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Dense Orderings in the Space of
Left-orderings of a Group

Adam Clay and Tessa Reimer

Abstract. Every left-invariant ordering of a group is either discrete, meaning there is a least element
greater than the identity, or dense. Corresponding to this dichotomy, the spaces of left, Conradian, and
bi-orderings of a group are naturally partitioned into two subsets. This note investigates the structure
of this partition, specifically the set of dense orderings of a group and its closure within the space of
orderings. We show that for bi-orderable groups, this closure will always contain the space of Conra-
dian orderings—and often much more. In particular, the closure of the set of dense orderings of the
free group is the entire space of left-orderings.

1 Introduction

A group G is left-orderable if there is a strict total ordering < of its elements such
that ¢ < h implies fg < fh for all f,g,h € G. Stronger than the notion of left-
orderability is Conradian left-orderability: a left-ordering of a group G is said to be
Conradian if for every pair of elements g,h € G with 1 < g, h there exists n > 0
such that 1 < g"'hg". This turns out to be equivalent to requiring that 1 < g~'hg?
for all such pairs of elements [9]. Stronger still is the requirement that G admit a
left-ordering such that g < h implies gf < hf forall f, g, h € G, in which case <
is called a bi-ordering and G is called bi-orderable. 1t is straightforward to see that
every bi-ordering is a Conradian left-ordering. Given a left-ordering < of G (resp. a
Conradian ordering or bi-ordering), the pair (G, <) will be called a left-ordered group
(resp. Conradian ordered or bi-ordered).
Every left-ordering of G can be uniquely identified with its positive cone P=

{g € G| g > 1}, which is a subset of G satisfying

(1) PuPtu{l}=aG,

(2) P-PcP.
Conversely, every subset of G satisfying the two properties above determines a left-
ordering via the prescription g < h if and only if g™'h € P. A positive cone P is the
positive cone of a Conradian left-ordering if, in addition to the two properties above,
it satisfies

(3a) If g, h € P, then g"'hg* € P.
A positive cone P of a left-ordering is the positive cone of a bi-ordering if it satisfies
(3b) gPg ' c PforallgeG.
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For a fixed group G, if we denote the collections of all positive cones of left-
orderings, Conradian orderings and bi-orderings of G by LO(G), CO(G), and
BO(G), respectively, then we have BO(G) ¢ CO(G) c LO(G). Each of these sets
can be topologized so as to become a totally disconnected compact Hausdorft space,
as follows.

Let P(G) denote the power set of G and observe that LO(G) c P(G). The power
set can be identified with {0,1}¢, and thus can be equipped with the product topology.
This makes P(G) into a totally disconnected Hausdorff space, which is compact by
Tychonoft’s theorem. One checks that properties (1) and (2) above define a closed
subset of P(G) (similarly for (3a) and (3b)), so that LO(G) c P(G) is closed, and
hence compact, when equipped with the subspace topology. See the beginning of
Section 2 for a description of a subbasis for the topology on LO(G). Similarly, each
of CO(G) and BO(G) are closed and hence compact.

We call a left-ordering < of a group G discrete if every element in (G, <) has an
immediate predecessor and successor, which is equivalent to its positive cone P =
{g € G | g > 1} having a smallest element. A left-ordering of a group G that is not
discrete is dense, in the sense that whenever g, h € G satisty g < h there exists f € G
with g < f < h. Equivalently, the positive cone of the ordering does not have a least
element. Throughout this note, the set of positive cones of dense left-orderings of the
group G will be denoted D(G).

Thus, each of the spaces LO(G), CO(G), and BO(G) admits a decomposition into
two subsets: the set of dense orderings and the set of discrete orderings. Our work
investigates how the nesting BO(G) c CO(G) c LO(G) behaves with regards to this
dichotomy. We show the following theorem.

Theorem 1.1  If G is a bi-orderable group that is not isomorphic to the integers, then
CO(G) c D(G).

In fact, we show something much stronger, which proves that (in many situations)
this containment is proper; see Theorem 3.7 and the subsequent examples. When G is
nilpotent, it is known that LO(G) = CO(G), and so this yields the following corollary.

Corollary 1.2 Suppose G is a torsion-free nilpotent group that is not isomorphic to
the integers. Then LO(G) = D(G).

Leveraging the full strength of Theorem 3.7 also allows for an analysis if the space
of orderings of a free group. We show that every left-ordering of a nonabelian free
group is an accumulation point of orderings whose Conradian souls' are nontrivial,
noncyclic subgroups. From this we conclude the following theorem.

