A SUMMATION FORMULA INVOLVING o(7), £ > 1
C. NASIM

1. Introduction. The existence of certain formulae analogous to Poisson’s
summation formula (9, pp. 60-64),

PR + 3 e = |10 + 21 ol

where af = 27, @« > 0, and F,(x) is the Fourier cosine transform of f(x), but
involving number-theoretic functions as coefficients, was first demonstrated by
Voronoi (10) in 1904. He proved that

n<

3 o) = [ FRW du+ 1 0F0) - 1@
+ 3 v [ st

where () is an arithmetic function, f(x) is continuous in (a, ) and a(x) and
R(x) are analytic functions dependent on 7(z). Later, numerous papers were
published by various authors giving formulae of this type involving d(z), the
number of divisors of z (3), and 7,(z), the number of ways of expressing # as
the sum of p squares of integers (8).

In 1937, Ferrar (4) developed a general theory of summation formulae,
using complex analysis. Around that time, Guinand (5) also published papers
where he developed the general theory from a different point of view. He
applied the theory of mean convergence for the transforms of class L2(0, o).
Later in 1950, Bochner (1) gave a general summation formula. However, these
theories failed to give a satisfactory form of the summation formula with
coefficients o4 (1), B > 1, where o () is the sum of kth powers of the divisors
of n, although in 1939, Guinand (5), gave a formula involving ¢, (1), when
0 < |k| < 1. The difficulties arose from the divergence of certain integrals at
the origin. In the present paper, methods are developed to overcome these
difficulties and a summation formula with o; (%) as coefficients is proved for
k > 1. The main result gives a relation between the sums 3 o (#)n~*/2f(n) and
> arx(m)n—*2g(n), where f(x) and g(x) are Hankel transforms and & > 1. Itis
unnecessary to consider negative k separately since

o) = 2 om™F =3 Fim) =T 3 1

Im=n Im=n Im=n
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and hence o, (n)n %2 is unchanged when k is replaced by —k. The case & = 1
shall be given elsewhere, since it presents special difficulties at the origin.

2. The kernel. Let {(s) = > ,21n~*% R(s) > 1, be the Riemann zeta-
function, and let

K(s) = 1(;_(3—)3_) where ¥(s) = ¢(s — k/2)¢(s + £/2), &k = 0.
Then define
. 1 f1/2+iT K(S) s
2 . = — Pl . A
2.1) Apya(x) 1‘1210 i Jippir B2 1= $¥ ds.
Now K(s)K(1 —s) = 1and |K(1/2 + it)] = 1,hence K(s)/(k/2 + 1 — s), the
Mellin transform of A;11(x)/x, belongs to L2(1/2 — 400, 1/2 + 100). Further,
the integral in (2.1) exists in the mean square and 4;,1(x)/x € L2(0, 00 ); see
(9, §8.5). We shall call 4,,1(x) the truncated Hankel kernel of order & + 1,
since it is expressed in terms of truncated Bessel functions of order £ + 1. By
using the functional equation of {(s), we can write
1 1/24 i

22) dpal) = — o Q2r) T (s + B/2)T(s — k/2 — 1)
/2—io
X {cos ws + cos wk/2}x"" ds

Considering Mellin’s inversion formulae of the Bessel functions Jiyi(x),
Yi11(x), and K;11(x) and shifting their lines of integration to R(s) = 1/2, the
integral in (2.2) can be evaluated to yield

¥ A1 (x) = —sin 3wk S (drxt?) )
— COS %ﬂ'k{ Yk+1(4ﬂ'x1/2) + %Kk+1(41l'xl/2)}

[k /4+1/4] _
- %cos ink > F—(]?__"’L_}_Q_”) (2t 2y,
n=0 !

Now put

Fry3(x) = lim z— x5 ds.

T>co 2 7I'i

f"“” K(s) (/2 + 5)

p—ir (B/24+1—5)(k/2 42 —5)
Then

Frps(x) = (& + 2)x_<k/2+”f0 A O dt — Ay ().

