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INEQUALITIES FOR THE BETA FUNCTION
OF n VARIABLES
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(Received 9 April, 2001)

Abstract

We present various inequalities for Euler’s beta function of n variables. One of our theorems
states that the inequalities

1
anfn——B(Xl,n-yxn)Sbn (¥)
[Tz xi

hold forall x; > 1 (i = 1,..., n; n = 3) with the best possible constants a, = 0 and
b, = 1 —1/(n — 1)!. This extends a recently published result of Dragomir et al., who
investigated () for the special case n = 2.

1. Introduction

The classical beta function, which is also known as Euler’s integral of the first kind,
is defined for positive real numbers x and y by

1
B(x,y) = / ' - tde (L1)
0

The beta function plays a central role in the theory of special functions and also has
applications in other fields, such as mathematical physics and probability theory; see
[4, 5, 8]. An extension of (1.1) to n variables is given by

n—1 n—1 xn=1
B(xy, ..., Xy) =/ (]’[ rf“‘) (1 - t,-> dt, - -dt,_,
Bat \i=t i=1
(x;>0,i=1,...,n,n>2), where
Apr={, ... ) ERE 20, 6y 20,5+ 44, < 1]
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610 Horst Alzer 2]

denotes the standard simplex in R*~'. There exists a close connection between
B(x,, ... ,x,)and the gamma function,

I'ix) = /°° et ldr (x> 0),
0

as the elegant identity

_ C(x)---Tx,)
B(xy,...,x,) = G+ +xp,)

reveals. A collection of the most important properties of the beta function of two and
more variables is given, for instance, in [4, 8].

Various inequalities for B(x, y) and B, (x, y) = [} #~'(1 — 1)?~' dt appear in the
literature (see [12, 13, 15, 16, 19]), whereas inequalities for the beta function of three
or more variables are difficult to find. The following interesting inequality for B(x, y)
was published in 2000 by Dragomir e al. {9]:

0<1/xy)—B(x,y)<1/4 (x,y=1. (12

The lower bound 0 is sharp, but the upper bound 1/4 can be improved. In [3] it
is shown that the second inequality of (1.2) is valid with the best possible constant
0.08731.... It is natural to look for an extension of (1.2) to more than two variables.
In this paper we determine the best possible constants a, and b, such that the double-
inequality (%) holds forall x; > 1 (i = 1,... , n;n > 3). Furthermore, we establish
several new inequalities for B(x,, ... , x,), which are valid for all n > 2. In Section 3
we provide sharp constants ,(c) and B,(c) in

I-['-'_l x,'—l/2+Xi n’f_] xi-l/2+xi
Ot,,(c) = 1 n 5 B(xlv"‘ s-xn) Sﬂn(c) = n ’
n - /2+E,'=|Xi n —1/2+Z.v=1xi
(Zi:l i) (Zi:l x,-)
wherex; > ¢ > 0(i = 1, ..., n). Moreover, we determine the best possible upper and
lower bounds for the ratio B(ux;, uxs, ..., ux,)/B(vx;, vx,, ..., vx,), depending

only on w, v and n, and we establish that the inequalities

B((xi +x2)/2, .., (kn +¥0)/2) < VB@1, ... X2) B . s Ya)
and
1
Bxi+yi,... s X+ yn) < E;(B(xh..- JXn) + B - ya)
are valid for all x; > O (i = 1, ..., n). In order to prove our results we need some

lemmas, which we present in the next section.
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3] Inequalities for the beta function of n variables 611
2. Lemmas

First, we collect a few basic properties of the gamma function and its logarithmic
derivative ¥ = I’/ T", which is known as the psi or digamma function.

LEMMA 2.1, Leta > 0, b > 0 and x > 0 be real numbers and let n > 1 be an
integer. Then we have

T(ax + b) ~ V21 e'“‘(ax)“”b"/z & — 00), .1
logI'(x) ~ (x — 1/2)logx —x + = log Qm)+ % —r x> 00), (22
1 X
'2x) = m—4 F(x)l"(x + 1/2), (2.3)
. pal X+ a)
xlirgx —l"(x e 1, 24)
Yix+ 1) =¢)+1/x, .5
1 1 1
\ll(x)Nlogx—-Z;—lzxz'f'TOxA—"“ {(x = 00), 2.6)
(n) . {__1yr+] * ~xt 7" — (1P H! - 1
YO (x) = (-1) fo e dr=(-1) "!gh(x+k)"+" @7
1 1 1 1 1
—+§2-<1//(x)<— EE-*_@ (2.8)

The formulas (2.1)—(2.7) can be found in [1], while (2.8) and corresponding rational
bounds for ¥ with n > 2 are given in [2, 10]. The following two lemmas present
inequalities for the psi function.

