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Abstract

We analyse the coverage performance of cognitive radio networks powered by
renewable energy. Particularly, with an energy harvesting module and energy storage
module, the primary transmitters (PTs) and the secondary transmitters (STs) are
assumed to be able to collect ambient renewables, and store them in batteries for
future use. Upon harvesting sufficient energy, the corresponding PTs and STs (denoted
by eligible PTs and STs) are then allowed to access the spectrum according to their
respective medium access control (MAC) protocols. For the primary network, an Aloha-
type MAC protocol is considered, under which the eligible PTs make independent
decisions to access the spectrum with probability p,. By applying tools from stochastic
geometry, we characterize the transmission probability of the STs. Then, with the
obtained results of transmission probability, we evaluate the coverage (transmission
nonoutage) performance of the overlay CR network powered by renewable energy.
Simulations are also provided to validate our analysis.
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Keywords and phrases: cognitive radio, opportunistic spectrum access, stochastic
geometry, Poisson point process, coverage probability, renewable energy.

1. Introduction

Explosive mobile data demands have stimulated a significant growth of energy
consumption in mobile networks, and thereby have led to a considerable rise in carbon
footprints. To reduce the energy cost and alleviate the carbon emissions, the concept
of renewable energy harvesting [4, 6, 9, 10, 12] has received substantial attention as an
effective approach to increase the energy efficiency of mobile networks. In particular,
powered by ambient renewables (such as solar and wind), the mobile networks are
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envisioned to be not only environmentally friendly but also self-sustaining. Further,
with stand-alone renewable energy harvesters, it is feasible to deploy the wireless
network without relying on the infrastructure of the power line.

Beside maximizing energy efficiency, another important issue in the design of
wireless networks is to maximize the spectrum efficiency, due to the explosive growth
of mobile devices and data-hungry applications. Particularly, the inefficient use of
the limited spectrum resources is considered to be the main bottleneck for improving
the performance of wireless networks. To tackle such difficulty, concepts of cognitive
radio (CR) [25, 29] and opportunistic spectrum access (OSA) [20-31] are proposed
as promising approaches to improve the spectrum efficiency. The basic idea of OSA
in CR networks is to enable the unlicensed secondary users to access the licensed
spectrum by utilizing the spectrum holes [22] available in the primary network. As
such, with OSA, the unused spectrum in the primary network can be effectively
exploited by the secondary users.

In this paper, we consider a renewable energy powered CR network to improve both
the energy efficiency and spectral efficiency in the next generation wireless networks.
Particularly, with renewable energy harvesting, the PTs and ST are assumed to be self-
sustained, which thereby potentially enables a perpetual operation of the CR network
without the need for external power supply. On the other hand, the OSA allows
the dynamic access of STs, which can effectively improve the spectrum efficiency.
Note that in general, such a large-scale renewable energy powered CR network can
be considered as an attractive alternative for various types of future mobile networks,
such as ultra-dense cellular networks [30], device-to-device (D2D) networks [32] and
wireless caching networks [24].

Renewable energy powered CR networks have been widely studied in the
literature [3—18]. Park et al. [17, 18] investigated the maximum throughput of
renewable energy powered secondary transmitter, under the assumptions of perfect
spectrum sensing and imperfect spectrum sensing, respectively. Pappas et al. [16]
studied the maximum stable throughput region for a simple cognitive radio network
with the primary transmitter powered by ambient renewables. Yin et al. [27, 28]
investigated the optimal sensing and cooperation strategies of secondary users powered
by renewable energy to maximize the achievable throughput of the CR network.
Also, Chung et al. [3] investigated the optimal sensing duration and energy detectors
sensing threshold to maximize the average throughput of the CR network powered
by renewable energy. Note that in the literature [3—18], the studied CR networks
contained only one primary link and one secondary link, therefore, the CR networks
were simple and relatively small. Further, it is worth noting that the impact of the
locations of PTs and STs were not taken into consideration in these papers.

