,(s,0) = Prp, and Prp,(s,1) = Prp,; in particular Prp., is irreducible. Considering the
quotient field E of the factor ring F[s,t]/(Prp,,) as in the proof of Lemma 7.1, we find two discrete
valuations of E over v; and vy respectively with residue fields isomorphic to L and a subfield K of
D containing the nonconstant element ba. Thus L ~x K.

(2) Let E be the degree n subfield of Dpqy generated by ta + (1 —t)d. As in the proof of

Lemma 7.1 we see that there are two discrete valuations of E with residue fields L = F(a) and K
respectively, where K is a subfield of D of degree n and d € K. O

THEOREM 8.3. Let X be the generalized Severi—Brauer variety SB(2, A) of a central simple algebra
A of exponent not divisible by 4. Then the class A(X) is connected.

Proof. By definition of connectedness we may assume that F is a p-special field. If p is odd we
already know that the class A(X) is connected. Thus we may assume that p = 2, exp(4) = 2 and
ind(A) = 2n is even. By [KMRT98, Theorem 3.8], the algebra A has a symplectic involution.

We use the notation above. It is sufficient to show that every two subfields of D of degree n are
X-equivalent.

Let L and E be subfields of D of degree n. We may assume that L/F' is separable (see [Tit68,
Proposition 5]) and therefore is simple. We prove that L ~x E by induction on n. By Lemma 8.1,
we can choose symplectic involutions o and 7 of D such that L C Symd(A4, o) and E C Symd(A4, 7).

Case 1: 0 = 7. Choose an element d € E \ F. By Lemma 8.2(2), there is a subfield K of D of
degree n containing d such that L ~x K. Let D’ be the centralizer of M = F(d) in D. By the
induction hypothesis applied to D" with the involution 7|ps we have K ~x,, E, therefore K ~x E
and L ~ X K~ X E.

Case 2: 0 # 7. By Lemma 8.2(1), there exists a subfield K of D of degree n such that L ~x K and
K N Symd(D, T) contains a nonconstant element d. Choose a subfield H C Symd(D, 7) of degree n

containing d. Let D’ be the centralizer of M = F(d) in D. By the induction hypothesis applied to
D', K ~x,, H and therefore K ~x H. By the first case, H ~x E, hence L ~x K ~x H ~x E. O

COROLLARY 8.4 (cf. [Kra05]). Let X be the generalized Severi-Brauer variety SB(2, A) of a central
simple algebra A of exponent not divisible by 4. Then CHy(X) = 0.
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9. Quadrics

Let ¢ be a quadratic form on an F-vector space V of finite dimension. Denote by X the
projective quadric hypersurface in P(V') defined by the equation ¢ = 0. If X is smooth, it is
a projective homogeneous variety of the special orthogonal group O™ (q) of type S = {2, ..., am}
where simple roots aq, ... ay, of the Dynkin diagrams D,,, and B,,, are numbered as follows:

a1 Qo Qo Qm—1 a1 Qo Qp—1 Oy
Qm

Here the first and second diagrams correspond to the cases dimV = 2m and dimV = 2m + 1
respectively.

The quadric X has a rational point if and only if ¢ is isotropic. If ¢ is anisotropic, then n(X) = 2
by Springer’s theorem.

Ezample 9.1. Let g be a nonzero two-dimensional quadratic form. Then we have dim X = 0; more-
over X = Spec Cy(q); where Cy(q) is the even Clifford algebra of ¢q. The form ¢ is nondegenerate
(respectively anisotropic) if and only if Cy(gq) is an étale quadratic F-algebra (respectively a
quadratic field extension of F').

THEOREM 9.2. The class A(X) for a projective quadric X is connected.

Proof. We may assume that ¢ is anisotropic. Let L/F be a quadratic field extension making ¢
isotropic and let z € X be a point with F(z) ~ L. Let {1,a} be a basis of L over F' and let
w=u-+ av, u,v € V, be an isotropic vector in V7. Then w € Uy, where U is the two-dimensional
subspace of V spanned by v and u. Moreover, by Example 9.1, F(z) ~ Cy(q|v)-

Conversely, if U C V is a two-dimensional subspace, then
X NP(U) = Spec F(z) ~ Spec Cy(q|v),

where x is a closed point of degree 2. Thus it is sufficient to show that for every two two-dimensional
subspaces U and U’, the quadratic field extensions L = Cy(¢|y) and L' = Cy(q|y) are X-equivalent.
We may assume that U N U’ # 0.

Let {v,u} and {v,u'} be bases of U and U’ respectively. Consider the F'[t]-submodule W of
Vi generated by v and tu + (1 — t)u’. Let R = Co(qrpylw)- The quotient field E of R belongs to
A(X). Since R/(t) = L' is a field, the principal ideal @ generated by ¢ is maximal. Therefore the
localization Rg is a Noetherian local domain of dimension 1 with principal maximal ideal, i.e. Rg
is a discrete valuation ring. The corresponding discrete valuation of E with residue field L’ restricts
to vg on F'(t). Similarly, there is a discrete valuation of E with residue field L restricting to vy,
i.e. L and L' are simply X-equivalent. O

COROLLARY 9.3 (cf. [Kar91, Swa89]). Let X be a smooth projective quadric. Then CHy(X) = 0.

10. Involution varieties

Let A be a central simple algebra of degree 2m with a quadratic pair (o, f), where o is an involution
on A of the first kind and f : Sym(A, o) — F is a linear map satisfying certain properties [KMRT98,
§5.B]. If A is split, i.e. A ~ End(V) for a 2m-dimensional vector space V over F, the space
Sym(A, o) is identified with the subspace of symmetric elements in V @ V and f(v®v) = ¢q(v) for
a nondegenerate quadratic form g on V.
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Consider the morphism
¢ : SB(A) — P(Sym(A4, o))

taking an ideal I in A to the (one-dimensional) subspace I - o(I) of Sym(A, o) [KMRT98, p. 122].
Let W = Ker(f). The inverse image X = ¢ !P(W) is called the involution variety of the quadratic
pair. Thus X is a hypersurface in the Severi-Brauer variety SB(A). In the split case as above, X is
a smooth projective quadric hypersurface in P(V') given by the quadratic form ¢. In other words,
X is a twisted form of a projective quadric. It is a projective homogeneous variety of the special
orthogonal group O (4,0, f) (see [KMRT98, §26]) of type S = {as, ..., am}, where S is the subset
of vertices of the Dynkin diagram D,,. In fact, any twisted form of a smooth projective quadric is
isomorphic to an involution variety.