LEMMA 2.2. Let t > 3 be a real number and let a = 1 — 1/T'(t). Then we have
for all real numbers x > 1:

0 < ax'™' + (ax' — Dy (ex). 29

PROOF. We denote the expression on the right- hand side of (2.9) by f (x). Differ-
entiation gives

xf'(x) = gx) +a(t — Dx'! + atx"*y (1x), (2.10)

where g(x) = atx’y(tx) — txy’(¢x). Since y is positive on (1.461 ... ,00),x > 1
and a = 1/2 imply g(x)/(tx) = ¥ (tx)/2 — ¢¥'(zx). Since ¥ and —y’ are strictly
increasing on (0, 0o0), we obtain

%2 > 1[/(3) ¥'(3) =0.066. ... 2.11)
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From (2.10) and (2.11) we conclude that f '(x) > 0 for x > 1. Hence we have
h(r)

re’

where h(t) = I'(r) — ¥ (r) — 1. Differentiation yields »'() = I''(¢r) — ¥'(¢) and
h'(¢) = I'"(¢) — ¥"(¢). Since I'” and —y" are positive on (0, 00), we obtain for
t>3: K (t)=h3)=1.450... and h(2) = h(3) = 0.077.. ., so that (2.12) implies
that f is positive on [1, 00).

fO=fM=a+@—-Dy@ = (2.12)

LEMMA 2.3. Let n = 3 be an integer and let a = 1 — 1/ ' (n). Then we have for
all real numbers x; > 1(i=1,...,n):

n n -1 n
0<y (Zx,-) I:a l—[xf - l:l +a <1n<1a<xx,») nx,-.
i=1 i=l - i=1

PROOF. We may assume that x, > --- > x,, > 1. Let

f&y, .o x) =y (Xn:x,) [aﬁxi— 1] +a]1[x,»

i=1 i=l

and f,(x) = f(x,... ,X,Xg41,...,X,), wherex > 0andg € {I,... ,n—1}. We

prove that f, is increasing on [x,41, 00). Let x > x4 and y = gx + Zi:q-f-l X; > n.
Differentiation gives

1 : - -
S0 =¥ [axq [1x- 1] +y0ax []xi+al - 1/9x7 [ x.

i=q+1 i=q+1 i=q+1

Since x[[_, ., x; > 1,a >0, ¥(y) > 0,and y'(y) > 0, we obtain

i=q+1
éf,;(x) > (a—- DY’ +ay(y) =g(y), say.
The functions (a — 1)y and a are strictly increasing on (0, 00), so that we get
C(n)g(y) = T(n)g(n) = y(M)[['(n) = 1] — ¢'(n) = h(n), say.
Since W' (n) =¥’ (n)[F(n) — 1] + ¢y (W)["(n) — " (n) > 0 forn > 3, we obtain
h(n) = h(3) =0.527....
This implies that f (x) > 0 forx > x44;. Thus we get

f&, oo x) = f1(x) = f1(2) = f2(x2) = falx3) = -+ = fao1(xa)
= ax!" + (ax? — )Y (nx,).

Applying Lemma 2.2 we conclude that f (x, ... , x,) > 0.
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[5) Inequalities for the beta function of n variables 613

Further, we need the following monotonicity theorem.
LEMMA 2.4. Let a > 1 be a real number. The function
dax) = alx — 1/2)logx — (ax — 1/2) log (ax) — alog'(x) + logC'(ax) (2.13)
is strictly increasing on (0, 00) with lim,_, o ¢,(x) = —%(a — 1) log (2m).

PROOF. Let x > 0. Differentiation gives

X, (x) = ;“—;—1 —axloga— ax¥(x) + axyr(ax) = pa(x), say. (2.14)

Further, we get
1
;P;(x) = —loga — ¥ (x) + ¥ (ax) — x¥'(x) + axy'(ax) (2.15)

and
%p;'(x) = g(ax) — q(x), (2.16)

where g(x) = 2xy¥'(x) + x2y¥”(x). Next, we prove that g is strictly increasing on
(0, 00). We obtain

1 7 2 ! 4 " ”n
—q'@) = Y@+~ () + ¥ ).
X X X

Using the integral formulas (2.7) and

1
(n—-1!

