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Let X be an infinite-dimensional complex Banach space and denote the set of bounded (compact) linear
operators on X by B(X) (K(X)). Let N(A) and R(A) denote, respectively, the null space and the range space of
an element A of B(X). Set R(A"")=ﬂ,,R(A") and k(A)=dim N(A)/(N(A) n R(A®)). Let o (A)=
C\{1€C:R(A—2) is closed and k(4—1)=0} denote the generalized (regular) spectrum of A. In this paper we
study the subset 6,,(4) of 6,(A) defined by o,,(4)=C\{1eC:R(A—4) is closed and k(4—2)<oo}. Among
other things, we prove that if f is a function analytic in a neighborhood of o(A), then o,,(f(4)) = f(0,,(A)).

1991 Mathematics subject classification scheme: 47 A53, 47 ASS.

1. Introduction and preliminaries

Let X be an infinite-dimensional complex Banach space and denote, respectively, the
set of bounded, compact and finite dimensional operators on X by B(X), K(X) and
F(X). For A in B(X) throughout this paper N(A4) and R(A) will denote, respectively, the
null space and the range space of A. Set N(4°)=|J,N(4A"), R(4%°)= ﬂ,, R(A™),
a{A)=dim N(A), B(A)=dim X/R(A) and k(A)=dim N(A)/(N(A) n R(A™)). Recall that an
operator 4 e B(X) is semi-Fredholm if R(A) is closed and at least one if a(A4) and B(A) is
finite. For such an operator we define an index i(4) by i(4)=a(A4)—p(A4). Let ®,(X)
(®_(X)) denote the set of semi-Fredholm operators with a(A) < co(f(A4) < o0) and o,,(4)
Kato’s essential spectrum of A, ie., 6,(4)={1eC:A—-1¢® . (X)u ®_(X)}. Further-
more, let o(4), 6,(4) and o,(A)=(){o(A+K):KeK(X) and AK=KA} denote,
respectively, the spectrum, the approximate point spectrum and Browder’s essential
approximate point spectrum of A ([17]).

Set V(X)={AeB(X):R(A) is closed and k(4)<oo} and V,(X)={AeV(X):k(A)=n},
n=0,1,2,.... Let us remark that k(A)=n<oo precisely when A has Kaashoek’s
property P(I,n) ([6, pp. 452-453]), or when A has almost uniform descent ({5,
Definition 1.3]). In particular k(4)=0 if and only if Kato’s number v(A:I)=c0 ([9, pp.
289-290]), i.e., if and only if N(A®)<=R(A%). Recall that ® (X)u ®_(X)< V(X) ([S,
Theorem 3.7], [10, p. 197, Example 4]). Let o, (A)={1eC:A—A¢ V,(X)} denote the
generalized (regular) spectrum of A4 ([1,10,13]). ¢,(4) is a non-empty compact subset of
the set of complex numbers C.

In this paper we study the subset o,,(A) of 6,(A) defined by
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o(A)={1eC: A- ¢ V(X)}.

The relation between o (4) and o,(A) that is exhibited in this paper resembles the
relation between the g,(A4) and the o,(4), and it is reasonable to call g,,(4) Browder’s
essential generalized spectrum of A.

First in Section 2 we prove a Kato-type decomposition theorem for operators in
V(X) which is related to Kato’s theorem for semi-Fredholm operators ([9, Theorem 4],
[19, Proposition 2.5]).

In Section 3 we characterize g,,(A4) (Theorem 3.1) and derive several corollaries.

In Section 4 we prove that if f is a function analytic in a neighborhood of ¢(A4), then
agb(f(A)) =f(agb(A))'

Finally, in Section 5 we investigate connected components of the set C\o,,(A4).

2. A Kato-type decomposition theorem

Theorem 2.1. Let Ae B(X) be an operator with closed range. Then, k(A) is finite if
and only if the space X decomposes into the direct sum of two closed subspaces X, and X |
which are A-invariant and have the following properties:

(i) if Ag is the restriction of A to X considered as an operator from X to itself, then
N(A4o) =R(A3),
(i) the space X, is finite-dimensional and A is nilpotent on it.

