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Abstract

Let Q(y’) be an H 1($7=1y function on the unit sphere satisfying a certain cancellation condition. We
study the L? boundedness of the singular integral operator

Tf(x)=p.v. fRn Fx =)™ dy,

where « > n and p is a norm function which is homogeneous with respect to certain nonistropic dilation.
The result in the paper substantially improves and extends some known results.
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1. Introduction

Let R” be the n-dimensional Euclidean space with the routine norm |x| for each
x eR". Let $" ! ={x e R":|x| =1} be the unit sphere on R" equipped with the
Lebesgue measure o (x’), where we use x’ to denote the unit vector in the direction
of x. To study the existence and regularity results for an elliptic differential operator,

that is,
D = E
di.j ax, ax;i’
i,j=1 J

with constant coefficients {a; ;}, among some other estimates, one needs to study the
singular integral operator T with a convolution kernel K (see [1] or [2]) satisfying:
(a) K(uxy, ..., uxy)=pn "K(x),forany u > 0;

(b) K e C®M@"\{0});

© [y K@) do@)=0
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Similarly, for the heat operator

9 " 92
D:a—— —2,
X1 553 0x;

the corresponding singular integral operator 7" have a kernel K satisfying:

@) K(u’xi, ..., ux,) =p""1K(x), forany u > 0;

(b)) K eC®@R"\{0});

©) for K@@+ x>+ + 1)) do(x') = 0.

To study a more general parabolic differential operator with constant coefficients, in
1966, Fabes and Riviere [6] defined the parabolic singular integral operator

17w =p. [ Ko=) dy,

with K satisfying:

(A) K(u*xq, ..., pW%x) = *K(x1, ..., x0), 0 >0, =37 a;;

(B) K e C®(R"\ {0});

(C) fsn—l K(x/)J(x’) dO'(x/) =0;

where; > 1(i=1,2,...,n)and J(x') = o1x?? + - - - + at,,x]? is shown as follows.
For any x € R", set

x1 = p* cOS @1 - - - COS @2 COS Y1
x2 = p*? oS @1 - - - COS P2 SiN @

Xp—1 = p*"! cos @y sin @,

X, = p% sin ¢j.

Then dx = p* ' J(x')dp do(x’) and p*~'J(x’) is the Jacobian of the above
transformation. One may check that J (x’) is a C* function on §"—1 that is, bounded
below uniformly by 1. Moreover, without loss of generality, we may assume that
oy > o1 > -+ - > o > 1. Note that the above condition (A) can be written as:

(A") K(Aux)=I|det(A,)|" K (x);

where A, = diag[u®!, ..., u*]1is a diagonal matrix.
For each fixed x € R”, the function

is a strictly decreasing function of p > 0. Therefore, there exists an unique p = p(x)
for which F(x, p) = 1. It was proved in [6] that p is a metric on R”. Furthermore, we
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observe that (R", p) is a homogeneous group that admits a family of dilations §,
= exp(A log u) for which p(§,x) = pp(x), p > 0, where A is a diagonalizable linear
operator with positive eigenvalues.

By the above coordinates of polar type, one now has that

Tf(x)=p.v. /Rn Fx=»QONHp(») ™ dy,
where Q(y") = K (y') satisfying

/Sn_l QNI do(y)=0. (1.1)

The following theorem was proved by Fabes and Riviere in [6].

THEOREM A. If 2 € C1(S"Y) and satisfies (1.1), then the operator T is bounded on
LP(R") for 1 < p < 0.

Later, the above theorem was improved by Nagel et al. [9] and the regularity
condition on 2 was removed. The result is the following.

THEOREM B. If Q € Llog* L(S" Y and satisfies (1.1), then the operator T is
bounded on L? (R™) for 1 < p < o0.

