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Abstract

The framework for accelerated spectral refinement for a simple eigenvalue developed in
Part I of this paper is employed to treat the general case of a cluster of eigenvalues whose
total algebraic multiplicity is finite. Numerical examples concerning the largest and the
second largest multiple eigenvalues of an integral operator are given.

1. Introduction

Spectral refinement for a simple eigenvalue has been widely used in the literature.
However, if a simple eigenvalue A is not well-separated from the rest of the spectrum,
then for numerical stability it is advisable to consider the cluster of eigenvalues which
are close to A and to refine them together. Spectral refinement for a cluster of eigen-
values is considered in [1, 2,4-6, 13]. In the case of a simple eigenvalue, Dellwo [11]
proposed two accelerated refinement schemes which significantly improve the rates
of convergence, and in [10], the authors have given a general acceleration procedure.
However, so far as we know, accelerated refinement for a multiple eigenvalue, or more
generally for a cluster of eigenvalues, has not been reported. In Part I {10] of this paper
we introduced a general framework for constructing accelerated refinement schemes
for a simple eigenvalue and showed that this approach provides accelerated analogues
of many well-known refinement schemes for a simple eigenvalue.

The purpose of the present work is to show that the framework developed in [10]
for a simple eigenvalue can be utilized to resolve a multiple eigenvalue or, more
generally a cluster A of nonzero eigenvalues, whose total algebraic multiplicity is
finite. This technique is illustrated by considering the fixed-slope Newton scheme.
It may be noted that the g th order (g = 2, 3, ...) spectral refinement for a simple
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eigenvalue produces a column vector of length g whose first component is expected to
approximate a suitable eigenvector. For this reason and also for the purpose of ensuring
convergence of the refinement scheme, the first component of the initial eigenvector
iterate is normalized appropriately and error estimates are obtained for its iterates.
While the same principle can be extended to the case of a cluster of eigenvalues, we
propose a normalization of a basis of the approximate spectral subspace rather than
a normalization of the first components of the basis elements. As in the case of a
simple eigenvalue, the main results are first proved for the case when min{|A| : A €
A} > 1. This restriction is then removed by considering a scaling of all the operators
involved in the process. The scaling is based on the knowledge of a lower bound for
min{|A| : A € A}. Since each A in the finite set A is assumed to be nonzero, it seems
natural to expect that some (not necessarily sharp) lower bound for min{|A] : A € A}
is available. Finally, the effectiveness of higher order refinement for a cluster of
eigenvalues is illustrated by numerical examples involving an integral operator with
multiple eigenvalues.

2. Refinement for a cluster of eigenvalues

Let X be a complex Banach space and BL(X) denote the Banach space of all
bounded linear operators on X along with the operator norm. Let A be a cluster of
nonzero eigenvalues of T whose total algebraic multiplicity is m < oo and which is
isolated by a curve I" from the rest of o(T) and from 0. Then 0 ¢ I' UIntI" and
o(TNIntl’ = A. Asin[9] and [10], forn =1,2,...,let A, = T — T, and for
a positive integer g, consider X, = {[xy,... ,x,]' : x; € X,j =1,...,q} and the
operators T, : X, — X,, T, : X; — X, T{ : X, — X, given by

Tq[xh R qu]t=[Txl’ Xy oo ,xq—l]‘, [xh .o 1xq]lexq7

g-1 !
Tonlxi, ..., x]'= ZA{IT,,x,-H,x., cenXga |y e xgYEX,,

=0
q-2 !
j -1
Tf)")[x.,... X )'= E N Txjp+ A Txg, x1, .00 X |, X1, .00 x1 €X,
j=0

respectively. The spectral projection P, associated with T, and A is given by
Pq[xl’ R 1xq]' = [le’ Slxlv LRI} Sq—lxl]tv [xl’ e ,xq]' € qu

where P is the spectral projection associated with T and A, and

1 (T —zD)!
Si=—— | 2 g7 ji=1,....,9-1.
4 2m‘_/,- b2 & J ?
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It follows that the map J, : R(P) — R(P,) given by
Jox =[x, 81x,...,8-1x), x € R(P),

is a surjective isomorphism. The adjoint P} of P, is given by

!

P [xt,....x)) =[P+ Six; 4+ +8_x2,0,...,0]".
It is easy to see that the map K, : R(P*) — R(P;) given by
Kyx*=1[x*0,...,0, x*eR(PY,
is a surjective isomorphism.
We work under the hypothesis (H) made in [10], that is,

(H): the sequence (|| T,||) is bounded and ||(T — T,)*|| — O asn — oo.