If A is not split, then ind A is even. Consider the case ind(A) = 2. Let @ be a quaternion division
algebra Brauer equivalent to A. Then A ~ Endg(V') for some right Q-module V. The Severi-Brauer
variety SB(A) can be identified with the variety Pg(V') of reduced rank 1 @-submodules in V.
Note that for any Q-submodule U C V' of rank 1, the subvariety Pg(U) of Po(V') is a conic curve.
Then either the conic Pg(U) is contained in X or the intersection of Pg(U) with X is a point of
degree 2. Therefore n(X) = 2.

THEOREM 10.1. Ifind(A) = 2 then the class A(X) is connected.

Proof. As n(X) = 2 it is sufficient to show that every two closed points z and 2’ of degree 2 in X
are X-equivalent. By [Mer95b, Lemma 1], there are )-submodules U C V and U’ C V of rank 1
such that z € Po(U) and 2’ € Pg(U’). In fact F(z) and F(z') are isomorphic to the even Clifford
algebras of the restrictions of the quadratic pair to U and U’ respectively. Let v and v’ be nonzero
vectors of U and U’ respectively. Consider w = tv 4 (1 — t)v" € Vi and let W = Q[t]w. Let R be
the even Clifford algebra of the restriction of the quadratic pair (o, f) ® F[t] on W. As in the proof
of Theorem 9.2 we see that the quotient field E of R is a quadratic extension of F'(t) equipped with
two discrete valuations over vy and vy respectively and residue fields isomorphic to F(z) and F(z'),
i.e. F(x) and F(2') are simply X-equivalent. O

Consider the general case when ind(A) = 2n. Assume that F' is a 2-special field. We claim that

n(X) = 2n. Indeed, n(X) > 2n since X is a hypersurface in SB(A) and n(SB(A)) = 2n. On the
other hand, choose a field extension K/F of degree n such that ind Ax = 2. As n(Xg) = 2, we
conclude that n(X) < 2n.

Set Y = SB(2,A). We know that n(Y') = n.

LEMMA 10.2. Let yo and y; be two closed points of Y of degree n such that F(yo) and F(y;) are
simply Y -equivalent. Then there exist points zo and x1 of X of degree 2n such that F(xo) and
F(z1) are simply X-equivalent and F(y;) is isomorphic to a subfield of F(x;) for i =0, 1.

Proof. Let E/F(t) be an extension of degree n such that Y (E) # () and let w;, i = 0,1, be two
discrete valuations of E over the valuations v; of F(t) with F(w;) ~ F(y;).

Since ind Ay = 2, there is a quadratic field extension K/FE such that X (K) # . Let u; be a
discrete valuation of K extending w; and let L; be the residue field of w;. As X is projective,
a morphism Spec K — X factors through a morphism Spec O; — X, where O; is the valuation ring
of u;. In particular X (L;) # 0, therefore

2n=[K : F(t)] > [L; : F] > n(X) = 2n.

Hence there is a closed point z; € X of degree 2n with F(z;) ~ L;. Note that Ly and L; are simply
X-equivalent and F(y;) ~ F(w;) C L;. O
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THEOREM 10.3. Let A be a central simple algebra of even degree with a quadratic pair and let X
be the corresponding involution variety. Then the class A(X) is connected.

Proof. We may assume that F is p-special. If p # 2, then X (F') # () and the class A(X) is connected.
Let F be a 2-special field. If A splits, then X is a smooth projective quadric, and the result follows
from Theorem 9.2. Thus we may assume that ind A = 2n for some n > 1.

Let x and 2’ be two closed points of X of degree 2n. We would like to show that F(x) and
F(2") are X-equivalent. As F' is 2-special, we can choose closed points y and 3’ € Y of degree n
such that F(y) C F(z) and F(y') C F(2'). By Theorem 8.3, F(y) and F(y') are Y-equivalent,
i.e. there are closed points yo = y,y1,...,yr = y of degree n such that F(y;) and F(y;4+1) are
simply Y-equivalent for ¢ = 0,...,7 — 1. By Lemma 10.2 applied to each pair (y;,y;+1) there
are closed points z, ;41 of X of degree 2n such that F(z}) and F'(z;41) are simply X-equivalent
and F(y;) C F(x7), F(yit1) C F(wit1).

For convenience set xyp = z and ] = z’. For every i = 0,...,r, the fields F(z;) and F(x})
contain F'(y;). The index of A over F(y;) is equal to 2. By Theorem 10.1, the fields F(z;) and
F(z}) are X F(y,)-equivalent, and therefore are X-equivalent. Finally we have

F(x) = F(xo) ~ F(25) ~ F(x1) ~ F(}) ~ -+ ~ F(x,) ~ F(x) = F(2). -

T

COROLLARY 10.4 (cf. [Kra05]). Let A be a central simple algebra of even degree with a quadratic
pair and let X be the corresponding involution variety. Then CHy(X) = 0.

11. Cayley—Dickson and Jordan algebras

Let C be a Cayley—Dickson algebra over F. Denote by N the norm form of C' given by N(z) =
xT, where  — Z is the canonical involution of C. It is known [KMRT98, Proposition 33.18,
Theorem 33.19] that N is a 3-fold Pfister form, and C is split if and only if N is split.
Therefore, Theorem 9.2 applied to the quadric given by N yields the following result.

THEOREM 11.1. The class of splitting fields of C is connected.

Remark 11.2. One can give a direct proof of Theorem 11.1 along the lines of the proof of Lemma 7.1
using the fact that a quadratic field extension of L/F splits C' if and only if L can be embedded
into C.

Let J be an exceptional simple 27-dimensional Jordan algebra over a field F' of degree 3 arising
from the first Tits construction [Jac68, ch. IX, § 12]. Recall that there is an associated central simple
F-algebra A of degree 3 and an element a € F*. The algebra J is split if and only if a is a reduced
norm for A.

THEOREM 11.3. Let J be an exceptional simple 27-dimensional Jordan algebra over a 3-special field
I of degree 3 arising from the first Tits construction. Then the class of all splitting fields of J is
connected.

Proof. We may assume that J is not split. Therefore for the class B of all splitting fields of J we
have n(B) = 3. Let L and L’ be two cubic extensions of F splitting J. We shall show that L ~g L'.
By [PR&84, Corollary 3] we may assume that L and L’ are subfields of .J. Choose generators = and
o' of L and L’ over I respectively and let £ be the subfield of Jp) generated by tx + (1 —t)z’".
As in the proof of Lemma 7.1 one shows using the cubic minimal polynomials of z and 2’ that there
are two discrete valuations of F over vy and v; with residue fields L and L’ respectively, i.e. L and
L' are simply B-equivalent. O
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12. Groups of exceptional types

In what follows G denotes a split or quasi-split simple simply connected algebraic group over F' of
one of the following types: Ga, Fy, Dy, Eg, E7. Let € € Z1(F,Gy) be a cocycle and let G = G be the
corresponding strongly inner form of Gg.