[s ]
/ e tdt (x>0n=12...),
0

l —
xt

and the convolution theorem for Laplace transforms, we get

1 o0
—2q’(x) =/ e A dt, 2.17)
X 0
where
! s t s2 t3
A@t) =2t ds -6 d
@ ‘/o‘l—e‘J s /(;l—e"‘ S+1——e"

Let t > 0. Then we obtain

t 2
A’(t)=2/ > ds—( d _) [1+e(t—1)]
0 l1—es 1—e
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614 Horst Alzer (6]
and

N () =241+ (1 —2)¢ -—ik—_—zt" >0
- =i :

(1— ey
12

Since A(0) = A’(0) = 0, we get A(¢) > 0 fort > 0. From (2.17) we conclude that g
is strictly increasing on (0, 00), so that (2.16) implies p” (x) > 0 forx > 0. Using the
asymptotic expansion (2.6) and the limit relation lim,_, ., x¢¥'(x) = 1, we conclude
from (2.14) and (2.15) that lim,_, o pa(x) = lim, p,(x) = 0. Thus p, is positive
on (0, 00). From (2.14) we obtain that ¢, is strictly increasing on (0, 00).

The asymptotic formula (2.2) implies lim, _, o ¢,(x) = —%(a — Dlog 2m).

3. Main results

We are now in a position to prove the inequalities for the beta function that we
announced in Section 1. Our first theorem provides a generalisation of the double-
inequality (1.2).

THEOREM 3.1. Let n > 3 be an integer. Then we have for all real numbers x; > 1

i=1,...,n)
0 ! B( ) <1 ! 3.1)
< ——— — B(xy,...,x, — . .
T, xi : = -1
Both bounds are best possible.
PROOF. The first inequality of (3.1) is equivalent to
0 <loglQxy+ -+ +x,) — > log(x; + 1). (3.2)

i=1
To prove (3.2) we may assume that x; > --- = x, > 1. We denote the right-hand side
of (3.2) by f (x1, ... ,x,). Further,letge {1,... ,n—1},x > x44;,and

faX)=f 00 X, Xgu10e v 3 X0)

=logl (qx + Y xi> —qlogl(x + 1) — Y log'(x; + 1).

i=q+1 i=q+1

Since  is strictly increasing on (0, 00), we get

l n
;f(;(x)=\/f<qx+ ZL-) -y +1)>0,

i=q+1
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7 Inequalities for the beta function of n variables 615
so that f, is strictly increasing on [x,,,, 00). This implies

fxuox) = f10a) = fi(xa) = falxa) = falx3) = -+ = faoi(xn)
= log ['(nx,) — nlog " (x, + 1). (3.3)

Let g(x) = log"'(nx) — nlog'(x + 1). Then we get forx > 1:
gx)/n=ymx)—¢Yx+1)>0

and
gx) > g(1) =logI'(n) > logI'(3) = log 2. 34

From (3.3) and (3.4) we conclude that (3.2) is valid.
Using the asymptotic formula (2.1) we obtain

lim(1/x" — B(x, ... ,x)) = xlirgo(l/x" — (T®))"/T(nx)) =0,

X—=>00

which implies that in (3.1) the lower bound O cannot be replaced by a larger constant.
Leta =1 —1/(n— 1)!. To prove the right-hand side of (3.1) we have to show that

0<T (Zn:xi) l:a li[x,- - l:l + ﬁ Fx; + 1) =ulxy,...,x,), say.
i=1 i=1 i=1

Letge{l,... ,n—1}, x> --->x,>1,and
Ug(x) =ux, ..., X, Xq41,+.. ,Xn)
=r<qx+zx,-)[ax4]'[x, ] (Tx + 1)) l—IF(x-{-l)
i=q+1 i=q+1 i=q+1

Wesety = gx + Z:'=q+1 x; and apply Lemma 2.3. Then we get for x > xg4;:

(aT )™, @) = ¥ () [ax" I] = - ]+ax"-‘ [T =
. i=q+1 i=g+1

+ (@ + D)y +DI®)™ J] rei+1n >o.

i=q+1
Hence u, is strictly increasing on [x,4,, 00). This implies
ulxy, ..o xz) = ui(xy) = uy(xz) = ua(x) > -+ > up g (x,)
= (ax! — DI (nx,) + (T(x, + 1)". 3.5)
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Let v(x) = (ax” — DI'(nx) + (C'(x + 1))". Then we have

vix) . (T +D)'yx+1)
AT ax"" 4+ (ax Dy (nx) + T o) .

