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Strange duality of weighted homogeneous
polynomials

Wolfgang Ebeling and Atsushi Takahashi

ABSTRACT

We consider a mirror symmetry between invertible weighted homogeneous polynomials
in three variables. We define Dolgachev and Gabrielov numbers for them and show
that we get a duality between these polynomials generalizing Arnold’s strange duality
between the 14 exceptional unimodal singularities.

Introduction

Mirror symmetry is now understood as a categorical duality between algebraic geometry and
symplectic geometry. One of our motivations is to apply some ideas of mirror symmetry to
singularity theory in order to understand various mysterious correspondences among isolated
singularities, root systems, Weyl groups, Lie algebras, discrete groups, finite-dimensional algebras
and so on. In this paper, we shall generalize Arnold’s strange duality for the 14 exceptional
unimodal singularities to a specific class of weighted homogeneous polynomials in three variables
called invertible polynomials.

Let f(z,v, z) be a polynomial which has an isolated singularity only at the origin 0 € C3.
A distinguished basis of vanishing (graded) Lagrangian submanifolds in the Milnor fiber of f can
be categorified to an As-category Fuk™(f) called the directed Fukaya category whose derived
category DPFuk™(f) is, as a triangulated category, an invariant of the polynomial f. Note that
the triangulated category D°Fuk™(f) has a full exceptional collection.

If f(z,y, 2) is a weighted homogeneous polynomial, then one can consider another interesting
triangulated category, the category of a maximally graded singularity Dégf (Ry):

L .
Dg!(Ry) := D*(gr"-Ry)/ D (proj™'-Ry), (0.1)

where Ry :=Clz,y, 2]/(f) and Ly is the maximal grading of f (see §1). This category Dé:gf(Rf)
is considered as an analogue of the bounded derived category of coherent sheaves on a smooth
proper algebraic variety.

It is known that the Berglund-Hiibsch transpose [BH93] for some polynomials with nice
properties induces the topological mirror symmetry which gives the systematic construction of
mirror pairs of Calabi—Yau manifolds. Therefore, we may expect that the topological mirror
symmetry can also be categorified to the following.
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CONJECTURE [Tak09, Takl10]. Let f(z,y,2) be an invertible polynomial (see §1 for the
definition).

(i) There should exist a quiver with relations (@, I') and triangulated equivalences
Dg! (Ry) =~ D¥(mod-CQ/I) ~ D'Fuk " (f*). (0.2)
(ii) There should exist a quiver with relations (@', I') and triangulated equivalences
D’coh(Cq,) ~ D" (mod-CQ’/I") ~ D*Fuk ™ (Ty, y.15), (0.3)

which should be compatible with the triangulated equivalence (0.2), where Cg ; 1s the weighted
projective line associated to the maximal abelian symmetry group Gy of f and 7%, ,, 4, is a ‘cusp
singularity’ (see §3).

There is much evidence of the above conjectures, which follows from related results by several
authors. Among them, the most important one in this paper is that one should be able to choose
as (Q', I') the quiver obtained by the graph T'(v1, 72, 73) in § 3 with a suitable orientation together
with two relations along the dotted edges. This leads us to our main theorem, the strange duality
for invertible polynomials.

THEOREM 13. Let f(x,y, z) be an invertible polynomial. The Dolgachev numbers (a1, ag, ag) for
G, the orders of isotropy of the weighted projective line Cg,, coincide with the Gabrielov num-
bers (71, Y2, v3) for f*, the index of the ‘cusp singularity’ T, -, ~, associated to f*(z,y, z) — zyz.

We give here an outline of the paper. Section 1 introduces the definition of invertible
polynomials and their maximal abelian symmetry groups. We also recall the Berglund—Hiibsch
transpose of invertible polynomials, which plays an essential role in this paper. In §2, we first
give the classification of invertible polynomials in three variables. Most of the results in this
paper rely on this classification of invertible polynomials and several data given explicitly by
them. The main purpose of this section is to define the Dolgachev numbers. We associate
to each pair of an invertible polynomial f and its maximal abelian symmetry group Gy a
quotient stack Cg,. We show in both a categorical way and a geometrical way that this quotient
stack is a weighted projective line with three isotropic points of orders a1, ao, az. The numbers
Ag ;= (a1, ag, a3) are our Dolgachev numbers. In § 3, we associate to an invertible polynomial
f(x,y, z) the Gabrielov numbers Iy := (71, 72, v3) by the ‘cusp singularity’ T, ,, 4, obtained as
the deformation of the polynomial f(z,y, z) — xyz. Note that the triple of Gabrielov numbers is
not an invariant of the singularity defined by f but an invariant of the polynomial f.

Section 4 gives the main theorem of this paper, a generalization of Arnold’s strange duality
between the 14 exceptional unimodal singularities. We show that Ag, =T'y: and Agft =TI for
all invertible polynomials f(z,y, z). This means that strange duality is one aspect of a mirror
symmetry among the isolated hypersurface singularities with good group actions. Therefore, it
is now a ‘charm’ duality and no more a ‘strange’ duality.

In §5, we collect some additional features of the duality. We show the coincidence of certain
invariants for dual invertible polynomials. An additional feature of Arnold’s strange duality is
a duality between the characteristic polynomials of the Milnor monodromy discovered by Saito.
Moreover, the first author observed a relation of these polynomials with the Poincaré series of
the coordinate rings. We discuss to which extent these facts continue to hold for our duality.

In §6, we show how our results fit into the classification of singularities. We recover
Arnold’s strange duality between the 14 exceptional unimodal singularities. We obtain a new
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strange duality embracing the 14 exceptional bimodal singularities and some other ones. Note
that this duality depends on the chosen invertible polynomials for the 14 exceptional bimodal
singularities. In [KPABRI10], a slightly different version of a duality for these singularities
is considered. Finally, we discuss how our Gabrielov numbers are related to Coxeter—Dynkin
diagrams of the singularities.

