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THE CHARACTERIZATIONS OF LAPLACIANS
IN WHITE NOISE ANALYSIS*

SHENG-WU HE, JIA-GANG WANG anD RONG-QIN YAO

The Laplacians form a class of the most important differential operators in
white noise analysis. The goal of this paper is to give their characterizations. Our
main tools are the Fock expansions of operators in terms of integral kernel oper-
ators and rotation-invariance. In Section 1, the fundamental setting of white noise
analysis is introduced briefly. In Section 2, integral kernel operators and the Fock
expansions of operators are given. The characterization theorems for number
operator, Gross-Laplacian and Euler operator are given in Sections 3,4 and 5 re-
spectively.

Let (S) € (L) < (9™ be the Gel'fand triple over white noise (S'(R),
B(S'(R)), ). Let T € L((S), (™). T is equal to number operator N up to
a constant factor if and only if the following conditions are satisfied: 1) T = T*,
2) for all @, ¢ € (), T(p, ¢) = (Te):p + ¢: (T¢Y), 3) T is rotation-invariant.
T is equal to Gross-Laplacian 4, up to a constant factor if and only if the follow-
ing conditions are satisfied: 1) for all £ € S(R), [T, D] =0, 2) [T, N] = 2T,
3) T is rotation-invariant. T € £((S), (S)) is equal to Euler operator 4; = 4,
+ N up to a constant factor if and only if the following conditions are satisfied:
1) for all @, ¢ € (S), T(ey) = (Te)¢p + ¢(T¢Y), 2) T is rotation-invariant.

1. White noise space

We adopt the framework of white noise space set by I. Kubo and S. Takenaka
[6] (see also Hida et al. [1] or Yan [9]). Let S(R) be the Schwartz space of rapidly
decreasing functions on R. Denote by A the self-adjoint extention of the harmonic
oscillator operator on L*(R) :

Af(w) = — f ) + A+ u) fw), fE SR).
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Put

e,(u) = (— 1)"(7[1/22"14!)_1/2(3"2/2Lne_uz, n = 0.
du

Then ¢, € S(R) is the eigenfunction of A, corresponding to eigenvalue 2xn + 2. At
the same time, {e,, # = 0} is an orthonormal basis of L*(R). Define
[ rh, =A% =2 @n+2"|<f,ep [, FEL,
n=0
S,R) =2 ={fel’:|f}, <}, p=>0,
where | + |, denotes the norm in L*(R). With {| - o, p = 0} S(R) is a nuclear
space. Let S"(R) be its dual space. Set

S® ={fes®:IfE,=3 ent2” | e <o peR,

where €+, > denotes the pairing between S’(R) and S(R). Then

SR = N S,(R), SR) = U S,R).

pER pER

By Minlos theorem there exists a unique probability measure g on B(S’(R)), the
o-field generated by cylinder sets, such that

L(R) ¢ y(dy) = exp{— %| §|§}, £ SR).

The measure g is called the white noise measure, and the probability space
(S’(R), B(S'(R)), ) is called the white noise space. On the white noise space a
Brownian motion B = {B,, — o < ¢ <} may be well-defined such that
B(S'(R)) = 0{B,, — o < t < %}, Then each ¢ € (L) has chaotic representa-
tion:

(1.1) ¢ =n§0f-~ fm,,(tl,..., t,)dB, dB,,
lol;= gon! [, 15

where ¢, € L*(R") (the symmetric subspace of L*(R™). We denote (1.1) also by
@ ~ (¢,) simply. If for all n, @, € D(A®"), and X n! | A% 0, |> < o, define

T e LD, TAWo~ A%p,).
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I'(4) is a self-adjoint linear operator in (L%, and is called the second quantiza-
tion of A. For p 2> 0, set

(S), = DA,
Lo, =1TW’eli= S ntle,l, ¢~ () <),
(8 = N (9,

=0

With {]| + [l,,, » = 0} (S) is also a nuclear space. Each element of (S) is called a
test functional. Denote by (S)_, the dual of (S),, p = 0. Then the dual of (S) is

(9* = Y (S)_,.

