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On the local theta correspondence and R-groups

Atsushi Ichino

Abstract

For the reductive dual pair (U(n, n), U(n, n)) over a p-adic field, we study the local theta
correspondence for certain tempered representations in terms of R-groups. In the case
we consider, the Langlands parameter is preserved, but, a twist occurs in the L-packet.
Moreover this twist is determined by root numbers.

Introduction

Let G = U(n, n) be the quasi-split unitary group in 2n variables over a p-adic field and π an
irreducible admissible representation of G. Then the local theta correspondence asserts that
an irreducible admissible representation θ(π) of G′ = U(n, n) which satisfies

HomG×G′(ω, π̃ ⊗ θ(π)) �= 0

is uniquely determined if it exists. Here ω is the Weil representation of G×G′ and π̃ is the contra-
gredient representation of π. This correspondence was conjectured by Howe [How79] and proved by
Waldspurger [Wal90] when p �= 2. However, it still remains difficult to describe the relation between
π and θ(π) explicitly. In this paper, we will determine the correspondence for certain tempered
representations. It turns out that root numbers play an important role as in the epsilon dichotomy
by Harris, Kudla and Sweet [HKS96].

More precisely, let F be a p-adic field with p �= 2 and E a quadratic extension of F . Fix δ ∈ E×

such that trE/F (δ) = 0. We realize G (respectively G′) as the isometry group of the hermitian
(respectively skew-hermitian) form given by(

0n −δ1n

δ1n 0n

) (
respectively

(
0n 1n

−1n 0n

))
.

In fact, G = G′. Then we have the Weil representation ω of G×G′ for a fixed non-trivial additive
character ψF of F . Note that ω also depends on the choice of δ.

Let π be an irreducible tempered representation of G. Then π is realized as an irreducible
component of an induced representation I(σ) = IndG

P (σ), where P is a parabolic subgroup of G and
σ is a discrete series representation of the Levi component L of P . In this paper, we assume that
L � GLn1(E) × · · · × GLnt(E) with n = n1 + · · · + nt. By the induction principle, which is due to
Kudla [Kud86] and extended to the general cases in [MVW87, Chapter 3], we see that θ(π) is an
irreducible component of the induced representation I ′(σ) = IndG′

P ′(σ) if σ is supercuspidal. Here we
regard P ′ = P as a parabolic subgroup of G′. However, this principle does not determine which
component corresponds to π.

On the other hand, the irreducible components of I(σ) are parameterized by the theory
of R-groups, which is due to Harish-Chandra [Sil79b], Knapp and Stein [KS80], and Silberger
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[Sil78, Sil79a]. We now recall the computation of R-groups by Goldberg [Gol95]. Write σ = σ1 ⊗
· · ·⊗σt with a discrete series representation σi of GLni(E) for 1 � i � t. Let W be the Weyl group of
G with respect to the split component of the center of L. Note that W is isomorphic to a subgroup
of (Z/2Z)t �St. Let R be the subgroup of W generated by the sign change ri at the ith component
for all i ∈ I, where I ⊂ {1, . . . , t} consists of i such that:

• σi � tσ̄−1
i ;

• σi �� σj for all j > i;

• the Asai L-function LAsai(s, σi) is holomorphic at s = 0.

Note that R � (Z/2Z)�I is abelian. Then there exists an algebra isomorphism

C[R] −→ EndG(I(σ)),
r �−→ N (r, σ),

where N (r, σ) is obtained from the normalized intertwining operator. In particular, I(σ) has the
irreducible decomposition in the form

I(σ) =
⊕
κ∈R̂

πκ,

where R̂ is the character group of R and

πκ = {f ∈ I(σ) | N (r, σ)f = κ(r)f for all r ∈ R}.
Moreover we may assume that π1 is χ-generic. Here χ is a fixed non-degenerate character of the
unipotent radical of the standard Borel subgroup of G. Similarly, I ′(σ) has the irreducible decom-
position in the form

I ′(σ) =
⊕

κ′∈R̂′

π′κ′ ,

where

π′κ′ = {f ′ ∈ I ′(σ) | N (r′, σ)f ′ = κ′(r′)f ′ for all r′ ∈ R′}.
Here we regard W ′ = W as the Weyl group of G′, r′i = ri as an element of W ′, R′ = R as a subgroup
of W ′, and N (r′, σ) as an element of EndG′(I ′(σ)). We remark that π′1 is also χ-generic if we identify
χ with a non-degenerate character of the unipotent radical of the standard Borel subgroup of G′.

Then our main result is as follows (cf. Theorem 4.1).

Theorem. Let κ ∈ R̂. Then θ(πκ) = π′κ′ where

κ′(r′i) = κ(ri) · ε(1/2, σi, ψF ◦ trE/F )ωσi(δ)
−1

for i ∈ I. Here ωσi denotes the central character of σi.

In the proof of the main theorem, we construct explicitly an element T of

HomG×G′(ω ⊗ I(σ), I ′(σ))

which satisfies the following conditions:

i) For each non-zero f ∈ I(σ), there exists Φ ∈ S such that

T (Φ, f) �= 0.

ii) Let i ∈ I, Φ ∈ S, and f ∈ I(σ), then

N (r′i, σ)T (Φ, f) = ωσi(δ)
−1ε(1/2, σi, ψF ◦ trE/F )T (Φ,N (ri, σ)f).
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Local theta correspondence and R-groups

Here S is the space of ω. We remark that condition ii is crucial for us. From these properties, one
easily deduces the main theorem.