In this paper, unlike previous work [3—18], we consider a large-scale overlay CR
network powered by renewable energy, and assume that the locations of PTs and
STs are distributed as Poisson point processes. Both the PTs and STs are assumed
to be able to collect ambient renewables and store them in batteries for future use.
With sufficient energy stored in the batteries, the corresponding PTs and STs (denoted
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by eligible PTs and STs) are then allowed to access the spectrum according to their
respective medium access control (MAC) protocols. For the primary network, an
Aloha-type MAC protocol [2] is considered, under which the eligible PTs make
independent decisions to access the spectrum with probability p,. For the secondary
network, a threshold-based opportunistic spectrum access (OSA) scheme, namely,
the primary receiver assisted (PRA) protocol is investigated. Under this scheme, an
eligible ST is allowed to access the spectrum, only when the maximum signal power
of the received beacons sent from the active primary receivers (PRs) is lower than
a predefined threshold N,,. By applying tools from random walk theory [5] and
stochastic geometry [1], the transmission probabilities of PTs and STs are analysed
under the assumption that the battery capacity is infinite. Further, based on the
obtained results of transmission probability, the coverage (transmission nonoutage)
performance in the overlay CR network powered by renewable energy is characterized.
Simulations are also provided to validate our analysis.

The remainder of this paper is organized as follows. The system model is described
in Section 2 and the transmission probabilities of PTs and STs are characterized
in Section 3. The coverage performance of the primary and secondary networks
is analysed in Sections 4 and 5, respectively. Simulation results are presented in
Section 6. Finally, we conclude the paper in Section 7.

2. Model and metric

2.1. System model We consider an overlay CR network in which two mobile ad
hoc networks, namely, the primary network and the secondary network coexist and
share the same spectrum on R?. The PTs are licensed users with a higher priority to
access the spectrum, while the STs are allowed to transmit, only if they are detected to
be in the spatial holes of the primary network. The locations of the PTs and STs are
assumed to follow two independent homogeneous Poisson point processes (HPPPs)
with density po and Ao, respectively. For each PT, the intended PR is located at a
distance d, away in a random direction. Similarly, for each ST, the intended secondary
receiver (SR) is located at a distance d; away in a random direction. It should be noted
that the locations of the PRs (or SRs) are not part of their respective transmitters’
Poisson point processes (PPPs). Thus, the locations of the PRs and SRs follow two
independent HPPPs with density y and Ay, respectively.

We assume that time is slotted. In each time slot with an energy harvesting module
and energy storage module, the PTs and STs are assumed to be able to collect ambient
renewables and store them in batteries for future use. Particularly, with ¢ as the slot
index, the amount of renewable energy harvested by the PT and ST located at arbitrary
positions, x € R? and y € R? in the tth time slot, can be represented by a nonnegative
random variable Z”(x) or Z’(y), respectively. The corresponding expectation and
variance are given by

E[Z!(x)] =2, (2.1)
Var[Z/(x)] = o,
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and
E[Z;(y)] =v,,
Var[Z: ()] = &,

respectively. Further, we assume that the PRs and SRs are powered by some reliable
energy sources.

The primary network is assumed to employ an Aloha-type MAC protocol [2] such
that the PTs make independent decisions to access the spectrum with probability
pp. For the secondary network, the PRA protocol [20] is employed, such that the
STs are allowed to transmit only if they are detected to be in the resulting spatial
spectrum holes of the primary network. Particularly, given M;%(y) as the maximum
received beacon power at an arbitrary ST located at position y in the tth time slot, the
corresponding ST is allowed to launch the transmission only if M;“(y) is lower than a
predefined threshold N,,.

Let B, and B, denote the battery capacities for PTs and STs, respectively. Further,
let P, and P, denote the transmitted power of the PTs and STs, respectively. Then,
given S”(x) and S(y) as the battery levels of PT and ST located at positions x € R?
and y € R? in the rth slot, we obtain

S7(x) = min (S}, (x) + Z/(x) = P, - G/, B,), (2.2)
and
Si(y)=min (S, ,(y) + Z/(y) - Ps- G, By), (2.3)
where
Gl = X7 1gr ysp,s (24
and
G =1s: yep, - Ly, (2.5)

with 14 as the indicator function with respect to event A, and X, as a Bernoulli
random variable with probability

P(X] =1) = p,.