1. Invertible polynomials

Let f(x1,...,x,) be a weighted homogeneous complex polynomial. This means that there are
positive integers w1, . . . , wy, and d such that f(A%1zq, ..., \¥x,) = X f(z1,...,z,) for A € C*.
We call (wy, ..., wy;d) a system of weights. If ged(wy, . .., wy,d) =1, then a system of weights

is called reduced. A system of weights which is not reduced is called non-reduced. We shall also
consider non-reduced systems of weights in this paper.

DEFINITION. A weighted homogeneous polynomial f(z1,...,z,) is called invertible if the
following conditions are satisfied:

(i) the number of variables (=n) coincides with the number of monomials in the polynomial

f(xl’ s 7xn)a nam61Ya
n n E
f(xl,...,xn):Zai Ha;j”
i=1  j=1
for some coefficients a; € C* and non-negative integers E;; for 7,7 =1, ..., n;
(ii) a system of weights (wi,...,wy,;d) can be uniquely determined by the polynomial
f(x1,...,x,) up to a constant factor ged(ws, ..., wy,; d), namely, the matrix E := (E;;)

is invertible over Q;

(iii) f(z1,...,r,) and the Berglund—Hiibsch transpose f'(x1, ..., zy,) of f(z1,...,x,) defined
by

n n

E..

fizy, ..., xp) ::Zai H azj”
=1  j=1

have singularities only at the origin 0 € C™ which are isolated. Equivalently, the Jacobian
rings Jac(f) of f and Jac(f?) of f! defined by

Jac(f) = Clan, .. .,m/(af . af>,

oz’ Oz,
aft aft
Jac(f?) ::C[wl,...,xn]/<8;,...,8£>

are both finite-dimensional algebras over C and dimg¢ Jac(f), dim¢ Jac(f?) > 1.

Polynomials with these properties have extensively been studied for a long time since the
early stage of the mirror symmetry. They are applied to give a lot of topological mirror pairs of
Calabi—Yau manifolds. The name invertible polynomial was introduced by Kreuzer [Kre94].

DEFINITION. Let f(21,...,2n) =L, a; [T, xf” be an invertible polynomial. The canonical
system of weights Wy is the system of weights (w1, ..., wy;d) given by the unique solution of
1415
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the equation

w1 1
El @ | =det(E)| |, d:=det(E).
W, 1
Remark 1. It follows from Cramer’s rule that wq, ..., w, are positive integers. Note that the

canonical system of weights is in general non-reduced.

DEFINITION. Let f(x1,...,2,) be an invertible polynomial and Wy = (wi,...,w,;d) the
canonical system of weights attached to f. Define

cp = ged(wi, ..., wp, d).
DEFINITION. Let f(z1,...,2n) =11 a; [[7_, .%‘JE” be an invertible polynomial. Consider the

free abelian group ;" | Z7; & Z f generated by the symbols Z; for the variables x; fori =1,...,n

and the symbol f for the polynomial f. The maximal grading L of the invertible polynomial f
is the abelian group defined by the quotient

n
Lyj:= @ 7z, ® Lf /Iy,
=1

where Iy is the subgroup generated by the elements
n
f_ZEijij izl,...,n.
j=1

Note that L; is an abelian group of rank one which is not necessarily free.

DEFINITION. Let f(z1,...,xy,) be an invertible polynomial and Ly the maximal grading of f.
The mazimal abelian symmetry group Gy of f is the abelian group defined by

G :=Spec(CLy),
where CL; denotes the group ring of Ly. Equivalently,

J=1 j=1

Note that the polynomial f is homogeneous with respect to the natural action of Gy on the
variables. Namely, we have

f(Al.’L'l, ey )\nl'n) = )\f(ml, ey :cn)

for (A1, ..., An) € Gy, where A:= [0, A7V = =[]0y A",

2. Dolgachev numbers for pairs (f, Gy)

In this paper, we shall only consider invertible polynomials in three variables. We have the
following classification result (see [AGVS85, 13.2]).

PROPOSITION 2. Let f(x,y, z) be an invertible polynomial in three variables. Then, by a suitable
rescaling of variables, f becomes one of the five types in Table 1.
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TABLE 1. Invertible polynomials in three variables.

Type Class f ft
1 I Pl + yp2 + ZP3 xP1 + yp2 + 2P3
(p1, P2, P3 € Z>2) (p1, P2, P3 € Z>2)
I I aPL 4 yP2 4 yzP/P2 aPL 4 yP2z 4 oP3/P2
P3 p3
<P1,p2, — € Z>2> (plaan — € Z>2>
p2 D2
111 v aPl 4 zytetl g paatl aPt 4 zytetl g patl
(P1 € Z>2, q2,q3 € Z>1) (P1 € Z>2, q2,q3 € Z>1)
v AV ZPt 4 gyP2/PL 4 gy 2P3/P2 xPly + yP2/P1y 4 oP3/P2
(phngZﬂ,m €Z>1> <291,p3 €Z>27PQGZ>1)
b2 4! P2 p1
\Y% VII zly +yPz + 2B 2t 4 xy® 4 y2 B
(q1,92, g3 € Z>1) (a1, 92, 93 € Z>1)

TABLE 2. Dolgachev numbers for pairs (f, G ).

Type f(z,y, 2) (a1, o2, 03)

I TPl 4 P2 4 P3 (p1, P2, P3)

II Pt 4 P2 4 yzPe/P2 (pl, % (o2 - 1)1?1)

D2
I 2Pt + 2y Tl 4 gpstl (p1; P1G25 P1G3)
IV aPL 4 gyP2/P1 4 gy zPs/P2 <p37 (p1 — 1)@’ po —p1 + 1>
b2 D2
\Y Py +yPz+ 28z (3 —a+1,aa—a+1,q¢g0—q¢p+1)

In Table 1, we follow the notation in [Sai98]. Note that the classes in [AGVS85] differ from
our types; the equivalence is given in Table 1.

We can naturally associate to an invertible polynomial f(x,y, z) the following quotient stack:

-1
Ca, = (£ 0)\{0}/Gy]. (2.1)
Since f has an isolated singularity only at the origin 0 € C? and G ¢ is an extension of a one-
dimensional torus C* by a finite abelian group, the stack Cg, is a Deligne-Mumford stack and
may be regarded as a smooth projective curve with a finite number of isotropic points on it.
Moreover, we have the following.