Notation. Let F be a p-adic field with p �= 2 and E a quadratic extension of F . Throughout
this paper, we fix a non-trivial additive character ψF of F and an element δ of E× such that
trE/F (δ) = 0. Let oE denote the maximal compact subring of E, | | the absolute value on E, and
x �→ x̄ the non-trivial Galois automorphism of E over F . Define a non-trivial additive character ψ
of E by ψ = ψF ◦ trE/F . We take the self-dual Haar measure on E with respect to ψ.

Let n ∈ N and n = (n1, . . . , nt) ∈ N
t such that n = n1 + · · · + nt. Put

Xn = {x ∈Mn(E) | tx̄ = x},
Zn = {z = (zij) ∈Mn(E) | zij = 0 if i > j},

where zij ∈Mni,nj(E) for 1 � i, j � t. We define a parabolic subgroup Pn = LnUn of GLn(E) by

Ln = {a = diag(a1, . . . , at) | ai ∈ GLni(E) for 1 � i � t},
Un = {u = (uij) ∈ Zn | uii = 1ni for 1 � i � t}.

For a = diag(a1, . . . , at) ∈ Ln and λ = (λ1, . . . , λt) ∈ C
t, we write

|a|λ = |det a1|λ1 · · · |det at|λt .

Define ρn ∈ C
t by

2ρn = (n− n1, . . . ,−n1 − · · · − ni−1 + ni+1 + · · · + nt, . . . ,−n+ nt).

Then | |2ρn is the modulus character of Pn.

1. L and ε-factors for GLn

In this section, we review the theory of L and ε-factors for GLn by Godement and Jacquet [GJ72].
Let σ be a discrete series representation of GLn(E). Then the standard L-factor L(s, σ) is holomor-
phic for Re(s) > 0. For ϕ ∈ S(Mn(E)), s ∈ C, and a matrix coefficient φ of σ, put

Z(ϕ, s, φ) =
∫
GLn(E)

ϕ(a)φ(a)|a|s da.

This integral is absolutely convergent for Re(s) > (n − 1)/2, and has a meromorphic continuation
to the whole s-plane. Moreover

Z(ϕ, s + (n− 1)/2, φ)
L(s, σ)

is entire.
Let σ̃ be the contragredient representation of σ. Then φ̌(a) = φ(a−1) is a matrix coefficient of σ̃.

We define the Fourier transform ϕ̂ ∈ S(Mn(E)) of ϕ by

ϕ̂(x) =
∫

Mn(E)
ϕ(y)ψ(tr(xy)) dy.

Then the following functional equation holds:

Z(ϕ̂, 1 − s+ (n− 1)/2, φ̌)
L(1 − s, σ̃)

= ε(s, σ, ψ)
Z(ϕ, s + (n− 1)/2, φ)

L(s, σ)
. (1.1)

Here ε(s, σ, ψ) denotes the standard ε-factor.
We write σ̄(a) = σ(ā) and tσ−1(a) = σ(ta−1) for a ∈ GLn(E).
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Lemma 1.1. Assume that σ � tσ̄−1. Then

ε(1/2, σ, ψ)ωσ(δ)−1 = ±1,

where ωσ is the central character of σ.

Proof. Since σ̃ � tσ−1 � σ̄ and ψ = ψF ◦ trE/F , we see that

ε(s, σ̃, ψ) = ε(s, σ̄, ψ) = ε(s, σ, ψ).

On the other hand, we have

ε(s, σ, ψ)ε(1 − s, σ̃, ψ) = ωσ(−1),

hence

ε(1/2, σ, ψ)2 = ωσ(−1) = ωσ(δ)2.

2. Weil representations

For n ∈ N, let V = Vn be the space of column vectors E2n equipped with a hermitian form ( , )
defined by

(x, x′) = tx̄

(
0n −δ1n

δ1n 0n

)
x′ ∈ E

for x, x′ ∈ V . For each l ∈ N, we identify V l with M2n,l(E), and put

(x, x′) = tx̄

(
0n −δ1n

δ1n 0n

)
x′ ∈Ml(E)

for x, x′ ∈ V l. Let G = Gn denote the isometry group of (V, ( , )), i.e.,

Gn =
{
g ∈ GL2n(E)

∣∣∣∣ tḡ

(
0n −δ1n

δ1n 0n

)
g =

(
0n −δ1n

δ1n 0n

)}
.

Similarly, we define G′ = G′
n by

G′
n =

{
g′ ∈ GL2n(E)

∣∣∣∣∣ g′
(

0n 1n

−1n 0n

)
tḡ′ =

(
0n 1n

−1n 0n

)}
.

In fact, G = G′.
For the reductive dual pair (G,G′) in Sp8n2(F ), we have the Weil representation ω of G×G′ on

S = S(V n) = S(M2n,n(E)) as in [Kud94, § 5]. Here we take η = ψF and ξ = 1 with the notation in
Theorem 3.1 of [Kud94]. Let Φ ∈ S and x ∈ V n. Then

ω(g, 1)Φ(x) = Φ(g−1x)

for g ∈ G. The action of G′ is given by the following formulas. For a ∈ GLn(E) and b ∈ Xn,

ω

(
1,

(
a 0n

0n
tā−1

))
Φ(x) = |a|nΦ(xa),

ω

(
1,

(
1n b
0n 1n

))
Φ(x) = ψ(tr((x, x)b)/2)Φ(x).