Then for all large n and all ¢ = 2,3,..., T lies in p(T,,) as well as in p(T¢").
Moreover, if r,(A,) < min{|z| : z € T}, theno(TfI'”)ﬂIntF = Aforallg =2,3,...
(see [9, Proposition 3.2 (b)] and [10, Proposition 2.2 (a)]). Let P, , anvafI") be the
spectral projections associated with T, , and A, , = o (T, ;) N IntT", and Tf]'" and A,
respectively.

PROPOSITION 2.1. Assume that min{{A| : A € A} > 1. Then for all large n and all
q=2,3,...,

max [(T, — 2I) 'l < G, max [|(Tyn —2I)) 'lleo < C; and
zel zel

() _ -1
max [[(T"” = z1) ™ oo = G5

for some constants C, C, and Cs, independent of q and n.
Further, for all large n and allq = 2,3, ...,

rank P, , = rank P, = rank P = m.
In fact, we have

R(P™) = R(P,).

PROOF. The existence of constants C; and C; was proved in [9, Theorem 3.3]. Also,
by [9, Theorem 3.5 (a)], rank P, , = rank P, = rank P = m for all large » and all

q = 2,3, .... The existence of a constant C; was proved in [10, Proposition 2.2 (b)].
Now we show that R(P,) C R(Pf;‘)). For this purpose, we first prove that (T, —
T{")P, = 0. For [x,, ... , x,]' € X,, we have

-2

)

t
(T, = TOWPlx, ..., x,)' = [(A,,P - Y ATS - AZ"TSq_,) x1,0,... ,0] .

i
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By the identity (2.1) of [10], we see that

-2

AP — ZA{.T},S - ATITS,

1 a2 AT, AF'T
= —— A L
r Ve 7971

) R@@)dz’

j=1

q-1 Al
=—5— | |T-2d+} FEl - D |R@d
j=0

= Jr
since 0 lies outside I'. Thus (T, — T{")P, = 0 forallg = 2,3.
But then
®, - PR, =~ [ [T, ~ )7 = @ - 21) ] Pyd
= 2m / (TP — 21) N (TP — T)N(T, — 21,) "' P, dz
- f (T — 21)™ (T, = TO)P,(T, — 21,) ™" dz

=0.
This shows that R(P,) C R(Pfl")). Next, by [10, Proposition 2.2(c)],
rank P = rank P, , = rank P,.

As both R(P,) and R(Pf,’") have the same finite dimension and one is contained in the
other, it follows that they are equal.

We now introduce some convenient notation, which is consistent with the notations
used in [8] and [9]. '

Consider the linear space )_(q ={[x1,... . Xn) : X; €X,,¢=1,...,m) consisting .
of all g x m arrays of elements of X. Forx = [x;, ... , X,] in Xq, let

IXlleo = max {|[Xilloos - - - » [Xmlloo}-

Then X, is a Banach space. When g = 1, we denote X, simply by X.
Forx = [x{,... , Xn] € X andanmxm matrix A with complex entriesa;;, i, j =
1,...,m, define :

X_A = [i i1 Xy oan Zm:a,-_,,,x,-] X
i=1

i=1
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Then
1XAllo < IXlloollAll1,

where ||A|l; is the operator 1-norm of A:

m

Al =max{ lai;|:j=1,...,m

i=1

Consider the linear space X; ={xl,...,x}]:x; e XX, i =1,...,m} and for
x*=[x},...,x] € le, let
Ix*1le = X7l + - -+ I, 0
Then X7, is a Banach space.
Forx* =[x}, ... , x;,] € X} and anm xm matrix B with complex entries b;;, i, j =
1,...,m, we have

Ix* Bl < 1"l 11 Bllcos

where || B||« is the operator co-norm of B :

”B"oo=max{2|bi,j| i=1,...,m

j=1

We identify X7 with the adjoint space of X .
Forx € X, and x* € X;, let [X, x*] denote the m xm matrix whose (i, j ) th entry

is (x;, x}). Then
i, x" 1 < Ixlloollx* 111
Also, for mxm matrices A and B with complex entries, we have

[xA, x*B] = BY[x,x"1A,

where B denotes the conjugate transpose of the matrix B.
For T € BL(X,),letT : X — X be defined by

Tx, ..., ,X.] = [Txy, ..., Tx,].

ThenT € BL(X,) and | T|l = || Tllw. It is easy to see that

[Tx,x"] =[x, T'x*], xeX, x €X|.
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Also, if A is an m x m matrix with complex entries, then
T(xA) = (TxA, xe€X,.

Let¢,, ... , ¢, beabasisof the spectral subspace R (P) associated with the operator
T and the cluster A C o (T) \ {0}. Let ¢7, ... , @}, be the basis of R(P*) such that

($j,0))=6:j, i,j=1,...,m.
Consider

¢=I[d1,....¢nl€X and ¢ =I¢},....¢,]cX".