On the other hand, it was shown in [10] that in the case ¢ =ap =+ - - =, = 1,
the condition Q € L log™ L(5"~!) can be replaced further by the weaker condition
Qe H'(S" 1), where H'(S"~1) is the Hardy space that contains L log™ L(5"~!) as
a proper subspace on the unit sphere. Thus, a natural question is if one can use a
weaker condition in Theorem B. The main purpose of this paper is to establish the
following theorem.

THEOREM 1. If Q2 € H' (S 1) and satisfies (1.1), then the operator T is bounded on
LP(R") for 1 < p < 0.

Before proving the theorem, we want to say a few words. First, we understand
that the underlying space is a special homogeneous group (see [8]). Thus, many
standard results might be adapted. For instance, we can use the Littlewood—Paley
theory without any modifications. Second, although we follow the ideas in [7], we
find that it is not an easy process of copy and paste. We must obtain some nontrivial
estimates in our proof.

The reader can find these new estimates in Section 3. In Section 2 we present
some basic definitions and known lemmas. The letter C in the paper denotes positive
constant independent of essential variables.
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2. Definitions and lemmas

The Poisson kernel on §"~! is defined by Py (x)=(1 —t2)/|ty’ — x'|" with
0<t<l, x',y € s"=1 For any Q€ L'(s" 1), we define the radial maximal
function

PTQx') = sup

0<t<l

/S L RONPw () do ().

The Hardy space H Lsn=1y,isa subspace of L'(8"1) which contains all L' functions
Q with the finite norms €21l g1 (gn-1y = ||P+Q||L1(Sn71) < 00.

An important property of H'(5"~1) is the atomic decomposition, which is reviewed
in the following. An exceptional atom E(x’) is an L (S"1) function bounded by 1.
A regular H!'(S"~!) atom is an L>(S"~!) function a(x’) satisfying the following
conditions:

supp(a) C S 'N{yeR": |y —&'| <r forsome & € " ' and r € (0, 1]}; (2.1)

/ 1 a(xY,(x)do(x") =0 (2.2)
N

for any spherical harmonic polynomial Y, with degree m < N, where N is any fixed
integer;

lall oo cgn-1y < ' 7" (2.3)

From [3], we find that any Q € H 1($"=1) has an atomic decomposition
o o0
Q:Z)\jaj + Z”iEi’
j=1 i=1

where each a; is a regular H 1(s"=1) atom and each E; is an exceptional atom.
Moreover,

o o0
D I+ Y il < ClIRYggsi-y.
j=1 '

i=1

We note that for any x’ € §"~!,

o0

> wiEi(x)

i=1

o
<> luil.
i=1

Without loss of generality, we can assume

o0

> wiEi(x)

i=1

< ”Q”HI(S"_I)'
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Thus, we write
o0

D wEi(x) =1 sy (),

i=1

with
o0

o)=Y wEi(x)/ 120 gi(g-1)-
i=1
In this new definition,
[e.¢]
Q= }\‘Ja] + ”Q”Hl(snfl)a) and ||a)||LOO(Sn*|) <l1.
j=1
Noting that J(x/|x|)|x|> is a homogeneous polynomial of degree 2, by
[11, Theorem 2.1], we can write J(x/|x|)|x|?> = P»(x) + |x|*Po(x), where Py(x) is
a harmonic polynomial of degree k (k =0, 2). Then J(x') = P>(x") + Py(x’), where
Py (x") is a spherical harmonic polynomial of degree k (k = 0, 2). So by (2.2), we have

/Snl a;j(y)J(y) do(y') = fsnl a;j(y)P2(y") do (y)

+/ ] aj(y")Po(y')do(y") =0, (2.4)
N
forall j =1, 2, .... Thus, if 2 satisfies the cancellation condition (1.1), then
/ 1 w(Y)J(y')do(y') =0. (2.5)
sn=

The following Lemmas 2.1 and 2.2 can be found in [7].
LEMMA 2.1. Suppose that n > 3 and b satisfies (2.1), (2.3) and

/S by do(y)=0. (2.6)