It is worth noting that for the primary network, due to the spatial stationarity of the
energy-arrival process Z”(x), the locations of the active PTs (PRs) in the rth time slot
follow a HPPP with density u = 1”0 under the Aloha-type MAC protocol, where

= E[XT - 1 yp,]- (2.6)

For the secondary network, however, unlike the position-independent thinning in the
primary network, the access probabilities of the STs under the PRA protocol are
position-dependent. As such, the point process formed by the active STs under
the PRA protocol does not follow a HPPP. In fact, under the PRA protocol, the
access probability of each ST is a function of the realization of active PRs (PTs).
Nevertheless, due to the fact that the active PRs (PTs) are homogeneously Poisson
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distributed, and due to the spatial stationarity of the energy-arrival process Z (y), the
access probabilities of all STs are identically distributed. Therefore, the randomly
thinned point process formed by the active STs under the PRA protocol is stationary
on R?. Particularly, under the PRA protocol, the density of the point process formed
by the active STs in the ¢th time slot is given by u; = 17749, where

m =E[Ls: y=p, - Iy, )- (2.7)

The propagation channel is modelled as the combination of the small-scale Rayleigh
fading [19] and the large-scale path-loss given by g(d) = hd™®, where h denotes the
exponentially distributed power coefficient with unit mean, d denotes the propagation
distance and « denotes the path-loss exponent [26]. For the sake of simplicity, we
ignore the thermal noise in the regime of interest and simply focus on the received
signal-to-interference ratio (SIR) as in the articles [13]-[23]. We further denote 6, and
6 as the SIR targets for primary and secondary networks, respectively.

2.2. Performance metric Three performance metrics are studied in this paper: the
transmission probability, the coverage probability and the spatial throughput, which
are specified as follows.

2.2.1 Transmission probability. Assuming infinitely backlogged and packetized
data, based on equations (2.6)—(2.7), the transmission probability of PTs and STs is

defined as .
1
P = lim — P 2.8
v =fim s 2 @8)
and
1 n
S = lim = s’
nl—mo n ; Mt
respectively.

2.2.2 Coverage probability. The coverage probability, also known as the
transmission nonoutage probability, is defined as the probability that a (primary
or secondary) receiver succeeds in decoding the received data packets from its
corresponding (primary or secondary) transmitter. In particular, given the primary
or secondary receiver SIR, denoted by SIR, and SIRy, respectively, and the
corresponding SIR targets, 6, and 6,, the coverage probability in the primary or
secondary network is defined as

7,=P{SIR, >6,), and 7, = P(SIR, > 6,}.

2.2.3 Spatial throughput. The spatial throughput of the primary (secondary)
network is the expected spatial density of successful primary (secondary)
transmissions, which are donated by C,, and Cj, respectively, defined as

C,=pupty, and C;= A7y,
where u, = o and A; = Ao
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3. Transmission probability with infinite battery capacity

In this section, assuming that the PTs and STs are each equipped with a battery of
infinite capacity, we characterize the transmission probabilities n” and 7°, respectively.
Particularly, based on equations (2.2)—(2.3), by letting B — co, we obtain

Sf’(x):Sf_l(x)+Zf(x)—Pp-Qf, (3.1
and
S;y)=8_ Y +Zy -Ps- G, (3.2)

where Qf and G are defined in equations (2.4) and (2.5), respectively. Then, based on
equations (3.1)—(3.2), we characterize the transmission probability n” and n* of PTs
and STs in the following two theorems.

Tueorem 3.1. For an overlay CR network powered by renewable energy, assuming
that the PTs are each equipped with a battery of infinite capacity, the transmission
probability n° of PTs under an Aloha-type MAC protocol with probability p,, is given
by

ve
)
Proor. See Appendix A. O

n? = min (p,,, (3.3)

Remark 3.2. Based on Theorem 3.1, the expected spatial density of the active PTs
(PRs) can be immediately obtained as

. Ve
pp = min sty o2 | (3.4)
p

TueoreM 3.3. For an overlay CR network powered by renewable energy, assuming that
the PTs and STs are each equipped with a battery of infinite capacity, the transmission
probability n? of STs under the PRA protocol is given by

vy
*=min(Q, ) 35
n'=min(Qu. ) (35)

where

Iﬂ(2/0/)(1"p/Nm)2/”‘}
- .

Orq = eXP{_Zﬂﬂp
Proor. Based on the article [20], by applying a similar approach as in the proof of

Theorem 3.1, equation (3.4) is immediately obtained. O

Remark 3.4. Based on Theorem 3.1, the expected spatial density of the active STs can

be obtained as E

. Ve
As = min (/10 Ora; /lOP_)

N
In the next two sections, based on Theorems 3.1 and 3.3, we study the coverage
probabilities of the primary and secondary networks, respectively, under the proposed
PRA protocol.
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Ficure 1. Conditional distribution of active STs under the PRA protocol.

