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Abstract Let £ be the set of all finite groups that have efficient presentations. In this paper we give
sufficient conditions for the standard wreath product of two £-groups to be a £-group.
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1. Introduction
(a) Efficiency
Let G be a finitely presented group, and let P = (x;r) be a finite presentation for G.
The deficiency of P is defined by def(P) = —|x| + |r|. Let
§(G) = —rkz(H1(G)) + d(H2(G)), (1.1)

where rkz(-) denotes the Z-rank of the torsion-free part and d(-) means the minimal
number of generators. Then it is known (see [5,8,12]) that for the presentation P, it is
always true that def(P) > 6(G). We define

def(G) = min{def(P) : P a finite presentation for G}.

We say G is efficient if def(G) = 6(G), and a presentation P such that def(P) = §(G) is
then called an efficient presentation.

(b) Known results

Examples of efficient groups are finitely generated abelian groups, fundamental groups
of closed 3-manifolds [12]; also, finite groups with balanced presentations (such finite
groups have trivial Schur multiplier [13]). Finite metacyclic groups are efficient. This
was shown by Beyl [6] and Wamsley [27]. Infinite metacyclic groups, however, need
not be efficient, a result due to Baik and Pride (5] (see also [3]). In [13], Harlander
proved that a finitely presented group embeds into an efficient group. In [16], Johnson
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showed that all finite p-groups are efficient under direct products and standard wreath
products (for p odd). Then, Wamsley [26] showed that all finite p-groups are efficient
under general wreath products. For more references on the subject of efficiency see Baik
and Pride [4], Beyl and Rosenberger [7], Campbell, Robertson and Williams [9] (and
(10]), Harlander [14], Johnson and Robertson [17], Kenne [19], and Robertson, Thomas
and Wotherspoon [23].

Not all finitely presented groups are efficient.

Neumann [22] asked whether a finite group G with §(G) = 0 must be efficient.
Swan [25] gave examples (of finite metabelian groups) which showed this not to be
the case. These were the first examples of inefficient groups. In [29], Wiegold produced
a different construction to the same end, and then Neumann added a slight modifica-
tion to reduce the number of generators. In [20], Kovacs generalized both the above
constructions, and he showed how to construct more inefficient finite groups (including
some perfect groups) whose Schur multiplicator is trivial. In {23], Robertson, Thomas
and Wotherspoon examined a class of groups, orginally introduced by Coxeter. By using
a symmetric presentation, they showed that groups in this class are inefficient. They also
proved that every finite simple group can be embedded into a finite inefficient group.

Lustig [21] gave the first example of a torsion-free inefficient group. Other examples
were found by Baik (see [3]), using generalized graph products. In [4], Baik and Pride
gave sufficient conditions for a Coxeter group to be efficient. They also found a family of
inefficient Coxeter groups G, x (n 2 4, k an odd integer). For a fixed k:

def(Gn k) — 6(Gnt) = 0.

‘We remark that there is no algorithm to decide for any finitely presented group whether
or not the group is efficient (see [1]).

(¢) The definition of standard wreath product

Let A and B be finite groups with A = {a;, a9, ...,ai}, say. Let z be any element of

A. Then
a\r,asx,...,qx
is a permutation of a1, as,...,a;. So we can write a;z,asx,...,q as
Ao, (1) Cop(2)s - - -1 Do (1)
where o, is a permutation of 1,2,...,1.

Let K be the direct product of the number of | 4] copies of B, that is,

K=B"=B'=BxBx:xB,

(1 times)

and let (b, ,ba,;---,be,) be a typical element of K. We have a homomorphism

0:A— Aut(K), z— 0,
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where
(baysbays -+ 04,)02 = (ba%(l),ba%(z) 5 ,ba%(,)).

The split extension K g A is called the standard wreath product of B by A, denoted
B A. {We should note that some authors, for instance Karpilovsky in [18], use the
notation A} B instead of B! A. Here we use the notation as in {24]. Also, the definition
of general wreath product, which will not be needed here, can be found in [24].)

(d) The main theorem

Let A and B be finite groups satisfying the following conditions.

(i) A, B have efficient presentations P4 = (x;r) and Pg = (y; 8), respectively, on g,
n (g,n € N) generators, where n = d(B).