Proof. Suppose that the operator A satisfies conditions (i) and (ii). If A, is the
restriction of A to X, considered as an operator from X, to itself, then there is an
integer n such that A7 =0. Also, we have N(4)=N(A4,) @ N(A4,) and R(A®)=R(A§) c X,.
By [5 Lemma 21(a)] N(A)nR(A®)=[N(Ay)® N(4,)]NR(A®)=N(A4,) ®
[N(A;) " R(A®)] =N(A,). Hence dim [N(A)/(N(A4) n R(A®))]=dim N(A,) is finite, and
k(A)< .

Conversely, suppose that k(4A)=p is finite. Then, by [§, Theorem 3.8] R(A4") is closed
for each positive integer n, and there are p vectors x, ,,k=1,...,p, in N(A) which are
linearly independent modulo the subspace N(A4) N R(A®). Now, as in [8] and [12] there
are p finite chains associated with x, ,k=1,...,p, i.e, there are vectors

X, 1505 Xk s (k=1:,P) (1)

such that Ax, , =X -1 (Mm=2,...,rsk=1,...,p) and Ax, ;=0 (k=1,...,p). By [8] the
adjoint operator A* of A has exactly p elements in N(A¥), say x¥,,k=1,...,p, with
finite chains. Moreover, the chain associated with x} , has the same number of elements
as the corresponding chain associated with x, , for each k=1,...,p. Thus, there are
elements

x:,l,“-,x;:rka (k=1aap) (2)

in the dual space X* of X such that A*x¥ =x¥,._, (m=2,...,r;k=1,...,p) and
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A*x} =0 (k=1,...,p). Again, by [8] we can choose functionals in (2) such that the
vectors in (2) and (1) are biorthogonal; ie., x{, _jii(xn)=1, if k=m and j=i,
X% - j+1(Xm.) =0 in the other cases. Let X, be the subspace in X spanned by vectors in
(1) and Xo=V{N(x}):k=1,...,p;m=1,...,n}. X, and X, are closed subspaces in X,
and by [14, pp. 150-151] we have X=X,@ X,. It is easy to see that X, is a finite
dimensional space which is A-invariant and that A is nilpotent on it. Further, by [12,
Remark] the subspace X, is invariant. Next, R(A4") is closed for each positive integer n
[5, Theorem 3.8], by the proof of [12, Theorem 5] we have N(Ao)<=R(AZ). This
completes the proof.

Remark 2.2. Since R(A) is closed subspace in X, and R(4)=R(A,) ® R(A,) by [9,
Lemma 3.32] R(A,) is a closed subspace in X.

Remark 23. By [19, Lemma 1.3 and Corollary 1.4] we have k(A4,)=0. Thus, by
Remark 2.2, Age V(X ).

3. Characterization of a,,(A)
Theorem 3.1. Let Ae B(X). Then

o5(A) = {o,(4+K): K e K(X) and AK =K A}.

Proof. If A¢(\{o(A+K):KeK(X) and AK=KA]}, there is a KeK(X) such that
AK=KA and A¢ o, (A+K). Thus, R(A+K—4) is closed and k(4+K—1)=0. Adding
the operator —K to A+ K—1, we see that R(A—4) is closed and k(4A—A)< o0 ([5,
Theorem 5.9]). Hence A— Ae V(X). To prove the converse suppose that 4—Ae V(X). If
k(A—4)=0, then A¢ g, (4) and the proof is complete. If 0 <k(4— 1), then by Theorem
2.1 we conclude that the space X decomposes into a direct sum of two closed subspaces
X, and X,. These subspaces are (4 — A)-invariant, hence A-invariant, and have the
following properties: The space X, is finite dimensional (and A— 2 is nilpotent on it).
If Ay is the restriction of A4 to X, considered as an operator from X, into itself
then k(4,—A)=0. Let F be the finite rank operator defined by F=I on X,, F=0 on
X,o. Hence, AF=FA and R(A+F~—2) is closed. Since A—4 is nilpotent on X, we
have N(A+F—1)=N(Ao—2) = R((Ag—)*) = R((Ag—)®) ® X =R((A+F—2)=. Thus,
k(A+F—2)=0, and A¢0,(A4+K). This completes the proof.

