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ABSTRACT 
The variation management and product quality processes are important tasks to guarantee the 
assemblability of the systems, the scrap reduction and to avoid delays on production and launching. The 
compound of activities in Geometric Dimensioning and Tolerancing (GD&T) are necessary, especially 
in the early design stages, to take into account variations of different nature and from different sources. 
In this paper, an approach for considering the loading conditions in a polyhedral-based approach in 
tolerancing design is presented. The load boundary conditions are represented as additional 
displacement restrictions in the deviation space. The restrictions imposed by the physical limits of a 
system, the ones coming from the loading conditions and the degrees of freedom (DoF) can be all 
described and represented with a single polyhedron operand. The approach is illustrated using a 
simplified 2-D model for both ideal and non-ideal geometry. A 3-D model describing an unilateral 
contact is presented as a case study using Skin Model Shapes. By taking into account geometrical form 
defects, external loads, and the kinematics of the system, its sensitivity to variations can be reduced even 
from early design stages. 
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1 INTRODUCTION
The different techniques, methods, metrics and models used to make the development of a product
insensitive to variations are grouped under the name of Robust Design Methodology (RDM). There exist
many different methods for each one of the stages in the product development process, some of them
are more focused on the failure prevention, hence they are more related to reliability than robustness
(Bertsche, 2008a,b). Other methods and techniques deal with the reduction of variation in the product
development and can be categorized as suggested in (Eifler et al., 2013).
The geometric and dimensional tolerancing activities are indispensable in the uncertainty management
and quality control process. From early design stages, the stack-up of variations of the constituting
parts of an assembly and the additional deviations induced during the assembly process need to be
taken into account. The way of accumulating these variations depends on the representation model
chosen. Geometric tolerancing models like the matrix model or the small displacement torsor compute
the stack-up of deviations for iso-constraint systems whose joints make a linear or network stack-up
type by chaining the different matrices of the functional elements of the assembly together (Polini,
2011). The representation models based on set of constraints, known as well as Degrees of Freedom
(DoF) or spatials math models, like TTRS, Deviation Domains (Giordano et al., 2007), Tolerance-Maps
(Davidson et al., 2002), Polytopes (Arroyave-Tobón et al., 2017) and Polyhedra (Delos et al., 2021) are
capable of modeling 3D stack-up deviations in a comprehensive manner, and in the case of the last two,
deal with over-constraints mechanisms.
The mobility and restriction of the intended system must be respected with the less possible ambiguity.
The kinematic compliance of the system is affected by the individual interfaces involved in the function-
ality of the same. In (Ebro et al., 2012), the redundant kinematic restrictions (over-constraint contacts)
are clarified following a series of design principles from the preliminary design, reducing the ambiguity
in design parameters.
The main contribution of this work is to show how the load boundary conditions in rigid assemblies
can be represented as additional displacement restrictions in a polyhedral-based approach in tolerancing
design. In this way, the geometrical restrictions are derived in three parts using a polyhedron: the purely
geometrical restrictions imposed by the physical limits of the contact, or the specification of a surface in
a zone; the restrictions coming from the load boundary conditions; and the mobilities of the contact. The
Skin Model Shapes presented in this work were generated using the tool explained in (Restrepo Garcia
et al., 2022), and it has more information about the generation process of the SMS. The algorithms
created used in this model will be incorporated in the same platform and they will allow the contact
simulation and stability analysis of a system. The paper is arranged as follows: In section 2 are described
the fundamental methods and concepts that will be used in the proposed approach; in section 3 the
proposed approach is explained along with some basic examples to illustrate the procedure; in section 4
an unilateral contact case study is presented to further validate the method and in Section 5 advantages,
shortcomings and future work are discussed.

2 ASSEMBLY SIMULATION

2.1 Types of contact

The attributes of a contact vary depending on the types of features in contact (plane, cylinder, etc.) and
on the type of configuration that binds them. Fig. 1 represents the three cases of an unilateral contact of
two planar features. Fig. 1a. shows the case of a floating contact. In a floating contact, the tangential and
normal displacements are allowed, meaning that it has all the possible degrees of freedom (DoF) of a
mechanical joint. There are works that study this contact configuration in over constraint systems using
the virtual work principle or regularized closure functions G (Cammarata, 2017; Rameau et al., 2018). A
fixed contact is represented in Fig. 1c., in which all relative movements between the two mating surfaces
are restricted, meaning that the contact has zero DoF.
Fig. 1b. represents an unilateral sliding contact. In this case, the tangential displacements are allowed but
normal displacements are restricted. The restriction of movement in the direction of the contact surface
normal presupposes that a mechanical action (i.e., a force) maintains the two surfaces in contact. In
(Liu et al., 2018) the authors represent a bilateral contact pair with form defects using polytopes. In
(Yan and Ballu, 2018) Yan and Ballu explore different types of assemblies using Skin Model Shapes
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(SMS) and they express the assembly load boundary conditions as additional linear constraints using
the Small Displacement Torsor (SDT). The present work focuses on the description and representation
of the matting forces in rigid assemblies considering form defects in variation analysis using polyhedra.