4. Coverage probability in a primary network with infinite battery capacity

4.1. Conditional distribution of active STs To analyse the coverage performance
of the primary network, due to the stationarity of the point processes formed by the
active primary and secondary users, we may focus on a typical PR at the origin
denoted by R, with its associated PT at a distance of d,,, denoted by T,. Then, by
Slivnyak’s theorem [7], in both cases of the PRA protocol, the locations of the rest
of the active PRs/PTs follow a HPPP with density u,. For the secondary network, let

(I)Ba” (u) be the point process formed by the active STs on a circle of radius u centred
at R, under the PRA protocol, as illustrated in Figure 1. Then, we characterize the
conditional distribution of the active STs under the PRA protocol in the following
lemma. Note that a point process N is isotropic, if its characteristics are invariant
under rotation [21].

Lemma 4.1. For an overlay CR network with the PRA protocol, conditioned on a

typical PR at the origin, (Dz”(u) is isotropic with respect to R, with density /151”(14),
given by
R . Ve
25 ) = min (0P, Ao7 ) @)
N

where P(u) = (1 — e Nt 1Pp),

Proor. According to Song et al. [20, Theorem 3.1], without conditioning on a typical
PR at the origin, the spatial opportunity for a ST on a circle of radius u or r centred
at R, under the PRA protocol, is given by Q,,. Conditioned on a typical PR at the
origin, due to the newly introduced interference constraint at the typical PR, the spatial
opportunity for a ST on the same circle centred at R, under the PRA protocol reduces
to Q,P(h < N,,u®/P,), where h denotes an exponentially distributed random variable
with unit mean. Based on this result, by applying a similar approach as in the proof of
Theorem 3.1, it can be easily verified that (I)fa"(u) is isotropic around R, with density

ﬂfa”(u) given by equation (4.1). Thus, this completes the proof of the lemma. O
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It is worth noting that under the PRA protocol, due to the threshold-based OSA,
@5{’(14) does not follow a HPPP. Furthermore, since the higher order statistics of
(I)Ba”(u) are intractable, the coverage probability of the primary network under the
PRA protocol, which depends on the Laplace transform of the aggregate interference
from all active STs to the typical PR at the origin, is difficult to characterize exactly.
To tackle this difficulty, similar to the articles [13—15, 20], we make the following
approximations on the conditional distribution of the active STs, which will be verified
later by simulations in Section 6.

AssumptioN 4.2. Under the PRA protocol, conditioned on a typical PR at the origin,
d)gf(u) follows a HPPP with density /I:tl”(u) and is assumed to be independent from the
point process formed by the active PTs.

Based on Assumption 4.2, we next characterize the coverage performance of the
primary network under the PRA protocol in the following subsection.

4.2. Coverage probability with PRA protocol

TueorREM 4.3. For an overlay CR network with the PRA protocol, under
Assumption 4.2, the coverage probability of the primary network is given by

27 ¢
7r gz/ndiﬂp} xexp{—27r/lon fo a —g(u))so(u)udu}

= exp{—a sin2r/a) P

X exp{—Zmlg%f (1 - om)u du},
s Ve

where

P s 1/a

R

Nra Qra

and
Nmu"/Pp e—g
— —(60,Psgu™)[Ppd,® _
o(u) —j(; e pdp” [N, dg.

Proor. See Appendix B. O

REmARKk 4.4. Tt is worth noting that under the PRA protocol, the point process formed
by the active STs is isotropic around the typical PR at the origin. This is the key to
an exact characterization of the coverage probability of the primary network, which is
obtained in Theorem 4.3.

Remark 4.5. With Theorem 4.3, the spatial throughput of the primary network under
the PRA protocol is given by C}* = u, 7"
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5. Coverage probability in a secondary network with infinite battery capacity

5.1. Conditional distributions of active PTs and STs To analyse the coverage
performance of the secondary network, we focus on a typical SR at the origin, denoted
by R; with its associated ST at a distance d; denoted by T,. Let ‘I’};‘ (r) be the point
process formed by the active PRs on a circle of radius r centred at T under the PRA
protocol. Then, the conditional distribution of the active PRs under the PRA protocol
is characterized as follows.