Corollary 3.2 ({o,(A+K): KeF(X) and AK=KA}=0,(A).
Proof. Inclusion ‘>’ is obvious. Suppose that 1¢ g ,(4). From the proof of Theorem
3.1, there exists a finite rank operator F in B(X) such that AF=FA and A¢o,(A+F),

which proves the inclusion ‘<’ This completes the proof.

Let us point out that Theorem 3.1 and its corollary can be proved without using
Theorem 2.1, but instead by using Kaashoek’s [6, Theorem 3.2].
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Corollary 33. Aeog,(A)\o,(A) if and only if A is an isolated point of a6, (A),
0<k(A—2)< o and R(A—7) is closed.

Proof. This follows from Theorem 3.1, [S, Theorem 4.7] and [6, Theorem 4.1].

The polynomial hull £ of a compact subset E of the complex plane C is the
complement of the unbounded component of C\E. Given a compact subset E of the
plane, a hole of E is a component of E\E. If F is another compact set such that
dEcFcE, it follows that )EcdF, E=F and E can be obtained from F by filling in
some holes of F. (Here and in what follows JE denotes the boundary of the set E.)

Corollary 3.4. Let Ac B(X). Then
() ogp(A) c0,(A),
(i) 0o, (A)=0da,(A) and o ,(A) is nonempty,
(i) 64y =06u(A),
(iv) 0.(A) can be obtained from o,(A) by filling in some holes of 6 ,(A),
(V) if 0,5(A) is connected, o ,,(A) is connected.

Proof. It is sufficient to prove (ii). It is well known that o,_,(A4) is nonempty and
compact. Suppose Ao€00,(A4) and A, ¢o,,(A). Hence, k(A—Ay)<oo and R(A—4,) is
closed. Now, we know that there exists an ¢>0 such that 0<|1o—2|<¢ implies that
R(A—2) is closed and a(4—2) and B(A—4) are constant, ie., a(A—-A)=a(d—15)—
k(A—2y) and B(A—A)=B(A— o) —k(A—12) ([6, Theorem 4.1]). Thus A—Aye® (X)u
® _(X), which is a contradiction. This completes the proof.

Corollary 3.5. Let A* be the adjoint operator of A€ B(X). Then 0,(A) =0,,(A%).
Proof. This follows from Theorem 3.1, [15, Theorem 2] and [5, Theorem 3.7].

Recall that a(A4), the ascent of A, is the smallest non-negative integer n such that
N(A")=N(A"*"). If no such n exists, then a(4) = c0. Let A4, denotes the restriction of 4
to the subspace M of X.

Corollary 3.6. Let Ac V(X). Then the following statements are equivalent:
(i) A=V +F, where a(V)=0, F is finite rank and VF=FV;
(ii) there exists a finite rank projection P commuting with A such that a(A|ye)=0;
(iii) there exists e>0 such that a(A+2)=0 for 0<|i|<g;
(iv) a(V)< c0.
Proof. If A satisfies any condition among (i}{iv), then Ae® ,(X) and i(4) <0 ([11,

Lemma 2.5], [6, Theorem 4.1]). Thus, the proof follows by [17, Corollary 2.7] or [19
Proposition 2.6].
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Let 2(X) denote the set of all bounded projections P in X such that codim P(X) is
finite. The compression A, is a bounded linear operator on the closed subspace PX
defined by Apy=PAy for each y in PX. Consequently, g,(A4p) is the generalized
spectrum of this operator on the Banach space PX.

Theorem 3.7. For every bounded linear operator on a Banach space X we have
o,5(A)=(){o,(4p): PEP(X) and PA=AP}.