Let 1 � l � n. Then

ω


1,




0 0 1l 0
0 1n−l 0 0

−1l 0 0 0
0 0 0 1n−l





 Φ(x′, x′′) =

∫
V l

Φ(y, x′′)ψ(tr(y, x′)) dy
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for x′ ∈ V l and x′′ ∈ V n−l. Here dy is the self-dual Haar measure on V l with respect to the pairing
ψ(tr( , )). More precisely,

dy = |δ|ln
∏
i,j

dyij

for y = (yij) ∈ V l = M2n,l(E), where dyij is the self-dual Haar measure on E with respect to ψ.

3. R-groups

Let n = (n1, . . . , nt) ∈ N
t be a partition of n. We define a parabolic subgroup P = LU of G by

L =
{(

a 0n

0n
tā−1

)
∈ G

∣∣∣∣ a ∈ Ln

}
,

U =
{(

u ∗
0n

tū−1

)
∈ G

∣∣∣∣ u ∈ Un

}
.

Put ρ = ρn + n/2. Then | |2ρ is the modulus character of P . Let K = G ∩GL2n(oE) be a maximal
compact subgroup of G. Then the Iwasawa decomposition G = PK holds.

For 1 � i � t, let σi be a discrete series representation of GLni(E) on Vi with the central
character ωσi . Then σ = σ1 ⊗ · · · ⊗ σt is a discrete series representation of L on V = V1 ⊗ · · · ⊗ Vt.
For λ ∈ C

t, we write I(σ, λ) = IndG
P (σ| |λ). Let W be the Weyl group with respect to the split

component of the center of L, and w ∈ G a representative for an element of W . For a holomorphic
section f (λ) of I(σ, λ), put

M(w, σ, λ)f (λ)(g) =
∫

(U∩wUw−1)\U
f (λ)(w−1ug) du.

This integral is absolutely convergent if Re(λ1) � · · · � Re(λt) � 0, and has a meromorphic
continuation to C

t. By Theorem 2.1 of [Art89a], there exist meromorphic functions r(w, σ, λ) of λ
such that the normalized intertwining operator

N(w, σ, λ) = r(w, σ, λ)−1M(w, σ, λ)

is holomorphic on
√−1 R

t and that the cocycle condition

N(ww′, σ, 0) = N(w,w′σ, 0)N(w′, σ, 0)

holds for representatives w,w′ ∈ G for elements of W . See also [Sha90, § 7].
We now recall the computation of R-groups by Goldberg [Gol95]. Let I be the set of i ∈ {1, . . . , t}

such that:

• σi � tσ̄−1
i ;

• σi �� σj for all j > i;

• LAsai(s, σi) is holomorphic at s = 0.

Here LAsai(s, σi) is the Asai L-function for σi defined by the Langlands–Shahidi method [Sha90,
Gol94]. For 1 � i � t, put li = n1 + · · · + ni−1, mi = ni+1 + · · · + nt, and

wi =




1li 0 0 0 0 0
0 0 0 0 1ni 0
0 0 1mi 0 0 0
0 0 0 1li 0 0
0 −1ni 0 0 0 0
0 0 0 0 0 1mi




∈ G.
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Let ri be the image of wi in W and R the subgroup of W generated by ri for all i ∈ I. For each
i ∈ I, we fix an isomorphism Ai : Vi

∼→ Vi such that A2
i = id and Aiσi(a) = tσ̄−1

i (a)Ai for all
a ∈ GLni(E). Then

N (ri, σ) = ωσi(δ)AiN(wi, σ, 0)

is a self-intertwining operator of I(σ) = I(σ, 0) and satisfies N (ri, σ)2 = id. For r = ri1 · · · rik ∈ R
with {i1, . . . , ik} ⊂ I, put

N (r, σ) = N (ri1 , σ) · · · N (rik , σ).

By the theory of R-groups, the algebra homomorphism defined by

C[R] −→ EndG(I(σ))
r �−→ N (r, σ)

is in fact an isomorphism. Let R̂ denote the character group of R. For each κ ∈ R̂, let

πκ = {f ∈ I(σ) | N (r, σ)f = κ(r)f for all r ∈ R}.
Then we see that πκ is irreducible and

I(σ) =
⊕
κ∈R̂

πκ.

Moreover, replacing Ai with −Ai if necessary, we may assume that π1 is χ-generic. Here χ is a fixed
non-degenerate character of the unipotent radical of the standard Borel subgroup of G.

Similarly, we write I ′(σ, λ) = IndG′
P ′(σ| |λ) and I ′(σ) = I ′(σ, 0). Here we regard P ′ = L′U ′ with

L′ = L and U ′ = U as a parabolic subgroup of G′. We also regard W ′ = W as the Weyl group of
G′, w′

i = wi as an element of G′, r′i = ri as an element of W ′, R′ = R as a subgroup of W ′, and χ as
a non-degenerate character of the unipotent radical of the standard Borel subgroup of G′. For each
κ′ ∈ R̂′, let

π′κ′ = {f ′ ∈ I ′(σ) | N (r′, σ)f ′ = κ′(r′)f ′ for all r′ ∈ R′}.
Here we regard N (r′, σ) as a self-intertwining operator of I ′(σ). Then π′κ′ is irreducible, π′1 is
χ-generic, and

I ′(σ) =
⊕

κ′∈R̂′

π′κ′ .

4. The main theorem

Let π (respectively π′) be an irreducible admissible representation of G (respectively G′). We write
θ(π) = π′ if

HomG×G′(ω, π̃ ⊗ π′) �= 0.

Waldspurger [Wal90] showed that θ(π) is uniquely determined if it exists.
Let κ ∈ R̂. By Lemma 1.1, we can define θ(κ) ∈ R̂′ by

θ(κ)(r′i) = κ(ri) · ε(1/2, σi, ψ)ωσi(δ)
−1

for i ∈ I. Then our main result is as follows.