From Lemma 2.2 we conclude that v is strictly increasing on [1, 00). Thus
v(x)>v(1)=0 for x>1,

so that (3.5) yields u(xy, ... ,x,) > 0.
If x;, = --- = x, = 1, then the second inequality of (3.1) holds with equality. This
implies that the upper bound 1 — 1/(n — 1)! is sharp.

REMARK. The inequalities (3.1) are not valid for all positive real numbers x;

(i = 1,...,n). More precisely: there do not exist constants ¢, (n) and c,(n) such that
1
a(n) £ =—— —B(x1,... ,x;) < co(n) (3.6)
| J g7
holds forallx; > 0(i=1,... ,n;n > 2). Indeed, if wesetx; =--- =x,.;=x >0

and x, = y > 1, then the left-hand side of (3.6) yields

@+ )" T+
T((n— Dx +y)

We let x tend to 0 and obtain the incorrectinequality 0 < 1 -T'(y + 1)/T'(y) = 1—y.

x"yei(n) <1

And, if we setx, = --- = x, = x > 0, then the right-hand side of (3.6) gives
1 TN IT'x+1)—-nx(Tx+1)"
— = = < afn).
x" I"'(nx) x'C(nx + 1)

This is false, since the term on the left-hand side tends to 0o, if we let x tend to 0.

The next theorem provides sharp upper and lower bounds for B(x,, ... , x,), which
are valid in [c, 00)", where ¢ > 0 is a fixed real number.

THEOREM 3.2. Let ¢ > O be a real number and let n > 2 be an integer. Then we

have for all real numbersx; > c(i=1,...,n):

n"l_l xi—|/2+x.‘ nr'l_l xi—l/2+x,-
a,(c) e < BOa, o xn) < Ba(0) = —, (3.7
n =124 30, xi n —1/24 37 xi
(Zi=|xi) ( i=|x")
with the best possible constants
r n

a,(c) = Q)" and B.(c) = n"f"ﬂc("-”“ﬂ (3.8)

F(ne)”
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PROOF. Let x > O and x; > 0 (i = 1,...,n) be real numbers and let
g€ {l,...,n—1}. We define

[ .., x,) = Z(x,- —1/2)logx; — (in - %) log (Zx,-)
i=1 i=1 i=1
- z’l: logT"(x;) + logI’' (X":x,-)
i=1 i=1

and

fa@)=f 0ot X, X041, -0, Xp)
=g (x - %) logx + Y (x; — 1/2) logx;

i=g+1 .
n 1 n
_ <qx + Z X;— 5) log (qx + Z x,-) —qlogI'(x)
i=g+1 i=q+1
- Z logI'(x;) +logT’ (qx + Z x,~> .
i=q+1 i=q+1

Then we get f (x)/q = g(x) — g(y), where g(z) = logz — 1/(2z) — ¥ (z) and y =
gx+ Z:'=q+l x;. The left-hand side of (2.8) implies g’(z) = 1/z+1/(2z*)—v¥'(z) <0
for z > 0. Hence we conclude from y > x that g(y) < g(x). This implies that f, is
strictly increasing on (0, 00).

To prove the right-hand inequality of (3.7) with B,(c) as defined in (3.8), we assume
that x; > --- > x, > c. Then we obtain

& xn) =f1(x1) = f12) = falx2) = falxs) = -+ = fa1(xn)

= ¢n(xn), (3.9
where ¢, is defined in (2.13). From Lemma 2.4 we get
@n(xs) = ¢u(c) = —log B (c), (3.10)
so that (3.9) and (3.10) lead to
S, ..., x,) = —logB.(c), 3.1

which is equivalent to the second inequality of (3.7). Moreover, since f, and ¢, are
strictly monotonic, we conclude that the sign of equality holds in (3.11) if and only if
Xy =-.--=x,=C.

To prove the left-hand side of (3.7) with a,(c) = (2m)"~Y/2 we suppose that
¢ <x; < --- < x,. The monotonicity of f, and Lemma 2.4 lead to

LG x)) =£100) S frilx) = falxl) < falx3) < -+ < faoi(xw)
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= @n(x,) < (—=1/2)(n — 1) log 2n) = —loga,(c),

which leads to the first inequality of (3.7) with a,, (¢c) = 27)V/2,

Conversely, we assume that the left-hand inequality of (3.7) is valid for all x; > ¢
(i=1,...,n). Thenwesetx; = --- =x, = x > 0 and obtain a,(c) < e ¥,
Applying Lemma 2.4 we get «,(c) < lim,_, o e7#® = (27)"~1/2_ Thus in (3.7) the
factor a,(c) = (27)"~D/2 cannot be replaced by a larger constant.