2.2 Contact constraints

A 3-dimensional rigid body has six degrees of freedom that can be specified by means of the location
and rotation of a local coordinate frame C relative to an inertial frame O fixed at the global origin as
seen in Fig. 2. The spatial velocity of a part 1 can be expressed in terms of what they call a twist (t) in
screw theory (Siciliano and Khatib, 2016),

t = (ωT,vT), (1)

where ω = (ωx,ωy ,ωz)
T is the angular velocity and v = (vx,vy ,vz)

T the linear velocity of point C
relative to the global frame O, and ω must satisfy:

ṙC/O = ω × rC/O (2)

where ṙC/O is time derivative of the rotation matrix and rC/O is the rotation matrix of the part relative to
O, and v must satisfy:

vC =
−̇→
OC− ω ×

−→
OC (3)

where
−→
OC and

−̇→
OC are the position of the center of mass of the part and its time derivative. Equations 1

to 3 define the spatial velocity of part 1 which is composed of the angular velocity of the part expressed
in the global frame and the linear velocity of a point rigidly attached to the part but as if it were already
at the global origin.
We can describe the linear velocity of a contact point Pc which provides an unilateral restriction that
restraints its movement towards the part 2 as:

vPc = vC + ω ×
−→
OPc (4)

The non-interpenetration condition for the unilateral restriction can be written as:

vPc · û = (vC + ω ×
−→
OPc) · û ≥ 0 (5)

In Eq. 5, û is the contact point normal in the direction of the part 1. This equation expresses the impossi-
bility of the existence of a component of the velocity at the point of contact (Pc) in the opposite direction
of the contact normal. For the unilateral contact to be maintained there must exist a force that binds the
two parts together. This force acts at Pc in the contact normal direction û, and it generates a moment
around O. A force acting on a rigid body defines a wrench, as it can be seen in Eq. 6. For a unit force,
Eq. 6 can be written as shown in Eq. 7.

w = (mT, fT)T (6)

w = [(
−→
OPc × û)T, ûT]T (7)

n̂1

n̂2

(a) Floating contact

n̂1

n̂2

(b) Sliding contact

n̂1

n̂2

(c) Fixed contact

Figure 1. Cases of contact of two plane features
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Part 2

Part 1

Pc

C
û

O

−→
OC

−−→
OPc

Figure 2. Kinematics of a contact in rigid body models

The non-interpenetration condition for unilateral restriction in Eq. 5 can be expressed in terms of the
twist and wrench as shown in Eq. 8 if the constraint is stationary.

tTw ≥ 0 (8)

Each of the inequalities in Eq. 8 generates a half-space that constraints the six-dimensional velocity
domain. The intersection of a finite number of restrictions describes a convex polyhedron that represents
the feasible part velocities, and for the stationary case, all the half-spaces pass through the origin of the
velocity domain.
The approach that will be detailed in Section 3 is based on the contact constraints generally used in
kinematics of robots. The formalization of the force as an additional restriction in the deviation domain
is presented for unilateral contacts in rigid-body models.

2.3 Polyhedra approach in tolerance analysis

The approach based on polyhedra in tolerance analysis consists in representing the dimensional, geo-
metric or contact restrictions imposed by design specifications as a set of constraints in the form of
inequalities. For bilateral contacts, the intersection of a set of half-spaces defines a polytope P that
constitutes the bounded part of a polyhedron as shown in Eq. 9

0 = P ⊕ C (9)

A polyhedron can be decomposed as the sum of a polytope P, result of the intersection of a finite number
of halfspaces (P = ∩iH̄+i ), and a polyhedral cone C =

∑
1k (a sum of straight lines) that relates to the

degrees of invariance of a toleranced feature or to the degrees of freedom of a joint Delos et al. (2021).
The analysis of any kinematic pair resulting from the matting of any two type of surfaces can be modeled
by means of polyhedra: manipulating polytopes for the restricted displacements, and a set of straight
lines for the allowable displacements.
For the types of contact in Fig. 1, the polyhedron for the floating contact case is constituted of an affine
space of dimension d for the straight lines and its associated polytope is of dimension (6− d), where
d is the degrees of freedom; for the sliding contact case, the straight lines describe an affine space of
dimension d, but its associated polytope is a singleton of dimension (6− d); for a fixed contact, the
straight lines describe a singleton of dimension d and its polytope is a singleton of dimension (6− d).