Theorem 4.1. For κ ∈ R̂,

θ(πκ) = π′θ(κ).

We will give the proof in the next two sections.
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Remark 4.2. Even if p = 2, we can prove that

HomG×G′(ω, π̃κ ⊗ π′θ(κ)) �= 0.

5. An equivariant map

Let π (respectively π′) be an admissible representation of G (respectively G′). A map T : ω⊗π → π′

is said to be (G×G′)-equivariant if

T (ω(g, g′)Φ, π(g)f) = π′(g′)T (Φ, f)

for all g ∈ G, g′ ∈ G′, Φ ∈ S, and f ∈ π. Let HomG×G′(ω ⊗ π, π′) denote the space of (G × G′)-
equivariant maps T : ω ⊗ π → π′. Then

HomG×G′(ω ⊗ π, π′) � HomG×G′(ω, π̃ ⊗ π′).

In this section, we construct explicitly an element of

HomG×G′(ω ⊗ I(σ, λ), I ′(σ, λ)),

and study its properties.
For Φ ∈ S, define a function FΦ on G×G′ by

FΦ(g, g′) =
∫

Zn

ω(g, g′)Φ
(
z
0

)
ψ(tr(z)) dz.

Then FΦ is left (U × U ′)-invariant and satisfies

FΦ(ag, ag′) = |a|2ρFΦ(g, g′)

for a ∈ Ln. Here we regard a as an element of L = L′. Let σ̃ be the contragredient representation
of σ and Ṽ the space of σ̃. For g′ ∈ G′, Φ ∈ S, a holomorphic section f (λ) of I(σ, λ), and ṽ ∈ Ṽ, put

Z(g′,Φ, f (λ), ṽ) =
t∏

i=1

L(λi + 1/2, σi)−1

∫
U\G

FΦ(g, g′)〈f (λ)(g), ṽ〉 dg.

Here 〈 , 〉 : V × Ṽ → C is the natural pairing.

Lemma 5.1. If Re(λi) � 0 for all i, then Z(g′,Φ, f (λ), ṽ) is absolutely convergent. Moreover it
extends to a holomorphic function of λ on C

t. In particular, for fixed g′, Φ, ṽ, and λ0 ∈ C
t, the

value of Z(g′,Φ, f (λ), ṽ) at λ = λ0 depends only on f (λ0).

Proof. For each Φ ∈ S, define Ψ(Φ) ∈ S(Mn1(E) ⊕ · · · ⊕Mnt(E)) by

Ψ(x1, . . . , xt; Φ) =
∫

Zn

Φ
(
z
0

)
ψ(tr(xz)) dz,

where xi ∈Mni(E) for 1 � i � t and x = diag(x1, . . . , xt) ∈Mn(E). Then

FΦ(ag, g′) =
t∏

i=1

|ai|ni+···+ntΨ(a1, . . . , at;ω(g, g′)Φ)

for a = diag(a1, . . . , at) ∈ Ln. Hence
t∏

i=1

L(λi + 1/2, σi)Z(g′,Φ, f (λ), ṽ) =
∫

L×K
FΦ(ak, g′)〈σ(a)f (λ)(k), ṽ〉|a|λ−ρ da dk

=
∫

Ln

∫
K

Ψ(a1, . . . , at;ω(k, g′)Φ)〈σ(a)f (λ)(k), ṽ〉
t∏

i=1

|ai|λi+ni/2 dk da,

and this concludes the proof.
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Let g′ ∈ G′ and Φ ∈ S. Let f (λ) be a holomorphic section of I(σ, λ). Then we see that there
exists an element T (g′; Φ, f (λ)) of V such that

〈T (g′; Φ, f (λ)), ṽ〉 = Z(g′,Φ, f (λ), ṽ)

for all ṽ ∈ Ṽ. Moreover it satisfies

T (p′g′; Φ, f (λ)) = |a|λ+ρσ(a)T (g′; Φ, f (λ))

for p′ = au′ ∈ P ′ with a ∈ L′ and u′ ∈ U ′, hence defines a holomorphic section T (Φ, f (λ)) of I ′(σ, λ).
Thus we obtain a (G ×G′)-equivariant map

T : ω ⊗ I(σ, λ) −→ I ′(σ, λ). (5.1)

Fix d � t. Let l = (n1, . . . , nd) and m = (nd+1, . . . , nt) be partitions of l = n1 + · · · + nd and
m = nd+1 + · · · + nt, respectively. For Φ ∈ S, define another function F̂Φ on G×G′ by

F̂Φ(g, g′) =
∫

u∈Ul

∫
z∈Zm

∫
v∈Ml,m(E)

ω(g, g′)Φ



u v
0 z
0 0
0 0


ψ(tr(z)) dv dz du.

Then F̂Φ is also left (U × U ′)-invariant.

Lemma 5.2. If Re(λi) � 0 for all i � d and Re(λj) � 0 for all j > d, then

〈T (g′; Φ, f (λ)), ṽ〉 =
d∏

i=1

ωσi(−1)ε(λi + 1/2, σi, ψ)−1L(−λi + 1/2, σ̃i)−1

×
t∏

j=d+1

L(λj + 1/2, σj)−1

∫
U\G

F̂Φ(g, g′)〈f (λ)(g), ṽ〉 dg.