THEOREM 12.1. Let X = Xg be a projective homogeneous variety of the group G as above. If G
is an outer form of type Eg or of type E; we assume that S # (. If G is a trialitarian group or of
types Eg, E; we assume that char(F) # 2,3. Then the class A(X) is connected. In particular, we
have CHy(X) = 0.

Remark 12.2. If Gy has type Es and F is 5-special, then the class A(X) is connected. This can be
easily proven using the main result in [Che94] and Rost’s chain lemma for symbols in H3(F, u5).
But we do not know whether this is still true for 2- and 3-special fields.

If S = A, then Xg = SpecF' and there is nothing to prove. Thus, by Proposition 4.5 we may
assume that S is a proper basic subset of A. By Lemma 5.1, we may also assume that F'is p-special.

If p # 2,3, then we have H'(F,Gy) = 1 for all types under consideration. Indeed, by Steinberg’s
theorem [Ste65], £ is equivalent to a cocycle with coefficients in a maximal torus 7' C Gy and,
by [PR94, Proposition 6.21, p. 375], we have H'(F,T) = 1 for p-special fields with p # 2,3.
It follows that G is split or quasi-split and hence Xg(F') # (). Thus we may assume that p = 2, 3.

To finish the proof we shall either show directly that A(X) is connected or construct a projective
homogeneous variety Y (under some algebraic simple group) such that:
(i) the class A(Y') is connected;
(i) A(Xg) = A(Y).

We shall construct Y using case-by-case consideration.

13. Types G2 and F4

By [Tit66], each isotropic group of type Gy is split. Hence the only basic type for G is S = 0.
Since Xj is a variety of Borel subgroups of G, the class A(Xp) consists of all field extensions making
G split.

Recall that the correspondence C' — G = Aut(C) gives rise to a bijection between the set
of isomorphism classes of Cayley—Dickson algebras and the set of isomorphism classes of simple
groups of type Go [KMRT98, Theorem 26.19]. In particular the classes of splitting fields for C' and
G coincide. The connectedness of A(Xy) follows from Theorem 11.1.

We pass to type Fy. According to [Tit66], if G is isotropic over a field extension L/F but not
L-split, then its Tits index is of the following form:

a1 Qg Q3 Q4

It follows that there exist two basic types only:
Sl = @ and SQ = {041,042,043}.
The class A(Xg,) consists of all field extensions L/F making G split and A(Xg,) consists of all

field extensions L/F making G isotropic.

The correspondence J — G = Aut(J) gives rise to a bijection between the set of isomorphism
classes of exceptional simple 27-dimensional Jordan algebra of degree 3 and the set of iso-
morphism classes of simple groups of type F; [KMRT98, Theorem 26.18]. In particular the classes
of splitting fields for J and G coincide.
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If p = 3, then J arises from the first Tits construction (cf. [Jac68, ch. IX, §12]). We claim that
the diagram above cannot appear as the Tits index of G over any extension L/F of F. Indeed,
assume the contrary. Since G is not split over L, so is J. The anisotropic kernel of G over L has
type Bs, hence there is a finite extension E/L of degree [E : L] = 2% for some positive integer a
making G (and hence J) split. On the other side, the extension E/L does not split J since it arises
from the first Tits construction, a contradiction. Thus we showed that the classes A(Xg,), A(Xs,)
and the class of all splitting fields of J coincide and we are done by Theorem 11.3.

If p = 2, then J is reduced. Recall (cf. [GMS03, PR95]) that given J one can associate a 3-Pfister
form f3(J) and a 5-Pfister form f5(J) with the following properties (cf. [Spr60, Rac72]).
(a) The group G is split over a field extension L/F' if and only if f3(J) is hyperbolic over L.
(b) The group G is isotropic over a field extension L/F if and only if f5(.J) is hyperbolic over L.
Let Y7 and Y> be the projective quadric defined by the equations f3(J) = 0 and f5(J) = 0

respectively. By (a) and (b), we have A(Xg,) = A(Y7) and A(Xg,) = A(Y2). The connectedness of
A(Xg,) and A(Xg,) follows from Theorem 9.2.

14. Type Dy

Suppose first that G is anisotropic of type 'Dy or 2Dy. Then G ~ Spin(f), where f is an eight-
dimensional quadratic form with trivial even Clifford algebra. Let dF*? be the discriminant of f.
The form f 1 (1, —d) has trivial discriminant and Clifford algebra, and therefore it is represented
by a 3-Pfister form ¢ in the Witt ring W (F').

As g can have Witt index 0 or 4 over a field extension L/F, it follows that if f becomes isotropic
over L/F, then its Witt index over L is either 1 or f is quasi-split (i.e. its Witt index is either 3
or 4). Hence for the Tits index of G over L there are the following possibilities only:

aq &5 (o) (v3
C-. Q4
By Remark 4.6, we need to consider the following basic types only:

Sl = {042,043,014} and SQ = @

a1 g o3 a1 g 3

Qg Qg

The variety Xg, is isomorphic to the quadric Y defined by f = 0. The class A(Y") is connected by
Theorem 9.2.

The second case Sy corresponds to the variety of Borel subgroups of G. A field extension L/F
makes Xp isotropic if and only if it splits g. Let Z be the projective quadric defined by g = 0.
Then the classes A(Xy) and A(Z) coincide, and we are done again by Theorem 9.2.

We now turn to trialitarian cases 2Dy and ®D,. We need to consider the case p = 3 only. Let E/F
be a cubic extension over which G is a classical group.

LEMMA 14.1. Let F be 3-special. If L/F is an extension such that G is L-isotropic, then G is
quasi-split over L.

Proof. If G is not quasi-split over L, then, by [Tit66], its Tits index over L is of the following form:

€
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Hence the semisimple L-anisotropic kernel of G is isomorphic to Rgs,r(SLi(D)), where D is a
quaternion algebra over E' and E' = E - L. Note that such a group is still anisotropic over E'.
On the other side, since F' is 3-special, G is quasi-split over £ and hence over £/ = E - L, a
contradiction. O

Lemma 14.1 implies that we need to consider the basic type S = () only. Let Rg, : H*(F,Go) —
H3(F,7Z/3) be the Rost invariant. We refer to [GMS03] for the definition and properties of the Rost
invariant. It takes values in Z/3 since F' is 3-special. By [Che03, Theorem 6.14], Ker Rg, = 1 and
R, ([€]) is a 3-symbol, say (a) U (b) U (¢), where a,b,c € F*.