Let
Fy(s) = (1= s 2x11)(5) /S G, (1 =5H)5) do (),

and
Gp(s) = (1 —sHP D2y 4 1)) f L IbGs, (1= sH2F) do ().
Sn—

Then there exists a constant C, independent of b, such that

supp(Fp) C (§] — 2r (&), & +2r(&"); (2.7)
supp(Gp) C (&) —2r (&), & +2r(&)); (2.8)
[ Fplloo < C/r(€);  1Gblloo < C/r(&); (2.9)
/ Fp(s)ds =0, (2.10)

R
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where r(&') = |&| 7L &| and L,§ = (r*&1, r&a. . .., r&y).
LEMMA 2.2. Suppose that n = 2 and b satisfies (2.1), (2.3) and (2.6). Let
Fyp(s) = (1 = )72 x 1y ) (b(s, (1= sHV) + b(s, —(1 — 5772,
and
Gp(s) = (1 — %)y ()(bGs, (1= sHYH] + [b(s, —(1 — sH).
Then Fy(s) satisfies (2.7), (2.10) and
IFpllq < CIL &)1,
and Gp(s) satisfies (2.8) and
IGollg < CIL (&N~ F14,
for some g € (1, 2).

LEMMA 2.3. Fix any function ¢ € SR™) with supp(¥) C {x :1/2 < p(x) <2}. Let
\IJ(E/)\z Y(p(&)), V(&) = 7YV (A;1€) fort > 0. For j € Z, define the multiplier S;
by S; f(§) =¥ (2/ p(&)) f (§). Then for 1 < p < oo, we have

o

where C is a constant independent of f € LP (R").

172
<Cllfllp-

Lemma 2.3 is a discrete version of a more general theorem in [8]. One can prove
Lemma 2.3 easily following the idea in [8].

Next, we let ®(7) :Ae_’”2 (t € R). Then ®(t) = ¢~ Define a radial function
@y on R” by @y (&) = P(|L,Ax&|). We have the following lemma.

LEMMA 2.4. The maximal operator f — sup; | Oy * f| is bounded on LP(R") for
1 <p<oo.

PROOF. It is easy to check that
Dp(x) =r 27K @ (xr227Rn) TTir 27 0 @ (xjr 12700,
j=2
Thus
sup [ @y f(x)| = CMiM> - - - Mp(f)(x),
k

where M is the one-dimensional Hardy-Littlewood maximal operator acting on x;
variable. So the lemma follows easily by the L” boundedness of the Hardy—Littlewood
maximal function. g

The following lemma is a variation of a lemma in [5].

https://doi.org/10.1017/5144678870800027X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870800027X

[7] A parabolic singular integral operator with rough kernel 169

LEMMA 2.5. Letr > 0. Suppose that there exist positive numbers y and B such that

|6k (€)] < C minf{|L, Ay P, |L, Ap&|"}, (2.11)
where L, A& = (r22keng, pokeag, o pdkeng ) Moreover, suppose also that, for
some q > 1,

lo*(Hllg = 512P||0k|*f| =Cliflg. (2.12)

q

where C > 0 is independent of k € Z, & and r. Then the following two operators are
bounded on LP (R™) uniformly for r > 0, whenever |1/p — 1/2| < 1/2q :

172
B(f)= o . g(f)z(ZIak*fF) .
k k

PROOF. If (2.12) holds and 1/2g = |1/2 — 1/po|, then by [5], for arbitrary vector
{hx} in LPo(1?), the following vector valued inequality holds

12 1/2
H (Z o * hk|2> <C (Z |hk|2)
k Po k Po

Choose a C3° function  such that 0 <4 <1 and supp(l//) C{y:1/2< ,o(y) <2}
and }; 1ﬂ(2]/0(Lr«‘E))2—1 Define Y and A by Y(£) =y (p(L,&)) and A(§)
=Y (p(§)). Denote Y (x) =2~ J“T(A2 jx)and Aj(x) =2~ /"‘A(Az jx) for j € Z.
Then it is easy to check T, E)=vQ/p(L, S)) and A; (S)_W(2],o(§)) and
Tj(x)= (1/r”+1)2 J"‘A(Ll/rAz jx). Define the multiplier S; on R" by (S E)
= 1//(21p(L,$))f(“g‘) Then we know S; f(x) =T * f(x). Now we claim that