Proof. Let Ψ ∈ S(Mn1(E)⊕· · ·⊕Mnt(E)). We define the partial Fourier transform Ψ̂ ∈ S(Mn1(E)⊕
· · · ⊕Mnt(E)) of Ψ by

Ψ̂(x1, . . . , xt) =
∫

Mn1(E)⊕···⊕Mnd
(E)

Ψ(y1, . . . , yd, xd+1, . . . , xt)ψ(tr(x′y)) dy1 · · · dyd,

where x′ = diag(x1, . . . , xd) ∈ Ml(E) and y = diag(y1, . . . , yd) ∈ Ml(E). For 1 � i � t, let φi be a
matrix coefficient of σi. If |Re(λi)| < 1/2 for all i � d and Re(λj) > −1/2 for all j > d, then we
have

d∏
i=1

L(λi + 1/2, σi)−1

∫
Ln

Ψ(a1, . . . , at)
t∏

i=1

φi(ai)|ai|λi+ni/2 da

=
d∏

i=1

ε(λi + 1/2, σi, ψ)−1L(−λi + 1/2, σ̃i)−1

×
∫

Ln

Ψ̂(a1, . . . , at)
d∏

i=1

φ̌i(ai)|ai|−λi+ni/2
t∏

j=d+1

φj(aj)|aj |λj+nj/2 da

by the functional equation (1.1).
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We now take Ψ = Ψ(Φ) as in the proof of Lemma 5.1. Then

Ψ̂(x1, . . . , xt; Φ) =
∫

Mn1 (E)⊕···⊕Mnd
(E)

∫
z′∈Zl

∫
z′′∈Zm

∫
v∈Ml,m(E)

Φ



z′ v
0 z′′

0 0
0 0




× ψ(tr(yz′) + tr(x′′z′′))ψ(tr(x′y)) dv dz′′ dz′ dy1 · · · dyd,

where x′′ = diag(xd+1, . . . , xt) ∈Mm(E). By the Fourier inversion formula, this integral is equal to

∫
u∈Ul

∫
z′′∈Zm

∫
v∈Ml,m(E)

Φ



z′(u, x′) v

0 z′′

0 0
0 0


ψ(tr(x′′z′′)) dv dz′′ du,

where z′(u, x′) = (z′ij) ∈ Zl with z′ij = uij for 1 � i < j � d and z′ii = −xi for 1 � i � d. Hence

Ψ̂(−a−1
1 , . . . ,−a−1

d , ad+1, . . . , at; Φ) =
d∏

i=1

|ai|−ni+1−···−nt

t∏
j=d+1

|aj |−nj−···−ntF̂Φ(a, 1)

for a = diag(a1, . . . , at) ∈ Ln. Therefore∫
Ln

Ψ̂(a1, . . . , at; Φ)
d∏

i=1

φ̌i(ai)|ai|−λi+ni/2
t∏

j=d+1

φj(aj)|aj |λj+nj/2 da

=
∫

L
F̂Φ(a, 1)

d∏
i=1

ωσi(−1)φi(ai)
t∏

j=d+1

φj(aj)|a|λ−ρ da,

and this concludes the proof.

Let H = Gm and H ′ = G′
m. We define embeddings H ↪→ G and H ′ ↪→ G′ by

(
A B
C D

)
�−→




1l 0 0 0
0 A 0 B

0 0 1l 0
0 C 0 D


 .

We also regard Ll and Lm as subgroups of Ln. Let ωH be the Weil representation of H × H ′

on SH = S(V m
m ) = S(M2m,m(E)) as in § 2. Let σ′ = σ1 ⊗ · · · ⊗ σd and σH = σd+1 ⊗ · · · ⊗ σt.

For λ = (λ1, . . . , λt) ∈ C
t, put λH = (λd+1, . . . , λt) ∈ C

t−d. Then we have an (H ×H ′)-equivariant
map

TH : ωH ⊗ I(σH , λH) −→ I ′(σH , λH)

as in (5.1). Define an (H ×H ′)-equivariant map

S −→ SH

Φ �−→ ΦH

by

ΦH

(
x
y

)
=

∫
z′∈Zl

∫
v∈Ml,m(E)

Φ



z′ v
0 x
0 0
0 y


ψ(tr(z′)) dv dz′.
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Let Ṽ ′ and ṼH denote the space of σ̃′ and σ̃H , respectively. For a holomorphic section f (λ) of I(σ, λ),
g ∈ G, and ṽ′ ∈ Ṽ ′, define a holomorphic section f

(λ)
H (g, ṽ′) of I(σH , λH) by

f
(λ)
H (h; g, ṽ′) = [ṼH � ũ �−→ 〈f (λ)(hg), ṽ′ ⊗ ũ〉]

for h ∈ H. The following lemma reduces an intertwining property of T with respect to H and H ′

to that of TH .

Lemma 5.3. If Re(λi) � 0 for all i � d, then

vol(KH)
d∏

i=1

L(λi + 1/2, σi)〈T (h′; Φ, f (λ)), ṽ′ ⊗ ũ〉

=
∫

Ll×K
〈TH(h′; [ω(a′k, 1)Φ]H , f

(λ)
H (k, σ̃′(a′−1)ṽ′)), ũ〉|a′|λ−ρ da′ dk

for h′ ∈ H ′. Here KH = H ∩ GL2m(oE).