Let J be the Jordan algebra arising from the first Tits construction corresponding to the central
simple algebra A = (a,b) over F of degree 3 and element c. Recall that it is split over a field
extension L/F of F if and only if ¢ € Nrd Ay or equivalently if and only if Rg,([¢]) is trivial
over L, by [MS82, Theorem 12.2]. As Ker Rg, = 1, the last holds if and only if [{;] = 1. Thus,
by Lemma 3.2, the classes of splitting fields of J and A(Xp) coincide and the connectedness of Xj
follows from Theorem 11.3.

15. Inner forms of type 'Eg

According to [Tit66] all admissible Tits indices of type !Eg corresponding to isotropic (not split)

groups are as follows:
a9 Qa2

(@) ® [ ® (b) i

a1 a3 g a5 Qg Qap a3z g Qa5 Qg

In case (b) the corresponding anisotropic kernel has type As + As. Since SL3 x SL3 has no non-
trivial strongly inner forms, Theorem 3.3 implies that diagram (b) cannot appear as the Tits index
of a strongly inner form of type 'Eg (note that in the notation of that theorem the condition
HY(F,C/C N H) =1 holds, since C = Oy is an F-split torus). Thus, by Remark 4.6, the only basic
types to be considered are

Sl = @ and SQ = {ag,ag,a4,a5}.

LEMMA 15.1. Assume that G has diagram (a) over an extension L/F. Then the anisotropic L-kernel
of G is isomorphic to Spin(f) where f is a 3-Pfister form over L.

Proof. The anisotropic L-kernel is a strongly inner form of type ! Dy, by Theorem 3.3. So the result
is clear. O

LEMMA 15.2. Let F' be 3-special. Then A(Xg,) = A(Xs,).

Proof. The inclusion A(Xg,) C A(Xgs,) is clear. Conversely, let L € A(Xg,). If Xg, (L) = 0, then
G has Tits index (a) over L. The corresponding anisotropic kernel of G over L is isomorphic to
Spin(f) where f is a 3-Pfister form, by Lemma 15.1. Hence it can be split by a quadratic extension
E/L. On the other side, the Rost invariant R¢, has trivial kernel (cf. [Che03, Gar01]), takes values
in H3(F,Z/3) and Rg,([£]) is a symbol, by [Che03]. Let .J be a Jordan algebra corresponding to the
symbol Rg,([¢]). As Ker R, = 1, J is nontrivial over L and remains so over its quadratic extension
E/L since J arises from the first Tits construction. However J, [{] (and hence G) have the same
splitting fields, a contradiction. O

If p = 3, then by Lemma 15.2, A(Xg,) = A(Xg,) and the classes of splitting fields of J and
A(Xg,) coincide where J is the Jordan algebra constructed in Lemma 15.2. The connectedness
of A(Xg,), A(Xs,) follows from Theorem 11.3.

1537

https://doi.org/10.1112/50010437X06002363 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X06002363

V. CHERNOUSOV AND A. MERKURJEV
Now, let p = 2.
LEMMA 15.3. If F' is 2-special, then G is F-isotropic.

Proof. There exists the canonical embedding Hy — G where Hy is a split group of type Fj.
It induces the mapping H'(F,Hy) — HY(F,Gy) which is surjective, by [GMS03, page 51,
Exercise 22.9] and [Gar01, Example 3.4], since F is 2-special. Each class in H(F, Hy) is split over
a quadratic extension E/F, by property (a) in Section 13, hence so is [¢]. By [Che03, Lemma 6.4],
G is isotropic over F'. O

Lemma 15.3 implies that Xg,(F') # () and hence A(Xg,) is connected. Furthermore, if G is not
split, then, by Lemma 15.1, its anisotropic kernel is isomorphic to Spin(f) where f is a 3-Pfister
form f. Hence A(Xg,) = A(Y) where Y is the quadric defined by f = 0.

16. Outer forms of type Eg

If p # 2, then Gy and G are inner forms of type Eg. So we may assume that p = 2. Then F is perfect
since by our assumption char(F') # 2.

16.1 Basic types

Let K = F(v/d) be the quadratic extension which makes G (and hence G) an inner form of type Eg.
We denote by o a unique nontrivial automorphism of K/F. According to Tits’ classification [Tit66]
if G is F-isotropic but not quasi-split, then its F-index is one of the following:

ay g Q3 Qq Qo Qg Qg a

(o

we-a . e
a5 Qg X5

Qg

Qg g a3 Q] g g Qs -
©Oe—. . W — ]
Lo

a5 Qg (6% o

LEMMA 16.1. The Tits index of G is not of the form (a).

Proof. In case (a) the anisotropic kernel of G has type Ay + A2 and a maximal F-split torus C; has
dimension 2. By dimension count C coincides with the center C' of its centralizer; in particular C'
and all its quotients have trivial cohomology in dimension 1. Hence, by Theorem 3.3, the anisotropic
kernel of 7 is a strongly inner form of R/ (SL3). As H(F, R /p(SL3)) = 1, the group R, r(SL3)
has no nontrivial strongly inner forms. ]

Thus there are four basic types only:
Sl = {CVQ,OZ?,,O[4,0Z5}, S2 = {CVl,OLg,OZ4,0£5,0Z6}, S3 = {CM3,0£4,0Z5}, S4 = @

According to Lemma 15.3, G is isotropic over K. If it is not K-split, then its Tits index is given by
diagram (a) in Section 15 and hence its anisotropic kernel over K is isomorphic to Spin(f) where
f is a 3-Pfister form over K. Since f can be split by a quadratic extension of K, we obtain that
n(Xg,) divides 4.

To compute the numbers n(Xg) we need information on groups of type D,.
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16.2 Classical groups of type D,
Recall that a simple simply connected F-group of type 'D, can be realized as a spinor group
Spin(A, ) associated to a central simple algebra A over F equipped with an involution 7 of
the first kind, orthogonal type and trivial discriminant. If A is represented by a skew field D
in the Brauer group Br(F), then A ~ Endp (V') where V is a right D-module, and 7 corresponds
to a nondegenerate skew-hermitian form h of trivial discriminant on V' with respect to a suitable
involution 7" on D of symplectic type.