Each element of (S)* is called a generalized Wiener functional or Hida distribu-
tion.

For £ € L (R), the exponential functional &(&) is defined as
1 1 _en
8 = exp [, & — 3168 ~ (&),
Let F € (S) The S-transform of F is defined as

(SPH ) = KF, 8)», &< SR,

where <({+, *»> denotes the pairing between (S)™ and (S). Each Hida distribution
is uniquely determined by its S-transform. For any F, G € ()™ there exists a
unique Hida distribution, denoted by F : G and called the Wick product of F and
G, such that S(F : G) = S(F) S(G).

Let y € S"(R) and ¢ € (S). The derivative D, of ¢ in direction y is
defined by

Dy =lime W0

’
=0 t

where the limit is taken in (S). D, € £((S), (S)) and its adjoint D, € £((S),
(9™ is defined by

UDJF, ¢ = KF, D,p», YFe€ (9% ¢e(S)

(see Theorem 2.2 below), where £((S), (S)) (resp. L((S)¥, (S)™) denotes the
collection of all continuous linear mappings from (S) (resp. (S)™) into itself. Let
0, be Delta function at a point £. Dél_ and D;: are denoted simply by 8, and 6,* re-
spectively.

https://doi.org/10.1017/50027763000005936 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000005936

96 SHENG-WU HE, JIA-GANG WANG AND RONG-QIN YAO

2. Integral kernel operators

Integral kernel operators are introduced in Hida et al. [3] (see also Hida et al.
[2] and Obata [10]). The following lemma is a more precise form of the correspond-
ing result in [3].

LemMa 2.1, Let ¢, ¢ € (S). Set

(2.1)

,m)

tog (Spyeey Si by ) = K05 -+ 008, -+ 0, @, ¢», L,m=0,l+m=1.

Then zv(,l,;,,m e S(R™™). Moreover, for any p, ¢ € R, with p = q and o > 0
(2.2) o locam < Corm @ lpral @1
where | * |5 _qp is the norm in S_,(R") ® S,(R™), and
VU +n)Tm + n)!
(2.3) Corm=sSUp—— ————.
n n'2

Let £ € S'(RHm), l,m=0,l+m =1 There exists a unique 5, (k) €
2((S), (9™ (the collection of all continuous linear mappings from (S) into
(S)™) such that for all ¢, ¢ € (S)

(2.4) KE (B g, ¢ = <k, f:ébr%-

If £ € S,,(Rl) ®S_,R™),p=¢q, a>0, then by (22) 5,,,(k) is also a
linear continuous operator from (S),,, to (S), and

(2.5) I Eim (K)o "z,q S Coim | & |2,(q,—m I ¢ “2,p+a~
The operator &, ,, (k) is called an integral kernel operator. For all &, n € S(R)

(2.6) (B (D8O, 8 = (k. 1° @ &

K= 20K e, @ Qe Qe @ Qe is an orthogonal ex-
pansion in S,,(RI) & S_,(R™, then Z,,,(k) also has the following strongly con-
vergent expansion.

DD .- D

€y % Cim”

(27) El,m(lc) = Z ,Ch"'tlh“'ij:
1,7

3%

Denote by ©, the permutation group of # letters. For any ¥ € S’(R") and
o € &, define £” € S’(R") by

<Ica’ Sl ® et ®€n> = </C, Sg"l(l) ® e ®Sa—lm)>, EI?' “ay Sn S S(R)
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For any ¥k € S"(R™™) define

_(m 1
g = > k.

Im)
'm! e,

Since t;fgn)(sl, ceuy Sy by, t,) is symmetric in (s;,..., s) and (¢,..., f,) re-
spectively, for all @, ¢ € (S), by definition (2.4) it is easy to see

s - ~(I,m)
g,k = 8,,&"™).

_m) . -
Moreover, £ is uniquely determined by &, (k).

THEOREM 2.2 ([3])). Let k € S'(R"™™).