Proof. First, observe that the right-hand side is absolutely convergent. Hence we may assume that
Re(λi) � 0 for all i � t. For a = diag(a1, . . . , at) ∈ Ln, we write a′ = diag(a1, . . . , ad) ∈ Ll and
a′′ = diag(ad+1, . . . , at) ∈ Lm. Then

vol(KH)
∫

U\G
FΦ(g, h′)〈f (λ)(g), ṽ′ ⊗ ũ〉 dg

= vol(KH)
∫

Ln×K

∫
z∈Zn

ω(ak, h′)Φ
(
z
0

)
ψ(tr(z))〈σ(a)f (λ)(k), ṽ′ ⊗ ũ〉|a|λ−ρ dz da dk

=
∫

k0∈KH

∫
Ll×Lm×K

∫
z′∈Zl

∫
z′′∈Zm

∫
v∈Ml,m(E)

ω(a′a′′k0k, h
′)Φ



z′ v
0 z′′

0 0
0 0




× ψ(tr(z′) + tr(z′′))〈σ(a′′)f (λ)(k0k), σ̃′(a′
−1)ṽ′ ⊗ ũ〉|a′a′′|λ−ρ dv dz′′ dz′ da′ da′′ dk dk0

=
∫

Ll×K

∫
Lm×KH

∫
Zm

ωH(a′′k0, h
′)

[
ω(a′k, 1)Φ

]
H

(
z′′

0

)
ψ(tr(z′′))

× 〈σH(a′′)f (λ)
H (k0; k, σ̃′(a′

−1)ṽ′), ũ〉|a′a′′|λ−ρ dz′′ da′′ dk0 da
′ dk

=
∫

Ll×K

∫
Lm×KH

F[ω(a′k,1)Φ]H (a′′k0, h
′)

× 〈σH(a′′)f (λ)
H (k0; k, σ̃′(a′

−1)ṽ′), ũ〉|a′a′′|λ−ρ da′′ dk0 da
′ dk.

Lemma 5.4. Let λ0 ∈ C
t and assume that

t∏
i=1

L(−λi + 1/2, σ̃i)

is holomorphic at λ = λ0. Let f (λ) be a holomorphic section of I(σ, λ) such that f (λ0) �= 0. Then there
exists Φ ∈ S such that

T (Φ, f (λ0)) �= 0.

In particular, for a subrepresentation π of I(σ, λ0),

T |ω⊗π : ω ⊗ π −→ I ′(σ, λ0)

is a non-zero (G×G′)-equivariant map.
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Proof. We may assume that f (λ) is a standard section, i.e., its restriction to K is independent of λ.
Put d = t and assume that Re(λi) � 0 for all i. By Lemma 5.2, it suffices to show that there exist
Φ ∈ S and ṽ ∈ Ṽ such that ∫

U\G
F̂Φ(g, 1)〈f (λ)(g), ṽ〉 dg (5.2)

is non-zero and independent of λ.
Let

N =
{(

1n b
0n 1n

)
∈ G

∣∣∣∣ b ∈ Xn

}
and

x0 =
(
1n

0n

)
∈ V n = M2n,n(E).

Since

F̂Φ(g, 1) =
∫

Un

ω(g, 1)Φ
(
u
0

)
du =

∫
N\U

ω(ug, 1)Φ(x0) du,

we have

(5.2) =
∫

N\G
ω(g, 1)Φ(x0)〈f (λ)(g), ṽ〉 dg.

Take ṽ ∈ Ṽ so that 〈f (λ)(g), ṽ〉 �= 0 for some g ∈ G. We define a non-zero smooth function ϕ on K
by ϕ(k) = 〈f (λ)(k), ṽ〉 for k ∈ K. Then ϕ is left (N ∩K)-invariant and does not depend on λ. Since

N\G ∼−→ G · x0

g �−→ g−1x0

is a homeomorphism and G ·x0 is locally closed in V n, there exists Φ ∈ S such that suppΦ∩G ·x0 =
K · x0 and Φ(k−1x0) = ϕ(k) for all k ∈ K. Then

(5.2) =
∫

N\NK
Φ(g−1x0)〈f (λ)(g), ṽ〉 dg =

∫
(N∩K)\K

|ϕ(k)|2 dk �= 0.

6. Compatibility with intertwining operators
In this section, we complete the proof of Theorem 4.1. A key step is to show that the (G × G′)-
equivariant map (5.1) is compatible with the action of intertwining operators.

Lemma 6.1. For ϕ ∈ S(Ml(E)),∫
x′∈Xl

∫
v∈Ml(E)

ϕ(v)ψ(tr(tv̄x′)) dv dx′ = |δ|l2/2

∫
x∈Xl

ϕ(δx) dx.

Proof. We write v = δy + y′ with y, y′ ∈ Xl. Then the left-hand side is equal to

|δ|l2/2

∫
x′∈Xl

∫
y′∈Xl

∫
y∈Xl

ϕ(δy + y′)ψ(tr(tȳ′x′)) dy dy′ dx′.

Hence the lemma follows from the Fourier inversion formula.

Let d = 1, i.e., l = n1,m = n−n1, l = (n1), and m = (n2, . . . , nt). For x ∈ Xl and y, b ∈Ml,m(E),
define elements u(x, y) and u(b) of U by

u(x, y) =




1l 0 x y
0 1m

tȳ 0
0 0 1l 0
0 0 0 1m


 , u(b) =




1l b 0 0
0 1m 0 0
0 0 1l 0
0 0 −tb̄ 1m


 .
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In the same way, define elements u′(x′, y′) and u′(b′) of U ′ for x′ ∈ Xl and y′, b′ ∈Ml,m(E). We put

w =




0 0 1l 0
0 1m 0 0

−1l 0 0 0
0 0 0 1m


 ∈ G,

and regard w′ = w as an element of G′.

Proposition 6.2.