Then [¢, Q*] = I,,, where I,, is the mxm identity matrix. Let ¢, =J,¢and
@, = K ¢*. Then @ gives an ordered basis of R(P,) and @’ gives the ordered
basis of R(PZ) such that

[Qq’ 9’;] = [Qv 9*] - Im-

Also, |27 [l = llg*Il.
By analogy with the accelerated fixed-slope Newton scheme for approximating a
nonzero simple eigenvalue A of T, we consider such a scheme for approximating the

given cluster A of nonzero eigenvalues of T'.
By [9, Theorem 3.5(a)], rankP,, = rankP, = m for all all large n and all

qg=2,3,.... Let {®gn1,...,Pynm} be an ordered basis of the spectral subspace
R(P, ) associated with T, , and A, , = o(T,,) NIntI". There is a unique ordered
basis {® , ... , P, .} of R(P; ) such that
((Dq.n.j,q);‘n'i) _—'8,"]', l,] = 1,... ,m.
Let® , =[®Pgn1,---, Pgnm]l € X, and =P, D] E X;. Then
(@, %) = L.
It follows that
P x=¢ [x,¢* ] xe€X

Since R(P, ,) is invariant under T, ,, we have

T @ n=— gzq,nqu"

—=q.n—gq,
for some m xm matrix L, , with complex entries. In fact,

Low=1®,,Len 27,,1=T,,2,,. 2,.]

q.n?
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As the matrix L, , represents the operator T, .|z, ,) With respect to the ordered basis
Dyniseor Pgnmof R(P,,), the spectral decomposition theorem shows that

0(Lgn) =0 (Tynlrep,n) =0(T)NInt T = Ay,
If z € p(T,..), then it is easy to see that

@,,—d)'®, =& (Lyn—zln)™" and
[(T,,—2A)"'®,,. @, )= Lo —2l)7"

= g.n*=q,n

We define £, , : X, — X by
ZynX=XL,,, x€X,,

and the block-reduced resolvent Z,, : X — X associated with T, , and A, , by

1
Eq'ng_—%/(_qn—zl) 'x(L,. — 2l,)7'dz, xeX .

Then by [8, Proposition 1.1], we have

(i) The operators T, P,. %40 and Ty, commute;
(i) (T,,~%n)Tm=1,~P
(i) %,.P,, =0
Proceeding exactly the same way as in the case of a simple eigenvalue treated in
[10], we obtain the following fixed-slope Newton scheme of order ¢: for a fixed n

large enough and a fixedg = 2,3...,

."’

LO :=L,,, @V :=& ,andforj=12,...,

L(i) : [T(")d)gnl),(b* 1. (2.1)
G) .— $U-D _ ™ pU=D G=D7 )
89, = 941 — 3, [TVRY;" — 84,7L8)].
Since Bq,n)'l,,,,, =0 forallj =1,2,..., we have
G G-D — =
P (I) = P ng)-q n - _Eq n=qn — Qq,,,s
so that
(03] t Gg) * * —_ * —_ * _
@V, @} 1=[2Y P, &% 1=[P 2V, & J=[2, . &, 1=]1,.
Let 89 =[®Y) |,..., ®Y) Tand ¢Y) . ..., ¢V}, denote the first components
of <I>fl’f, peee @O respectlvely Then the ﬁrst row ¢ = [¢q" e @90 1 Of

the g xm array ®' CIDU) € X, is supposed to approximate a basis of the spectral subspace
R (P) associated w1th T, and the weighted arithmetic mean of the eigenvalues of the
m x m matrix LY) is supposed to approximate the weighted arithmetic mean of the
eigenvalues of T belongmg to A.
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3. Error estimation

We first consider the case when min{|A| : A € A} > 1. Then the curve I
isolating A from the rest of the spectrum of T and from O can be so chosen that
min{jz] : z € T} > 1.

LEMMA 3.1. Suppose that min{|A| : A € A} > € > 1. Let ¢, =max,er (T —zI)7!|
and consider constants C,, C; ensured in Proposition 2.1.

(@) Thenforallq=2,3,...,

£M)e
ngmwsmu{l o qnmm,
alMPlleo AT
(n) = n _
"(Iq —Iq,n)gq"oof 271' 6‘1 forn_ 192,-~- ’
LHC AIT
Poaloo < “02, 1R, 0, ~ @l < ST or il targe n,

where C = ¢,C,Cy max {1, £(T)c; /27 }((€(T)/270) 18 ll) 16° 1 and

() R
Zgnllee < Z—CZIIQq,,IIooIIQ,,,,Ill for all large n.