(i) d(B) = d(H\(B)).
(iii) Either
(a) the order of A is even and also t(H2(A)), t(H2(B)) and t(H,(B)) are all even;
or

(b) the order of A is odd and there exists a prime p dividing ¢(H2(A)), t(H2(B))
and t(H1(B)), where t(-) is the first torsion number as defined in Definition 2.5.

Theorem 1.1 (Main Theorem). Let G = B A, and suppose that (i), (ii) and (iii)
hold. Then G has an eflicient presentation on g + n generators.

Remark 1.2. The reason for us keeping track of the number of generators is that
there is interest not just in finding efficient presentations, but in finding presentations
that are efficient on the minimal number of generators (see [28]).

Remark 1.3. To prove our theorem, we will obtain from P4, Pg a ‘canonical’ pre-
sentation P for G. It will turn out that assuming (i) and (ii), condition (iii) is both
necessary and sufficient for P; to be efficient. We suspect, though cannot prove, that Ps
is always minimal (that is, def(P3) = def(G)). See Example 4.6 for some simple examples
when Pj is not efficient.

Remark 1.4. After this paper was submitted it was brought to our attention that a
special case of our theorem was obtained independently in [2].

2. Preliminary material
Proposition 2.1 (Schur 1904). Let B be a finite group. Then
(i) H4(B) is a finite group, whose elements have order dividing the order of B;
(ii) Ho(B) =1 if B is cyclic.
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Definition 2.2.

(1) Given an abelian group A, we denote by A # A the factor group of A ® A by the
subgroup generated by the elements of the form a ® b+ b ® a, (a,b € A).

(2) In any group K, an element of order 2 is called an involution.
Theorem 2.3 (Blackburn 1972). Let m denote the number of involutions in the
group A. Then
Hy(B 1 A) = Hy(B) © Hx(A) & (H\(B) ® Hy(B))/?(4l=m=1)
® (Hi(B)# H1(B))™.  (2.1)
Let Z,, denote the cyclic group of order n.
Lemma 2.4. Let B be a finite group, let

t
H(B) 2 P zZ,,,
i=1

and let s be the number of even n;, 1 <1 < t. Then

Hi(B)#H\(B)2 @ Zm,n,) SZs, (2.2)

1i<i<t
where Z$ is a direct sum of s copies of Z;.
Proofs of Proposition 2.1, Theorem 2.3 and Lemma 2.4 can be found in [18].

Definition 2.5. Let A be a non-trivial finite abelian group. Then (see [24]) A can be
uniquely written as

A=2p, ®Zpn, ® - B Zyp,, n1|na| - |n,
We define t(A) to be ny. If A =0, we define t(A) to be 0.
The proof of the following lemma can be found, for instance, in [11].
Lemma 2.6. Let A and B be finite abelian groups. If (t(A),¢(B)) £ 1, then
d(A ® B) = d(A) + d(B).
It is clear that the above lemma can be generalized for more than two abelian groups.

3. Proof of the main theorem

Throughout this section, A and B will be finite groups satisfying conditions (i), (ii) and
(iii), and m will denote the number of involutions in A.

In this part of the proof, we will calculate §(G) as given in (1.1). Now, since G is a
finite group, rkz(H1(G)) = 0, so we will just calculate §(G) = d(H2(G)). Recall that we
had the formula (2.1) to calculate Ho(G).
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Let us write

Hl(B)=ZU1@Zv2@-'-EBZU", 'Uilvi-{»—l, 1<i1<n—1,
HQ(B)ZZk1$Zk2®"'®qu, kilki-l—ly 1<Z<q_17
HQ(A)=Z[1@Z[2@"'®Z[T, lilli—{—l; 1<1<r—-1.

By (ii), d(H1(B)) = d(B) = n.
We have

Hy(B)® H,(B) = @ zZ"9+.

i=1

Suppose |A| is even. Then, by (iii) (a), v; is even and so by (2.2)
H,(B)#H\,(B @Z(" Vo Zs.

Using (2.1) and Lemma 2.6, we then get

d(H>(G)) = d(H3(A)) + d(H2(B))

+ 3(lA] —m iZ(n—z +1) +m(2(n—z)+n)

i=1 i=1

= d(H(A) + d(Fa(B) + 3B (1] - 1+ 375 ). (31)

Notice that if (iii) (a) fails, then either v; is odd (in which case s < n), or v; is even
(in which case s = n and one of ki, I, say k;, must be odd, so the cyclic group Zi, & Z»
occurs in the direct sum equation (2.1)). Thus, the equality in (3.1) becomes a strict
inequality <.