M(w′, σ, λ)T (Φ, f (λ)) = |δ|n1λ1ωσ1(−δ)ε(−λ1 + 1/2, tσ̄−1
1 , ψ)T (Φ,M(w, σ, λ)f (λ)).

Proof. We may assume that Re(λ1) � · · · � Re(λt) � 0. We put

aδ =
(
δ1l 0
0 1m

)
∈ Ln,

and regard aδ as an element of L. Let ṽ ∈ Ṽ. Then∫
U\G

FΦ(aδg, g
′)〈f (λ)(g), ṽ〉 dg = |aδ |2ρ

∫
U\G

FΦ(g, g′)〈f (λ)(a−1
δ g), ṽ〉 dg

= |aδ |−λ+ρωσ1(δ)
−1

∫
U\G

FΦ(g, g′)〈f (λ)(g), ṽ〉 dg.

Hence
t∏

i=1

L(λi + 1/2, σi)〈M(w′, σ, λ)T (g′; Φ, f (λ)), ṽ〉

=
t∏

i=1

L(λi + 1/2, σi)
∫

(U ′∩w′U ′w′−1)\U ′
〈T (w′−1

u′g′; Φ, f (λ)), ṽ〉 du′

=
∫

(U ′∩w′U ′w′−1)\U ′

∫
U\G

FΦ(g,w′−1
u′g′)〈f (λ)(g), ṽ〉 dg du′

= |aδ|λ−ρωσ1(δ)
∫

U\G

∫
(U ′∩w′U ′w′−1)\U ′

FΦ(aδg,w
′−1

u′g′)〈f (λ)(g), ṽ〉 du′ dg.

On the other hand, by Lemma 5.2, we have

ωσ1(−1)ε(−λ1 + 1/2, tσ̄−1
1 , ψ)L(λ1 + 1/2, σ̄1)

t∏
j=2

L(λj + 1/2, σj)〈T (g′; Φ,M(w, σ, λ)f (λ)), ṽ〉

=
∫

U\G
F̂Φ(g, g′)〈M(w, σ, λ)f (λ)(g), ṽ〉 dg

=
∫

U\G

∫
(U∩wUw−1)\U

F̂Φ(g, g′)〈f (λ)(w−1ug), ṽ〉 du dg

=
∫

(U∩wUw−1)\G
F̂Φ(g, g′)〈f (λ)(w−1g), ṽ〉 dg

=
∫

(w−1Uw∩U)\G
F̂Φ(wg, g′)〈f (λ)(g), ṽ〉 dg

=
∫

U\G

∫
(w−1Uw∩U)\U

F̂Φ(wug, g′)〈f (λ)(g), ṽ〉 du dg.

Note that these integrals are absolutely convergent since |〈f (λ)(g), ṽ〉| � ‖f (λ)(g)‖‖ṽ‖, where ‖ ‖ is
the Hilbert space norm on V. Indeed, ‖f (λ)‖ is an element of I(1,Re(λ)). Thus it remains to show
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that

|aδ |−ρ

∫
(U ′∩w′U ′w′−1)\U ′

FΦ(aδ, w
′−1
u′) du′ =

∫
(w−1Uw∩U)\U

F̂Φ(wu, 1) du. (6.1)

We remark that

U =







1l ∗ ∗ ∗
0 1m ∗ ∗
0 0 1l 0
0 0 ∗ 1m


 ∈ G




and

w−1Uw ∩ U =







1l 0 0 0
0 1m 0 ∗
0 0 1l 0
0 0 0 1m


 ∈ G


 ,

hence

{u(x, y)u(b) | x ∈ Xl, y, b ∈Ml,m(E)}
is a set of representatives for (w−1Uw ∩ U)\U . Similarly,

{u′(x′, y′)u′(b′) | x′ ∈ Xl, y
′, b′ ∈Ml,m(E)}

is a set of representatives for (U ′ ∩ w′U ′w′−1)\U ′.
First we compute the left-hand side of (6.1), i.e.,

|aδ|−ρ

∫
b′∈Ml,m(E)

∫
x′∈Xl

∫
y′∈Ml,m(E)

FΦ(aδ , w
′−1
u′(x′, y′)u′(b′)) dy′ dx′ db′.

We see that FΦ(1, w′−1) is equal to

∫
z∈Zm

∫
v1,v2

ω(1, w′−1)Φ



v1 v2
0 z
0 0
0 0


ψ(tr(v1) + tr(z)) dv1 dv2 dz

= |δ|ln
∫

Zm

∫
v1,v2

∫
v3,v4,v5,v6

Φ



v3 v2
v4 z
v5 0
v6 0




× ψ(− tr(δtv̄5v1))ψ(tr(v1) + tr(z)) dv3 dv4 dv5 dv6 dv1 dv2 dz

= |δ|ln−l2
∫

Zm

∫
v2,v3,v4,v6

Φ




v3 v2
v4 z

−δ−11l 0
v6 0


ψ(tr(z)) dv2 dv3 dv4 dv6 dz.

Here v1, v3, v5 ∈Ml(E), v2 ∈Ml,m(E), and v4, v6 ∈Mm,l(E). Hence∫
x′∈Xl

∫
y′∈Ml,m(E)

FΦ(1, w′−1
u′(x′, y′)) dy′ dx′

= |δ|ln−l2
∫

Xl

∫
Ml,m(E)

∫
Zm

∫
v2,v3,v4,v6

Φ




v3 v2
v4 z

−δ−11l 0
v6 0




× ψ(tr(tv̄3 − δtv̄4v6)x′ + tr(tv̄2 − δtz̄v6)y′)ψ(tr(z)) dv2 dv3 dv4 dv6 dz dy′ dx′
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= |δ|ln−l2
∫

Xl

∫
Ml,m(E)

∫
Zm

∫
v2,v3,v4,v6

Φ



v3 − δtv̄6v4 v2 − δtv̄6z

v4 z
−δ−11l 0
v6 0




× ψ(tr(tv̄3x′) + tr(tv̄2y′))ψ(tr(z)) dv2 dv3 dv4 dv6 dz dy′ dx′.