3 MATTING FORCES AS HALF-SPACES
The work presented here is aligned with the method presented in Sec. 2.2 and since we are dealing with
rigid body displacements, the Small Displacement Torsor (SDT) theory is subjacent when describing
the displacements of a surface as described in Alex Ballu, Jean-Yves Dantan (2010). To illustrate the
method proposed in this work, it is necessary to review the basic assumptions underlying the definition
of a unilateral contact using polyhedra.
Two plane surfaces S1 and S2 with no form deviations define an unilateral contact represented in 2D in
Fig. 3. The contact element is defined from the intersection of both surfaces and it is discretized in four
points (P1 to P4). The contact restrictions are written in the middle at point M . By fixing the clearance
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between the two surfaces to 0, the equation that describes the contact restrictions on each one of the
discretization nodes on the contact element and that gives as a result a set of halfspaces, can be written
as shown in Eq. 10.

H̄+i : (
−→tM +

−−→
PiM ×

−→r ) · n̂i ≥ 0 (10)

The term −→tM is the translation vector of point M (−→t M [tMx, tMy , tMz]),
−−→
PiM is the position vector of the

discretization node Pi in relation to the calculation point M , −→r ([rx,ry ,rz]) is the rotation vector of the
contact element and n̂i is node normal, assumed in the y direction for this case.
Each one of the inequalities that arises from Eq. 10 describes a half-space that constraints the subspace
of bounded displacements, here translations along y (ty ) and rotations around z (rz). The superscript +
in H̄+i means that we remain with the positive part of the half-space and the bar at the top means that
the boundary of the half-space is included, so H̄+1 represents the restriction coming from the node P1,
H̄+2 from node P2, etc. The intersection of the set of restrictions written at point M gives as a result
the convex polyhedron depicted as the darker region in between half-spaces H̄+1 and H̄+4 in Fig. 3a. A
restriction can create redundant half-spaces as in the case of the restrictions coming from nodes P2 and
P3, meaning that the nodes at both extremities of the contact element (P1 and P4) are the ones imposing
the more restrictive conditions on the contact. In this case, due to the unilateralism of the contact and to
its zero clearance all the restrictions pass through the origin of the subspace of bounded displacements
and they describe an open operand.
In the unilateral nature of the contact underlies the assumption that there is a force that maintains the
contact in place. The neglect in the inclusion of a formalism to explicitly describe the action of a force
in unilateral contacts is not significantly important when dealing with ideal features, but it will become
important when dealing with skin model shapes as it will be shown later in this section.
The action of an external force

−→
F binds the surfaces together preventing partially or fully the rela-

tive displacements between them, and translates into an additional half-space in this method. For the
consideration of the action of the force in the polyhedra method is necessary to:
• verify that the restriction induced by the force(s) is/are included in the subspace of bounded

displacements; and
• verify that the additional restriction turns the open subspace of bounded displacements into a close

one.
In Fig. 3b. the depicted force acts on S1 pushing it against S2 at the level of node P2. The resultant force
and torque can be expressed as shown in Eq. 11. The magnitude of the force in this case is not important
as we are dealing with rigid bodies, so it can be taken as a unit force along a direction. The action of the
force and torque can be translated into a half-space in 6-dimensional space of deviations as shown in
Eq. 12, where (x1,x2,x3) correspond to the rotation variables (torques), and (x4,x5,x6) to the translation

C
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e

Polyhedron 0C
ty

rz

H̄+4 H̄+1H̄+3 H̄+2
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S2MP1P2 P3P4

−→
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0C ∩ H̄+Fty

rz

H̄+4 H̄+1
H̄+F
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x

y
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x
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S2MP1P2 P3P4
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Figure 3. Unilateral contact with no form defects
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variables (forces).{∑
F · n̂∑−→
PM × (F · n̂)

(11)

The additional restriction coming from the loads is described in the same way as the half-spaces coming
from the contact restrictions, its only difference resides on the value of bk, referred here as second
member, which does not take a fixed value, but rather any value that closes the operand. It could be seen
as a floating half-space in the subspace of bounded displacements that bounds the operand.