Proof. Suppose that 4 is not in g,,(A4). Then R(A—4) is closed and k(A —4) < oo, i€,
A—AeV(X). Consequently, by Theorem 2.1 the space X is the direct sum of two closed
subspaces X, and X, which are A-invariant and have the following properties: The
space X, is finite dimensional (possibly zero) and A— 21 is nilpotent on it. If 4, denotes
the restriction of 4 to X, considered as an operator from X, into itself (and P the
projection of X onto X, along X,), then N((A¢g—A4)p) = R((Ao—A)¥). Let us remark that
PA=AP, Pe?(X) and R((A—A)p) is closed (Remark 2.2). Thus A¢0,(Ap). This proves
that o,,(A)> () {0,(A4p): Pe #(X) and AP=PA}.

To prove the converse inclusion, suppose that 4 is not in 6,(4,) for some PeZ(X)
such that AP=PA. Thus R((A—A)P) is closed and k((A—2)P)=0. Since A—A=
(A-A)P+(A—A)(I—P) and (A—A)(I—P) is a finite rank operator, we conclude that
A¢o,(A) ([5, Theorem 5.9]). The proof is complete.

Let us remark that it has been observed by Zemanek that for Browder’s essential
approximate point spectrum of 4 we have 0,(A4)=(){0,(A4p): PeP(X) and AP=PA}
([21, Theorem 3]).

4. Spectral mapping theorem for o,,(A4)

Theorem 4.1. If A is any operator and p is any polynomial, then
agb(p(A)) = p(agb(A))

Proof. Let 1¢p(0,,(A)) and p(t)—A=c(t—A4,)™...(t—A,)™ with m; integers, c#0 and
Ai#4; for i#j. Thus, pA)—A=c(A—A)™...(A—4)™ and A;¢0,(4) for
i=1,...,k. Consequently, we have that R(4—A;) is closed and k(4—A4)<oo, for
i=1,...,k. From [5, Theorem 3.8], we know that R((4A—A4)™) is closed and by [5,
Lemma 3.11] k((A—2)™)< oo for i=1,...,k. Let us remark that by ([4, Corollary]) we
have that

R(p(A) - =R((A—21)™) N ...n R((A—2)™)
and

N(p(4)—A=N(A—-24,)") ® ... ® N(A—A)™).
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Thus R(p(A)—4) is closed. Further, by ([5, Lemma 2.1(a)]) and the elementary fact that
if 2#0, then N((4 + 2)®) = R(A™), for each integer n we have

N(p(A) -7
N(p(4)—2) » R((p(4) — 2)")

_ N(A—4)™) @ ... ® N(A—A)™)
(N(A=2)™) ® ... ® N(A—Z)™) A R(A—2)"") ..\ R(A— 2)™)

_ N(A-24)")®...® N(4—1)™)
N(A=2)™) A R(A=A)™") @ ...@ N((A—4)™) N R(A—A)™")

Thus,

N(p(A)- ) <% dim—_ N(A=2)™)
N@(A)—2) (R =2 5 N(A—2)") o R(A—2)™)

dim

and by [, Theorem 3.7] it follows that k(p(4) — 1) SZk((A—A;)™). Hence, 1¢ a,,(p(A)).

We now turn to the proof of the opposite inclusion. Suppose that A€ p(o,,(4)) and
A¢au(p(4)). By the definition of o,(A), we have that R(p(4)—21) is closed and
k(p(A)—A)<oo. By ([4, Corollary (iii)]) we know that R((4—2)™) is closed for
i=1,...,k. Since N((A—A)")=N(p(4)—J1), and for each positive integer m and
n,N(A—A4)")= R((A—4;)"), (i# j), then by [7, Lemma 2.3] we have

m N(A—4) <dim N(p(4) - 4) .
N(A—-2) " R(A—4)™") ~  N(p(4)—2) N R(p(4)—2)")

di

This shows that k(4 —21;)< oo ([8, Theorem 3.7]), and by [5, Theorem 3.8] R(4—1,) is
closed. According to this, we have that A;¢ag,(4), (i=1,...,k), which provides a
contradiction. The proof is complete.