THEOREM 3. Let f(x,y,2) be an invertible polynomial. The quotient stack Cq, is a smooth
projective line P' with at most three isotropic points of orders oy, o, a3 given in Table 2, where
the number of isotropic points is the number of © with «; > 2.

DEFINITION. The numbers (a1, ag, ag) in Theorem 3 are called the Dolgachev numbers of the
pair (f, Gy) and the tuple is denoted by Ag,.
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TABLE 3. The images of the generators in R Ag, -

Type f(z,y, 2) T Yy z
1 Pl + yPQ + 2zP3 Xl X2 XS
11 ZPt 4 yP2 | gy 2P3/P2 X1 X3 X X

111 Pl + zyetl st X X X X5 x5
IV Pt 4 aype/o gzl XX, XD XX
v oy +y2z 4 28 Xo X XsXP X XJ

Proof of Theorem 3. There are two ways to prove the statement. One is categorical and the
other is geometrical.

First, we give a proof by the use of abelian categories of coherent sheaves, which is already
announced in some places (see [Tak09, Proposition 30] for example). It is almost the same
proof given in [Takl0, Theorem 5.1], where the case L; ~Z is considered. Following Geigle-
Lenzing [GL87], to a tuple of numbers Ag, = (a1, ag, a3) one can associate the ring

RAGf = (C[Xl, Xo, Xg]/(Xlal —|—X§2 —I—X;S).

Since R A, is graded with respect to an abelian group
3
Lag, = P zXi/ (X — a;jX;;1<i<j<3),
=1

one can consider the quotient stack
Cas, = [Spec(Rag, \{0}/Spec(CLa, )]

The quotient stack C A, is a Deligne-Mumford stack which may also be regarded as a smooth

projective line P! with at most three isotropic points of orders ai, s, as. It is easy to see this
since R4, contains the ring C[X{", X5?] as a subring,

Now, the statement of Theorem 3 follows from the following (see also [Tak10, Theorem 5.1]).

PROPOSITION 4. The Ly-graded ring Ry := Clz,y, 2]/(f) can be naturally embedded into the
L A, -graded ring R Ag, - This embedding induces an equivalence of abelian categories:

L L
mod?s-R /tor’ -R; ~mod ¢ -Rag, [tor ] -Rag, - (2.2)
In other words, there is an equivalence of abelian categories:

coh(Cg, ) =~ coh(CAGf). (2.3)

Proof. The proof is the same as the one in [GL87, Tak10] except for the definition of the map
Ry — RAcf given by Table 3. O

Next, we give another proof which is more geometric.

LEMMA 5. The genus of the underlying smooth projective curve Cg, of the stack Cq, Is zero.
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Proof. We shall calculate the dimension of the space of holomorphic 1-forms on the curve Cg;,.
Recall that any holomorphic 1-form on the curve Cg;, is of the following form:

wix dy A dz — woy dx A dz + wsz dx A dy
w(g) ::g(xa Y, Z) df )

where g(x,y, z) is a weighted homogeneous representative of an element in the Jacobian ring
Jac(f). Note also that w(g) must be G y-invariant. By a case by case study based on Table 1, we
can show that g(z, y, z) =0 in Jac(f). O

Remark 6. The above proof is a generalization of the one in [Sai87, Theorem 3].

LEMMA 7. On the underlying smooth projective curve Cg, of the stack Cq,, there exist at most
three isotropic points of orders «q, s, ag given in Table 2.

Proof. Since each element (A1, A2, A3) € G acts on C3 diagonally:
('Ia Y, Z) = ()\11‘, )‘an )‘32)7

any isotropic point must be contained in the subvariety {zyz =0} C Cq ;- By a case by case
study based on Table 1, we first see that there are at most three isotropic points. Then, by
considering the equation

3 3 3
[Ty =115 =11%
j=1 j=1 i=1

at each isotropic point, we can show that the isotropy group is a cyclic group. The triple of
orders of these isotropy groups coincides with the one in Table 2. O

One sees that Theorem 3 now follows from the above Lemmas 5 and 7. d

3. Gabrielov numbers for f(z,y, z)

DEFINITION. The polynomial
2+ y7? 4+ 2" + axyz for some a # 0
is called a polynomial of type T, , vs-
DEFINITION. For a triple (a, b, ¢) of positive integers, we define
Al(a, b, c) := abc — bc — ac — ab.
Remark 8. If

A(’Ylv Y2, 73) > 07
then a polynomial of type T, -, 4, defines a cusp singularity of this type. We do not assume this
condition here.

Remark 9. A Coxeter-Dynkin diagram of a polynomial of type T’,, ., ~, is the numbered graph
encoding an intersection matrix of a distinguished basis of vanishing cycles. For A(~v1, 2, v3) = 0,
this is obtained from a morsification of the germ at 0. For A(y1,v2,7v3) <0, we consider a
morsification of the polynomial, i.e. we also take the other singularities outside of 0 into account.

A polynomial of type T, ~,, has a Coxeter-Dynkin diagram of type T'(y1, 72, 7v3) (see
Figure 1) (for A(vy1,7v2,73) <0, see [Tak09]). It corresponds to the matrix A = (a;;) defined
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Mt vty -1
[ ]

AR

° ° ° ° °
71 + ’72 + 73 -2
L Nt Y2 / Nt tr-3 ntrn-l
[}
/ e
[
1
FIGURE 1. The graph T'(v1, 72, 73)-
by a;; = —2, a;; = 0 if the vertices o; and e; are not connected, and
aij:1<:>°z‘ ®;, aij:—2<:>.i=::.j-

The number (—1)71F72+%=2A (v, 49, 73) is the discriminant of the symmetric bilinear form
defined by the matrix A’ (i.e. the determinant of A’), where A’ is the intersection
matrix of the diagram obtained from T'(v1,y2,73) by deleting the last (y1 + 72 +v3 — 1)th
vertex.

THEOREM 10. Let f(z,y,z) be an invertible polynomial. We associate to f the numbers
Y1, Y2, v3 according to Table 4.