Lemma 5.1. For an overlay CR network with the PRA protocol, conditioned on a
typical SR at the origin, ‘I‘E;j(r) follows a HPPP with density

YT(r) = min (uoppﬂr), uoﬁ), 5.1)
PP

where P(r) = (1 — e N IPr),

Proor. Based on the work of Song et al. [20, Lemma 5.1], by applying a similar
approach as in the proof of Lemma 5.1, it can be verified that ‘I‘,T;(r) follows a HPPP
with density wfa“‘(r) as given by equation (5.1). O

Let TrT";‘ (r) be the point process formed by the active PTs on a circle of radius r
centred at T, under the PRA protocol. Then, based on Lemma 5.1, we characterize
the conditional distribution of the active PTs under the PRA protocol in the following
lemma.

Lemma 5.2. For an overlay CR network with the PRA protocol, conditioned on a
typical SR at the origin, T;fg(r) follows a HPPP with density ,u;ra‘(r), which is upper-
bounded by
T , ve
My (r) < min (/Joppf"(r +dp), uoP—).
P

Proor. The conditional distribution of the active PTs is related to that of their
corresponding active PRs located at a distance d,, away in random directions. From
Lemma 5.1, by applying a similar approach as in the proof of Lemma 5.1, it can be

verified that Y (r) follows a HPPP with density z (r), which is (in the worst case)
upper-bounded by l//rT;(r +d,). O

The conditional distribution of the active PTs under the PRA protocol is illustrated
in Figure 2(a).

For the secondary network, let d),T,;(r) be the point process formed by the active
STs on a circle of radius r centred at T, under the PRA protocol as illustrated in
Figure 2(b). Then, based on Lemma 5.1, the conditional distribution of the active STs
under the PRA protocol is characterized as follows.
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(b)

FiGure 2. Illustration of the conditional distributions for (a) active PTs and (b) active STs, under the PRA
protocol.

Lemma 5.3. For an overlay CR network with the PRA protocol, conditioned on a
typical SR at the origin, (D}:f (r) is isotropic around T, and the corresponding density
denoted by /l;r,;(r), is bounded by

K< A% < D, (5.2)

ra

where

S

D:mqhgﬁm%ﬁ) «:md%gmhﬁ}

Py Py
2+a\ Pp P
ool ()5 )
pro= explmn (=27 ) 57

Proor. Based on the work of Song et al. [20, Lemma 5.3], by applying a similar
approach as in the proof of Lemma 5.1, equation (5.2) is immediately obtained. Thus,
this completes the proof of the lemma. O

Note that under the PRA protocol, similar to the primary network case, d),T,;(r) does
not follow a HPPP. As a result, with only the first-order moment measures (average
densities) of d),Tg(r) being obtained, the coverage probability of the secondary network
under the PRA protocol is difficult to characterize exactly. To tackle this difficulty,
we make the following assumption on the conditional distribution of the active STs,
which will be verified by simulations in Section 6.

AssumptioN 5.4. Under the PRA protocol, conditioned on a typical SR at the origin,
(I),Tg (r) follows a HPPP with density /I,T;(r) and is assumed to be independent from the
point process formed by the active PTs.

Based on Assumption 5.4, we characterize the coverage performance of the
secondary network under the PRA protocols in the next two subsections.
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5.2. Coverage probability with PRA protocol Under the PRA protocol, let
‘I’Ej (u) be the point process formed by the active PTs on a circle of radius u centred at
R; as illustrated in Figure 2(a). From Lemma 5.2, it follows that in general 'Y'E;(u) is
a nonhomogeneous PPP. Let ;15; (u) be the average density of Tff;(u). Then, we obtain
the following lemma.

Lemma 5.5. Under the PRA protocol, conditioned on a typical SR at the origin, an
upper bound on ,uﬁ;’ (u) is given by
p
Ry : Ve
) < min{puop, P + d, + dy)pio 2 )
P
Proor. Based on Lemma 5.2, the proof immediately follows from Figure 2(a) by
observing that the highest density of ,uﬁ; (u) is y};; (u + dy). O

Now, we are ready to evaluate the coverage probability of the secondary network
under the PRA protocol in the following theorem.