Theorem 4.2. Let Ae B(X), and let D be an open neighbourhood of o(A). If f is a
rational function on D with no poles in D, then

oao(f(A)) = f(0,(A)).
Proof. We can write f=p/q, where p and g are polynomials and g has no zeros in

D. Hence, 0¢ q(a(A)), q(A) is invertible and f(A4)=p(A4)q(4)~ ' =q(A)"*p(A). For each
AeC we now write, assuming that p/q is not constant,

P =P8 A=Ay a—).
q q 9
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Hence
f(A)—1=q(A) (A= )(A—1y)...(A—4,),

and the proof of Theorem 4.2 follows by Theorem 4.1.

Let (G,) be a sequence of compact subsets of C. The limit superior, limsup G, is the
set of all 4 in C such that every neighbourhood of A intersects infinitely many G,. To
show that if f is an analytic function defined on a neighbourhood of a(A), then
f(o,5(A)) =0,4(f(A)) we shall prove the following statement.

Theorem 4.3. Let A, A,e B(X), A,»A and AA,=A,A for each positive integer n.
Then

(i) limsup o, (A,)=a,(A),
(i) limsup o ,4(A,) =g (A).

Proof. (i) It is enough to show that if 0¢ g, (A4), then O¢limsupa,(A4,). Suppose that
0¢0,(A). Then R(A) is closed and k(4)=0. Then, by [5, Lemma 4.2] we know that
there exists an ¢>0 and an integer n, such that R(4,—A) are closed for n=n, and
k(A,~24)=0 for |A|<e. Therefore, for n=n, we see that ¢ (4,) " {1eC:|i| <&} is empty.
Thus, we have that 0¢limsup o,(A4,).

(i) To prove (ii), it is enough to show that if 0¢ g, (A4), then 0¢limsupoy(4,). If
0¢a,(A), then by (i) we know that O¢limsupa,(4,), and O¢limsupo,(A,). If 0 g ,(A)\
o,(A) then R(A) is closed and 0<k(A4)<co. Consequently, by [5, Theorem 4.10(a)]
there exists an ¢>0 and an integer n, such that R(A4,— 1) are closed and k(A,— 1)<
for |A|<e and n2n,. Therefore, for n2n, we see that o,,(4,) N {1eC:|A| <} is empty.
Thus we have 0¢limsup o ,(4,), and the proof is complete.

Remark 4.4. Let us remark that the commutativity conditions in Theorem 4.3 are
necessary. Examples in which ¢, and o, are not upper semi-continuous can be
constructed using the result of Goldman [3, Theorem 1]. In fact, if A€ V(X) (Vo(X)),
a(A)=o0c0 and f(A)= o0, by [3, Theorem 1] there exists a sequence A, of linear bounded
operators on X, with non-closed ranges, such that 4,— 4. Thus, we have that 0¢g,(A4)
(04(4)) and Oeo,,(A,) for each n (which implies Oelim sup g,,(4,)).

Theorem 4.5. Let Ae B(X) and let f be an analytic function defined on a neighbour-
hood of 6(A). Then

S (055(4)) = 0(f (A))-

Proof. Let D be a neighbourhood of a(A), and let (f,(t)) be a sequence of rational
functions, with no poles in D, converging to f(t) on D. We have

S (o,(A))=1im f,(04(A))
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=limsup o,( f,(4)) (by Theorem 4.2)

(S (4) (by Theorem 4.3(ii)).

To prove the converse suppose that u¢ f(o,(A)). Thus, for each 1eo,(A4) we have
that f(A)—u#0. Set g(A)=f(1)—pu. If g(A)#0 for each iea(A), then g(A) is invertible,
and p¢o(f(A). Thus péo,(f(A)). Now suppose that g(d) has zeros of order n; at
Aiea(A), i=1,...,k. Then

g(d)= ﬁ (A—2,)"h(4) and h(A)#0 for each Aea(A).
Set
k
P =TT ="

By Theorem 4.1, we know that 0¢o,(p(4)). Then R(p(A)) is closed and k(p(A4)) < co.
Consequently, since h(A) is an invertible operator commuting with p(A4), it is easy to see
that g(A4)=p(A)h(A) has closed range and k(g(A)) < co. Thus, we have that u¢o,(f(A4)),
ie.,, 6,4(f(A)) < f(0,(A)). This completes the proof of the theorem.