(i) If A(y1,72,73) <0, then, by a polynomial change of coordinates, the polynomial
f(x,y, z) — xyz becomes a deformation of a polynomial of type T, ., ~, of the following form:

mn—1 v2—1 v3—1
o+ oy 42— xyz + Z a; "t + Z by’ + Z a +e,  a;, bj, ek, c € C.
i=1 j=1 k=1

(i) If A(v1,72,73) =0, then the polynomial f(x,y, z)+ axyz for some a € C* becomes a
polynomial of type T, ~, ~, by a suitable holomorphic change of coordinates at 0 € C3.

(iii) If A(~1,vy2,73) > 0, then the polynomial f(x,y, z) — xyz becomes a polynomial of type
Ty, ~245 by a suitable holomorphic change of coordinates at 0 € C3.

DEFINITION. The numbers (71, 72, ¥3) in Theorem 10 are called the Gabrielov numbers of f and
the tuple is denoted by I';.

Proof of Theorem 10. (i) The classification of invertible polynomials with A(I'f) <0 is given in
Table 5.

r

Let f(z,y,2):=f(x,y,2) —zyz. If a monomial of type xixj((ajl, x9, x3) = (2, Y, 2),
i#j,r>1) occurs in f(z,y, z), then, after the polynomial coordinate change zy +— xj + xg_l

({7, 4, k} ={1, 2,3}), this is eliminated in f(z,y, z), but new monomials of mixed type (i.e.
involving at least two variables) might be introduced. In each of the cases of Table 5, one
can find a sequence of such transformations such that all mixed monomials are eliminated and
f(z,y, z) will be of the desired form.
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TABLE 4. Gabrielov numbers for f.

Type f(z,y,2) (71,72, 73)
I TPl 4 P2 4 P3 (p1, P2, P3)
II Pt 4 yP2 4 yzPa/P2 <p1,p2, (g;’ - 1>p1>
I Pt 4 gy Fh 4 gypB3tl (p1, P1G2, P143)
IV Pt 4 gyP2/P1 4 gyzPs/P2 <p1’ <p3 — 1)p1, p3 _p3 + 1)
p2 p1 D2
\ ey +y2z+ 2Pz (pa-—e+lea-—@a+lae—qa+l)
TABLE 5. The cases A(7y1, 72, v3) < 0.
Type f(z,y,2) a1, g, a3 Y1, 72,73 Singularity
I 224y +2F k=2 2,2,k 2,2,k Ay
2 43 4 23 2,3,3 2,3,3 Dy
2?48+ 24 2,34 2,34 FEg
243+ 20 2,35 2,35 Fyg
II 2?4y Fyk k=2 2, k, 2 2,2,2(k —1) Aojq
2y dy k>2  2,2,2(k—1) 2, k,2 D1 (D3 = A3)
3+ +y2? 3,2,3 3,2,3 Eg
2+ oy 2,3, 4 2,34 Er
I 2?4 2> + gyt k>1 2,2, 2k 2,2, 2k Dojio
IV o ey +yF k=2 k(0-Dk 1 1 (E-1),1 A1
2 +ayt oy k=2 2,2,2k—1 2,22k —1 Doji1
A% zy+yFz+ e kl>1 kl—14+1,0,1 kl—k+1,1,k Ay

We indicate an example of such a sequence of coordinate transformations. Let f(x,y, z) =

2+ y3 + yz3, flz,y,2) = % + y3 + yz3 — zyz. By the coordinate transformation
(x,y,2) = (x + 2%, y, 2),
f(x, Yy, z) is transformed to
fl(:n, y, 2) =a% 4+ 222 + 24 + 97 — xyz.
The coordinate change

(z,y,2)— (x+ 6y + 122,y + 22, 2)

1421

https://doi.org/10.1112/50010437X11005288 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X11005288

W. EBELING AND A. TAKAHASHI

TABLE 6. The cases A(7y1, 72, 73) = 0.

Type f(x,y,2) a1, 2,03 Y1,72,73  Singularity

I 22 4 3 + 26 2,3,6 2,3,6 Eq
22+ yt 4 22 2,4, 4 2,4, 4 E;

23 43 + 28 3,3,3 3,3,3 Eg

11 22+ 3+ y2t 2,4, 4 2,3,6 Es
22+ oyt 4y 2,3,6 2,4,4 E7
%+ y2? 4,2,4 4,2, 4 E,

3y 4y 3,3,3 3,2,6 Fy

23 43 4 y2? 3,2,6 3,3,3 Eg

111 2+ 23 4y 2,4,4 2,4,4 E7
23+ 2y 4 y22 3,3,3 3,3,3 Eg

IV 22+ x4y 3,33 2,4, 4 E;
B +ay+y2 2,44 3,3,3 Eg

Vo 2y +y2z+ 22z 3,3,3 3,3,3 Es

yields
fg(x, y, 2) =22 + > + 2t + 82° 4 14422 + 36y% + 122y + 24xz + 144yz — 2y2.
Finally, the transformation
(x,y,2) = (x + 144,y + 24, 2 + 12)
gives the final form

fa(z,y, 2) = 2® + y° + 2* — zyz + 576z + 108y> + 5184y + 562° + 129622 + 17280z + 193536.

(i) The cases with A(~v1, 72, v3) = 0 are listed in Table 6. The statement follows from Arnold’s
determinator of singularities [AGV85, 16.2].

(iii) First, suppose that
fe,y,z) =2+ ['(y, 2).
The substitution x — x + %yz transforms the polynomial f(z,y, z) — xyz to
2 + 'y, 2) — %y222.
Since A(7y1, 2, 73) > 0, [AGV85, 16.2, Theorems 3-5] imply that the 3-jet of f’ is either:
(1) 3*f'(y, 2) =y’ or
(2) 5°f'(y. 2) =0.
In case (1), [AGV85, 16.2, Theorem 125] implies that the polynomial f(x,y, z) — zyz becomes

a polynomial of type T3, (73>7) after a suitable holomorphic change of coordinates
at 0 € C3.
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In case (2), let fy be the 4-jet of f'(y, z) — in,zQ. According to [AGV85, 16.2, Theorem 13], by
a suitable holomorphic coordinate change, one can assume that we have the following possibilities
for fo:

(2a) foly, 2) =y* — y?2%
(2b) foly, z) = —y*2*.
Now let f be of corank 3 and let fy be the 3-jet of f(x,y, z) — xyz. According to [AGV85,

16.2, Theorem 50], by a suitable holomorphic coordinate change, one can assume that fy is one
of the following three polynomials

(3a) fo(z,y, 2) =2 +y° — zyz;
(3b) folz,y, 2) =a® — zyz;
(30) fO(xa Y, Z) = —TYz.