Repeating this process A times, we obtain:

Frymis(x) = (B + 2\ 4 2)a @02 f Fromp ()1 ™ dt — Frponia (x),
where

1 J'W”T T(k/2+ s+ A+ DPk/2 =5+ 1)
0 _ 1
(23)  Frpags(x) = lim 1p—ir D(k/2+ )T(k/2 — s+ N+ 3)
X K(s)xl_s ds.
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On the line s = 1/2 + 4t, by Sterling’s approximation of T'(s),
Fk/2+s+ N+ DI(k/2—s5s+1)
T(k/2+ s)T(#/2 — s+ X + 3)

and therefore belongs to L2(1/2 — 100, 1/2 4 400), when integrated with
respect to £. Hence, the integral in (2.3) converges in mean square and

K(s) = 0™,

Fryngs(x)

2
" € L°(0,).

Furthermore, Fiiat3(x) is a Hankel kernel of order £ + 2\ 4 3. By considering
Mellin’s inversion formulae of the Bessel functions J;iay3(x), Yiiarss(x), and
K 1any3(x), and shifting their line of integration to R(s) = 1/2, the integral in
(2.3) can be evaluated. This yields an expression for Fyiay3(x) in terms of
truncated Bessel functions of order £ + 2\ 4 3.

We now define x;(x) by

HAn) = | @, k>0,
whence

(2.4) xp(x) = —2wsin 2ok J,(47x'"?)
— 27 cos %wk{ Vi(dnx'?) — %Kk(él‘rrxl/?)}

[k /44+1/4] P(k + 1 _ 271)
n=0 (2’}1 - 1)
We find that x;(x) belongs to a class of kernels, D;?, defined by Miller (7),

since the following conditions are satisfied:
(1) There is defined K(s) = ¢(1 — s)/¢(s), where
Y(s) = (s — k/2)¢(s + k/2),
with the properties K(s)K(1 — s) = 1 and |[K(1/2 + it)| = 1;
(2) Let Wisany2(x) be defined by

2 dn—k—1_2n—F/2—1
— ~cos irk (2m) iyt R A
m™

z
—(k/2+27\+2) (k+20+2) /2
Fryngs(x) = x -fo ¢ Wisanga(t) dt.

Then Wi aye(x) is bounded and continuous in (0, ) and

fm Wiz () () dt = O(x_3/4) as x — o0 ;
z ¢ ’

(3) The function 4;41(x) = O(x~4) as x — 0.

Next we define a class of functions G\2(0, ), which was first defined by
Guinand (6) and Miller (7).

Definition. A function f(x) belongs to Gy*(0, o) if
(i) there existsalmosteverywhere in (0, 00 ) a function f® (x), where f® (x)
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denotes the Ath derivative of f(x) (a part from a factor (—1)*) such that

16 =555 . =00 @
holds everywhere in x > 0,
(ii) 2™ (x) € L*(0, ).
It can be shown that if f(x) € G\2(0, ), then:
(i) f(x) is continuous and approaches zero as x — 0,
(ii) f(x) € L2(0, ), and
(iii) x#12fB(x) >0asx —0o0r 0,0 = £ <\

3. Preliminary lemmas. The following result is due to Miller (7).
LemMA 3.1. Let x;(x) € D2 Then for a function f(x) € G2, N > 1/2, there
exists g(x), defined by
-
glx) = FOxelxt) dt, x>0,

-0
also belonging to G\*(0, o). Furthermore,

-0
@ = [ e, x>0,
-
LEMMA 3.2. If the functions f(x), g(x), and xi(x) satisfy the conditions of
Lemma 3.1, then

F(x) = x1+"’m<%>x+l{x_’”2f(x)} and

Gx) = x1+k/z+x(ij_>x+1{x_k/zg(x)}
dx
are transforms of L2(0, 00 ), with respect to the Hankel kernel Fyiois(x).