) M, =1[2, P, ,land N, =[2
uniformly ing = 2,3, ....

ons 251 then Ny y My, — I, asn — 00,

PROOF. We can assume that min{|z] : z € '} > e > 1.
(@) Since @, = J ¢ =[Jy¢1, ..., Jy¢nl, the (j, i) thentry of the gxm array &,

is given by
(T—2)'¢ o
Sj_1¢,‘ 27[1/ ZJ =) Z, _]—1,...,q,l—1,...,m,
whereg = [¢1,...,¢n] and S = P. Since ¢; € R(P), i = 1,...,m and

|z] > € > 1forall z € I', we see that

£
2

12, lleo < max{1, [ISi]l, ..., ISe-1l}l@llec < max [1 ] N lloo-

Next,

@(;) - .T_q,n)gq = [(Tfln) - Tq.n)‘]q¢l1 ceey (Tfln) - Tq,n)Jq¢m],
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where fori =1,... ,m,

(T(") - Tq n)Jqd’i = [Aqu—l¢i’ 0..., 0]"

T—I‘, T(T — zI)™' — I¢;
1895, il = /( (T-2D7¢, |= [T(T—2D)"' - 11¢ dz”
29- Al
H AqT/ (T—zI) 'dh ” < CIZ(F)"¢1" IIA"TII
- 2 €9
Hence

cal(D)ligllo |AIT|
2 €

(n)
Xy —T, )Pl <

The bound for ([P, , (| is immediate. Also, since ® € R(P,) = R(PY) for large
enough n by Proposition 2.1, we see that

Bq,n.d_)q - cI)q = (B T P(n))q)q
/ (T,, - d )" @D —T, )T - 21,)"'®, dz
e f (T,,—)" @ -T, )0, [P —,)"2,, o] dz.
For z € I, we have
N — 20) '@, &1 < (T — 21) " ol @ ol

=g’ Zq
< Csmax{ «r )Cl}ll¢||ooll¢ .

Employing the bound for [|(TS” — T, )®,ll« given earlier, we obtain the desired
bound for ||gqv,,9;q =@ lloo-
By the definition of ¥, , and L, ,, we have

&) ) ‘
1Zgalee < 52 (max Ty = 1) o) 12,0 el 1

Hence the bound for || Z, , ||« follows.
(b) We have

INgaMgn — Inlly = (R, Men — 2, 20N = IR, , 2, — 2, 271

. IIA"TII
SR8, = 2, ol Dyl < Cllg™ i ——
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by (a) above. If |A2|| < €%, thenforallg = 2,3, ...,
Azl _ max [1 Al } A
€9 ’ )

= P

As (]|A,|l) isbounded and || A2|| — Oasn — oo, itfollowsthat |N, .M, ,—I.ll; = O
as n — o0, uniformlying =2,3,....

We recall from [10, Theorem 3.2] that in the case of a simple eigenvalue, that is,
when m = 1, the initial choice of an eigenvector @, , of T, , corresponding to its
simple eigenvalue A, , is made so that the first component ¢, , of ®, , satisfies

0<d=|gganll <c

for some constants ¢ > d > 0, independent of g and n. It was shown in [10, Section 4]
that such a choice can be realized in practice when T, is a finite rank operator. In order
to be able to implement a refinement scheme for a cluster A of eigenvalues of T, we
propose a normalization of a basis of -R(P, ) (and not just of its first components),
which is akin to orthonormalization of a linearly independent set in a Hilbert space.

THEOREM 3.2. Letmin{|A| : A € A} > € > 1. Suppose that an ordered basis given
by ® on = [(®gnts-.. , Pgnml of the spectral subspace R(P, ,) associated with T, ,
and A, , is so chosen that

@) @, )l < cand

(i) fori=1,...,m,dist(P,,;,span{Pyni:k=1,... , mk#i})>d>0,

for all large n, all ¢ = 2,3, ... and some constants ¢ > d > 0 independent of q

and n.
Let My, = [2,, 97,1 &, = @M, and Lo = [TP@, ), ), ,1. Then

(@, > D7) = I, and there is a positive integer n, such that for all n > n, all
q=23,...andj =0,1,...,

R : a i
ILgm = LM 12 oy = D0l < —I(T = LY TI{BIT = TNV,

q.(n)  —q.n ~ €

Jor some constants a and b, independent of g, n and j .