THEOREM 5.6. For an overlay CR network with the PRA protocol, under
Assumption 5.4, the coverage probability of the secondary network is lower-bounded

by
27
2 exp{-— 2l d )
Ts exp{ asinQr/a) * D
= 1 — e_Nra(u+d[)+d:)(Y/Pl)
<expl-2mun, | Joat
e"p{ ”"Op"fo T+ P[0, Pyds) )
xexp{-2 ngm( ! Jctu} (5.3)
Xps —27o —— wduy, .
PUop) ) \T+ P /(6,P,d%)
where p y
4 a
w:{— ” ln(l - "—)} —d, - d,
ra pp
Proor. Using Lemmas 5.3 and 5.5, the inequality given by equation (5.3) is readily
obtained by applying a similar approach as in the proof of Theorem 4.3. O

Remark 5.7. With Theorems 3.3 and 5.6, we establish a lower bound on the spatial
throughput C7* = 4,7} of the secondary network under the PRA protocol.

6. Numerical results

In this section, we present simulation results on the transmission probabilities and
coverage probabilities of PTs and STs, respectively, to validate our analytical results.
Throughout this section, unless specified otherwise, we set y, = 0.1, 49 = 0.1, P, = 5,
Py=2,d,=d;=1,0,=6,=3and a = 4.

Figures 3 and 4 plot the analytical and simulation results on the transmission
probabilities of the primary and secondary networks, respectively, versus v. and v5.
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Ficure 3. Transmission probability of the PTs.
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FiGure 4. Transmission probability of the STs.

We observe that the transmission probabilities of PTs and STs are piecewise functions
with respect to v£ and v, which are intuitively expected according to Theorems 3.1
and 3.3; also, the simulation results fit closely to our analytical results.

Figure 5 plots the coverage probability of the primary network. It is observed that
the approximated coverage probability of the primary network derived in Theorem 4.3
under Assumption 4.2 is quite accurate. An intuitive explanation of the above
observation is that, as mentioned in the articles by Lee and Haenngi [14] and Song et al.
[20], the higher-order statistics of the point process formed by the active STs have a
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Ficure 6. Coverage probability of the secondary network.

marginal effect on the computed Laplace transform of the aggregate interference from
all active STs to the typical PR at the origin.

Figure 6 plots the analytical results on the coverage probability of the secondary
network with the corresponding simulated values. As observed in Figure 6, the lower
bound on the coverage probability of the secondary network derived in Theorem 5.6
under Assumption 5.4 is effective.
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7. Conclusions

We studied the performance of the large-scale overlay CR networks powered by
renewable energy. Upon harvesting sufficient energy, the PTs employ an Aloha-
type MAC protocol to access the spectrum with probability p,, while the STs are
allowed to access the spectrum, only if the maximum signal power of the received
beacons sent from the active primary receivers (PRs) is lower than a certain threshold
N,,. By applying tools from random walk theory and stochastic geometry, and
assuming an infinite battery capacity for the energy storage module, we characterize
the transmission probabilities of PTs and STs, respectively. Based on such results, the
coverage probabilities of the primary and secondary networks are analysed. We hope
that the results in this paper will provide new insights to the optimal design of the
practical overlay CR networks powered by renewable energy.
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Appendix A. Proof of Theorem 3.1

Proor. We first consider the case of v/ /P, < p,. Particularly, for v//P, < p,, based
on equation (3.1), it can be verified that

D ElZ'®] =P, Y EIG/] +E[S! ()],

=1 t=1
where G is defined in equation (2.4). Then, since E[S?(x)] > 0,
}Lnolo % i E[Z'(x)] > P, nh~>nolo % ZH] E[G?]. (A1)
t=1 =1
As such, based on equations (2.1) and (A.1), since
tim L3 Bz 001 = .
=1

we obtain an upper bound on 7” as

po e (A2)
n = P, . .
For the lower bound on 7?, based on Huang’s work [11], it can be verified that
p
y
P> = A3
n P, (A.3)
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Then, using equations (A.2)—(A.3) we obtain

P
p= e A4
=5 (A4)

for v/ /P, < p,. We next consider the case of v/ /P, > p,. Particularly, for v2 /P, > p,,,
using equation (2.8), we have