(z)”

with C independent of r. In fact, by the definition of Y ;, we have

(2.13)

<C|fllp, foralll< p < oo, (2.14)
p

1 .
Tk ) = g2 /R ALy Ay fx =) dy

_ e / A(Ayiy) f(Ly(Lijrx — y)) dy
Rn
= AJ * U(Ll/rx)a

where U (x) = f(L,x). Then, by Lemma 2.3, we obtain
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1/2 p/2
H (Z |ij<x>|2> = {f (Z INE U(me>|2> dx}
j » R

p2 VP
= {r"+1/ (ij *U(x)|2> dx}
R~ j

< crmhin gy,

1/p
:c<r"+1 fR If(er)I”dX> =Cliflp-

Thus, (2.14) is proved. By the definition of S;, we have, for any f e S(R"),
Zj sz.f(x) = Zj S;(S; f)(x) = f(x). We decompose operator B as follows:

B(f)= Z O * (Z Sj+ij+kf) = Z Z(Sj+k(0k xSk f)) = Z Bi(f).
k j k J

1/p

J

First we estimate 3; in L”°. By (2.13) and (2.14), we have

1/2
(Z o * Sj+kf|2)
k
1/2
(Z |Sj+kf|2)
k Po

< ClIlf Nl po- (2.15)

I1Bi(Nlp =C

Po

<C

Now we compute the L?-norm of B i(f). When j <0, by using the estimate
|64 (€)| < C|L,Ay&|~# we have

||Bj(f)||%§Z/‘ IF®PIL AT dE
K Y27 l<p(Lpg) <2 kA
1 2—Jj—k+1
a2 [ EONT A PIA A 0 o € o
k Y27 "
27j71<+1

) 1 -~
< C23pin ey E -/2 . / J(S,)|f(Lr—1Ap5/)|2,0“*1 do (&) dp
X —j—k—1 n—1

-] -~
= eV oy | L)l dg

= C2%P7)| 7113,
So we obtain

IB; ()l < C2%7| fll, forall j <O. (2.16)
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If j > 0, using the estimate |63 (§)| < |L,A5&|” and the same idea of proving (2.16),
we have

I1B;(f)ll2 < C27"| fll2 forall j >0, (2.17)
where C is independent of j and f. Thus, by (2.16) and (2.17) we obtain
1B;(f)lla < C27Vl| fll, forall § > 0. (2.18)

Now, if |[1/p —1/2| < 1/2q, we have 1/p =0/2+ (1 — 6)/po for some 0 <6 < 1.
By interpolating between (2.15) and (2.18), we obtain

1B, <Y B (Ol <C Y 27Ul fll, <ClIfll, forall0 <k <1.
J J

The inequality [|g(f)|l, < CIlfIl, can be proved by essentially the same argument. O

LEMMA 2.6 (See [5]). Let {ni} be a lacunary sequence of positive numbers
(nfy (Mr+1/n%) =n > 1). Suppose that {\i} is a sequence of nonnegative functions
satisfying, for some 6 > 0,

(€)= 1| < Clmes1€l?, (&) < Clmé| 7,

for all k € Z. Then, the maximal operator (\* f)(x) = supy |Ax * f(x)| is bounded on
LP(R") for 1 < p < oo.
LEMMA 2.7 (See [4]). Suppose that m denotes the distinct numbers of {aj}. Then for

anyx,yeR", 0<B<1
2
/ e—iApc-y d_)‘
1 A

where C > 0 is independent of x and y.