1) 5, € £US), (S) if and only if £ € SR ® S'R™), or equivalently,
for each p =0 there exist C >0 and ¢ € R such that for all €€ SR'), n €
S(R™)

(2.8) , <IC,E®T]> I < Cl&lz,-plnlz,q'

2) E,,,(k) can be extended to a continuous linear mapping from (S)* into itself
(ie. 5, () € LU, () if and only if £ € S'(R) @ SR™).
Let Tr € S"(R?) be defined as: for all £, € S(R)

(Tr, EQn> = <&, .

N = &, ,(Tr) is called the number operator, and — N is called Beltrami-
Laplacian. Since Tr € S(R) & S"(R), by Theorem 2.2 1) N € £((S), (S)). In
fact, if ¢ ~ (¢,), then No ~ (n¢,). So we also have N € £((S)™, ().

A, = 5,,(Tr) is called Gross-Laplacian, and by Theorem 2.2 1) 4; €
£2(S), ().

The following fact is easy.
TueoreM 2.3. Let T € £((S), (™). Then there is a unigue T" € £((S),
(8)™), called the adjoint of T, such that for all ¢, ¢ € (S)
KT* ), ody = KTo, PH.
Moreover, T € 2((S), (S)) (resp. LU, (™)) if and only if T* € LU,
(™) Gresp. £((S), ().

In fact, we have (T™)* =T.
If k€ S’(R"m), l,m=0,]l+m =1, then there exists a unique e
S’/(R™") such that for all Ee S(Rl), n € S(R™)

https://doi.org/10.1017/S0027763000005936 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000005936

98 SHENG-WU HE, JIA-GANG WANG AND RONG-QIN YAO

K ERy =Lk, RO,

and

—_ %k —_ k(m,l)
E,,®" =5, """,

THEOREM 2.4 ([10]). Let T € £((S), ()™). Then there exists a unique Sfamily
{k, . € S’ R™™, I, m = 0}, such that gl = Ky and for all ¢ € (S)

(2.9) To =

!

30

El,m(/cl,m)<07
0

where the series converges in (S)*. Moreover, if T € £((S), (S)) (resp. £((S)™,
(8)™), then so are 5,,,(k,,) for ail I, m > 0.

The expansion T = 25, ,, &,,,(k,,,) is called Fock expansion of T. Such an ex-
pression was first introduced by R. Haag [1](see also Huang [3] and Krée [4]). In
fact, we can show the Fock expansion converges is a stronger sense (see the
Appendix of the paper).

Let g be a linear homeomorphism from S(R) onto itself. If for all £ € S(R)

| g&l, =1¢l,,

g is called a rotation of S(R). g can be extended uniquely to a unitary operator in
L*(R). For any £ € S’(R) define g*z by

(g¥z, & = {x, gb.

It is easy to see that ,g>‘< is a linear automorphism of S’(R). Denote by O(S(R))
the collection of all rotations of S(R), and

0*(S'(R)) = {g*: g € G(SR))}.

Let g € O(S(R)). It is easy to show g°”" is also a linear homeomorphism
from S(R") onto itself. Then I'(g) is a rotation of (S), ie, I'(g) is linear
homeomorphism from (S) onto itself, and for all ¢ € () | I'@e¢ |, = | ¢ Il,.

Letn =1, g € 0(SMR)) and k € S'(R"). (®") "k € S'(R") is defined as:

Ug®N ¥k, & =k, g8, £ SRY.

£ is said to be rotation-invariant, if for all g € G(SR)) (g®") ¥k = &.
Let T € £((S), (™). T is said to be rotation-invariant if for all g €
OSRNT(Q*TI(g =T on (S). In particular, if T € £((S), (5)), then T is
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rotation-invariant if and only if for all g € G(SR)I(g™HTI(g) =T on (S).
Moreover, let T € £((S)*, (S)®). Then T is said to be rotation-invariant if for
all g € (SR T (g™ H* =T on (9™

Let T € £((S), ()™). Then T is rotation-invariant if and only if so is T".
Moreover, if T is a rotation-invariant continuous linear mapping from (S) into
itself, then T*, as a continuous linear mapping from (S)* into itself, is rotation-
invariant, too.

We shall use the following results on the rotation-invariance.

THEOREM 2.5 ([9)). Let T € 2((S), (S) *Y with Fock expansion T = 22,
8, (k). Then T is rotation-invariant if and only if so are all 5, ,,(k,,,), I, m = 0.