5. Connected components of C\a,,(A)

If AeB(X), then C\g,(A4) is an open set in the complex plane C. Let U be a
connected component of C\o,,(4) and G={AeC\o,,(A4):k(4—A)#0}. By [6, Theorem
4.1] we know that G has no accumulation point in C\o,(A4). A complex number
AeGnU is called a jumping point in U.

Remark 5.1. If /1 is a jumping point in U, then by Theorem 2.1(ii), there is an
A-invariant finite dimensional subspace N, in X such that A— 1 is nilpotent on it.
Consistent with the matrix case we define the (algebraic) multiplicity of the jumping
point A to be dim N,. If U is a connected component of the semi-Fredholm region of A4,
then our definition of the multiplicity of the jumping point 1 in U is consistent with the
definition in [18, p. 232] and [22, p. 449].

Theorem 5.2. Let Ae B(X) and let U and G be as above. Then the functions
A-N({(A—A)*®)+R((A—N)®) and A-N{(A—-1)®) " R((A—-A)*®)
are constant on U, while the functions

A—R((A—2)®) and A->N((A— 1))
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are constant on U\G.

Proof. The proof follows from [9, Theorem 3] and ([5, Theorem 4.7(d), (¢); Lemma
4.2(d), (¢); Lemma 3.6]).

Remark 5.3. Let us remark that by [5, Lemma 3.6(a)] and Theorem 5.2 we have
that

R((A—2A)%)+N(A—-2)®)=R(A—A)®)+cl(N(A—2)*))
=R(A-D)*)@N,=W

for each 1eU, where N, is a finite dimensional subspace, N, is A-invariant and
(A—A)n, is nilpotent on it. Thus, W is closed, hence a Banach subspace in X ([5,
Theorem 3.8]). The restriction of A to the subspace W has been studied in [16] and

[19].

Theorem 54. If AeV(X), set vo(A)=sup{e>0:A—1eVy(X) for 0<|i|<e} and
v(A)=sup {e>0: A—Le V(X) for |A|<e}. Then

v(A) =sup {vo(A + F): Fe F(X) and AF=FA).

Proof. Let FeF(X) and AF=FA. Then A+FeV(X) ([S, Theorem 59]). If || <
vo(A+F), again by ([5, Theorem 5.9]) we have that A—A=(A+F—1)—FeV(X).
Hence, vy(A + F) < v(A), i.e., sup {vo(4 + F): Fe F(X) and AF =FA} <v(A).

To prove the other inequality suppose that £>0, and let p denote the total
multiplicity of the jumps having absolute value less than v(A4)—e. As in the proof of [18,
Theorem 1.1(IT)] (using Theorem 2.1 instead of Kato’s decomposition theorem [9,
Theorem 4]) we conclude that the space X decomposes into the direct sum of two
closed subspaces Z and Y which are A-invariant, dimZ=p and Z is the direct sum of
the finite dimensional summands at the jumping points 4,(A),...,4,(4) (where each
jump appears consecutively according to its multiplicity). Let P2=PeB(X) be the
idempotent with R(P)=Z and N(P)=Y. It is clear that Pe F(X) and AP=PA. Set
F =aP, with |a|>||4|| +v(T). Now, as in the proof of [20, Theorem 7.1], for each 1 with
|l|<v(A)—e we have that R(A+F—A) is closed and N(A+F—A)cR((A+F~A)).
Thus, vo(A + F) Zv(A) —¢, and the proof is complete.

Lemma 5.5. Let Ae B(X) and let U, G and W be as above. Then:

(i) (A—2A)we®_(W) for each LeU;

(i) if AeU, then AeU NG if and only if A is a jumping point in the semi-Fredholm
region of Ajw.