PROOF. By part (b) of Lemma 3.1, the matrix M, , is nonsingular for all large n
andallg =2,3,.... Hence ®_,, is well-defined. Clearly

(D D51 =[D,, ®% IM, =M, M, =1I,.
Let us consider the sequences

M1, (UIMeall), (125,01 and  (1Zg.]l0)-
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Since N, .M,, — I, as n — oo, uniformly in ¢ = 2,3,... by part (b) of
Lemma 3.1,
UM = IMAN N, < 21Nl
=20[2,,. 21 =202, ol @11 < 2¢l@* (1

Hence the sequence (||M . 111 is bounded uniformly in g and n.
Next, My, = [®,, @, Iwith® =[P, ..., P, ] and

o, =0, P

q,n,1° q,n.m]’

so that
IMaall = max D _1(®q,, @0l

Now fixj,1 <j < m. We have

P . ®,; = (P, @,

q,n.1

)CDq,n,I +---+ (d)q,jv (D* )d)qyn,my

q.n,m

so that foreach fixedi = 1,... ,m,
"Pq.nq)qJ “00 = I((qujf q);,n.i

> (Pgs, P

q.n,i

)| dist (@0 span{ Py nx: k=1,...,m, k # i})
)d

q.J>

by our assumption. Thus foreachi =1,... ,m,

dl(cbq‘j, cb;'n'i)l S ”Pq.nq)q.j ”oo S ”Pqn”oo” (Dq,j "oo 5 ”Pqn”oollgq”oo

Hence

m
|(¢q,j, q’;,,,,,-)l = lepq,n "00”9[1”00

m

i=l

Since ||Pg .l < €(I')C/2m and (||gq||°°) is bounded uniformlying = 2,3, ... by
part (a) of Lemma 3.1, we see that the sequence ([|M, ,||,) is bounded uniformly in g

and n.
Further,
19% 0l = IR, @ (NI < 1% 2% I IV E ) e
= 1P, oo 1R L IN A = IR, oo™l 1My n M AN
Lo .
=5 218* 11211 M nl.-
T
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Hence the sequence (|| th fl1) is bounded uniformly in g and n.

As the sequence (]| @, ,[l«) is also given to be uniformly bounded in g and n, part
(a) of Lemma 3.1 implies that the same holds for the sequence (|| 2, l)-

Let us now consider the case j = 0. We have

0 - -1
1D, — Porllo =12 M, =P, @ M)l

IAZT|

=@, ~P,,2 )M o < Ce—q2CII;¢_*II1

by part (a) of Lemma 3.1. Also,

© _
Low —Lgu=Lgwm —Lgn

=[@V - T, )P, w 251 +T, (2,0 — 2, )

Since by part (a) of Lemma 3.1,

1AZT

() — (n) - -1
1Ty — T, )P, mllee =ITT =T, )2 Ml < i

eDeiliglo
— M

2
and since the sequences (||Mq“‘,‘l||1), (1197 ,l11) and (IT, ,II) are bounded uniformly
in g and n, we see that there is a positive integer nq such that for all n > ny and all

q=23,...,

a
©0) ©
"(Dq'(n) - 'gqv" ”009 ”qu(") - Lq-n”l =< e_q” Alelv

for some constant a independent of ¢ and n.
As @, mllo = 12l M;,',H 1, we see that the sequence (| @ ,lle0) is bounded
uniformly in g and n. Let b be a positive constant such that

195 .1l < b and 1 Z.0lle0 (14 12 ool %M1 +2all T < &

—=q.n - —gq.n
for all large n and all ¢ = 2,3,.... Since ||Tfl") = Tyulle = (T —T) - O
as n — oo, uniformly in ¢ = 2,3,..., there is a positive integer n; such that

IKT — T)| < 1/bforalln > n; and all ¢ = 2, 3, .... The rest of the proof is the
same as given in [10, Theorem 3.2].

COROLLARY 3.3. Let the assumptions and notations of Theorem 3.2 hold. Let
X denote the arithmetic mean of the eigenvalues in A, counted according to their
algebraic multiplicities, and let ¢ = [¢,, ... , ] give a basis of the corresponding
spectral subspace of T. Define -

ap; 1 .
) — )
Afl’_n = —trace LY

W, j=01,...,
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and let Q‘;’n denote the first row of Q(q’_)n. Then for all large n, all ¢ = 2,3, ..., and
j=0,1,2,...

~ A, _ . a .
A —AD | oM}, — 69 llo < S 1T = LY TIBICT = TYIY

for some constants a and b, independent of q, n and j .

PROOF. Noting that min{|A] : A € A} > 1, we obtain R(P,) = R(P;n)) by
Proposition 2.1 for all large n and all ¢ = 2, 3, ..., for which we also have

(TP NIntT = o(T,) NIntT = A.

_ (n)
HenCe Lq‘(n) — [Iq Q-q.(")’

with respect to the ordered basis given by @,

. s . .
@7 ,1is the matrix represePtatlon of the operator T | g e,
y and A = (1/m) trace L, (). Thus

|)\. - )\-fljz,l = "Lq.(n) - L,(,'Z. ”l
. -1 :
Also, since ¢ M is the firstrow of @, ) and

i . ,
1ML — 69 Moo < 1D, 0y — D9 llcos
we obtain the desired results from Theorem 3.2.