<Clx-y|"#/m,

3. Proof of Theorem 1

Noting that
o / / / / dp
rrw= [ [ 200606 4 de ).

Since Q@ € H!(s" 1) satisfying the cancellation condition (1.1), we can write

o0
Q=>"2ja; + 1Qm -1y,
j=1
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where o satisfies (2.5) and [|o|| oo (gn-1) < 1, each a; is a regular H'($" 1) atom and
Z?ozl |)“]| < C”Q”H](Sn—l). So

ITFl, <C 3 B (O + 12015t [ To f 1, 3.1
=1
where ~ 4
B (f)(x) = / / a; ()TN f G — Ay do ()L,
0 Jen- p
and

T (f)(x) = /Rn Fx=»oG)e() ™ dy.

Since w(y’) € L®(S"™ 1) c Llog™L(5"!) and satisfies (2.5), by Theorem B, we
obtain

17w fllp < ClLfllps (3.2)

where C is independent of @ and f. Therefore, to prove Theorem 1, it suffices by (3.1)
and (3.2) to show that

I1Bi(Dllp =Cllfllp. j=1.2,..., (3.3)

where C is independent of the atoms a; and f. By (2.4) and by the observation that
JO) e Cgo(S”_l), itis easy to check that a; (y") = a; IO/ Nl oo (sn-1y satisfies
(2.1), (2.3) and (2.6). Thus,

o ~ !/ / !/ dlo

Bi(f)(x) = 1|l poosn-1y - aj(y)f(x—Ap,y)do(y )7.
For simplicity in our argument, we denote @; by a and B;(f)/|lJ | oo (sn-1y BY B(f)
from now. Without loss of generality, we may assume that supp(a) C B(t, r) N §" 1,

where 1 = (1,0,...,0) and B(t,r) ={y: |y —t| <r}. Let I} = (2%, 2¥*1). Then
B(f)(x) is equal to

/0 /Sn—l p_la(y’) Xk: X (p) f(x = Apy,) dG(y/) dp = Xk: ok * f(x),

where
S d
(&) = / / a(y)e A 4o ()L (3.4)
I JSsn—1 1%
Let
— N(o—2TiApY € nap
ni(§) = la(y)le PS5 do(y’)—, (3.5)
Iy n—1 1%
and
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o (f)(x) =sup |k * f(x)]. (3.6)
k

Then it is easy to verify that ||fix]lcoc < C, llokll1 < C uniformly for k € Z and for all
k € Z. Since a(y') satisfies (2.6), then

ok (0) = /

By Lemma 2.5, if we can show that {0} satisfies condition (2.11) and

2k+1

—/ a(y’)do(y") =0.

lo*(Hllp <Clifllp, foralll <p <oo, (3.7)

where C is independent of a and f. Thus (3.3) is obtained. We first verify
that {oy} satisfies (2.11). We only prove the case n > 2, since the proof for
n =2 is essentially the same (using Lemma 2.2 instead of Lemma 2.1). For any
& # 0, we choose a rotation O such that O(A,&) = [A,&|t =]A€|(1,0, ..., 0). Let
y' = (s, ¥5, ¥5, ..., ¥,). Then it is easy to see that

c?k(é)=// a(O_l(y’))e‘z’”lApéI(z-y’)da(y’)d—p,
Iy n—1 1%

where O~! is the inverse of O. Now a(O~!(y’)) also satisfies (2.3), (2.6) and is
supported in B(¢, r) N §s"~1 where ¢ = ApE /1A E|. Thus,

, d
6’;(5) :/ / Fa(s)efzﬂllAﬂg‘s ds_p’
Iy JR 1Y

where F,(s) is the function defined in Lemma 2.1. By Lemma 2.1, we
know supp(Fy) C (=2r(¢) + &1, 2r(0) + £1), where r(¢) =L, AE|/|A€| and

= p%&1/|Ap€]l. Thus, N(s) =r()F,(r(¢)s) is a function supported in the
interval (=2 + ¢1/7(¢), 2+ ¢1/r(¢)), and ||N|o < C (C is independent of s and p),
Jg N(s) ds = 0. After changing variables