Proof. Let AeU. Then W=R((4—1)*) @ N, (Remark 5.3). By (5, Theorem 3.4] we
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have that (A—A)W=(A—A)R(A—A)®)D(A—A)N,=R(A—1)*)D(A—A)N,. Thus,
(A—2)w e ®_(W), which proves (i). (ii) follows by Remark 5.1 and (i).

For a technical reason we suppose that the connected component U contains zero.
Then the points in G n U can be ordered in such a way that

Mx(A)Iélllz(A)Ié ... <v(A),
where each jump appears consecutively according to its multiplicity. If there are only p
(=0,1,2,...) such jumps, we put |1, ,(4)|=|4, . 2(4)|=v(A).
Let S denote the closed unit ball of X. Let
g(A)=sup {¢=0: AS &S}

be the surjection modulus of A. For each r=1,2,... we define

g(A)=sup {g(A+ F):rank F <r}.

Theorem 5.6. Let AeV(X), 0eU, and let U, G and W be as above. Then for each
Jjumping point A,(A), r=1,2,... we have

Ij'r(A)I = hm qr((AIW)k)llk'
k
Proof. By Lemma 5.5 we know that (4 — 1), e ®_(W) for each A€ U, and that 1 (A),
r=1,2,... are jumps (with the same multiplicity) in the semi-Fredholm region of A

(Remark 5.1). Thus, the proof of the theorem follows by [18, Theorem 1.1, pp. 232-233]
(since the stability index of the semi-Fredholm operator A,y is 0).

If T is a linear operator from a Banach space X to another Banach space Y, then the
reduced minimum modulus of T is defined by

y(T) =inf {|| Tx||: dist (x, N(T)) = 1}.
For each r=1,2,... we put

¥, (T)=sup {»(Qy T):dim V <r},

where Q, is the canonical map of X onto the quotient space X/V. Now, we have:

Corollary 5.7. Let Ae B(X) and let 1,(A), r=1,2,...,U and W be as above. Then for
each jumping point A (A),r=1,2,... we have
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I'lp +r(A)| = hm Yr— ((A|W)k)l/k:
k

where p is the multiplicity of the jump at zero.
Proof. The proof follows by [22, Theorem 1, p. 451], Lemma 5.5 and Theorem 5.6.

Corollary 58. If Ae V(X), then
vo(A4) =lim 7((A|W)k)l/k-
k

Proof. This follows from Corollary 5.7.

Let Ae B(X) be a semi-Fredholm operator. Then the semi-Fredholm radius s(A4) of A
is the supremum of all é=0 such that the operator A— A is semi-Fredholm for |A|<e.

Corollary 5.9. Let AeV(X) and let A, (A), r=1,2,...,U and W be as above. Then:

(i) if there is a finite number of jumps, then v(A) S s(A,w).
(i) if there is an infinite number of jumps, then v(A)=s(Aw).

Proof. This follows by Lemma 5.5 and [6, Theorem 4.1].
We would like to finish this paper with the following questions:

Question 1. If A€ V(X), must lim, y(4%)/* =p,(0)?

(Let us remark that the limit exists (by Theorem 2.1 and the proof of [2, Theorem 2]).
If X is a Hilbert space, then the answer to the Question 1 is positive (see [1, Theorem
3.2, Corollary 3.4] or [13, Théoréme 3.1, Corollaire 3.9]).)

Question 2. If A, Be B(X) and AB=BAe V(X), must A, BeV(X)?

(Let us remark that if 4, Be B(X) and AB=BA e Vy(X), then A, Be V,(X) ([13, Lemma
4.15]))

Question 3. If A, Be B(X), AB=BA and B is a quasinilpotent operator, must
0g5(A+ B)=0,(A)?

(Recall that if X is a Hilbert space, A, Be B(X), AB=BA and B is a quasinilpotent
operator, then g,(4+ B)=0,(A) ([13, Théoréme 4.8].)

Question 4. If A, Be V(X) (or V,(X)) and AB=BA, must ABe V(X) (or Vy(X)), and
possibly k(AB) <k(A)+ k(B)?
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