THEOREM 2.6 ([9). Let k€ SR™), I, m >0,. If [+ m is odd, then
' m(K) is rotation-invariant if and only if =, (k) = 0. If I+ m is even, then

1 In

5, (k) is rotation-invariant if and only if it is a linear combination of (A‘;) *qug
with p, q, v being non-negative integers such that p + q + r < (I + m) /2. In addi-
tion, 5, ,,(k) maps (S) into (S) if and only if it is a linear combination of N'Ay, with
g+r<U+m/2.

CoroLLARY 2.7 ([3). Let k€ S'(R®) and T = F,,(x) (resp. 5,,(x)) be
rotation-wmvariant. Then T is equal to N (resp. Ag) up to a constant factor.

3. The characterization of number operator

TheoreM 3.1. Let T € £((S), (S)™). Then
(3.1) T(p:¢) = (Te) : ¢ + ¢: (TY), VYo, ¢ € (S),
holds if and only if the Fock expansion of T has the form:

(3.2) T= 2 5,k).

Proof. By the density of {§(§), £ € SR)} in (S), (3.1) is equivalent to that
for all &, &, n € S(R)

(3.3) KT(8(E) :8(E)), 8()» = KT + &), 8m)»
= (T6(ED) : 6(&), (> + K8 : (TE(EY)), ().

Let T = 2 &,,,(k,,.) be the Fock expansion of T. (3.3) is just
ILm
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34) Sk RE+E)® =2k 1T R ET 4+ ET).

I,m lLm
Replacing &, &, and 1 by s&,, s&, and f7 in (3.4) respectively and comparing the
coefficients of power series, from (3.4) we conclude that for all , m = 0

(3.5) ey 15 QR (6, + E) ™ = Lkppy 1% R (EE™ + ™).

Replacing &, by t£, in (3.5) yields
S0 @8 @ (M) 1 = (e @ET + (e, 0 @ET
r=0

If k,,, 70, it must be m = 1. Hence the necessity is verified. Reversing the
reasoning yields the sufficiency. UJ

TueoreM 3.2. Let T € L((S), (™). Then T is equal to N up to a constant
Sfactor if and only if the following conditions ave satisfied:

1) T=TF"

2) forall ¢, ¢ € (S)T(p:¢) = (Te): ¢ + ¢: (TeY),

3) T is rotation-invariant.

Proof. The necessity is well-known. We need only to show the sufficiency.
Let T = 2,,, & ,.(k,,) be the Fock expansion of T, and put T,,, = &,,,(k,,). By
Lemmas 3.1 and 3.2 from condition 2) we deduce that for allm # 1T, , = 0.

The condition 1) is equivalent to that for all [, m = 0

*
Tl,m = Tm,l'
Hence for I #1T,,, = T:,, = 0. Therefore,
T=T,,=25,k,).

At last, by making use of rotation-invariance of T and Corollary 2.7 we con-
clude that T is equal to N up to a constant factor. OJ

We give three examples to show that in order to characterize N anyone of the
three conditions in Theorem 3.2 cannot be deleted.

1) 4N = 5, (Tr ® Tr) satisfies conditions 2) and 3) by Lemma 3.2 and
Theorem 2.5, but not condition 1).

2) AsNA, = 5, ,(Tr @ Tr ® Tr) satisfies conditions 1) and 3) by (2.8) and
Theorem 2.5, but not condition 2).

3) Take x € S’(R,) such that k = &

*(1,1) .
and k£ # Tr, for instance, £ = ¢, &
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;. Then Z, (k) satisfies conditions 1) and 2) by (2.8) and Lemma 3.2, but not
condition 3) by Corollary 2.7.

TueoreM 3.3. Let T € L((S), (S)) satisfy the following conditions:
1) forall @, ¢ € (S)T(p:¢) = (Tp): ¢ + ¢: (TP),
2) T is rotation-invariant.

Then T s equal to N up to a constant factor.