Theorem 1.3  Suppose that F is a free group having n > 2 generators or countably
infinitely many generators. Then LO(F) = D(F).

Our motivation behind these considerations is as follows. The spaces LO(G),
CO(G), and BO(G) are all totally disconnected, compact Hausdorff spaces—in fact,

ISee the discussion preceding Theorem 3.7 for an explanation of the Conradian soul of an ordering.
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they are metrizable when G is countable. Therefore, when G is countable, each space
is homeomorphic to the Cantor set if and only if it is perfect. As a result there has
been a considerable amount of effort in the literature devoted to identifying isolated
points and accumulation points in LO(G) (e.g., [7,12]).

This effort can be viewed as an initial step towards a more general problem. Recall
that if X is a topological space, X’ denotes the set of all accumulation points of X.
Set X(®) = X, and for each ordinal number a define X(“*1) = (X(®))" and XM =
Na<r X if A is a limit ordinal. Define the Cantor-Bendixson rank of X to be the
smallest ordinal a such that X(**) = X(%); such an « always exists for cardinality
reasons. These notions were used to great success, for example, in showing that every
group admits either finitely many or uncountably many left-orderings [8].

Viewed through the lens of Cantor-Bendixson ranks and derived subsets, the ques-
tion of whether or not LO(G) admits any isolated points becomes a question of
whether or not the Cantor-Bendixson rank of LO(G) is larger than zero. For ex-
ample, the spaces of orderings of the braid groups and of various free products with
amalgamation admit isolated points and so have Cantor-Bendixson rank larger than
zero [6,7]; on the other hand, the spaces of orderings of free groups, free prod-
ucts with amalgamation, and torsion-free abelian groups admit no isolated points
and thus have Cantor-Bendixson rank zero [12,13]. For countable groups, there is
a well-known upper bound on the Cantor-Bendixson rank: since LO(G) is Polish
its Cantor-Bendixson rank is at most a countable ordinal, by the Cantor-Bendixson
theorem.

These matters are connected to the notions of discrete and dense orderings as fol-
lows. One of the main results of [2] is that under mild hypotheses” on the group G,
we have D(G) c D(G)’. From this, we conclude D(G) c LO(G)® for all a, and
thus D(G) c LO(G)(®) for all a. Our study of D(G), therefore, is an attempt to un-
derstand the structure of the sets LO(G)(®) for large « and ultimately determine the
Cantor-Bendixson rank of LO(G) for G in some nontrivial class of groups. Specifi-
cally, the question motivating our work is the following.

Question 1.4 Let G be a bi-orderable group. Can G admit a non-isolated point
P e LO(G) with P ¢ D(G)?

If the answer to this question is “no’, it would follow that whenever G is bi-orderable,
the Cantor-Bendixson rank of LO(G) must be either 1 or 0.

1.1 Organization

We organize our arguments as follows. In Section 2, we prepare some preliminary
results concerning torsion-free abelian groups and the distribution of dense and dis-
crete orderings in their spaces of orderings. In Section 3, we apply these results in
the study of bi-orderable groups, and discuss several illustrative examples. Section 4
deals with the case of free groups.

2Namely that every rank one abelian subgroup of G be isomorphic to the integers.
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2 Discrete Orderings of Abelian Groups

When A is a torsion-free abelian group, it is known that LO(A) has no isolated points
unless A is rank one abelian. When A is not rank one abelian but is finitely generated,
the set of dense orderings D(A) c LO(A) is fairly well understood.

Theorem 2.1 ([2, Proposition 4.3])  Suppose that A is an abelian group. Then D(A) =
LO(A) if and only if A is not isomorphic to the integers.

Question 4.6 of [2] then asks the natural question: What can be said of the set of
discrete orderings in LO(A)? We give a partial answer below by mirroring the proof
of [2, Proposition 4.3]. We will need this result (specifically Corollary 2.3) for later.

Our main tool in the proof that follows, which we use repeatedly below and else-
where in this note, is the procedure of “changing an ordering on a convex subgroup”
For an ordered group (G, <), a subgroup C c G is called convex relative to < if when-
ever f € Gand g, h € C, the inequalities g < f < himply f € C. In this case, if P is the
positive cone of the ordering <, then one can check that P’ = P\ (Pn C) u Q is the
positive cone of a left-ordering of G for every Q € LO(C). That is, one can replace
the portion of P that lies in C with any other positive cone in C. Note also that an
ordering < of a group G is discrete with smallest positive element g if and only if (g)
is a convex subgroup; a property which we also use often in this paper.