Now by the assumption A(71,y2,y3) > 0, in the cases (2) and (3), f(x,y, z) — zyz is of the
form fy + fi, where fi has terms of degree greater than the degree of the homogeneous polyno-
mial fy. According to [Arn74, Lemma 7.3], by a transformation similar to the transformations
in (i), one can get rid of the monomials of lowest degree involving more than one variable
by possibly introducing new such monomials, but of higher degree. The monomials which are

powers of a variable of lowest degree are not changed. The statement now follows by an iterated

application of [Arn74, Lemma 7.3]. In case (2), one has to go back from z? — %yzz2 +--- to

x? — xyz + - - - via the coordinate change = +— x — %yz, O

COROLLARY 11. Let f(x,y,z) be an invertible polynomial with Gabrielov numbers I'y =
(717 72, 73)

(i) If A(T'y) <0, then the Milnor fiber of f (i.e. the level set f(x,y, z) =1) can be deformed
to an open submanifold of the Milnor fiber of a polynomial of type T, ., -

(ii) If A(T'f) > 0, then the singularity given by f(z,y, z) = 0 deforms to a cusp singularity of
type 1oy 72,73+

If a singularity f deforms to a singularity g, then a Coxeter-Dynkin diagram of g can be
extended to a Coxeter—Dynkin diagram of f. Therefore, we obtain the following corollary.

COROLLARY 12. Let f(x,y,z) be an invertible polynomial with Gabrielov numbers T'y =
(717 Y2, 73)

(i) If A(T'f) <0, then a Coxeter-Dynkin diagram of f is contained in the graph of type
T(v1, Y2, v3). More precisely, a Coxeter—Dynkin diagram of f is one of the standard Coxeter—

Dynkin diagrams of types A, D,, Egs, E7 or Eg and the graph T(v1,v2,73) Is an extension of
this diagram. The precise relation is given in Table 5.

(i) If A(T'y) =0, then the graph T'(vy1,y2,73) is a Coxeter-Dynkin diagram of f.
(iii) If A(T'y) > 0, then the graph of type T'(v1,v2,73) can be extended to a Coxeter-Dynkin
diagram of f.

Moreover, Corollary 11 gives us a relation (a semi-orthogonal decomposition theorem)
between the Fukaya categories D?Fuk~(f) and D’Fuk ™ (T}, ~,.+5), Which is mirror dual to the
one proven by Orlov [Orl09].
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4. Strange duality
Now we are ready to state our main theorem in this paper.
THEOREM 13. Let f(x,y, z) be an invertible polynomial. Then we have
Ag, =Ty, Agft =Ty (4.1)

Namely, the Dolgachev numbers A¢, for the pair (f, G¢) coincide with the Gabrielov numbers
[y for the Berglund—Hiibsch transpose ft of f, and the Dolgachev numbers Agft for the pair

(f*, Gt) coincide with the Gabrielov numbers I'y for f.
Proof. This can be easily checked by Tables 1, 2 and 4. See Table 7. O

It is convenient in the next section to introduce the following.

DEFINITION. Let X and Y be weighted homogeneous isolated hypersurface singularities of
dimension two. If there exists an invertible polynomial f(z,y,z) such that f represents the
singularity X and f! represents the singularity Y, then Y is called f-dual to X.

Note that Y is f-dual to X if and only if X is f’-dual to Y.

DEFINITION. Let X be a weighted homogeneous isolated hypersurface singularity of dimension
two. The singularity X is called f-self dual if X is f-dual to X.

If the invertible polynomial f is clear from the context, we shall often say ‘dual’ instead of
‘f-dual’ for simplicity.
5. Additional features of the duality
THEOREM 14. Let f(z,y, z) be an invertible polynomial. Then we have
A(Ag,) = A(Agft). (5.1)
Proof. This can be easily shown by direct calculation based on Table 7. O

Remark 15. The rational number

/1 LS|
Xa, ::2+Z<ai—1>=zai—1

i=1 i=1

is called the orbifold Euler number of the stack CAcf = Cg,- Note that A(Ag,) = —a1a203 - XG,-

PROPOSITION 16. Let f(z,y,z) be an invertible polynomial. The canonical system of weights
Wy = (w1, wa, ws; d) is as given in Table 8.

Proof. One can easily show this by direct calculation. a

PROPOSITION 17. If the canonical system of weights (w1, wa, w3; d) is reduced, then Gy ~ C*,
where C* is the group acting on C3 by the weights w1, wa, w3.

Proof. We shall prove the statement by showing for a canonical system of weights which may
not be reduced that Ly is an extension of Z by a finite abelian group of order cy. It is easy
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TABLE 7. Strange duality.

Type Ag, = (a1, a0, a3) =T'gs Ly = (7,72 7) =Ac,,
I (p1, P2, P3) (p1, P2, p3)
D D
II <p17 737 (p2 - 1)p1> (p17p27 <3 - 1>p1)
D2 P2
I (p1, P142, P1G3) (1, P192, P193)
v (mu(pl_l)map2_pl+1) <p17 (p?)_]-)plvpg_p?)"‘l)
D2 b2 D2 b1 D2

v (e -—a+l,gn—a+lLae—¢+1) (e—e+1Laa—g+1qae—qg+1)

TABLE 8. Canonical system of weights attached to f.