; d
Gi(§) = / / N(s)e 2l Actl g5 L
Iy JR 1Y

So by the cancellation property of N (-), we obtain that

o7 —2mi s _27ip® d
A < /N(s) (2l Agels _ g~2mipny g | 4P
<C// ING)ILAEls — 2| a5
I Jis—5ik1<2 (%)
SC/ |L, Azkpg|_
1
< C|L, Axé|. (3.8)
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On the other hand, by (3.4) and Holder’s inequality,

10e(®) 2 < CH(8), (3.9)

where

Hi(§) =/
I

2k+1

H) = / // a(y)a(x)e iAo =DE g5 (3 da(x/)d—p
2k sn—lx gn—1 p

2k+1
< C// la(y)la(x")]|
sn—1y gn—1

/ a(y)e A" E qo (y")
n—1

Then we obtain

/ eI x0E d—p‘ do(y') do(x).
2k p

By Lemma 2.7, we know
ok+1 2
/ o 2miAp (Y =x')E d_/)‘ _ / e—2friA2k,,(y’—x’)-é d_p
2k P 1 1Y

< C(I(y —x) - Apg|)~2P/m.

where 0 < 8 < 1/2 and m denotes the distinct numbers of {«;}. Then by the above
inequality we obtain

Hi(§) < C f /S 1y [9ODNAEDIA0" =5 - Apg D" do (7) do (x).
(3.9)

Denote
ne = f /S 1y [90DNAEDIA0" =5 - Apg D™ do () do (x).
n— X n—
For any & # 0, we choose a rotation O such that

O(ApE) = |AnE | = |AxE|(1,0, ..., 0).

Let
y = (s, yé, yé, e, y,’l) and x' = (z, xé, xé, e, x,/l).

Then it is easy to see that

1) = / fs N Ca I G ER)]

X (10— x) - |Ag&l) 2P/ do (y') do (x),
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where O~! is the inverse of 0. Now a(O~!(y’)) also satisfies (2.3), (2.6) and is
supported in B(®9, r) N $"~!, where 9 = A& /|AsE|. Thus,

I(§) = f / Ga($)Ga(t)(|Agk&|ls — t)2P/™ ds dt,
RxR

where G,(s) is the function defined in Lemma 2.1. By Lemma 2.1, we
know supp(G,) C (=2r(9) + 1, 2r(¥) + ¥1), where r(9) = |L,Ax&|/|Ax&| and
01 = 28" €, /| Ax&|. Thus,

=060~ 55))
0) =r@Ga(r(s = o

is a function supported in the interval (—2, 2), and ||¢||cc < C, where C is independent
of r, ¥ and k. Since 28/m < 1, we obtain

2 2
ne) = / 2 / OROL, Axlls = )27 ds

< CIL, Ay 2" /22 fzz s — 172/ ds di
< CIL Apg[ P/, o
This together with (3.9) and (3.9") gives
GL(E)] < CIL, Ay&| P/, (3.10)
By (3.8) and (3.10),
|6 (§)] < C min{|L, Ap&|, |L, Ay&|~F/™). (3.11)

Inequality (3.11) shows that {0y} satisfies (2.11). Hence, it remains to show (3.7). We
define the measure sequences {Ar} on R by

= I, PN d,O
L) = ||a||L1(Sn1)/ o~2minn 6 9P (3.12)
Iy 1Y
Let § be the Dirac delta function acting on (x», . . ., x,). Now, choose the function ®

as in Lemma 2.4 and for each k define
Vg = g — Di * (Ar ® 6). (3.13)

By (3.6) and (3.13),

172
o*<f>5(2|vk*f|2> sup @ (sup G @) f1),  G.14)
k
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and
1061 % f1 < 0 (f) + sup @ ((sup |G © ) % f1). (3.15)
k k
By (3.14), if we can prove