Spin(A,7) is isotropic over F'if and only if h is isotropic, i.e. there is a vector v € V such that
h(v,v) = 0. The Tits index of Spin(A, 1) over F is of the following form:

a1 Qo % ai;i\ Ard—1
PP S VD S P s S P
Qyq

Here d = deg(D), i is the Witt index of h and rd = n.

16.3 Trialitarian effect

We keep the above notation. Assume that we are given a pair (A, 7) such that A has index 2 and
degree 8. Consider the even Clifford algebra of (A, 7). It is of the form A; x As where A;, Ay are
central simple algebras of degree 8 equipped with involutions 7y, 79 of orthogonal type and A - Ay -
Ay =1 in the Brauer group Br (F') (see [KMRT98]). The center Z of Spin(A,7) is isomorphic to
Z ~ 7,/2xZ/2. Three nontrivial elements in Z give rise to the quotient morphisms ¢; : Spin(A, 7) —
O"(4;,7),i=1,2and ¢ : Spin(4,7) — O (A, 7). If Spin(A4, 7) is isotropic over F, there are two
possibilities for its Tits index:

ag ag
a1 Qo ap Qg

Qg Qg

In the first case all algebras A, A1, A, have index 2, and in the second case one of the algebras Ay, Ay
is split and a quadratic form f corresponding to its involution is isotropic. Note that according to
the above picture isotropy of f implies automatically that its Witt index is 2.

LEMMA 16.2. Assume that A, A1, A> have indices at most 2. Then there is a quadratic extension
L/F such that Spin(A, ) has rank at least 2 over L.

Proof. 1f all algebras A, Aj, Ay are matrix algebras, then G ~ Spin(f) where f is a 3-Pfister form.
Such a form can be split by a quadratic extension.

Assume that A has index 2. Consider the pair (A, 7) and the corresponding involution
variety Y. As n(Y) = 2, there is a quadratic extension L/F belonging to A(Y'). The remark above
the lemma shows that the L-rank of Spin(A, 7) is at least 2. O

16.4 Computing n(Xg)
PROPOSITION 16.3. We have n(Xg,) = n(Xg,) = n(Xg,) = 2.

Proof. We consider the most difficult case when G is anisotropic over F. Isotropic cases are reduced
to groups of classical types and can be treated much more easily.

We may assume that G is not split over K, since otherwise Xg,(K) # (0, i = 1,...,4, and we
are done. Then its Tits K-index is given by diagram (a) in Section 15 and so the variety of para-
bolic subgroups in G of type S; = {ag, a3, a4, a5} contains a K-point. By Lemma 3.4, there is a
parabolic subgroup P in G over K of type S; such that H; = P No(P) is a reductive part of P.
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Now H; is defined over F' and is an almost direct product of a simple simply connected F-group
of classical type Ds and a two-dimensional central torus 77. Since T is F-anisotropic and split
over K, o acts on the character lattice of 77 by multiplication by —1. Hence each 1-dimensional
subtorus in 77 is F-defined.

Let X be a root system of G with respect to an arbitrary maximal F-defined torus of G containing
Ty and let & be the highest root in ¥ with respect to the ordering given on diagram (a) in Section 15.
The restriction mapping &|p, @ 171 — G, is a nontrivial homomorphism. Let T, be its kernel.
It has dimension 1 and, by construction, T commutes with Uyg. As T5 is defined over F', so
is Hy = Cg(T3), which is a reductive group whose semisimple part [Hy, Hy] is a simple simply
connected group of classical type D5 generated by roots ao, ag, ay, as, a.

Let us describe the structure of [Hy, Hy]. Note first that it has K-rank 1 (and hence is
K-isotropic), since T3 is contained in Hy = Cg(T3) and T is a maximal K-split torus in G of
dimension 2. Furthermore, up to isogeny, we have [Ha, Ho| ~ SU(D, h) where D is a skew field over
F equipped with a symplectic involution 7 and A is a skew-hermitian form over D with respect to 7.
As [Hy, Hy] is K-isotropic and its anisotropic semisimple kernel over K coincides with that of G
(it is a group of type Dy generated by {as9, as, a4, as}), Theorem 3.3 applied to G over K shows
that this anisotropic kernel has trivial Tits algebras over K. It follows that the discriminant of A
is trivial over K, the algebra D splits over K and hence D is either F' or a quaternion skew field
over F'.

We claim that the discriminant of h is d. Indeed, we know that it is trivial over K, hence we need
only to exclude the possibility for it to be trivial over F. Let Z be the variety of Borel subgroups of
[Ho, Ho). If the discriminant of h is trivial over F', then [Hy, Hs] is a group of inner type and hence
it has rank 5 over a field extension F'(Z)/F. This implies automatically that G is split over F(Z).
But F' is algebraically closed in F/(Z), hence K is not contained in F'(Z). It follows that G is still
a group of outer type over F(Z), a contradiction.

Assume now that D is a quaternion skew field. By [Mer95b, Lemma 1], h can be written in
the form h = hy @ hy where hs is a 1-dimensional skew-hermitian form over D isotropic over K
and hy is a four-dimensional form with trivial discriminant. Lemma 16.2 applied to (D, hy) shows
that there is a quadratic extension L/F' such that the L-rank of SU(D, h;) is at least 2. Note that
the conditions of this lemma are satisfied since the anisotropic kernel of SU(D,hy) over K is a
group of classical type Dy with trivial Tits algebras. An inspection of possible Tits indices of G
over L shows that G is either quasi-split over L or has Tits index (b) in the above list of Tits
indices of outer type Eg. In all cases we have Xg, (L) # 0, Xgs,(L) # 0, Xs,(L) # 0 and hence
n(Xs,) = n(Xs,) = n(Xs;) = 2.

If D = F and h is a 10-dimensional quadratic form over F', we can apply the same argument
as above. Namely, since h is isotropic over K, we can write it in the form h = hy & hy where ho is
a two-dimensional quadratic form splitting over K and hq is an eight-dimensional quadratic form
with trivial discriminant. Arguing as in Lemma 16.2 we easily see that h; has rank at least 2 over
a proper quadratic extension L/F. So the result follows. ]

16.5 Basic type S;

Let L € A(Xg,) and [L : F] = 2. As K € A(Xg,), it suffices to show that L and K are
Xg,-equivalent. We shall construct an F-subgroup H C G of classical type D5 with the follow-
ing properties:

(1) there is an F-embedding Y — Xg,, where Y is the involution variety corresponding to H;
(2) L,K € A(Y).
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Property (2) implies that L and K are Y-equivalent, by Theorem 10.3, and property (1) implies
that L and K are Xg, -equivalent.