In order to treat the case when min{|A] : L € A} > e and 0 < € < 1, we let
a =1/¢, A = {aA : A € A} and consider the scaled operators T,, T, ,, Tf,’” and the

corresponding spectral projections f’q, f’q',,, f’fl"), respectively as given in [9, Section 3]
and [10, Section 3].
Note that if D, : X, — X, is given by

Dylxi, ..., x) =[x, axy, ..., '), [xi,...,x]) €X,,

then @ gives a basis of R(P,) if and only if ) .= Q;l @, gives a basis of R(f’q), and
@, gives a basis of R(Py) if and only if Q; = D @, gives a basis of R(f’;). Also,
(@, @] = [®, ). Similar results hold for R(P,,) and R(P™). If X, is the
block-reduced resolvent associated with T, , and A, , with respect to the basis @, ,,

and ¥, , is the block-reduced resolvent associated with T, , and A, with respect to
the basis @, , then it follows that

Also, let é;n =D &7 ..
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Consider the fixed-slope Newton scheme corresponding to the scaled operators:
O .— HO .— p-1! T
L), =al,,, @®,,:=D 2, ,andforj=12,...,
[G) .= |TWHU-1 P*
LY .= [Iq Y ,2,,_,.], (3.1)
H0) — HU-D _ F F®HGi-» _ $U-DFH
8, = 890 - £, [Ty - S0LY) .
In exactly the same way as in [10, Lemma 3.3], we see that
Gy — ) HU) — p-lepW)
Lj,=al], and @7 =D_dJ

forj =0, 1,.... In particular, the first row of the scaled iterate é‘;’" is the same as
the first row of the iterate &Y .

Hence we obtain error estimates similar to those given in Theorem 3.2 and Corol-
lary 3.3 if min{]A| : A € A} > €, where the positive number € may be less than 1.

4. Implementation and numerical examples

In this section we show how the refinement scheme (2.1) can be implemented
when each 7, is a bounded operator of finite rank and we illustrate this procedure by
considering multiple eigenvalues of an integral operator. We also demonstrate how
a basis of the spectral subspace associated with T, , and A, , can be chosen so that
each element is bounded and is bounded away from all other elements as required in
Theorem 3.2.

As in [10], we assume that the rank of 7, < n and

Tox = {(x,x; Yxp1+ -+ {x,x; YXnn, x€X.

We use the maps F,, G, and F,, and the matrix A, , introduced in [10, Section 4].
Further, define F,: X - C"”"and G, : ("™ — X by

E.n’£=[anlv---1anm]1 £=[xh”-,xm]€_X_a
g,,ﬁ = [Gnuls cee Gnum], u= [ul’ sy um] € Cnxm.

We have seen in [10] that the nonzero eigenvalues of the finite rank operator T, ,
and of the gn x gn matrix A, , are the same. Thus we choose a set A, , of nonzero
eigenvalues of A, , whose total algebraic multiplicity is m and which is supposed
to approximate the cluster A of nonzero eigenvalues of T. Let U, 1, ..., Ujpm €
C9" constitute an ordered basis of the spectral subspace of A, , associated with its
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eigenvalues belonging to A, ,. Since this subspace of C9" is invariant under A, ,, we
see that if_Qq’n ={Upni1, ..., Upnml € €I, then

AlI—"(—]q,n = gq.n ®‘i'"

for some mxm matrix ©,, with complex entries. Since 0 ¢ A, ,, the matrix ©,,
is invertible. Next, there is a unique ordered basis V, ., ..., V; .. of the spectral
subspace of A:n associated with {A,, : A, . € A, ,} such that

(Ugnjs Vaui) =V Upnj =85, i,j=1,...,m.

q.n,i
BV, ,=Vonis ., Vonm] €T, then
H _ H —
Aq‘nzq‘" = Xq_n@)q_,l and [an, q,,] = I
Hence
n = [Aq,n_U__qv,,a _‘iq'n]'
If
1
U,.=| ]
U,

where u, € C"*" denotes the first n rows of U 2 Uy € €™ denotes the next n rows
ofU,, and so on, define

Q.= |:qZ_l (A{._Q,.El) 0~ ', . Z (AJ G, u )@—; 1]r

and

@, =F .V

R—gq,n"

Let®,, = [®Pgn1s--., Pgnml Thenitcanbe seenthat D, , 1, ..., Pynm constitute
an ordered basis of the spectral subspace R(P, ,) of T, , associated with A, , and
Eq_,,ggq' =A,, U @’

_—qn’

so that

IQq,n’ ] = [(Dq nv q‘,,] = [Eq_ngq_,,y ] - [Uq n q,,] = Im-
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In fact, if @}, = [P} 1, .- Py nmls then @7, ..., D7 constitute the unique

ordered basis of R(P}n) satisfying [®, ., @} ,] = I... Itis easy to see that

q.n’

— * * _ b* H
T,.2,,.=2,,9, and T, &7 =& 6.