On the other hand, if |A| is odd, then m = 0 and, by assuming that (iii) (b} holds,
a similar calculation shows that the formula (3.1) is still valid. Moreover if (iii) (b) fails
then either ¢, > 0 and the 2-generator group Zg, @ Z;, ® Z,, occurs in the direct sum
equation (2.1}, or one of g, 7, say g, is 0, and the cyclic group Z,, ® Z;, occurs in (2.1),
so again (3.1) becomes a strict inequality <.

In this part of the proof, we need to obtain an efficient presentation for ¢ = Bl A.
The following process can be followed.

(i) For each a € A, take a copy (y¥(¥; s(®) of Pg.
(ii) Choose an ordering a; < as < --- < a, of the elements of A where a; = 1.

(iii) Let {a;z : £ € x} be a generating set for A corresponding to the presentation
Pa = (x;T).

(iv) Let {b, : y € y} be a generating set for B corresponding to the presentation
Ps = (y; 8).
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A presentation of G = B A is then given by

Pr=(y (a€4), z;5 (a € 4),
P, Y2 = 2@ (g0’ € A4, a<d, y,z€y),
g7y ¥e =y) (s e 4, yey, zem)).
In [15, ch. 15], it is shown how to simplify this presentation, as follows. The set A\{1}
can be divided into singletons {a} (a € A, @ an involution) and pairs {a,a"'} (a not

an involution). Let At be a choice of one element from each pair {a,a"'}. (Note that
|[A*| = 3(JA| - 1 — m).) Let Inv be the set of the involutions in the group A. Then

Py = (y,z; 8,7, [y, Wy '2Wa] (@€ AT UInv, y,z € y))

is a presentation for Bl A. Here, W, is a word on « representing a.
Now, we can still apply some reductions on the relators [y, W, 12W,] (a € A" U Inv,
y,z € y). Note that the number of these relators is

34l = 1+ m)lyl”.

Let us choose an ordering y; < y2 < --+ < Yy, of the elements of the generating set
y. Then we can delete the relators of the form [z, W lyW,] (a € Inv, y,z € 9, ¥y < 2),
since these are consequences of the relators of the form [y, W, 12W,] (a € Inv, y,z € y,
y < z), as is shown as follows. Let a € Inv and y, z € y, where y < z. Let us take a relator
[y, W 12W,], and let us conjugate it by W,. Then we get [W,yW !, z]. The inverse of it
is [z, WoyW!]. But, since a € Inv, we have W, = W1 in A. So, we get [z, W 1yW,],
as required.

Then we have the presentation

Ps = (y,m; s, [y’ W;lea] (a € A+7 Y,z € y)7
[y, W, '2Wa) (a €Ty, y,z €y, y < 2)).

Now the number of relators [y, W;'2W,] (a € A%, y,z € y) is 3(]A| —1 —m)|y|? and
the number of relators [y, Wi 12W,] (a € Inv, y,z € y, y < z) is m|y|* — Ly|(|y| — 1)m.
So we have in total

sl (Al = 1 + (m/ly])

commutator relators in Ps.
If (iii) holds, then, by using (3.1) and the fact that

d(Hz(A)) = —|z| +|r],  d(H2(B)) = -|y|+]s|
(since P4, Pp are efficient presentations), we easily find that
def(P3) = d(H2(G)),

and so P; is an efficient presentation for G.
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Suppose that g = d(A), (t(H1(A)),t(H1(B))) # 1 and d(H,(A)) = d(A). Since P3 has
g+ n generators, then we certainly have d(G) < g + n. Also, by the fact d(G) > d(G%),
we need to get d(G®®) = g + n. Now let us choose an ordering z; < 72 < --- < z4 of the
elements of the generating set . Then it is easy to see that

G = (y,z;8,7,[y,2) (y,2€ ¥, ¥y < 2),
[z,7] (z,2' e z, z < T'), [y,2] (€ y, T€x))
=~ A% @ B = H,(A) ® H,(B).

