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Geometrical Note, 11
By R. Tucker, M.A.

Ficure 15.

In continuation of the results given in Vol. XI. of the Pro-
ceedings I note that the equations to AP, BQ, CR are respectively

Bl = ymb : yjna = ajme : afnb = Bjma:
and to AP, BQ, CR’ are
8Jme = y/nb - y/ma = afne : ofmb = Bna.
Now BQ,CR cutin a;; | and BQ,CR' cutin a,;

CR, AP Bi; CR, AP B:;
AP, BQ " AP, BQ Ve

where the points are given by the following

(o), mnbec, ma, nad, (ap), mnbc, n%a, mab ,
(B), n’be, mnca, miabd, (B.), mc, mnca, nPab ,
(1), mPe, wPa, muab, (v:), n°bc, mPca, mnab,

where the common modulus is 2A/(m?+mn +n*)abe. Hence the
triangles a,8,y,, 0,8,7, are concentroidal with ABC.

The straight lines aay, 8,8, v,7. are parallel to the sides
BC, CA, AB respectively, and since the equation to a,a, is

~ aa(m? + n?) + mn(hB + cy) =0,

it is seen that the above lines intersect in points a, B8, ¥y, where
a, is given by aamn/(m? — mn+n?)=0B=cy, t.e., the points are on
the respective medians. From these coordinates we at once obtain
that the modulus of similarity for the triangle «,8;y, is

(mn = n)*/(m* + mn + n?).
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The equations to the circles
Z{aa. (M*? + n’c? + 2mnbecosA)}

abe(m?+ mn + n"’)gfa,By =Zaa.
abe(m? + mn + n?)*Zafy = Zaa.

Z[aa(d* - ¢*)] =0, c.f. (1).

Z{aa . (n?* + m*c* + ImnbecosA)}

and their radical is

The equation to the conic through the last-named six points is
mn(a’a? + 6232 + *y?) = (m* — mn + ) (bePy + caya + abaf) ;

this is an in-ellipse if 2" -3mn+2*=0, i, if

m/n=(3+ \/‘5“)/2.

It is similar and similarly situated to (4). The triangles

o017, 9By, are equal to one another and
=(m - n)2ABC/(m* + mn + n?).

The perimeter of the hexagon 8.y, «,0,7,
= (m - n)(m? + n?)/(m* + mn + »*) x the perimeter of ABC.
are parallel respectively to AB, AC;

The lines 0,8, 0,7z ;
with like results for the analogous lines.

The equation to a,a; is

~ mn(m + n)aa + w0 + micy =0,
whence we see that if this line cuts CB in W, then

CW:BW =m":n%

If BQ, CR; CR, AP; AP, BQ; intersect in a, B, v,

these points are given by
(a)) mbe, mea, mabd,
(B,) mbe, nca, mab,
(ys) mbe, meca, nab,

and the modulus of similarity for «8,y, is (n - n);(2m +n).
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The equation to the circle a8y, is
(2m + n)abeafy = Zaa . Z[maa] — ma* + (m + n)(b* + ¢%)} ).
Again, if CR', BQ; AP, CR; BQ', AP; intersectin ay By, vy
these points are given by

(a5) mbe, nca, nab,

(B;) mbe, meca, nab, (

(ys) nbe, nca, mab, |
and the modulus of similarity for «,8;y, 1is

(m - n)/(m + 2n).

The equation to the circle a,8,y; is

(2n + m)’abcSaBy = Zaa . Z[naal - ma® + (m + n)(b* + ¢*)}).
All the triangles are concentroidal with ABC.

If AP(B/mec=y/nb) cuts QR(- mnae+nbB +m?y=0) in p/,
this point is given by
aa/(m+n)=bB/m=cy/w=2A40,
ie, p is on the mid-parallel to BC, (say ZY), and is the mid
point of QR. It is also readily seen that
Zp =n.ZY.

Hence p', ¢', 7’ (analogous points to p) form the medial triangle
of PQR.

In like manner if AP cuts Q'R’ in p, then pgr is the medial
triangle of P'QR/, and Zp=m.ZY.

We see then that pqrp'q’s’ are the exact analogues on

YZ,ZX, XY of PQRP'QR’ on BC, CA, AB.
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T consider two envelopes, viz.,, of B,v,, B.ys-

The line By, is given by
maa(m +n) - bB(m? + mn + n?) + cymn =0,

or, as it may be written,

mA(bB + cy) - m(aa+ 8B +cy) + =0

The envelope, therefore, is

(aa+bB +oy)'= - 4bB(bB +¢v),
an hyperbola of which the asymptotes are

B=0, Bob+cy=0
i.e.,, CA, and the parallel to BC through A.
The line B,y, is given by

naa+m(m - n)bB — mncy =0,

orby n*(ac+2bB + cy) - n(36B +¢y) + 5B =0.

The envelope of which is
(8B +cy)* = dabaf,

which is also an hyperbola, the asymptotes being given by
a=0, 3bB+cy=0.
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