To construct H with the required properties we repeat the argument in §16.4 verbatim. Namely,
G contains a parabolic subgroup P of type S; over L. We may assume that P is standard in the
corresponding ordering of the root system of G. Let 7 be the nontrivial automorphism of L/F.
Without loss of generality we may assume that H; = PN7(P) is a reductive part of P, by Lemma 3.4.
It is an F-reductive group whose semisimple part is a simple simply connected group of type Dy
generated by roots ag, a3, oy, a5 and whose central torus 77 has dimension 2. This torus is isotropic
over L and splits over K - L.

Let T, C T) be the kernel of the restriction mapping &|r, where & is the highest root in
the chosen ordering of the root system of G. Below we shall show that T5 is F-defined. Then the
centralizer Hy = Cg(T5) is a reductive F-group whose semisimple part H = [Hy, Hs] is a simple
simply connected group of type D5 over F. We claim that it has the required properties.

Let us check property (1). The Dynkin diagram of H is of the following form:

— (%) QY Qs

'—'—C%

The corresponding involution variety Y is the variety of parabolic subgroups in H of type S =
{ag, ay, a3, a5}. The subgroup Py = P N H of H is parabolic of type S;. Then the required
embedding is given by H/Py — G/P, hPyg — hP. It is well defined and it is easy to check that it
is F-defined using the twisted argument.

To check property (2) we need information about the structure of 7). It is proven in [CT99,
Theorem 2.12] that T} viewed over L is isomorphic to T3 ~ RE/L(Gm,E) where £ = L - K. Thus T}
viewed over L is an almost direct product of a one-dimensional split L-subtorus, say Vi, and a
one-dimensional L-anisotropic torus, Vo = Rg; (G, ). It follows that Gal(L/F) preserves Vi, Vs
and hence both of them are F-defined. Note that computation in [CT99] shows that V; is contained
in H and commutes with the subgroup of H generated by as, a4, a3, as. The last implies that H is
L-isotropic and L € A(Y).

LEMMA 16.4. We have Vo = T5 and T5 splits over K.

Proof. The 2-torsion part of T} is of the form Rp,r(u2). Using the same computations with the
generators and relations of G over F as in [CT99, Theorem 2.12] we easily find that the centralizer
of =1 € Rg/r(p2) in G'is H - Ty, hence Ty is L-defined. But 77 contains only two L-defined subtori,
namely Vi and Va. As V) C H, we get T = V5.

Assume that T5 is not split over K. Let Z be the variety Z of Borel subgroups of H over K.
The group H being quasi-split over K(H/B) contains a split torus over K(H/B), say T3, of
dimension at least 4. One easily checks that C(T3) is a maximal torus in G containing Th. As K
is algebraically closed in K(Z), the torus 7% is still anisotropic over K(Z) and hence Cg(T3) does
not split over K(Z).

On the other side, as the rank of G over K(H/B) is at least 4, Tits’ classification implies that
G is split over K(H/B) (see the diagrams in Section 15) and hence so is the torus C¢(7T3) because
any K(Z)-split torus in G is contained in a maximal K (Z)-split torus of G. This contradicts our
assumption that 75 is anisotropic over K(H/B). O

As Ty is K-split, the K-anisotropic kernel of G is contained in Hy = Cg(T5), hence G and H
have the same K-anisotropic kernel. Then Tits’ classification of groups of inner type Eg shows that

K e A(Y).
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16.6 Basic type S5

Assume that L € A(Xg,) and [L : F| = 2. Let 7 be the nontrivial automorphism of L/F. Choose
a parabolic subgroup P C G over L of type Sy such that H' = P N 7(P) is a reductive part of P.
It is a reductive subgroup of G over F' whose semisimple part [H’, H'] has type As and is generated
by roots a1, as,...,aq in a proper ordering of the corresponding root system of G. The centralizer
H" = Cg([H', H']) is an F-defined subgroup of G of type A; containing the central torus of H'.
It is generated by the root subgroups Uis where & is the highest root.

Consider H = H” - [H', H']. Tt is an F-defined semisimple subgroup of G of type A; + A; whose
component of type Aj is split over L and is of the form SL;(D) where D is a quaternion algebra
over F. It follows that L € A(SB(D)). Conversely, any splitting field of D is contained in A(Xg,).

Let L; be another quadratic extension of F' such that L; € A(Xg,). We are going to show that
Ly € A(SB(D)). Theorem 7.2 then implies that Ly ~gpp) L and hence Ly ~x, L.

Applying the above construction to L we can construct an F-subgroup H; of G of type A; + As.
Its components of type A; correspond to quaternion algebras D; splitting over Ly and it suffices to
show that D; = D.

We have that H; and H are related to subsystems of type A; 4+ As in the root system Eg.
Since every two roots in the root system of type Eg are conjugate by an element in the corresponding
Weyl group W (Eg), so are every two root subsystems of type Ay + As. Then Hy, H are conjugate
over Fiep. Let Hy = gHg™' where g € G(Fiep). Fixing F-defined maximal tori 77,7 in Hi, H
respectively, we may assume additionally that 77 = ¢T¢g~'. As Hy, H, T}, T are F-defined, for each
o € Gal(Fyep/F) we have a, = g~ € Ng(H) N Ng(T). It follows that H; = *H where A = (a,);
in particular we have D; = *D.

The torus 7" can be decomposed as T' = T'T" where T',T" are intersections of T with simple
components of H of types A; and As respectively. Since groups of type A; have no nontrivial outer
automorphisms, one checks that a, can be decomposed uniquely as a, = a’ all where a/ and a, are
contained in the normalizers of 7" and T” in the simple components of H respectively. Since the
simple components of H commute, X' = (a.) is a cocycle with values in SLq (D). Thus twisting of
D is given actually by the cocycle X' and hence twisting does not change D since any cocycle in

ZY(F,SL1(D)) is equivalent to a cocycle with coefficients in the center po of SLyi(D).

16.7 Basic type S3

Let L1, Ly € A(Xg,) be two quadratic extensions of F' contained in A(Xg,). As A(Xg,) C A(Xs,),
the above construction applied to Ly or Lo gives us an F-defined subgroup H of G of type A; + As.
Its simple components, say H' and H”, are of the form H' = SLy(D) and H” = SU(A, 7) where
D is a quaternion algebra over F' splitting over L1, Lo and A is a central simple algebra of degree 6
over K equipped with an involution 7 of the second kind.