Proof. Let F(s) and G(s) denote the Mellin transforms of f(x) and g(x),
respectively. Now F(x) € L2(0, ), and therefore has a Mellin transform
given by

3.1)

s/ _ LG +HER/2+N+1)
F (S) - ( 1) P(S +k/2) F(S)v
belonging to L%(1/2 — 400, 1/2 4 400). By the Parseval Theorem for Mellin
transforms,

xl+k/2+)\‘f0 t_lF(t)Fk+2)\+3(xt) dat

_ a1 1 teo P — ) T(E/2+s+ N+ DT(E/2— s+ 1)
270 Jip—i T'k/2 + s)T'(k/2 — s+ N+ 3)
X K(s)x** ds
_ L (VP FQ—9EOTR/24 s+ A+ D) ppsne g
21 Jipew, (R/2—s+ N+ 2)T(%/2+ 5)

= fx FPMIG () db,
0
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since F(1 — s)K(s) = G(s), and the Mellin transform of G(x) is

(=D (s+k/2+2+1)
T(s + £/2)

A similar relation with F(x) and G(x) interchanged can also be established
likewise. Hence, the theorem follows.

G(s).

Let

(3.2) o) = {I‘—(—)\i—}-——ﬁ é o (n) (& — )" — ?(;(‘[2‘ -]T_)I];(_l}_-l):)k) x1+k+)\}

X x‘(H—k 124+N)

= Dy ()a™
It is known that (11)
Dy(x) = O(x*) asx— o0 when A > &k + 1/2, k> 0.
Therefore,
o(x) = O(x*?) asx— 0,
= 0(x*?) asx—0.

Hence, ¢(x) € L?(0,0) when N > & + 1/2, 2 > 1, and therefore has a Mellin
transform ®(s) € L2(1/2 — 190, 1/2 4 700, and

a() = | oy

the integral converges for —k/2 < R(s) < k/2, k > 1, hence includes the line
R(s) = 1/2.

A+ RTA+E) (!
T2+ k+2N) 0

@ s—k /2—A—2 tA+RATA + k) 1
fo Di)x W= TRt sFE2

The integral converges for R(s) < k/2, and this yields an analytic continuation
of ®(s) into R(s) < —k/2 and in this region

®(s) ST g

f D)\ (x)xs~k/2—)\—2 dx —
0

1 : 8— T V.
T+ 1) J, n; or (1) (& — m) a2 gy

LS BTA R (" sy SAHBTA+E) 1
ret+e+n  J T@+E+N) s+E2

B(s) =
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The last two terms cancel, and we obtain:

(3.3) @(s) = —I_‘B\L—I—T)— L Z op(n) (6 — n)x ER gy

1 P k/2—A—2 -1
—_I‘()\) f1 x dx . né:l ox(n)(x — )" dt

= —1‘— B ® o\ M-1 sk /2-N=2

T T fl 2, o) dt fl (6 — 1) dx
__L@+E2—5) ” s—k /2—
=Ttk rno) )y X T

_ _TA+k2-5) 3 it

TTEF R A=) &

- r(g(i}ﬁ/ﬁ/iii)s) (L4 k2 — (1 — k/2 — 5).

Consider the integral

x1+1c/2+>\J; £ ¢ (t) Frponis (xt) dt.

By Parseval’s theorem for Mellin transforms of L2-functions, the above integral

is equal to
NS f”“"‘” o I®2+ s+ 2N+ DIR/2— 5+ 1) _—
X 57t Jipr T T TR F T R/2 — s F A3y LW
_ L f"“‘m;(l =5 —k/2(L = s+ R/DTA+ /2= 5) spupns g
2w Jipw TRAE2HFN—)2+E/2+N—5) :
Further,

= s — k251 — s+ k/2)
K@) = T2 G + £/2)

- fx & (1) gy,
0

Thus, we have the following result.

LEMMA 3.3. Let ¢ (x) be defined as in (3.2). Then ¢(x) s self-reciprocal with
respect to the kernel Firioi3(x), given by (2.5).