If a function f satisfies the inequality f (8xy, ... ,6x,) < &f (x1,...,x,) for all
x; >0(@(=1,...,n)and$ € (0, 1), then f is said to be starshaped on R’} . Interesting
properties of these functions can be found in [6, 7]. As an immediate consequence of
the following theorem we obtain that the beta function is not starshaped on R},

THEOREM 3.3. Let 1 and v be real numbers with . > v > QO and let n > 2 be an

integer. Then we have for all real numbers x; >0 (i=1,... ,n):
B ] LA ] n el
0< Bxupxa . pxn) (VYT (3.12)
B(vxy, vxa, ..., vx,) 7

Both bounds are best possible.

PROOF. To establish the second inequality of (3.12) it suffices to show that the
function f (t) = t""'B(txy, ... , tx,) is strictly decreasing on (0, 00). Let t > 0.
Differentiation yields

j%ff(t) =n—1+4) my(x) -y (; txi) ; 1x;. (3.13)

i=l

Wesety, =tx; >0( =1,...,n)anddefine

g,y =Y (ZM) Z)’i = Vo0
i=] i=1 i=1

In order to prove

g1y ¥n) >n—1 3.14)
we assume that y, > --- >y, > 0. Letge {l,... ,n—1},y > 0,,and
8400 =80, ¥ Ygr1s oo s Vn)
=y (qy + Y y.~> (qy + Y }’i) —ayv ) = Y v ().
i=q+1 i=q+1 i=q+1
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Then we get

g,(»)/q = h(z) — h(y), (3.15)
where

h(x) =¥ (x)+x¥'(x) and z=qy+ Y . (3.16)

i=q+1

Using the series representation (2.7) we obtain

2k
HE)=2¢'(x)+xy"(x) =2 >0
§ x + k)3

Since z > y, we get h(z) > h(y), so that (3.15) implies that g, is strictly increasing
on (0, 00). Hence we have

8- ) =81001) = 81(y2) = £2(32) = - - = a1 (¥n)
= ny,[¥ (nyn) — ¥ (ya)l. (3.17)
Let
w(y) = ny[¥(ny) — ¥ (y)]. (3.18)

Then «'(y)/n = h(ny) — h(y), where h is defined in (3.16). Since h is strictly
increasing on (0, co), we obtain '(y) > 0 and

w(y) > li-ir&w(t) (y > 0). (3.19)

The recurrence formula (2.5) implies
limaw() =n -1, (3.20)
so that (3.17)—(3.20) lead to (3.14). From (3.13) and (3.14) »;'e conclude that f is

strictly decreasing on (0, 00).
If wesetx; =--- =x, =x > 0, then we have

B(ux, ..., ux,) (F(;,Lx + 1))" F(nvx + 1) (i>""l
B(vxy, ... ,vx,) \Tx+1)/) Trux+1) \u ’

This implies

3.21)

B(uxy, ..., puxs) _ (v)"_'

=0 B(vx,...,vx,) - ;
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And,if weputx; =x > 0,x; =--- =x, = 1, then we get
B s eee s UXp r r -1
(ux; KXn) _ (ux) ()™= (vx + (n )v)(w)(,_,,)u
B(wxy,...,vx,) T(ux+ (n—1Du) I'(vx)
v () )" (n=1)v—p)
_— A== 3.22
X (wr(v)) g ¢:22)
From (2.4) and (3.22) we obtain
B(uxy, ..., ux,)
=0 3.23
x—glo B(vxy,... ,vx,) ( )

The limit relations (3.21) and (3.23) imply that the bounds given in (3.12) are best
possible.

A function f : R} — Ris called midconvex (or Jensen-convex) if we have for all

x, ;i >0@(=1,...,n):

|
f((xl +y1)/27 ’ (xn +yn)/2) S E(f(xlv ’xn)+f(y1"" »)’n))- (324)

It is known that a continuous midconvex function is also convex; see [17]. We now
prove that f (xy, ... ,x,) = log B(x,, ..., x,) satisfies (3.24), which implies that the
beta function is log-convex on R’,. This extends a result given in [9], where a proof
for the log-convexity of B(x, y) is given.