Any field extension L/F splitting D makes H” a strongly inner form of a quasi-split group of
type As, by Theorem 3.3, hence it also splits A. Then [A] = [D ®r K| in the Brauer group Br(K)
and hence H"” ~ SU(T, h) where T'= D ®p K and h is a skew-hermitian form of dimension 3 given
on a vector space V over T equipped with the standard involution, say o, of the second kind.

We are also given that H” is isotropic over Ly, Lo, i.e. h represents zero over Li, Lo. Since L1, Lo
split T' and have degree 2 over F', there are 1-dimensional T-submodules U, Uy in V such that h
restricted to Uy, Us is isotropic over Ly and Lo respectively. This fact can be reformulated as follows.
Let v1 € Uy and vy € Us be two nontrivial vectors. Let o1, 09 be involutions on T' corresponding
to the elements a; = h(vi,v1) and ag = h(vy,v3), i.e. 01,09 are compositions of ¢ with the inner
conjugation given by aj,ag. Then SU(T,01) and SU(T, 03) are split over L and Ly respectively.
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Clearly SU(T,01) and SU(T, 03) are subgroups in H” = SU(T, h) and being groups of type A;
they are of the form SLj(D;) and SL;(D3) where D1, Dy are quaternion algebras over F' contained
in 7" such that D1 ® K = Dy ® K = T'. Recall that the pure part Dy of D; is given by

D} ={zxe€T°|oi(z) = -2} ={r € D°® K | ajo(z)a; ' = —z}.

We now note that v; is defined up to t; € T', hence D; is defined up to conjugation in 7. Since,
by our construction, D; and D are split over L;, we can modify v;,a; and D; (by replacing them
with t;v;, tia;o(t;) and t;D;t; ! for a proper element t; € T') such that D N D; contains a common
subfield isomorphic to L;.

As a set, this common subfield can be described as follows. As a; is skew with respect to o we
can write it in the form a; = a, + a! where o) € K and a] € D°. Modifying a;, if necessary, we may
assume that a; # 0. Then we have

D°N D¢ ={de D°|oi(d) = —d} = {d € D° | azda;* = d}.

It follows that D° N Dy has dimension 1 and is generated by a.

We are ready to finish the proof. Consider a vector v(t) = (1 — t)vy + tvy where ¢ is an indeter-
minate. Let a(t) = h(v(t),v(t)). Write a(t) = a(t)' + a(t)” as above. Here a(t)’ € K ®p F(t) and
a(t)’ € D°®pF(t). Clearly, a(t)” generates a maximal subfield L(t) in D@ F(t) splitting D® g F(t)
and making H” isotropic. This implies that L(t) € A(Xg,). Since v(0) = v; and v(1) = vq, arguing
as in Theorem 9.2 we see that L(¢) has two discrete valuations with residue fields isomorphic to
Ly, Ly.

17. Type Er

By Tits’ classification [Tit66], if G is isotropic over an extension L/F but not split, then its Tits
index is one of the following:

a9 Qa2
| I
() @t B)
a7 Qg OF5 g Q3 Q7 a7 Qg 05 g4 Q3 O
%)
© O O)
a7 Qg Qa5 Q4 Q3 Q]

Thus we need to consider the following basic types only:
Slz{al,...,ag}, 52:{042,...,047}, 53:{042,...,045}, S4:®.

If p = 3, then we can repeat the same argument as in the case of type ' Es. Consider the case p = 2.
LEMMA 17.1. Let F be 2-special. Then we have n(S1) = n(S2) = n(S3) = 2.

Proof. By [Tit92], G contains an F-defined subgroup H of type Eg. It is a strongly inner form of a
quasi-split group of type Eg, since F' is 2-special. We know that any such a group (and hence G) has
rank at least 2 over a proper quadratic extension E/F. The above diagrams show that Xg, (E) # ()
fori=1,2,3. O

By Lemma 15.3, if E/F is a quadratic extension such that Xg, (F) # 0, then Xg,(E) # 0.
Hence it suffices to consider types So, S5 only.
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17.1 Basic type S;

Repeating verbatim the argument in §16.6 we find that GG contains an F-defined subgroup H of
type Ay + Dg such that A(Xg,) = A(SB(D)) where D is a quaternion algebra over F' corresponding
to the simple component of H of type A;. The connectedness of A(Sy) follows from Theorem 7.2.

17.2 Basic type S3

Let L/F be a quadratic extension belonging to A(Xg,). Let H; and Hs be the simple components
of types Ay and Dg respectively of the group H constructed in §17.1. We have H; ~ SL; (D) where
D is a quaternion algebra over F. The above Tits diagrams show that the anisotropic L-kernel of
H, is of the form Spin(f) where f is a 4-Pfister form. It follows that up to isogeny H is of the form
SU(T, h) where T is a quaternion algebra over F' equipped with the standard symplectic involution
7 and h is a skew-hermitian form with respect to 7 defined over a six-dimensional vector space V'
over 1.

LEMMA 17.2. If T is nontrivial, then we have D =T.

Proof. If E'/F is an extension splitting D, then Hs viewed over E is a strongly inner form of a split
group of type Dg. Hence Hs is of the form Spin(g) where g is a six-dimensional quadratic form
from I3. It follows that T is split over E. As this is true for all splitting fields of D, the quaternion
algebras D and T coincide. O

Let Y be the involution variety corresponding to SO(D,h). By our construction, L € A(Y).
Conversely, let E € A(Y). We noted above that Hs viewed over E is related to the quadratic form g
of dimension 12 from I3. Since g is isotropic over E and since 10-dimensional quadratic forms from
I? are isotropic, we conclude that the E-rank of Hj is at least 2. This implies that the E-rank of
G is at least 2. An inspection of the above Tits diagrams shows that E € A(Xg,). Thus we showed
that A(Y) = A(Xg,) and the connectedness of A(Y") follows from Theorem 10.3.

18. Two examples of a nontrivial CHg(X)

In this section we give two examples of projective homogeneous varieties X with nontrivial group

CHo(X).

18.1 First example

We owe to Vishik the observation that [KM90] essentially contains an example. Let F' be a field of
characteristic different from 2 and let a,b € F*. Let Q4 be the quadric of the 2-fold Pfister form
{(a,b)) = (1,—a,—b,ab). In the split case (over a quadratic extension E/F), Qq is isomorphic to
]P’}; X ]P’};; in particular, there are two families of lines on (), . Let [, be one of these lines and denote
by uqp € CHi(Qqp) the push-forward of the class of I, under the morphism (Qq5)E — Qa,b-

Let X, be the variety of isotropic planes of (a,b)). Over the field £ € A(X,y), the variety
X, is the disjoint union of two copies of the projective line. We can view [, as a rational point
of X, over E. Denote the push-forward of the class of {,; in CHo(X, ) by 245, SO 24 is a zero-
cycle of degree 2. The incidence correspondence between @, and X, ; induces a map CHo(X, ) —
CH1(Qqp) taking u,p to x4p.