=q.n—q,

(Compare the case of a simple eigenvalue, that is, when m = 1, treated in [10].)

Let || |l be anorm on C” such that || F,|| < « and ||G,|| < B for some constants
a and B independent of n. We remark that the boundedness of the sequences (|| F||)
and (|| G,||) depends on the choice of a norm || ||, on C* and, in general, this choice
will be dictated by the given norm || || on the Banach space X. We refer to [8] for
various examples of this kind.

u
ForU=|: ]| eC™withu,...,u,inC"let ||Ullc = max{lju;lln, ..., lluglla}
Ug
and for U=[U,,..., U,] € C7 let | Ulloo = max{l| Uillcos - -+ » | Unlloo}-

THEOREM 4.1. Suppose that the sequence (|| y,., lloc) is bounded uniformly in g
and n, and for all large n, allq = 2,3, ... andalli=1,... ,m,

dist(Uyni, span{ Uy nx :k=1,... ,m, k #1i}) > 8

for some constant § > 0. Then

(i) the sequence (|| @, ,|lx) is bounded uniformly in q and n; and
(i) foralli=1,...,m, dist(®g,;,span{P, . k=1,... mk#i})>d

for some constant d > 0.

PROOF. Recall that || F,|| < @ and ||G,|| < 8. Let 1Y, . oo < C for all large n and
allg = 2,3, .... Choose n so large that |A2|| < 1/2. Then

q-1
; L+ Al
lAg.nllo = max [1, Z IIAi,lHlF,.IHIGnH] < maX{l, aﬁl_—uTZH
Jj=0 . n
< max {1, 2a8(1 + 1)},

where [|A,ll < t for all n. Let & = max{l, 2af8(1 + ¢)}. First we find a bound for
1©4.all1. Let 6;; denote the (i, j) thentry of ©,,. Since A, ,U_, = U, O, ,, wesee
that for each fixed j =1, ... ,m,

Aq.n Uq.n,j = el.j Uq,n,] +--- 4 em_j Uq.n.my
and hence

8{01;, f ”Aq,n Uq,n.j ”oo < EC

https://doi.org/10.1017/51446181100011883 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100011883

240 Rafikul Alam, Rekha P. Kulkarni and Balmohan V. Limaye [17]

Thus

i ‘j|<T§_C_

showing that ||©, ||, < mEC/é = y, say. Let

min{|u|: pn € 0(Oy0)} > €

for all large n and all g = 2, 3, .... Then Lemma 4.2 of [8] shows that for all large n
andallg =2,3,...,
m(mm.ym _ em)

my —eyer S

e;4i <

Hence

12,010 < Z AL NGl [ Upalloon’™" < ﬂCnZ AL

=0

and for all large n with ||A2]| < 1/(29%), we have

1+ n{lAll
1D, . lle < BCh ——leA:’_ll <28Cn(1 + o).
Thus the sequence ([| @, ,le) is bounded uniformly in g and n.
Foreachfixedi=1,... ,m,andg, e Cfork=1,... ,m, k # i, we have
8 =< ” Uq,n.i —aq Uq,n,l — s —ay Uq,n.m ”oo
= ”Fq,n(q)q.n,i - alcbq,n.l — = amq)q,n,m)"oo
=< a"q)q.n,i - ald)q,n.l . am(pq,n.m"ooa
so that

8
dist(Pg ., span{Py e k=1,... , mk#i}) > —=d>0.
a

Consider the case when min{|A| : A € A} > 1. In view of the preceding result, it
is clear that the assumptions in Theorem 3.2 can be realized in practice if we can find
a basis U1 -+ - Upnm Of the spectral subspace of A, , associated with A, , which
satisfies the assumptions of Theorem 4.1.

In the case when mm{IM A e A} > € with 0 < € < 1, we need to consider
the scaled operators T, and T(") with ¢ = 1/e. If the scaled basis given by
U an = D U, , satisfies the assumptions of Theorem 4.1, then for the scaled basis

given bygq —D . @, ., we have

—aq,n’
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(i) foreachi =1,...,m,dist(®,,;,span{®y,x 1 k = 1,...,m k # i}) >
d>0

for all large n, all ¢ = 2,3,... and some constants ¢ > d > 0, independent of
g and n, as desired. Thus in this case we need to have a normalized scaled basis
u an = Q;' U, ,- For obtaining such a basis, the only additional requirement is that
a lower bound ¢ for min{|A| : A € A} should be available a priori.