H̄+F = {x ∈ R6 : bk + ak1x1 + ...+ ak6x6 ≥ 0} (12)

The verification of the first condition, mentioned above in the bullet list, to maintain in position the parts
consists in checking the inclusion of the additional restriction in the subspace of bounded displacements,
meaning that there should not exist forces acting in the direction of the DoFs, which is a necessary
condition for kinematic compliance. It can be written simply as: 1k ⊥ EF . The fulfilment of the second
condition, the bounding condition, depends on two aspects related to the load: its point of the application
and its orientation. In this manner, what is being said is that the resultant of a system of forces must lie
in the physical limits of the contact element, in between P1 and P4; and that the forces are applied in the
direction that actually binds the two surfaces together, along −y in this case.
Once the conditions are verified, the points where the two features touch each other can be found from
the deviation space. To do so, it is necessary to search for the farthest point of the polyhedron in relation
to the additional half-space (force), or to find the point (or points) that minimizes the volume of the
operand after bounding. That point is generated from the intersection of several half-spaces, which are
themselves coming from actual nodes on the contact element in the geometric space. In this way, a point
in the subspace of bounded displacements will retrieve the nodes on the actual contact element. In this
case, the solution is trivial as shown in Fig. 3c, the farthest point is the one coming from the intersection
of all the half-spaces, meaning that all the nodes in one feature are in contact with the nodes in the other.
This is always the case for planar features with no form deviations.

D
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Contact Surface
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Polyhedron 0Cty
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(a)

Introduction of load

x
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P3
P4

S′1

Sdiff

−→
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0C ∩ H̄+Fty

rz

H̄+4 H̄+1H̄
+

2

H̄+F

(b)
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rz

H̄+4 H̄+1
H̄+2

H̄+F
Intersection vertex

(c)

x

y
S1

S2

M

P1
P2

P3
P4

S′1

Sdiff

Contact points

x

y

MP1
P2

P3
P4

S′1
Sdiff

−→
F

Figure 4. Unilateral contact with form defects

When we are dealing with form defects the described approach does not change, but the topology of the
polyhedra operands will impact the result. Two surfaces with defects S1 and S2 are presented at the top
part of Fig. 4a. One of the methods to establish the contact between features with form defects, proposed
in Samper et al. (2009), consists in establishing the contact between a difference surface (Sdiff ), which is
an equivalent surface that describes the combined effect of the deviations of both features, and a surface
of perfect form S′1. The representation of such surfaces is shown in the middle part of Fig. 4a.
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The operand produced by the unilateral contact restrictions of the difference surface with a perfect planar
feature is presented at the bottom part of Fig. 4a. As it can be seen, the topology of the operand changes;
the restrictions coming from the discretization nodes produce more non-redundant half-spaces, and their
intersection is no longer the origin of the deviation space.
If the load is applied at the same point than before, pushing the perfect planar feature against the dif-
ference surface, the additional restriction could close the operand as depicted in Fig. 4b. It is easily
inferable that the result of the search for the farthest point will change according to the orientation of
the additional half-space in the subspace of bounded displacements. In this case, the orientation of the
half-space produced by the force depends on its point of application, thus if the load were applied at the
same node where the contact restrictions were written, the half-space would be perpendicular to the axis
of translation along y (ty ).
As shown in Fig. 4c. the farthest point comes from the intersection of half-spaces H̄+2 and H̄+4 which
are generated by points P2 and P4 that are the two points of the difference surface that are in contact
with the planar feature.
In the next section, an example of a simple assembly is presented to illustrate the advantages of the
proposed method.

4 APPLICATION AND ANALYSIS
The example used in this work is a simplified model of gas turbine made up of a ring and a pipe. The ring
has three holes and the pipe three pins for the relative positioning of the parts. The two parts are kept
in contact by means of three bolts distributed along the pitch circle diameter and spaced 120 degrees
between them. The forces (EF1, EF2, EF3) shown in Fig. 5a. represent the action of such bolts. The resultant
force of the three bolts (EF) is acting in the center of the circle along −x. The two surfaces in contact
have different mesh densities. The ring mesh has 368 nodes and 736 triangles; the pipe mesh has 454
nodes and 908 triangles. The two surfaces are nominally two perfect planes in the CAD model.