THEOREM 3.4. Let n > 2 be an integer. Then we have for all real numbers with

x;>0andy; >0(i=1,... ,n):
0 < B((xy +y)/2,..., xa +yn)/2) <1 (3.25)
\/B(Xh.” r-xn)B(yh--- ,)’n)

Both bounds are best possible.

PROOF. The Cauchy-Schwarz inequality for integrals yields
2 : :
(B&xi+yi.x2+y2) = ( [ P (L — gyt 22— el dt)
0

1 1
< / (1 — et dt[ iy O I Lol Pl
0 0
= B(2xy, 2x;) B2y, 2y,). (3.26)

Using the representation

n—1 i
B(x),... ,x,) = n B (ij,xi+1>
j=1

i=1
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and (3.26) we obtain

n-1 2
(B(xl+yl’~--wxn+yn) I—[|: (2 Z ,,Xz+|+)’.+1):|

< ]} [B (2 ng, 2x,~+1> B (2§y,-, 2y,-+1)]

= B@2x1,...,2x)BCyis ..., 2y0).

This proves the right-hand side of (3.25). If wesetx; =y, =z >0( =1,...,n),
then equality holds in the second inequality of (3.25). Further, we have

i (B Y02, Gt /)

=0,
xn—0 B(xy,... ,x)B(y1, .-, yn)
so that in (3.25) the lower bound 0 cannot be improved.

A function f : R} — Ris said to be subadditive if the inequality

f(xl+ylv--- ,xn'*‘}’n) Sf(xlv-" 1xn)+f(ylv--- ’)’n) (327)

holds for all x;,y; > 0 (! = 1,...,n). Subadditive functions play a role in the
theory of differential equations, in the theory of convex bodies, and also in the theory
of semi-groups; see [18]. From the following theorem we conclude that for all real
numbers ¢ > 0 the function (xy, ..., x,) = (B(xy, ..., x,))¢ is subadditive on R}.

THEOREM 3.5. Let ¢ > 0 be a real number and let n > 2 be an integer. Then we

have for all real numbers x; > Oandy; >0(i=1,...,n):
0 < (B(x) + Viseor s Xn+ }’n))c < 2—c(n—|)—l. (328)
(Bxy, ... x)) + (B(y1, ..., ya))©

Both bounds are best possible.

PROOF. To prove the second inequality of (3.28) we apply Theorem 3.4, the arith-
metic mean-geometric mean inequality, and Theorem 3.3 (with u = 2, v = 1). Then

we get
BGi+ 31, s Xn +¥0))° < [B2xy, ..., 2x,) BQRyy, ..., 2ya)]7
< %[(B(le,--‘ » 2x,))° + (B(2yy, - .-, 2y2))°]
<27 (B, X))+ (B(Yrs -5 Y))).
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It remains to show that the bounds given in (3.28) are sharp. First, we setx; = y; =
z>0(@ =1,...,n). The duplication formula (2.3) leads to, say,

BGi+y, - Xt y)) 1 (L)d"")((l’(z-i-lﬂ))")c_f( )
BGir . x))+BO1, ... ¥ 2\2J7 Tmz+1/2) ) ~ 7%
Since I'(1/2) = /7, we obtain
lil%f(Z) = 27cn=D=1, (3.29)
And using (2.1) we get
zl_ifgf (z) =0. (3.30)

From (3.29) and (3.30) we conclude that both bounds in (3.28) are best possible.
REMARK. A multiplicative analogue of the definition (3.27) is given by

f(xlyh vxnyn) Sf(xlv 1-xn)f(yl"" !yn)' (331)

If f satisfies (3.31) forall x;,y; > 0 (i = 1,... ,n), then f is said to be submulti-
plicative on R’. These functions have applications in functional analysis and group
theory; see [11, 14]. If (3.31) holds with “>" instead of “<”, then f is called super-
multiplicative. Letn > 2. Wesetx; =12 <i<n)andy,=1(1 <i <n;i#?2).
Then we obtain, say,

B(xi1y1, ... s Xpn¥Ya) Fxy+n-1) a1 -
= X7 T(ys+n—Dx,
B(xi,... .x)BG1,-..,y) TExi+y+n-2" o2 -
=a(x|).

Applying (2.4) we get: if y; > 1, thenlim,,_, 0(x|) = 0; and, if y, € (0, 1), then we
have lim,,_, o 0(x;) = 00. This implies that (x,, ... ,x,) = B(x;, ..., x,) is neither
submultiplicative nor supermultiplicative on RY.
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