By Lemma 6.1 and the Fourier inversion formula, this integral is equal to

|δ|ln−l2/2

∫
x∈Xl

∫
Zm

∫
v4,v6

Φ



δx− δtv̄6v4 −δtv̄6z

v4 z
−δ−11l 0
v6 0


ψ(tr(z)) dv4 dv6 dz dx

= |aδ|ρ
∫

Xl

∫
Zm

∫
v4,v6

ω(a−1
δ , 1)Φ



x− tv̄6v4 −tv̄6z

v4 z
1l 0
v6 0


ψ(tr(z)) dv4 dv6 dz dx.

Hence the left-side hand of (6.1) is equal to∫
b′∈Ml,m(E)

∫
x∈Xl

∫
z∈Zm

∫
v4∈Mm,l(E)

∫
v6∈Mm,l(E)

× Φ



x− tv̄6v4 xb′ − tv̄6v4b

′ − tv̄6z
v4 v4b

′ + z
1l b′

v6 v6b
′


ψ(tr(z)) dv6 dv4 dz dx db′.

On the other hand, the right-hand side of (6.1) is equal to∫
b∈Ml,m(E)

∫
x∈Xl

∫
y∈Ml,m(E)

∫
z∈Zm

∫
v∈Ml,m(E)

× ω(wu(−x,−y)u(b), 1)Φ




1l v
0 z
0 0
0 0


ψ(tr(z)) dv dz dy dx db.

Calculating directly, we see that

u(−b)u(x, y)w−1




1l v
0 z
0 0
0 0


 =



x− btȳ xv − bz − btȳv

tȳ z + tȳv
1l v
tb̄ tb̄v


 .

Therefore Equation (6.1) holds.

Corollary 6.3. Let κ ∈ R̂. Then
T (Φ, f) ∈ π′θ(κ)

for all Φ ∈ S and f ∈ πκ.

Proof. Let i ∈ I. Then

M(w′
i, σ, λ)T (Φ, f (λ)) = |δ|niλiωσi(δ)

−1ε(−λi + 1/2, σi, ψ)T (Φ,M(wi, σ, λ)f (λ))

by Proposition 6.2. Indeed, applying Lemma 5.3 with d = i − 1, one reduces the case i > 1 to the
case i = 1. Hence

N (r′i, σ)T (Φ, f) = ωσi(δ)
−1ε(1/2, σi, ψ)T (Φ,N (ri, σ)f)

for all Φ ∈ S and f ∈ I(σ). This concludes the proof.
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Let κ ∈ R̂. Combining Lemma 5.4 and Corollary 6.3, we obtain a non-zero (G×G′)-equivariant
map

T |ω⊗πκ : ω ⊗ πκ −→ π′θ(κ).

Therefore

HomG×G′(ω, π̃κ ⊗ π′θ(κ)) � HomG×G′(ω ⊗ πκ, π
′
θ(κ)) �= 0,

and this concludes the proof of Theorem 4.1.

7. Functoriality

In this section, we interpret our main result in terms of the Arthur conjecture [Art89b]. Let WF be
the Weil group of F and LG = Ĝ�WF the L-group of G. For a discrete series representation σ of L,
let ϕL : LF → LL denote the Langlands parameter associated to σ. Here LF = WF ×SU 2(R). By the
composition of ϕL and the embedding LL ⊂ LG, we obtain a Langlands parameter ϕ for G. Let Sϕ

be the centralizer in Ĝ of the image ϕ(LF ), and put Sϕ = Sϕ/S
0
ϕZ(Ĝ)Γ with Γ = Gal(F̄ /F ). Let

S
1
ϕ be the subgroup of cosets in Sϕ which act on S0

ϕ by inner automorphisms. Then S
1
ϕ � SϕL

= {1}
since L � GLn1(E) × · · · × GLnt(E). Therefore, assuming a conjecture in [Art89b, § 7], we should
have

Sϕ � R. (7.1)

We remark that (7.1) is also consistent with the calculation of Sϕ in Proposition 2.1 of [Pra00]. If P
is a Borel subgroup of G, then (7.1) is proved in [Key87, § 2]. Let

Πϕ = {πκ | κ ∈ R̂} � Ŝϕ.

Then Πϕ should be the L-packet of ϕ. Here the trivial character of Sϕ corresponds to the χ-generic
representation π1. Similarly, we regard ϕ′ = ϕ as the Langlands parameter for G′ and let

Πϕ′ = {π′κ′ | κ′ ∈ R̂′} � Ŝϕ′ .

Then the map

Ŝϕ −→ Ŝϕ′

κ �−→ θ(κ)

defined in § 4 determines the local theta correspondence

Πϕ −→ Πϕ′

π �−→ θ(π).

Remark 7.1. This interpretation of Theorem 4.1 is consistent with a conjecture of Prasad [Pra00].
Note that he uses the extended L-packet by Vogan [Vog93], but it suffices to consider the usual
L-packet in this case. Indeed, ϕ is not a Langlands parameter for the non-quasi-split inner form
of G.
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