Starting with any basis of the spectral subspace of A, , associated with A, ,, we
can construct a basis {U n.1, ... , Uy nm} Of this subspace satisfying the assumptions
of Theorem 4.1 as indicated in [8, Theorem 6.2, Section 4].

To illustrate the implementation procedure given above, we consider the space
X = C([a, b)) of all complex-valued continuous functions on the interval [a, b] with

the sup norm. Let T be the integral operator on X given by

() 1®,.lle < &and

b
Tx(s) =/ k(s, t)x(t) dt, xe€X, se€la,b]

where the kernel k is continuous on [a, b] x [a, b]. Note that T is a compact operator
on X. In actual computations, T is replaced by its Nystrom approximation 7 given
by

M
Tx(s) = Zw}-mk (s, tj(M))x (tj(M)) , x€X, se€]la,b]
i=1

™) )
B

where M is very large. Here the nodes ¢, . in [a, b] and the weights
(M) (M)
W

,---»w;" in Care assumed to give a convergent quadrature formula

M
Ox = Z w}M)x (tj(M)) , Xx€X.
j=1

Thus in practice, a nonzero eigenvalue A of T having algebraic multiplicity m is
replaced by a nearby cluster of nonzero eigenvalues of T having total algebraic
multiplicity m.

Consider the kernel & : [0, 1] x [0, 1] — R given by

s—t/2, if O0<s=<t<l

k(s’t)=[t/2, if 0<t<s<l.

Then for each j = 1,2,...,1/(2j — 1)*x? is an eigenvalue of T of algebraic
multiplicity m = 2 and ascent | = 2. We use the same finite rank approximation 7,
of T as in [10, Section 5].
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We take M = 500 and give numerical results for the largest and the second largest
eigenvalues of T. The initial basis is normalized as required in Theorem 3.2. Let A
denote the largest eigenvalue 1/72 of T. Also, let

U — ) ) —
2D = - trace LY, and rY) =||T¢Y) — ¢ LY ||,

—4q.n"q.n
where LY) and ¢¥) are obtained from the g th order fixed-slope Newton scheme.
Let p denote the second largest eigenvalue 1/977% of T and 1Y) and s¢) denote the
corresponding quantities for . The following computations were performed on CDC
CYBER-180/840 with an accuracy of 15 digits. '

For the implementation of the gth order scheme for a cluster of eigenvalues of
total algebraic multiplicity m, the size of the matrix eigenvalue problem solved for
initialization is gn. Also, in each iteration a Sylvester equation of the form

AW-WL=C

is solved, where A and L are matrices of order gnxgn and mxm, respectively.

TABLE 4.1. Error estimates for g = 1, n = 30 (gn = 30)

j ] =i M = A3 S130

0 985x107% 720x1072 | 9.79x 107> 1.24 x 107!

1]310x10°% 9.01x10™ | 274 x 1077 143 x 1073

219.17x1072 1.17x1077 | 7.25x 107° 1,54 x 1073

31622x1075 125x107'%|6.29x1072? 1.63 x 1077

4 468 x 107*  1.69 x 10~°

5 1.28 x 107 1.67 x 10710
TABLE 4.2. Error estimates forg =2 and 3, n = 5 (gn = 10 and 15)

i [ =39 7] =32 ris

0| 156x10* 993x10° | 8.03x10°® 3.32x10™*

1| 1.11x1077 212x107° | 1.04 x 10™°® 7.46 x 1078

21 1.06x107"° 368x107% [ 1.95x 10713 243 x 107"

3(19.86x 107 1.06 x 10~

Table 4.1 gives error estimates for ¢ = 1 and n = 30. The size of the matrix
eigenvalue problem solved for initialization as well as the size of the coefficient
matrix A in the Sylvester equation solved in each iteration is gn = 30.

Table 4.2 gives results for the largest eigenvalue A when n = 5, and ¢ = 2 and 3.
Here the eigenvalue problems solved are of sizes gn = 10 and 15, respectively.
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TABLE 4.3. Error estimates for g = 2 and 3, n = 10 (gn = 20 and 30)

J ln — Ilg,{o sé{l)o ln— Ily,;o 53({1)0

0| 776 x 10  2.17x 1072 | 836 x 107 272 x 1073
1] 1.12x1077  125%x107* | 5.59 < 10° 3.21 x 1078
21546 %107 693 x 1077 | 3.95x 10712 2.87 x 10~°
31495x1012 121x10?

41111 x10"% 7.87x10™"

243

Table 4.3 gives results for the second largest eigenvalue i« whenn = 10,and g = 2
and 3. Here the eigenvalue problems solved are of sizes gn = 20 and 30, respectively.

From these tables, it can be seen that employing higher order refinement schemes
can be quite competitive.
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