We also recall that if X is either LO(G), CO(G) or BO(G), a subbasis for the
topology on X is given by the family of sets U, = {P € X | g € P}, where g ranges
over all nonidentity elements of G.

Proposition 2.2 Suppose that k > 2 and that E c LO(Z*) is the set of discrete left-
orderings. Then E = LO(Z*).

Proof For contradiction, suppose k > 1is the smallest k for which the claim fails,
and choose a nonempty basic open set N;_; Uy, in LO(Z*), say it contains the positive

cone P (here g; € Zk¥ fori=1,...,n). Note that we may assume that none of the g;’s
are scalar multiples of one another. Suppose this basic open set contains no discrete
orderings.

Extend the ordering < defined by P to an ordering of Q¥ by declaring v, < v, for
vi,va € QF if mv; < mv, whenever mv,, mv, € Z¥. Let H c R¥ be the subset of
elements x € R¥ where every Euclidean neighbourhood of x contains both positive
and negative elements. One can check that H is a hyperplane that divides R¥ into two
components H_ and H,, where H_ contains only negative elements of Q and H,
contains only positive elements of Q. Thus, the elements of {gi, ..., g, } must lie in
either H, or H. There are three cases to consider.

Case 1. Two or more elements of {g;,..., g, } lie on H. In this case, H N Z¥ = Z" for
some 1 < m < k. By assumption, the positive cone Py = P n (H n Z¥) ¢ Z™ is an
accumulation point of discrete orderings. Enumerate the g;’s so that g; € Py fori <r.
There exists a positive cone Pj; € Nj_; Uy, corresponding to a discrete ordering. Note
that relative to the ordering defined by P, the subgroup H n Z* is a convex subgroup
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of Z*. Thus, P’ = (P \ Py) U Pj; defines a new positive cone on Z¥, which is the
positive cone of a discrete ordering since P}, defines a discrete ordering on H n Z.
By construction, P’ € N}_; Ug,, a contradiction.

Case 2. Exactly one of the g;’s, say g1, lies in H. In this case, P itself defines a discrete
ordering of Z*, since Pn H = (g1) is a convex subgroup of the ordering of Z*. In
particular, N, Uy, contains a discrete ordering, a contradiction.

Case 3. None of the g;’s are contained in H. Suppose H has normal vector v =
(vi,...,vk). Let € > 0 and choose w = (wy,...,w;) € QF with |¥ — | <e. Then
choose (y1,...,yx) € ZF such that y;w; € Z for each i = 1,...,k. Choose j €
{1,...,k -1} and let

j k
my = Zy,-wi and m, = Z Yiwi.

i=1 i=j+1
Then

X=(Mayts .. Mayjs—M1Yjsts. .., —M1Yk) € ZF
satisfies w - X = 0. Thus, the hyperplane H' with normal vector w satisfies H' n Z¥ =
Z™ for some m > 0, and since we can choose € > 0 as small as we please, we may
suppose that the g;’s all lie to one side of H'. By equipping Z" with a discrete ordering,
we can lexicographically define a discrete ordering P’ on Z¥ with each g; positive. m

Recall that if G is a group with subgroup H, then the isolator of H in G is
Ig(H) = {g € G | 3k € Z such that g* ¢ H}.

A subgroup H of G is called isolated in G if I (H) = H. In general, I (H) is a subset
of G properly containing H that is not a subgroup unless additional hypotheses are
imposed on the group G. For instance, if G is abelian (or even nilpotent, see [11]),
then I (H) is a subgroup; see also Lemma 3.2.

Corollary 2.3  Suppose that A is a torsion-free abelian group, and for each P € LO(A),
let Cp denote the smallest nontrivial convex subgroup of the ordering corresponding to
P. Then the set

{P € LO(A) | Cp is rank one abelian}
is dense in LO(A).

Proof LetP € LO(A) begiven, and suppose N, Uy, is a basic open neighbourhood
of P. Let H = {ay,...,a,), and let Q" = P n H. By Theorem 2.1, there exists a posi-
tive cone Q ¢ H with {ay,...,a,} c¢ Q with Q # Q’ that corresponds to a discrete
ordering of H, say with smallest positive element h € Q.