Proof. We continue to adopt the notations in Theorem 3.2. From condition 1)
we know for m # 1T,,, = 0. By Theorem 2.6 (see[9]) from condition 2) we know
that T,, = O for even /, and for odd

T.= 2 CNAt= = C.5pat,dTr®),

p+Ha<U+D)/2 pHa<U+1)/2

6, Qe Ve, @ - Qe €

where C,, are constants, and 7, = 2, .., e,
S(R™) such that &, ,(z,) = II_J(N — /). In order to have p + 2¢ = 1 it must be
p=1and ¢ =0. Thus T = T,, is equal to N up to a factor by Corollary 2.7. [J

4. The characterization of Gross-Laplacian
For T, T, € £((S), (), let
[T, T,] = T\T, — T,T,,

if the right side makes sense on (S).

Lemva 4.1, Letk € S’ R™™). Then

(4.1) IN, 5, ()] = (I — m) 5, ().

Proof. Let , m, 7m,... € SR), i=1,.... It is well known that on (S)
(D, D;1 =<, »,
!
[DC’ D: e D::] = Z <C’ 7]’>D:; e D::-l D';l:ﬂ a D::
1=1
From (2.7) it is not difficult to get
(4.2) [Dg, E,®]=15_,k ®<1,0)O,

where £ @, £ € S’ (R™™™) is defined by
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V r] = S<Rl+m—1) )

<k Quo &m0 =<k, L&,

- D

Analogously, we have
[Df, D, -+ D,1=— 24 n>D, D, D
1=1

Mi+1 Mm

(4.3)
[DC*, E,0]==mE, k&, 0,

where £ ®<0,1) (e S/(RHm_l) is defined by
<IC ®(1,0) C; 7]> = <lf, n ® C)y \V/n = S(RHm_l).

Hence

(4.4)
(DD, &,,(x)] = D}D,&,,,(x) — &,,, (k) DD,
= D/'D.5,,(x) — D&,,(K) D, + D&, ,,(x) D, — &,,,(x) D;' D,

= ch*E:—Lm(/f Rua O —mE,,,(kQy, OD,
= lEI—l,m(C ® K ®(1’0) C) —m El,m(lc ®(0’1) C ® C)

Since N = 3, 9%, and
k=2¢QkQupe,=2kQuqeQe,
]

(4.1) follows from (4.4).
Levmva 4.2, Let T € £((S), (™), and r = 0 be an integer. Then
[T, N] = »T

(4.5)
if and only if the Fock expansion of T is
T= 1;0 E (K.

(4.6)
Proof. Let T= X2,, & ,(k,,) be the Fock expansion of T, and &, 1 €

S(R).

From (4.1) we have

KIT, N18®), 8 = X (m — Dk, 1= @E .

1I,m=0

Hence we know that (4.5) holds if and only if for all £, n € S(R)
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2 ®1 ®
2 Lk QET Im—1— 1 =0.
I,m=0

Replace &, n by s&, tn respectively, and by the uniqueness of the coefficients of
power series we get

vi,m=0, m—1—nk, =0,

i.e. (4.6) holds. U

Lemva 4.3. Let T € 2((S), (). Then vV { € SR), [T, D] =0 if and
only if the Fock expansion of T is

(4.7) T= 73 5,,(&,).

m=0

Proof. Let T =27, .5, ,.(x,,) be the Fock expansion of T, §&n,{€
S(R). From (4.2) it is easy to see

(D, TIE®, 8 = 2 3 IKry n° 7 QL DE .

Therefore, for all { € S(R) [T, D] = 0 if and only if for all &, 1, { € S(R)

8

Ms

Ky 157 QLRES™ = 0.
0

[

I
—

m

Replace &, n, { and s&, tn, w( respectively, and by the uniqueness of the coeffi-
cients of power series we get

Kn,=0 121 m=0,

ie. (4.7) holds. O

Remark. 1f T € £((S), (5)), in a similar way we can see that V ¢,
[T, 8,] = 0 if and only if the Fock expansion of T is given as in (4.7). This has
been pointed out in Luo [8].