Type Wi = (w1, wa, ws; d)
I (p2p3, P3P1, P1P2; P1P2P3)
p1p3
II <p3, —, (p2 — Dp1; P1p3>
b2
I (p2, P143, P192; p1p2)
(p2+1=(g2+1)(g3+1))
b3 p3
vV <,(p1—1),p2—p1+1;p3>
b1 D2

V  (ea-a+1l,aa—-—a+1,¢a0—q¢+1; ¢ +1)

to see that the homomorphism deg: Ly — Z of abelian groups defined by sending &; — w;/cy,
i =1, 2, 3, is surjective. By the following commutative diagram of abelian groups:

0 0
Ker(deg) =—— Ker(deg)
0 Zf Ly Ly)Zf —=0
deg deg
0 iZ 7 Z iZ —0
Cr cr
0 0
one sees that the kernel of the map deg is a finite abelian group of order ¢y since the abelian
group Ly/Zf is a finite group of order d. O
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TABLE 9. Canonical system of weights attached to f*.

Type W = (w1, wa, w3; d)
I (p2p3, P3P1, P1P2; P1P2P3)
b3
11 (pg, < - 1)1?17]01])2;1?1193)
b2
II1 (P2, P1G3, P1q2; P1P2)
(P2 +1=(q2+1)(g3 + 1))
p3  DP3 D3
v <+17 <1)p17P2;p3>
b1 D2 D2

V (ea-—e+l,aga—-ag+1,a¢—qa+1; g0 +1)

DEFINITION. Let f(z,vy, z) be a weighted homogeneous polynomial and W := (w1, we, ws; d) a
system of weights attached to f. The integer

aw :=d — wy — wy — w3
is called the Gorenstein parameter of W.
Remark 18. The Gorenstein parameter ap is denoted by —ep in [Sai98].

Remark 19. Note that the integer A(Ag,) can also be regarded as the Gorenstein parameter
of the Z-graded ring Rag, = C[X1, Xo, X3]/(XT" + X5% 4+ X5®) with respect to the system of
weights (aaas, asar, arag; ajasag) attached to the polynomial X7 + X572 + X5,

THEOREM 20. Let f(x,y,z) be an invertible polynomial. Let Wy and Wy be the canonical
systems of weights attached to f and ft. Then we have

an = ant. (5.2)

Proof. One can easily show this by direct calculation based on Tables 8 and 9. O

For an invertible polynomial f(x,y, 2), the ring Ry := Clx, y, 2]/(f) is a Z-graded ring with
respect to the canonical system of weights (wy, wsa, ws;d) attached to f. Therefore, we can
consider the decomposition of Ry as a Z-graded C-vector space:

dg dg dg
= = —_— —_— _—= kj .
Ry kg? Rirx, Ry {g € Ry ‘ wlxax + wgyay + wgzaz g
>0

DEFINITION. Let f(z,y, z) be an invertible polynomial. The formal power series

pr(t) ==Y (dimg Ry p)t* (5.3)
k>0

is called the Poincaré series of the Z-graded coordinate ring R; with respect to the canonical
system of weights (w;, we, ws; d) attached to f.
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TABLE 10. Characteristic function é¢,(t).

Type Cbe (t)
I p1 - D2 - p3 - pipep3/1 - paps - pap1 - p1p2

p3 pip3
II p1-— -pip3/l-p3-—
D2 D2
11 p1-pip2/1 - p2
v D3 s B3
b2 b1
\4 Q1q2q3 +1/1

It is easy to see that for an invertible polynomial f(x,y, z) with canonical system of weights
(w1, wa, w3; d), the Poincaré series pg(t) is given by
(1— )
1 —twr)(1 —tw2)(1 — tws)

ps(t) = (

and defines a rational function.
In order to simplify some notation, we shall denote the rational function of the form

[12,(1—t)
M .
Hmzl(l - t]m)
by
G1-dg- oee -ip/diodac e -
For example, the Poincaré series p¢(t) is denoted by d/wy - wo - ws.
DEFINITION. Let f(x,y, z) be an invertible polynomial. Let ps(t) be the Poincaré series of the

Z-graded coordinate ring R; with respect to the canonical system of weights attached to f and
Ag, = (a1, az, ag) the Dolgachev numbers of the pair (f, Gy). The rational function

3

dc, (t) =ps0)(1 =) ]|
i=1

1 —t%
1—-t¢

is called the characteristic function of f. The functions ¢¢,(t) are listed in Table 10.

Here we recall the notion of Saito’s x-duality (see [Sai98]).
DEFINITION. Let d be a positive integer and ¢(t) a rational function of the form
o) =T[(1 - #¢0, el ez
ild

The Saito dual ¢*(t) of ¢(t) is the rational function given by

o) =[x - #/)=0.

ild

One easily sees that (¢*)*(t) = ¢(t).
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The characteristic function ¢¢,(¢) may not be a polynomial in general for an invertible
polynomial f of type I and type II; however, by [Ebe02, Theorem 1], we have the following.

THEOREM 21. Let f(z,y,z) be an invertible polynomial whose canonical system of weights
(w1, w2, ws; d) is reduced. Then the characteristic function ¢, (t) is a polynomial. Moreover, its
Saito dual qb*Gf (t) is the characteristic polynomial of the Milnor monodromy of the singularity f.

Here we use a normalized version of the characteristic polynomial. If 7 denotes the Milnor
monodromy of the singularity f, then its characteristic polynomial is

®y(t) :=det(l — 771¢).

Even if f(z,y, z) is an invertible polynomial whose canonical system of weights (w1, wa, ws; d)
is reduced, the canonical system of weights of its transpose f! may not be reduced.

We have the following property of our characteristic functions.

THEOREM 22. Let f(x,y, z) be an invertible polynomial. Then we have the Saito duality
8%, (1) = ba,, (1)

In particular, if the canonical system of weights attached to f is reduced, then the polynomial
olel (t) is the characteristic polynomial of an operator T such that 7°/* is the monodromy of the
singularity f*.

Proof. One can easily check the first statement by direct calculations.