Observe that the positive cone Q extends uniquely to a positive cone Q of the
subgroup I4(H), by declaring that a € Q if and only if there exists k > 0 such that
a* € Q. One can check that if C c H is a convex subgroup of the ordering induced
by Q, then I4(C) c I4(H) is a convex subgroup of the ordering induced by Q. Thus,
I4({h)) becomes the smallest nontrivial convex subgroup of I4(H) relative to the
ordering induced by Q.
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Now using the short exact sequence
1— I (H) —> A -5 AJIL(H) — 1

one can equip A/I4(H) with an arbitrary positive cone R and set P’ = i(Q)uq~'(R).
By construction, P’ € N}, U,, c LO(A) and the smallest nontrivial convex subgroup
of the corresponding ordering is I4({h)), which is rank one abelian. ]

3 Dense Orderings of Bi-orderable Groups

In this section, we use the property of bi-orderability of G to give sufficient flexibility
in the construction of left-orderings of G that we can approximate any Conradian
ordering by dense orderings. In what follows, we will use K to denote the Klein bottle

group (x,y | xyx~" = y7).

Lemma 3.1 Suppose that G is a group that does not contain a copy of the Klein bottle
group, and that P is the positive cone of a discrete Conradian ordering of G. Suppose that
h is the least element of P, that h generates the proper normal cyclic subgroup H = Z,
and that G[H is abelian. Then P € LO(G) is an accumulation point of dense orderings.

Proof First, observe that for every g € G, we have [g,h] = 1. To see this, note
that since H = (h) is normal in G, every element g € G satisfies ghg™ = h*'. In
particular, if ghg™ = h™, one can check that G would contain K, which we assume
is not possible. From this, it follows that if G/H were rank one abelian, then G itself
would be abelian, as H is cyclic. Thus, G is a torsion-free rank two abelian group, and
so the result follows from Theorem 2.1.

On the other hand, suppose G/H is torsion free abelian of rank larger than two.
Let g1,..., g, be finitely many elements of P. We will produce a positive cone Q
corresponding to a dense ordering that contains g, ..., g,-

Since there is a short exact sequence with H convex, we have

1— H-5G6 -5 G/H—1,

and P is constructed, as P = {h*};,o U g}(P") for some positive cone P’ ¢ G/H.
Suppose that gi,...,g, are enumerated so that g,..., g, are powers of h and
gri1>--+»gn liein g7 (P’), meaning q(g;) € P’ forr < i < n.

By Proposition 2.3, we can choose a positive cone Q’ of G/H containing g(g;) for
r < i < n that produces an ordering with rank one abelian convex subgroup C ¢ G/H.
The subgroup g~ (C) is abelian of rank two and convex in the ordering whose positive
coneis R = {h*};.0 U g1 (Q"). The positive cone R n g~!(C) contains the elements
g1>---> g for some s > r. By Theorem 2.1, there is a cone R’ ¢ qg'(C) containing
81>+ -+ g that is different from R, and which defines a dense ordering of g (C). Now
set S=R' Uqg'(Q ~ (CnQ")), which is the positive cone of a dense ordering of G
that contains g, ..., g, by construction. ]

We need two lemmas concerning isolators of abelian subgroups before moving on
to our main theorem.
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Lemma 3.2  Suppose that G is a bi-orderable group and A is an abelian subgroup.
Then I (A) is an abelian subgroup.

Proof First, observe that all elements of I(A) commute, because if [g", h™] =1
for some g, h € G, then [g, h] = 1 by bi-orderability. It then follows that I5(A) is a
subgroup, since g¥ = a € Aand h® = b € A implies (gh)*¢ = a®b* € A, and closure
under taking inverses is obvious. ]

Lemma 3.3 ([3, Lemma 3.2]) Suppose that A is an isolated abelian subgroup of a
bi-orderable group G. Then A is relatively convex in G.

Proposition 3.4  Every bi-orderable group that is not isomorphic to the integers admits
a dense left-ordering.

Proof Let (G,<) be a bi-ordered group. If < is dense, we are done. Otherwise, let
g € G be the least positive element of <, and observe that g is central. Sincel < g,
we know that 1 < hgh™ for all h € G. If h does not commute with g, this forces
g < hgh™, since g is the least positive element. But then conjugation yields h ' gh < g,
a contradiction.