Let ¢ = (1, —a, —b,ab, —c, —d, cd) for some a,b,c,d € F* and let @ be the corresponding five-
dimensional quadric. We have natural embeddings @, — @ and Q.4 — (. Denote the images of
Uq,p and uc 4 in CH;(Q) by the same symbols.

It is shown in [KM90, Corollary 5.2] that, in the case —1 € F*2 the classes Uqp and u.q are
equal if and only if the Pfister form ((a,b, ¢, d)) is isotropic.
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Denote by X the variety of isotropic planes of ¢g. The images of x4 and z.q in CHo(X) will
be denoted by the same symbols. We have the incidence correspondence between () and X that
induces a homomorphism CHy(X) — CH1(Q) taking x,p — ¢ t0 Uqp — Uc g-

If Fis a field such that —1 € F*? and the Pfister form ((a,b,c,d) is anisotropic, the class
Ug,b — Uc,q is nontrivial and therefore x4y — xcq 7# 0. As deg(xqp — 2cq) = 0, the class x4 — 24
represents a nontrivial element of CHg(X). Note that X corresponds to the subset {a1, a3} of the
set of vertices of the Dynkin diagram Bs.

18.2 Second example

We shall give an example of a three-dimensional projective homogeneous variety X with a non-
trivial group CHo(X). Note that this is an example of the smallest possible dimension in view of
Proposition 4.4.

Let C;, 1 =1,2,3, be three conic curves corresponding to quaternion algebras @; over F' and let
X = (4 x Cy x (3. For every subset S C {1,2,3} let Qg be the tensor product of @; for all i € S
(in particular, Qy = F'). We define the complex

[ x1(@s) & (7P 2 w3(F,2/22) (18.1)
520
by the following formulas:

a(z) = (a1,a2,a3), a; = HNrdS(xS),
S3i

Blar, az,a3) = (a1) U [Q1] + (a2) U [Q2] + (a3) U [Qs],

where Nrdg : K1(Qs) — K1 (F) = F* is the reduced norm homomorphism, (a) denotes the class in
HY(F,Z/27) corresponding to a € F* under the Kummer isomorphism, and [Q] denotes the class
of Q in H*(F,7/27).

PROPOSITION 18.1. The group CHy(X) is isomorphic to the homology group of the complex (18.1).

Proof. In the spectral sequence (4.1) for X the only possibly nontrivial differential coming to E}3
is dy 1 AYX, Ky) = E21’_2 — ES”_3 = CHy(X) and all the differentials coming to E % are trivial.
Therefore, the sequence

Ki(X)W — AN(X, Kz) 2 CHy(X) & Ko(X)

is exact. As the image of da coincides with Ker(e') = CHy(X), it is sufficient to identify the cokernel
of the first homomorphism in the sequence with the homology group of the complex (18.1).

The group A'(X, K3) was computed in [Mer95a]. If all Q; are split, we have
AN X, Ky) = K1 (F) @ CHY(X) ~ F* @ 2% = (F*)3,

where we identify CH!(X) with Pic(X) = Zhy @ Zho ® Zhs ~ Z? (here h; is the class of a rational
point in C;). In the general case the group A'(X, K3) is canonically isomorphic to a subgroup of
(F*)3, namely to the kernel of the homomorphism 3.

The group Ki(X) was computed in [Qui73, §8, Theorem 4.1]:
Ki(X) = [ K1(Qs)- (18.2)
S
The first term of the topological filtration K1(X)(") is the kernel of the natural homomorphism

Ki(X) — K F(X). We claim that, for every S, the corresponding homomorphism K;(Qs) —
K, F(X) is the reduced norm map Nrdg followed by the natural homomorphism K1 F — K F(X).

1545

https://doi.org/10.1112/50010437X06002363 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X06002363

V. CHERNOUSOV AND A. MERKURJEV

Since the group K of a field injects when the field gets extended, we may assume that all @Q;
are split. In this case the reduced norm Nrdg is an isomorphism and (18.2) identifies K (X) with
the direct sum of Ki(F)Lg, where Lg is the tensor product of the canonical line bundles L; on the
C; ~ ]P’}7 such that i € S. As Lg maps to 1 in KoF(X), the claim follows.

We have shown that K (X)) consists of all z = (x5) such that 3 Nrdg(zg) = 0. We claim that
the image of z in AY(X, K3) C (F*)3 is equal to (aj,as,as), where a; is the product of Nrdg(zg)
for all S' > i. We can assume that all ); are split. Under the identification of K;(Qg) with K;(F'),
the element x corresponds to Y bsLs = ZS;A@ bs(Ls — 1), where bg = Nrdg(xg). Note that the

image of Lg — 1 under the natural map Ko(X)) — CH'(X) is equal to the first Chern class
c1(Ls) = > ;eqci(Li) = Y ;cqhi- Therefore, the image of = in AYX, Ks) = Zhy © Zhy ® Zh3 is
equal to aihy @ ashy ® aghs, where a; is the product of bg for all S > 1.

It follows from the claim that the image of the homomorphism K; (X)) — AY(X, Ky) C (F*)?
is equal to Im a. O

Ezample 18.2. Let F' = k((t)) be the Laurent power series field over a field k of characteristic different
from 2, Q; = (b;, —t)p for some b; € k*. Let bg be the product of b; for all i € S, kg = k(bfgm)
and Normg : k§ — k* be the norm homomorphism. Since (t",t™,t’) € Im(«a) for all n,m,p,
HP(F,7./27) is equal to HP(k,7Z/27) ® HP~Y(k,Z/27Z) U (—t) and Im Nrdg = Im Normg -F*? U
Im Normg -t- F*2, the homology group of (18.1) is isomorphic to the homology group of the complex

[Txs < ) L vk, 2/22),
S#£0

where

o(z) = (a1,a2,a3), a;= HNorms(a:g),
S3i

B(a1,az,a3) = (a1) U (b1) + (az) U (b2) + (a3) U (b3).

There is a field k£ and the elements b; so that the complex is not acyclic (see [STW82, §5]) and
therefore CHp(X) # 0 in this case.
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