Figure 5. Nominal model, skin model shapes and surface of difference

Table 1 describes the kinematic pairs in the assembly. S1,1 and S2,1 refer to the planar contact between
the ring (1) and the pipe (2); Features S1,2 to S1,4, and S2,2 to S2,4 refer to the contact surfaces between
the three holes in the ring and the three pins in the pipe. There are no degrees of freedom in the final
assembly: the mobilities allowed by the planar contact are restraint by the pin-hole contacts. In the
next part of this section, only the planar contact is studied, its degrees of freedom are modelled as
a set of straight lines 1k, the restrictions imposed by the contact describe a polyhedron in a subspace
orthogonal to the subspace of the mobilities as shown in Eq. 9. The loading conditions were incorporated
to the approach as an additional half-space in the subspace of bounded displacements, thereby we can
describe the kinematic behaviour of the contact and take into account the loading conditions with a
single polyhedral operand.
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Table 1. Kinematics of contacts elements

Features in
contact

Type of contact Degrees of freedom

tx ty tz rx ry rz
S1,1 , S2,1 Planar pair 0 1 1 1 0 0
S1,2 , S2,2 Ball-and-cylindrical 1 0 0 1 1 1
S1,3 , S2,3 Ball-and-cylindrical 1 0 0 1 1 1
S1,4 , S2,4 Ball-and-cylindrical 1 0 0 1 1 1

0 =Suppressed, 1 =Free

4.1 Deviation modelling - skin model shapes

The deviation modelling was carried out using PolitoCAT (Restrepo Garcia et al., 2022), both systematic
and random deviations were used for each of the features. For systematic deviations, a modal approach
based on vibration modes was used. For random deviations, the Gaussian random fields method was
used. The discrete representation of the Skin Model Shapes (SMS) is shown in Fig. 5b.
The difference surface method was used to establish the contact between the features with form defects.
As it was previously mentioned, this method consists in calculating an equivalent surface that embodies
the deviations of two features in contact transforming the contact of two features with form defects
into the contact of an equivalent feature and a feature with no deviations. The representation of such a
surface is shown in Fig. 5c.
The loading conditions shown in Fig. 5a. are simply transposed to the surfaces in contact as shown in
Fig. 6a. The two planar surfaces are allowed to move relatively to each other in translation along y and
z, and in rotation along x. The subspace of bounded displacements is then constituted of the rotations
along y and z (ry ,rz), and the translation along x (tx) that will be restricted by the external force.

Figure 6. Difference surface, polyhedron with additional half-space and contact points

Calculating the polyhedron operand of the SMS will necessarily complexify the topology of the resulting
polyhedron, but not as much as one might think. Actually, for the deviations showed in Fig. 5c. only 21
half-spaces are relevant for constructing the polyhedron, the restrictions coming from the all the other
points are simply redundant in this case. The complexity of the resulting operand depends on the type
of contact being modeled and the instance of skin model shape itself.
The resulting polyhedron of the contact with form defects is presented in Fig. 6b. All the restrictions
were written at point M whose coordinates are (0,0,0). The additional restriction is depicted as the red
half-space on top of the operand. It comes from the resultant action of the three bolts at point M .
As explained above, the search for the farthest point will give as result, in stable cases, a point in the
subspace of bounded displacements that comes from the intersection of at least as many half-spaces
as the dimension of the same subspace. Since there is a complete traceability from the vertices in the
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polyhedron to the actual nodes were the contact restrictions were written, we can know which points are
in contact given a specific load case. Here, the points in contact are shown in Fig. 6c. The red dots show
the nodes on the difference surface that are in contact with the nominal planar feature of the pipe.

5 DISCUSSION AND CONCLUSIONS
The inevitable variations during the product and process development can be taken into account from
early design stages; tolerance analysis, the inclusion of new paradigms like the SMS, and the incorpo-
ration of loads in the assembly process are ways to consider beforehand some the variations that will
cause systematic deviations on the parts, reduction on the quality of the pieces, scraps and delays on
production and launching of products.
In this work, a method that exploits the advantages of the deviation space and duality properties of the
screw theory was presented for determining the contact between matting features with form defects in
rigid-body models. This method enables the explicit description of not only displacement restrictions but
also restrictions imposed by loading. The presented method has the advantage that can be generalized
for any type of contact since the determination of the nodes in contact in the geometry is carried out
in the deviation space and not in the geometric one. It is also the starting point for a stability analysis
of the system; if for instance, the additional half-space happens to be at the same maximum distance
from several vertices, it would mean that additional half-space is parallel to a line or facet of the contact
polyhedron. We would obtain as a result more nodes than needed in the geometry, allowing us to track
unstable zones in the geometry. The study of instability exploiting the advantages of the deviation space
is one of our outgoing research topics.
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