Thus, g is central, and since G is not infinite cyclic, there exists / € G that is not a
power of g. Then (g, h) is a rank two abelian subgroup of G, by Lemma 3.2, I ({g, h))
is an isolated abelian subgroup; one can check it also has rank two. By Lemma 3.3,
I({g, h)) is relatively convex. Every rank two abelian group admits a dense ordering,
so we are done. |

Note that bi-orderability is essential in the previous proposition. The finitely gen-
erated Tararin groups

-1 -1 .
Tp=(x1,..., % | xixis1x; =x;_fori=2,...n)

satisfy [LO(T,)| = 2", and all the orderings are discrete. It is also possible to construct
groups having uncountably many orderings, all of them discrete, such as the so-called
infinite Tararin group (x;,i € N | x;x;_1x;' = x;, for i € N;;). None of these groups
are bi-orderable, as each contains an element that is conjugate to its own inverse.

Proposition 3.5 Suppose that G is a bi-orderable group that is not isomorphic to the
integers and that P is the positive cone of a Conradian ordering of G. Then P € D(G).

Proof Suppose that P is the positive cone of a discrete Conradian ordering, and that
P eNi_, Ug,. Let h > 1denote the least element of P.

First, suppose that there exists a convex subgroup C such that ({h), C) is a convex
jump. Assume that gi, ..., g, are enumerated so that gj,..., g, € Cand gr41, ..., gn ¢
C. By Lemma 3.1, there exists a positive cone Q € LO(C) such that Q # Pn C and
g,----8-€Q. Then P' = (P~ (PnC)) uQ contains g, . . ., gy, is different from P
and is the positive cone of a dense ordering.

On the other hand, suppose that there is no convex subgroup C such that ({k), C)
is a convex jump. Suppose further that gj,..., g, are enumerated so that g;,..., g
are powers of i and g1, . .., g, are not; suppose also that g,,; is the smallest element
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that is not in (k). Then g, determines a convex jump (C, D); note that g; ¢ C for
all j > r and that the containment (h) c C is proper. To complete the proof, it suffices
to observe that C can be equipped with a dense ordering by Proposition 3.4. Thus,
we can choose a positive cone Q ¢ C with h € Q andset P’ = (P~ (PN C))uQ as
before. |

Corollary 3.6 If G is a torsion-free nilpotent group that is not isomorphic to the
integers, then LO(G) = D(G).

Proof Every torsion-free nilpotent group is bi-orderable, and all left-orderings of
every torsion-free nilpotent group are Conradian [1]. ]

We can extend the previous proposition so that it applies to certain orderings of
non-bi-orderable groups. Indeed, as Example 3.8 shows, the group G need not even be
locally indicable for our generalized result to apply. For the statement of our theorem
below, recall that the Conradian soul of an ordering < of a group G is the largest convex
subgroup C c G such that the restriction of < to C is Conradian.

Theorem 3.7  Suppose that P is the positive cone of a left-ordering of a bi-orderable
group G. If the Conradian soul of the ordering corresponding to P is bi-orderable, non-
trivial, and not isomorphic to Z, then P € D(G).

Proof With P and G as in the statement of the theorem, suppose that P € M., Uy,
where g1, ..., gy € G. Let C denote the Conradian soul of the ordering corresponding
to P, and suppose that the g;’s are enumerated so that g,...,¢, € Cand g; ¢ C for
i=r+1,...,n. ByProposition 3.5, there is a positive cone Q c C containing gi,... g,
whose corresponding ordering of C is dense. Then P’ = P\ (PnC)uQ is the positive
cone of a dense ordering of G, and P’ € N}, Uy, by construction. |

With this generalization, it is straightforward to construct orderings of non-
biorderable groups that are accumulation points of dense orderings.

Example 3.8 Recall that

Bn = (01, P | ‘ UinUi = GjUiGj lf|l —]‘ =1land
0i0j = 0j0; otherwise).

The positive cone Pp, of the Dehornoy ordering <p of B, is defined as follows. Given a
word w in the generators g;, we say that w is i-positive if it contains no occurrences of
oj for j < i, and all occurrences of o; (of which there must be at least one) occur with
positive exponent. A braid 8 € B, lies in Pp if and only if it admits a representative
word w that is i-positive for some i.