Thus, by (ii) and Lemma 2.6, we get d(G) = g + n, as required.
Notice that if condition (iii) fails, then, from our previous discussion,

def(P3) > d(Ha(G)),

and so Pj3 is not efficient.

4. Examples and applications
In this section we give some examples and applications of Theorem 1.1.

Example 4.1. Let A be a finite group and B be the metacyclic group of order 20
defined by the presentations P4 and Pg = (a, b; a'®,b%,bab~! = a~1), respectively. Then
we have the presentation Ps for B A.

Suppose P, is efficient. By [18], Ha(B) = Za, so Pp is also efficient. Then condition (i)
holds. Also, a simple calculation shows that H;(B) = Zo X Zs. So, d(B) = 2 = d(H:(B))
and then condition (ii) holds.

Thus, since t(Hz(B)) = 2 = t(H1(B)), if |A| is even and 2 | ¢(H2(A)), then the
presentation P; for B A is efficient. Additionally, if P4 is an efficient presentation on
g = d(A) = d(H;(A)) generators and 2 | t(H1(A)), then P; is an efficient presentation
on d(Bt A) = 2 + g generators.

Example 4.2. Now, let A, B be finite groups defined by the presentations P4 and
Pp = (a,b;a3,b>, (ab)3, (a1b)3), respectively. We then have the presentation P; for Bl A.

Suppose P, is efficient. By [18], B has order 27 and Hy(B) = Z3 x Z3. Thus Pg is an
efficient presentation of B. So condition (i) holds. One can find H,(B) & Z3 x Z3. Then
d(B) = 2 = d(H1(B)), so condition (ii) holds.

Also, since t(H3(B)) = 3 = t(H,(B)), if |A| is odd and 3 | t(H2(A)), then the pre-
sentation Pz for Bl A is efficient. Moreover, if P4 is efficient on g = d(A) = d(H,1(A))
generators and 3 | ¢{H,(A)), then P; is an efficient presentation on d(Bl1A) =2+ g
generators.

The proof of the following proposition can be found, for instance, in [11].

Proposition 4.3. Let B be an arbitrary finite p-group. Then

d(B) = d(H:(B)).
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Corollary 4.4. Let A, B be finite p-groups. Suppose B has an efficient presentation
on d(B) generators and A has an eflicient presentation. Then B! A has an efficient
presentation. Moreover, if A has an efficient presentation on d(A) generators, then B} A
has an efficient presentation on d(B 1 A) generators.

Proof. It is given that A has an efficient presentation and B has an efficient pre-
sentation on d(B) generators. Since they are finite p-groups then, by Proposition 4.3,
d(B) = d(H:1(B)), d(A) = d(H1(A)) and their homology groups are p-groups as well. So
p divides t(H2(B)), t(H2(A)), t(H1(B)) and t(H1(A)). Now suppose that the efficient
presentation of A is on d(A) generators. Then, by Theorem 1.1, B! A has an efficient
presentation on d(B ! A) = d(B) + d(A) generators, as required. O

The following result can be proved as Corollary 4.4.

Corollary 4.5. Let A be a finite group and B be a finite p-group for any prime p.
Suppose that B has an efficient presentation on d(B) generators and A has an efficient
presentation. If p divides t(H2(A)) then B! A has an eflicient presentation. Moreover,
if A has an efficient presentation on d(A) generators such that d(A) = d(H;(A)) and p
divides t(H,(A)), then B! A has an efficient presentation on d(B A) generators.

In the following example, we give some cases when the presentation P3 for Bl A is not
efficient.

Example 4.6. Let A = Z,,, X Z,, and B = Z, which are defined by the presentations
Pa = (z,Z;2™,Z™, [z,Z]) and Pp = (y; y*), respectively. We then have the presentation
P53 for Bl A.

By Kunneth formula, we get Hy(A) = Z,,. Thus, P4 is an efficient presentation for
A. On the other hand, by Proposition 2.1, H3(B) = 1 so Pp is an efficient presentation
for B. Thus, condition (i) holds. Notice that H,(B) = Zg, so 1 = d(B) = d(H;(B)) and
then condition (ii) holds. .

Now it is easy to see that if m is even and k is odd then condition (iii) (a) fails. Similarly,
if m is odd and m, k are coprime, then (iii) (b) fails. Therefore, P; is not efficient.

Question. For A, B as above, is P3 minimal?
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