The characteristic polynomials of the monodromy of f! can be computed using Varchenko’s
method [Var76]. They are listed in Table 11. In order to prove the second statement, assume
that the canonical system of weights attached to f is reduced. If the canonical system of weights
attached to f? is also reduced, then the second statement follows from Theorem 21. Otherwise,
let ¢ = cyi. The case that ¢>1 can only occur for types II (with ¢; =c and ¢z =1), IV or V.
Let ¢ :=e%™/¢ be a primitive cth root of unity. There is the following relation between the
characteristic polynomial of an operator 7 and that of the operator 7¢:

c—1
det(1 —77°) = H det(1 — 771¢%).
i=0
Using this relation and Table 11, one can easily show the second statement for the remaining
cases. a

Remark 23. Theorem 22 is already shown in [Tak99] for the special case when both the canonical
systems of weights for f and f* are reduced.

6. Examples: Coxeter—Dynkin diagrams

We now show how the weighted homogeneous singularities of Arnold’s classification of
singularities fit into our scheme.

DEFINITION. Let f(z,y,x) be an invertible polynomial whose canonical system of weights is
reduced, aq, az, ag be the Dolgachev numbers of f and aw, be the Gorenstein parameter of W.
We define positive integers §;, 0 < §; < «;, by

Biaw, =1 mod «;, i=1,2,3.

The numbers (a1, 1), (a2, 52), (a3, B3) are called the orbit invariants of f.
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TABLE 11. Characteristic polynomial of the monodromy of f*.

Type D re(t)
c c1 c2 Cc3
p1P2pP3 DP2p3 p3p1 pip2
Lo (P2 (22 (22) (22)
& Cc1 Co Cc3
c1 = ged(pa, p3), ca = ged(p1, p3), c3 = ged(p1, p2)
P3 <p1p3 >C / <p3 )Cl <p1p3 >02
pp = [ 222 1. (2] (2
P2 c 1 pac2
c1 = ged <102, b5 _ 1> , c2 = ged <p1, pg)
b2 b2
pip2 \° 2\
11 - 1 (P2
C C1

c1 = ged(qo, g3)
c c1
v () /()
b2 c pi1c1

cl:gcd<m7m_1>
1 C
v (W) /1
C

Remark 24. Since the weight system is assumed to be reduced, Gy = C* and we have the usual
C*-action. The numbers (aq, 1), (a2, B2), (a3, F3) are just the usual orbit invariants of the
C*-action (see [Dol83]).

1

—

We now consider the classification of the singularities defined by invertible polynomials
according to the Gorenstein parameter ayy,.

The invertible polynomials f(z,y, z) with aw, <0 define the simple singularities. These
invertible polynomials together with the corresponding Dolgachev and Gabrielov numbers have
already been given in Table 5.

The invertible polynomials f(z,y, z) with aw, =0 define the simply elliptic singularities.
They have already been exhibited in Table 6. The corresponding canonical weight systems are
not reduced.

Now we consider invertible polynomials f(z,y, ) with aw, > 0. In Table 12, we have chosen
some invertible polynomials for the exceptional unimodal singularities. We obtain Arnold’s
strange duality. Here the weight systems are all reduced and we have aw, =1. We obtain
a Coxeter-Dynkin diagram for f by adding one new vertex to the graph T'(vyi,v2,73) (see
Figure 1) and connecting it to the upper central vertex (with index 1 + 2 + 3 — 1) by a solid
edge. Therefore, our Gabrielov numbers coincide with the numbers defined by Gabrielov in this
case.

Now we consider the exceptional bimodal singularities (Table 13). They can all be given
by invertible polynomials with a reduced weight system. We see that we also obtain a strange
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TABLE 12. Arnold’s strange duality.

Name a1, ag, o3 f ft 71, 72,7v3 Dual

FEio 2,3, 7 2?43 4 27 2?43 4 27 2,3, 7 FEqo
FEi3 2,4,5 2+ % 4+ y2d 2 + 2% + 2° 2,3,8 Z11
FE14 3,3,4 3 + y2 + yz4 3+ zy2 + 24 2,3,9 Q10
Z19 2,4,6 22+ zy3 + yz4 2+ zy3 + yz4 2,4,6 Z19
VAR 3,3,6 2P+ayt+yd 2y+yiz+2 0 2,47 Qu
Q12 3,3,6 w342 4yt 23+ oy 3,3,6 Q12
Wia 2,5,5 25+ y? + y2? 0 42z + 22 2,5,5 Wi
Wis 3,4,4 2?2+ oy +yzt 2Py + P+ 2t 2,5,6 Si1
S 3,4,5 2y +y’e+ 220 zad 4 ay? +y2? 3,4,5 S
Uia 4,4, 4 xt + zy2 + y22 xt + zy2 + yz2 4,44 Uia

TABLE 13. Strange duality of the exceptional bimodal singularities.

Name a7, ao, as f ft 1,772,773 Dual

Eig 3,3,5 3+ 2 +yd 2 +y’z 4 20 2,3,12 Qi
FEig 2,4,7 2?4+ 3 oy’ 2?4y 42T 2,312 Zig
Ey 2,3,11 x? 8+ 2 x? 3 4 2 2,3,11  Eo
Z17 3,3,7 2?2+ ayt +y2 2Py +yta+ B 2,4,10 Q290
Z18 2,4,10 22+ 2P +y2b 2?4 2y 4 yS 2,4,10 Z18
Zig 2,3,16 22 +y? +y23 22+ 02+ 23 2,4,9  Eos
Q16 3,3,9 2+ 2y + oyt 24 2y 4yt 3,3,9 Q16
Q17 2,4,13 2+ oy +y? By + Pz + 22 3,3,9 Z2 0
Q18 2,3,21 a3 + yS + y22 3+ y8z + 22 3,3,8 FEsg
Wiz 3,5,5 2?2+ ay? +yzd 2Py oyl 2,6,8 S10
Wis 2,7, 7 o’ 4y oy 2 4y + 22 2.7,7  Wis
S16 3,5,7 oty + P2+ 22 zat +ay? +yz 3,5, 7 S16
S17 2,7,10 20 +xy? +y2? Sy 4+ yPr 4+ 22 3,6,6 Xo0
Uis 5,5,5 2+ 2y +y2? 20 4 2y oy 5,9,5 Uis

N

duality involving the exceptional bimodal singularities and some other singularities which are
given by invertible polynomials with in general non-reduced weight systems (see Table 14).