<C|fllp, foralll<p<oo, (3.16)
p

sup @+ ((sup [ ® 8) * f1)
k k

and

1/2
(Z|vk*f|2> <CJfll, foralll< p < oo, (3.17)
k P
where C is independent of f, then we obtain (3.7). We first verify (3.16). By the
definition of A, it is easy to see that, for each k, |[Ax(&1)| < C, and Ay is a positive
measure on R:

~ ~ o a dp
Ak (€D — 2 (0)] < ||ll||L1(sn—l)/ |e™2TPHE 1] —
Iy 1Y
< C2* ).
Using integration by parts,
k€Dl < C* g~

By Lemma 2.6, we know that sup; |Ax * f| is bounded in L7(R) for 1 < p < oo.
Since § is the Dirac delta function acting on (xz, . . ., X,), we see sup; |(Ax ® 8) * f]
is bounded on L?(R"). So by Lemma 2.4, we obtain (3.16). Hence, it remains to show
(3.17). We still use Lemma 2.5 to do this. We first show that {v;} satisfies (2.11). By
(3.13),

[0k ()] < |k (§) — A (ED| + M G Dr(§) — 11, (3.18)

and

Tk (E)] < 1R E)] + @D Pk ). (3.19)
By (3.5) and applying the method of rotation again

. d
m(g)zc/ fGa(s)e—zmlAﬂf'S ds<l.
Iy JR 1Y

Note that supp(G,) = supp(Fy) = (&1 —2r(¢), &1 +2r(¢)) by (2.7) and (2.8), and
also note fR Ga(s)ds = |lallp1gn-1y, then by Lemma 2.1 we have

~ . . o d
[k (&) — A (ED)] < / / |Ga(s)||le2miMAREls _ p2min®ien) g E0
Iy /R 0

1 dp
sc/ . Aplls — &1l ds =2
1 7€) Jis—a1<2r0) P

< C|L,Ax&|. (3.20)
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From the proof of (3.10), we also have
| (®)] < CIL, Ayg|P™. (3:21)

On the other hand,
Br(§) = DL, Ayg]) = e I Al = f e il Ayl gy
R
Thus,

D(§) — 1] = ‘ / e (7L AREl _ 1y gy
R

[e.¢]
§C|L,A2k§|/ et dt < C|L, Apk|. (3.22)
0
Using integration by parts,
B < — foo 1 d < CIL Ay (3.23)
k =0 e = k . .
L Axél Jo e

By (3.18), (3.20), (3.22) and |):7<(§1)| < C, we have
[0k (§)] < CILr Ayl (3.24)
On the other hand, by (3.19), (3.21), (3.23) and |);<(§1)| < C, itis easy to see that
[0k (§)] < CIL, Ap§| ™", (3.25)

where |L,Ay&|™" = max{|L, Ay&|~!, |L, Ap&|7P/™} and n=pB/m or 1. Thus,
(3.24) and (3.25) yield

[V (§)] < C min{|L, Ap&|, |L,Ap&|™"}. (3.26)
So {vg} satisfies (2.11). By (3.26) and the same idea of proving (2.18) in Lemma 2.5,
we obtain
1/2
H (Z |vg f|2) <Clfla
k 2

where C is independent of f. By (3.14) and (3.16), we see |[o*(f)l2 < Cllf 2.
Therefore, by (3.15), (3.16), we obtain | sup; ||vk| * flll2 < Cll fll2. Applying
Lemma 2.5 with ¢ = 2 again, we obtain

(g

<C|fll, forall4/3 <p<4. (3.27)
p
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lo* (I, <Clfll, forall4/3 <p<4. (3.28)

Thus, a bootstrap argument by reiterating application of Lemma 2.5 gives us

12
H (Z |Vk*f|2) <CI £l
k

p

forall 1 < p < oo. Thus, (3.17) is proved and Theorem 1 follows.
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(10]

[11]
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