]7 = hm ZE[Isﬁ (X)>P X ]

n—oo 7

@
= hm ZE[IS ](X)>P

n—oo n

= lim ~ Z P(S” (%) = P,)pp,

where (a) follows from the fact that E[X?] = p,,. Note that

t—1

SP (%) 2 Z (Z0(x) - P - X7). (A.5)
=1

As such, from equation (A.5), we have
-1
P(ST (x) > P)) > P( (Zj’(x) -P, -Xj.’) > P,,)
j=1
P
- P(t_—1 20— v, > g), (A.6)

j=1

v 1 &S 1
P o =Y (N xP = ) _)

Notice that v£ /P, > p,. As a result, there exists certain k such that

v 1 1
- 24— X' - ) +—<0
Pr=7p (t—l; CTPR )T T
for t — 1 > k. Based on this fact, by applying Cantelli’s inequality [8], we get

1S, 82/(t—1)
P(l‘—_I;Zj(X)_VeZé:)Zl_(Sg/(t——l)-l-fz (A7)

where

for t — 1 > k. Let k(n) = o(n) denote an increasing function of ¢ with a lower order as

lim k(n) =c0 and lim @ =0.

n—oo n—oo N
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Then, based on equations (A.4), (A.6) and (A.7), for vf/P,, > pp, we obtain

”(1_ S/t =1 )
2/t-1)+&) "

@, 1 S/ =1)
2 lim s (- e eE) o

1

7’ > lim —
n—oo 1 -

1=

n—oo ] 4
1=k(n)
». 1<
= lim —
Jim =D o
1=k(n)
. n—k(n)
= lim “Pp
n—oo n
= o (A.8)

where (a) follows from the fact that lim,,_,. k(1) > k and (b) follows from the fact that
fort — 1 > k(n),
52/t = 1)
im ————— =
o 62/(1— 1) + €2
This completes the proof of upper bound on n?” for v£ /P, > p,.

For the lower bound on n, given v./P, > p,, by the axiom of probability, the
following inequality holds

. 1x
7 = lim DUPS? (%) 2 Py, < py. (A.9)
t=1

n—oo

As such, for vf/P,7 > pp, with equations (A.8) and (A.9), we have

Ny =Pp- (A.10)
Based on equations (A.4) and (A.10), equation (3.3) is immediately obtained. This
completes the proof of Theorem 3.1. O

Appendix B. Proof of Theorem 4.3
Proor. With the PRA protocol, for a typical PR at the origin, the SIR is given by
Pyhod,,”
" ey, PohilXil + e Pog Y1

Here H;, denotes the set of all active PTs, IT}* denotes the set of all active STs, A is the
fading channel power coefficient of a typical primary link, /; is the power coefficient of
the fading channel from the ith active PT to the typical PR with i € IT}, g; is the power
coeflicient of the fading channel from the jth active ST to the typical PR with j € [T},
X is the coordinate of the ith active PT and Y is the coordinate of the jth active ST.
According to the PRA protocol, at the typical PR, the interference introduced by the

SIR,
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Jjth active ST is constrained as P,g;|Y;|™ < P;N,,/P,. Thus, under Assumption 4.2,
the coverage probability of the primary network with the PRA protocol is given by

Nra
7 = P{SIR,, > 0,|g,IY I < }

PP
- p{ Pyhod; ey < Nm}
Zien;, PphilXil™ + X jerre Pog Y17 — pl&ilY I = P,
— D ARAYP _ Y —a N, |Y|Oé
:EX[]_[ B, [e~@hiXi™)/d; ]] xEY“_[ Eg[e PPy o < mP_p,”

ieTT, jem

(@ 27’ 2 2}
@ expl-— |, glog
eXp{ asin2rja) P

0o N, qu® /P -
X exp{ =27 1- o e OpPsgu™)Ppd," o Ld AR (uyu du
p O 0 1 p— e_(Nmun)/Pp g ra

D ex {—2—”292/%12 }xex {—2m 0 f ‘- (u))so(u)udu}
= P\ asin@aja) r CoHr) T PTG ) A Te

X exp{—Znﬂov—Ij f (1 —om)u du},
4

where (a) follows from the fact that the probability density function of g conditioned
on g <t1is given by

-8
l—e?’

and (D) follows from equation (3.5). This completes the proof of Theorem 4.3. O

flglg<sn=
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