THEOREM 4.4. Let T € £((S), (™). Then T is equal to A; up to a constant
factor if and only if the following condiltions arve satisfied :

1) forall ¢ € SR), [T, DJ =0,

2) [T, N] = 2T,

3) T is rotation-invariant.
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Proof. The necessity is well-known. We need only to show the sufficiency.
From the condition 1) and Lemma 4.3 we know the Fock expansion of T has the
form T = 2. _, 5, ,,(k,,»). Furthermore, from the condition 2) and Lemma 4.2 we
get T = 5,(k,,). At last, by the condition 3) and Corollary 2.7 we arrive at the
conclusion. U

By the above remark we see that the condition 1) in Theorem 4.4 can be re-
placed by the following conditions: T € £((S), (S)) and for all ¢, [T, 3,] = 0.

5. The characterization of Euler operator

The Euler operator 4z = A; + N is introduced by Liu and Yan [7] It is the
counterpart of finite-dimensional Euler operator in the setting of white noise
analysis. In fact, let ¢ € (S) and A € R. Then for all 0 # € R and z €
S’(R) ¢(tr) = t'(x) if and only if 4,0 = A¢.

T € 2((S), () is called a derivation if for all ¢, ¢ € (S)

(5.1) T(p¢) = (T ¢ + ¢o(TP).

It is well-known that the Euler operator A, = A, + N is a derivation. For

the characterization of derivations and the following lemma one may refer to
Obata [10].

Lemma 5.1, Let T € L((S), (™), then the following statements are equivalent:
i) T is a derivation;

ii) Forall &, 19, { € S(R)

(5.2) KT+ 1), 8O»e™”
= (T8, 80+ OMe™ + (T8, 85+ DN

iii) The Fock expansion of T = 25, _ 5.k, satisfies the following condi-
tions :

1) K, =0, 1>0,

2) forall, I, m =0 and &, n € S(R)

I+ m

) S, 17 D @O,

(5.3 e 0 ®E = (

THeOREM 5.2. Let T € £((S), (S)). Then T is equal to Ay up to a constant

Sactor if and only if it is a devivation and rotation-invariant.
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Proof. We need only to show the sufficiency. Since T is rotation-invariant,
the Fock expansion of T is given as

T= 2 5&,k,),

I+m=even

and each &, (k,,) is also rotation-invariant by Theorem 2.5. By Theorem 2.6
(see Obata [9])

(5.4) Z k) = S Cap, (A0 By () A7,

2a+B=12r+B=m
where ¢, 4, are constants. Furthermore, since &,,,(x,,,) € £((S), (S)), the terms
with AZ to not appear in the right side of (5.4). Thus we have

o =072 >
(5.5) EpKp) = {cl,m*-*l,t('[t)Ac m =1,

0, m </,

where ¢, is a constants. By Lemma 5.1 1) ,,=0,72=0. By (65) x,, =0, [ >
1. Then by (5.3) k;,e1 = 0, { +m > 1. Thus except for £,, and &,, all £,,, = 0.
By Corollary 2.7 k,, = ¢, It, £;; = ¢,Tr, where ¢,, ¢, are constants. Again by
(5.3)

(ko E59 = <Ky, ER O, E€ SR).
Hence ¢, = ¢; = ¢. At last, T = ¢(5,,(Tr) + 5, ,(Tr)) = c(4; + N) = c4;. [
In Theorem 5.2 the assumption T € £((S), (S)) cannot be weakened to
T € £((S), (9. In fact, take
T = A;N + 434, + 2N(N — 1) + 3N4, + 4.

Obviously, T is rotation-invariant. And T is a derivation. In fact, it is straight-
ward to check (5.2) holds for T, noting that for all &, n € S(R)

KAINE(©), 8> = <&, ) | n 7,
KA2A:8(), (Y = | &1 |7 [,
NN — 1)&(8), &)Y = <&, %™,
UN4B®), 8B = <&, n) | £,
KA%8(©®), 8y = | £,
UTE(©®), 6> = <&, &+ 77> l€+ 7 &

Since T is a derivation, according to Obata [10], it is a first order differential
operator. In fact,
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T= [ 0@od, 0@ =<2, 5,To.