Fix n > 4 and consider B,. The convex subgroups of <p are precisely the sub-
groups (0, ..., 0,-1) with r > 1 [5]. In particular, {(0,_, 0,-1) = Bj; is a proper con-
vex subgroup. Equip this copy of B; with any left-ordering whose Conradian soul
is contained in [Bj, B3] = F, and is not infinite cyclic. Extend this ordering to B,
using the Dehornoy ordering outside of (6,,-3, 0,-1). By Theorem 3.7, the resulting
ordering is an accumulation point of dense orderings of B,. However, B, itself is
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not bi-orderable—in fact, not even Conradian left-orderable, since [ B, B,, ] is finitely
generated and perfect for n > 5. ]

Remark 3.9 A family of left-orderings of B, of particular interest are the Nielsen-
Thurston orderings. These are the orderings that arise from considering the action of
B, thought of as a mapping class group, on the boundary of the universal cover of
the n-punctured disk equipped with a hyperbolic metric (see [5, Chapter XIII] for
more details). Such orderings are either of finite or infinite type, depending on how
a certain geodesic which describes the ordering cuts up the n-punctured disk. The
authors of [10] show that the Nielsen-Thurston orderings of infinite type are dense,
while those of finite type have Conradian soul isomorphic to Z* for k > 1. When
k > 1 such orderings are obviously an accumulation point of dense orderings, but
when k = 1 the picture is not so clear (though it is known that these orderings are not
isolated points). It may be of some interest to determine whether or not the Nielsen-

Thurston orderings with Conradian soul isomorphic to Z lie in D(B,,), as this would
imply that all Nielsen-Thurston orderings lie in D(B,,).

4 Free Groups

Let F,, denote the free group on generators {xi, ..., x, }. In this section, we show that
LO(F,) = D(F,), which will follow as a corollary of the following theorem.

Theorem 4.1 Let n > 2 and suppose that P € Ni~, Uy, c LO(F,) for some collection
of nonidentity elements g, ..., gm € F,,. Then there exists Q € Ni~, Uy, and a subgroup
C c F, with g; ¢ C for all i, satisfying the following:

(i) Cis convex relative to the ordering of F, determined by Q;

(ii) C is nontrivial and not isomorphic to Z.

Some of the details of the proof are a special case of computations done in [12], and
so are omitted here for clarity of exposition.

Proof Corresponding to the positive cone P, there is a left-ordering < of F, with
l<gfori=1,...,m. Letp: F, > Homeo,(R) denote a dynamic realization of <,
which is a representation satisfying 1 < ¢ if and only if p(g)(0) > 0 for all g € F,,.
For the rest of this proof, let By denote the k-ball in F, relative to the generating set
{x1,..., %0}
We will show how to construct, for each k > 1, a representation pg: F, —

Homeo, (R) satisfying the following:

(1) px(w)(0) = p(w)(0) for all w € By;

(2) there exist nonidentity elements hy, h, € F, such that (h, h,) is not cyclic and

pk(hi)(0) =0fori=1,2.

Having constructed such representations, the theorem follows. First choose an enu-
meration of the rationals {rg, 71, 7,,...} with 7y = 0 and define a left-ordering < of
Homeo, (R) according to the rule f; < f, if and only if fi(r;) < fa(r;), where r; is
the first rational in the enumeration {ro, 71,72, ...} with fi(r;) # f2(r;). The stabi-
lizer of 0, Stab(0), is a convex subgroup in this left-ordering. Now choose k > 1 such
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that g1,. .., gm € Bx. Then with the representation pj constructed as above, consider
the short exact sequence 1 — ker(px) = F, = px(F,) — 1, and lexicographically
order F, using the restriction of < to py(F,) and whatever ordering one pleases on
ker(pi). Then C = (hy, hy) is not cyclic and is contained in p;'(Stab(0)), which is
a convex subgroup relative to the resulting ordering of F,,. Moreover, if we use Q to
denote the positive cone of this ordering of F,, then by our choice of pj, we have
pr(gi)(0) = p(gi)(0) > 0foralli=1,...,m,and hence Q e N, U,,.

Thus, we fix k > 1 and focus on constructing py as above. Let ¢* = max By and
g~ = min By, where the maximum and minimum are taken relative to the ordering
< of F, restricted to By. Since the dynamic realization p satisfies p(h)(0) > 0 if and
only if & > 1, the assignment h — p(h)(0) is order-preserving. We conclude that
p(w)(0) € [p(g7)(0),p(g*)(0)] for all w € By. From this, it follows by induction
on the length of w, that if py. satisfies px(x;)(y) = p(x;)(y) fori=1,...,nand forall
ye[p(g)(0),p(g")(0)], then px(w)(0) = p(w)(0) for all w € By (this is a special
case of [12, Lemma 1.9]).