We list the invariants (aq, 81), (a2, f2), (as, f3) in Table 14.

We now indicate Coxeter—Dynkin diagrams for the bimodal exceptional singularities.
Coxeter—Dynkin diagrams for these singularities were obtained in [Ebe83]. Let f be an
invertible polynomial defining an exceptional bimodal singularity with orbit invariants
(a1, 1), (a2, B2), (a3, P3) and Gabrielov numbers 71, y2, v3. We define numbers 41, d2, d3 by
Table 14. One can show that there exists a Coxeter—Dynkin diagram which is obtained by an
extension of a T'(7y1, 72, v3)-diagram by ayw, vertices in the following way:
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TABLE 14. Invariants of the singularities involved.

Name  (ay, 3i),i=1,2,3  aw, (7,6),i=1,2,3 ¢y py  Dual
Fhg (3,2),(3,2),(5,3) 2 (2,1),(3,2),(12,8) 2 12 Q12
Eg (2,1),(4,3),(7,5) 3 (2,1),(3,2),(12,9) 3 15 Zip
Eog (2,1),(3,2),(11,9) ) (2,1),(3,2),(11,9) 1 20  FEy
Z17 (3,2),(3,2),(7,4) 2 (2,1),(4,3),(10,6) 2 14 Q20
AL (2,1), (4,3),(10,7) 3 (2,1),(4,3),(10,7) 1 18 Zis
Z19 (2,1),(3,2), (16, 13) 5) (2,1),(4,3),(9,7) 1 25  FEaj
Q16 (37 2)a (3’ 2)’ (97 5) 2 (37 2)’ (3’ 2)7 (97 5) 1 16 Q16
Qi (2,1),(4,3),(13,9) 3 (3,2),(3,2),(9,6) 3 21 Zyy
Qs (2,1),(3,2),(21,17) ) (3,2),(3,2),(8,6) 1 30  Ejx
Wiz (3,2),(5,3),(5.3) 2 (2,1),(6,4),(8,5) 2 14 S
Wis  (2,1),(7,5),(7,5) 3 (2,1),(7,5),(7,5) 1 18 Wig
S16 (3,2),(5,3),(7,4) 2 (3,2),(5,3),(7,4) 1 16 Sis
S17 (2,1),(7,5),(10,7) 3 (3,2),(6,4),(6,4) 3 21 Xop
Uis (5,3), (5,3),(5,3) 2 (5,3), (5,3),(5,3) 1 16 U

— if aw, =2, then the diagram T'(y1, 72, 73) is extended by e;—e3, where e; is connected to
the upper central vertex and ey to the (7; — d; — 1)th vertex from the outside of the ith
arm, unless 6; =y, — 1 (i =1, 2, 3);

— if aw, = 3, then the diagram T (71, y2, 73) is extended by e;— e5 —e3, where o is connected
to the upper central vertex and e3 to the (y; — d; — 1)th vertex from the outside of the ith
arm, unless 6; =y, — 1 (i =1, 2, 3);

— if aw, =5, then the diagram T'(y1,72,73) is extended by e;— ey — e3— e, —e;, where
e, is connected to the upper central vertex and e3 to the (v; — J; — 1)th vertex from the
outside of the ith arm, unless 6; =, — 1 (i =1, 2, 3).

We now consider the characteristic functions ¢¢ ,(t) and ¢¢ st () in this case. They are listed
in Table 15. By Theorems 21 and 22, the characteristic function ¢¢ it (t) is the characteristic
polynomial of the Milnor monodromy of the singularity f. Moreover, the characteristic function
¢G, is the characteristic polynomial of an operator 7 such that 7¢* is the monodromy of the
singularity f°.

In Table 13, pairs (f, f*) with ¢y =1, ¢je > 1 only occur for types IT and IV. As already noted
in the proof of Theorem 22, such pairs can only exist for types II, IV or V. Here is an example
of such a pair for type V.

Ezample 25. Let f(z,y,2) =2?y+y>2+ 2%z with canonical system of weights W=
(9,7,4;25). Then f!(z, vy, 2) = z2® + x> + y2*, W = (10, 5, 5; 25). Here ¢y =1 but cpr = 5.

In Table 13, three of the six weighted homogeneous singularities of the bimodal series appear.
For completeness, we also indicate invertible polynomials for the remaining three in Table 16.
Here both canonical systems of weights are non-reduced. In the case J3 0, ¢G, (t) is a polynomial,
but not the characteristic polynomial of an operator 7 such that 7°/* is the monodromy of Z;3. In
this case, ¢, () is not a polynomial. In the remaining cases, ¢q (t) = G, (t) is not a polynomial.
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TABLE 15. Polynomials ¢¢, and ¢Gft-

Name ler lole] st Dual
Fig 3-5-30/1-10-15 2-3-30/1-10-6 Q12
Eqg 2.7-42/1-14-21 2.3-42/1-6-21 Z10
Fyp 2-3-11-66/1-6-22-33 2-3-11-66/1-6-22-33 FEa
Zi7 3-24/1-12 2.24/1-8 Q2.0
Z18 2-34/1-17 2-34/1-17 Z18
Z19 2-3-54/1-6-27 2-3-54/1-6-27 FEss
Q16 3.21/1-7 3-21/1-7 Q16
Q17 2-30/1-10 3-30/1-15 Zs
Q18 2-3-48/1-6-16 2.3-48/1-6-16 Es
Wiz 5-20/1-10 2-20/1-4 Sio
Wis 2.7-28/1-4-14 2.7-28/1-4-14 Wis
516 17/1 17/1 Sl6
Sz 2-24/1-4 6-24/1-12 Xo0
Use 5-15/1-3 5-15/1-3 Uss

TABLE 16. Bimodal series.

Name o, a2, a3 f f! 7, 72,73 Dual
J3.0 2,46 22+ +yS 222425 2,310 Zi3

2,6,6 2+ % +y2? 2 yPr + 22 2,6,6
Ui 3,3,6 2y +yd B2+ 3,3,6 Uio
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