Appendix. The convergence of Fock expansion

Let T € £((S), (™), there exist p, ¢ € R with p = ¢, such that T can be
extended to a continuous linear mapping from (S), into (S),. Now Te¢, ¢ is a
continuous bilinear functional on (S), X (S)_,, there exists a constant C; > 0

such that

(6.1) | LT, o | < Cill @yl ¢l

For all £, n € S(R)

(6.2)

e " TE(®), ()Y

=3 —(:-Qi(& o5 o Lowrr @@, 16y
i K! ' 0 Im=0 Ilm! m » LT
2 & (D% Ik mtk\ ex e on o
Z‘?(‘“W‘ﬁzﬁ( k )( ><8 , 0% KT LE™, Ln®)
S _l_M _ m Rk Rk Qm—k ®RI—k
120 ol EO( 1) k'( )(k> &5 7)) KT L, . (& ), I (n® 5.

For all ny,..., n, &,..., &, € S(R) define
(6.3) <p,,,,,,771®-"®7],®§1®”'®5m

= 1 2 = 0% () (%) @m0 -+ G
X KT L, (6 ® - ®ED, [, (0, ® - ®n)».
Let @ > 1/log 2 such that 2¢ 2,20 + 2) 7> < 1 (for example, @ = 2). Now by
(6.1) we have
(6.4) . iZ » | <0ppr A%, @ -+ @A %,
v ®14—(1>+01)el1 ® .. ®A—(D+a)ejm> ]2

INm+1 tam N (m\1% ke —pta) N2
< L - !
st & e () (7)) I (A%, A7)
X ClU—Rm+ A, & QA ", |;_,

X IA(P-HX) ® ®A—(P+Q) 2

/k+] 2.9
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2 IANm+1 (1 m . -2a . —2a
<G, 2, 2 (e e

X (2, +2)7 (25, +2)7

2 IAm 1 [/20\ (2m\]*" : -2a] "
= G [(;) <m>] [Z @it <o

Thus p,,, can be extended to an element of S, ,(R) ® S_,,o R"™™). Set «,,, =

G- Then

(6.5) | K1 |§,(q—a,—<p+a>> < oim |§,(q—a,—(1:+a))

IANm+ 1 [[2]\ [2m\]? . —2a |t

<c i GO “]
<G A ; (2 +2) .

From (6.2) and (6.3) we know that for all £, n € S(R)

(6.6) KTE(E), 8D = 3 K&,k ,)EE), 8.

Im=0
By (2.5) for all ¢, ¢ € (S) and I, m = 0

(67) " El,m (Icl,m)(o "2,q—a < (Ca',l,m | lcl,m I2,(q—a,-(p+a))) " o ||2,iJ+2a'

Al &5,,,(k,,) may be viewed as continuous linear operators from (S),,,, into
(S) ;—a- We are going to show

(6.8) ; Caim | Kim loama-iran < .
m

Then we know the Fock expansion T = 22, ,, 5, ,(k,,) converges with respect to
the operator norm in £((S), 54 (S, o).
From (2.3) we know that for &« > 1/log 2

VU F+n)Tn + n)!
Ca,l,m = Sup an
n=0 n!'2

/ ! / !
S Sup (l +'n) . 2-5m/2 Sup (m —f_' n) . Z—an/Z
n=0 n. n=0 n.

S sup(l + n)l/zz—an/Z Sup(m + n)m/22—an/2 —<_ ll/zmm/z,
n=0 n=0

since by elementary calculus it is easy to see that the function f(f) =
(I + »'%27%" is decreasing on [0, ) for any fixed [ and a > 1/log 2. Then by
(6.5) there is a constant C, > 0 such that
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IZ Cotm | Kim ,2,(q—a,—(1>+a))
m

< CZIZr:n lt/zmm/z [\/Wm <(21> <2m>>1/2]1/z[; 2i + 2)—2a]l+Tm

I!'m! l m

=C, [ZI: <llil-;_? <211>1/2 [ZI: i + 2)_2a] 1>1/z] z'

By Stirling’s formula we have

_{__ 172 . . 2
z’ﬂ—ﬁi(zll) (Z@i+27 < C2e X 2i +2)7,
where C; is a constant. Thus (6.8) holds.
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