Now for each j =1,...,n, choose €; = +1 such that x;"gJr > ¢*, and choose jj such

that xj.g" g" =min{x]"g*, ..., x7¢*}. To simplify notation, set a = xje.(’]"’. Since n > 2,
we may choose £ # jo, and set b = x;°.

For ease of notation in the arguments below, in place of p(h)(x) we simply write
h(x) whenever h € F, and x € R. Define order-preserving homeomorphisms fi, f:

R — R as follows:

(x) = a(x) ifx < g*(0),
i) = (%)(x—ag*@))+bg*(0) otherwise.

Then noting that f;(bg*(0)) > bg™(0), set

b(x) ifx < g%(0),
fa(x) = (%) (x —bg*(0)) + fi(bg*(0)) otherwise.
See Figures 1 and 2 for graphical explanations of these functions; note that g*(0) <
ag*(0) < bg*(0) and g*(0) < bg™(0) < f1(bg™(0)) follow from our choices of jq,
€j,>and ep.

Define pi: F, — Homeo, (R) as follows. For i ¢ {jo, €}, set px(x;) = x;, and
set pr(a) = fi and pi(b) = fo. Next set hy = (bg*)a’g” and h, = (abg*)'b?g".
Observe that bg" and ag™ are reduced words, since the exponents €, and €, are cho-
sen so that bg*(0),ag*(0) ¢ [g~(0),g"(0)]. Since jo # ¢, it follows that h; and h,
are reduced words in the generators {x;, ..., x, }, and we conclude that k;, h, do not
represent the identity. Moreover, there are no integers s, ¢ such that hj = h}, because
the commutator [k, h, | is not the identity, so (hy, k) is not cyclic.

Lastly, by using the facts that (1) px(g*)*!(0) = (g*)*'(0) and (2) px(a)(x) =
filx) and p(b)(x) = fo(x) for all x € R, one computes that p;(h;)(0) = 0 and
px(h2)(0) = 0. This completes the proof. [

Corollary 4.2 Ifn > 2, then LO(F,) = D(F,).
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Figure I: The function fi(x).

1 (bg™(0), f1(bg™*(0)))

Figure 2: The function f,(x).

Proof Suppose that P is the positive cone of a left-ordering of F,, and that P «
Niz, U, for some gi,...,gm € F,. Choose Q € N}, U,, with corresponding sub-
group C c F, asin the conclusion of Theorem 4.1. Choose a bi-ordering of C with pos-
itive cone R, and set Q" = Q ~ (QNC)UR. Then Q" € N}Z, Ug,, and Q" corresponds
to a left-ordering of F,, whose Conradian soul contains C. In particular, Theorem 3.7
implies that Q" € D(F,,).

It follows that the positive cone P is an accumulation point of elements of D(F,,),
so P e D(F,). |

While the previous proof can be modified to handle the case of F, (the free group
with countably infinitely many generators), the space LO(Fo ) can also be analyzed
directly as below.

Example 4.3 Let F., denote the free group on countably many generators {x; } jen.
Then LO(F.. ) is homeomorphic to the Cantor set. If P € N, U,, ¢ LO(Fo ), choose
k large enough that x; for i > k does not occur in any reduced word representing
gi>- -+ &n. Then the automorphism ¢: Fo, > Fo, defined by ¢(x;) = x; for i # k and
¢(xx) = x;" yields a positive cone ¢(P) # P that contains gi, ..., gu.
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We can in fact approximate such a positive cone P by dense orderings of LO(F ).
With k as above, consider the map h: Foo — (x1,...,%5_1) 2 Fx_; given by h(x;) = x;
fori < k and h(x;) = 1for i > k. Equip Fj_; with the positive cone P n F;_;, and
the normal closure {(xx, X1, . . .)) with any positive cone Q corresponding to a dense
ordering of ((xx, k41, - ..)). Note that since free groups are bi-orderable [4, Section
3.2], such an ordering exists by Proposition 3.4. Now using the short exact sequence

1— ((xk,xk+1, .. » —1> Fo<7 —h> Fk_1 —> 1,

we lexicographically order F., using the positive cone P’ = i(Q)uh™ (PN Fy_;). The
result is a positive cone P’ € M., U,, whose corresponding ordering is dense. We

conclude that D(Fs, ) = LO(Fy). [ |
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