This lemma is similar to a lemma of Busbridge (2). Next consider the

function
l n 2n
= Lﬂl.@[’i) —(1+E/2HN)
(3.4) L(x) = <cos 27x '; Gl x
= q(x)x_(l'l-k/z‘f')\)’ say,

_ O<x2l—k/2+)\+1) asx — 0,

_ O(x2l—k/2—)\—l) as % —> 00
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Therefore, L(x) € L2(0, 0 ), whenever
1) B+20=3)/4 <l < (B+2) 4+ 1)/4,
(i1) A is a positive odd integer, and

Gii) k#4n+1,n =0,1,....
Let H(s) denote the Mellin transform of L(x). Then

H(s) = f: L(x)x"" dx.

The integral converges for k/2 — 2] + X — 1 < R(s) < k/2 — 2l + X\ + 1, this
range includes the line R(s) = 1/2. Thus,

H(s) = J g (@) de,
0

Integrating by parts 2/ + 1 times, we obtain:

16 = 3 (L) a0
= s—k/2—N7—1 ]w
X R 2 A—D6—Fk2=-N... G—k2-rtr—Dl

(=1)'@m)*! fm . 5=k /2—At21—1
T R 2 oA ... 6—k2—AF2A—1D, 2= dx.

The integrated terms at the lower limit are

O(x2—k2=Mst1) = () asx — 0, for R(s) > k/2 + X — 2] — 1,
and at the upper limit the integrated terms are
O (x2=*2=2s=1) (0 asx — 00, for R(s) < k/2 + N — 20 + 1.

Thus, the integrated terms vanish at both the limits. Now the integral can be
evaluated to yield:

Qr) = gin La(s — k/2 — N)T(s — k/2 — N + 20)
(s—k/2=N—=1)(—k/2=N)...(s—k/2—7N+21—1)

= o) sin ia(s — B/2 — N)T(s — k/2 — X — 1).

H(s) =

Now apply Parseval’s theorem for Mellin transforms of L2-functions to L(x)
and x71F; ay3(x); we then obtain:

x1+k/2+)\ J:) t_lh ([)Fk+2)\+3(xt) dt

G L f’”“mH(l g DE24EN+ s+ DIR/2 =5+ 1)
270 Jijmin I'(s + k/2)T(E/2 + X — s+ 3)

X K (s)x'™* ds.
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Now using the definition of K(s) and the functional equation
I'(z)T(1 — 2) = wcsc s

and the fact that A is odd, the above becomes

1/2
—1 /2+ i

5mi Qa) (s —B/2 — N — D) sin ix(k/2 4+ N —5)
1/2—10

k/24+N—s+2

X _ z % /24N

Xk/2+}\_s+2ds——J;L(t)t dt,
by Parseval’s theorem, since the Mellin transform of the function 2+ 1 < x,
is given by xs+#/2+M1/(s 4+ k/2 4+ N 4+ 1). Thus, we have the following result.

LeEMMA 3.4. Let L(x) be defined as in (3.4). Then L(x) is self-reciprocal with
respect to the kernel Frioys(x), given by (2.5).

4. The main theorem (Theorem 4.1). Let
Y(x) = ¢(x) — 2m)~ ™D (=1)MD2r(1 — k) L(x),

where ¢(x) and L(x) are defined by (3.2) and (3.4), respectively. By
Lemmas 3.3 and 3.4, ¢(x) € L2(0, ) and is self-reciprocal with respect to
Frioaps(x), whenever

) k#=4dn+1,2=0,1,2,...,

(i) 1 <k <N—1/2

(iii) A is an odd integer, and

(iv) I = [(2\ + k + 1)/4]. Here the notation [p] stands for the greatest
integer less than p. Now let

a@) = 3 antm) — SR e L g

. [(k=1)/4] (_l)n(er)znul
X {sm 2rx — 2 ————(zn T 1)
If Ax(x) denotes the Ath integral of A¢(x), then
‘l/(x) = A)\(x)x—(l+k/2+)\).

Let f(x) and g(x) € Gri.2; then these certainly belong to Gy2, for r > 0; hence,
Lemma 3.1 could be applied.

Applying Parseval’s theorem for the pairs of Fyyays-transforms, ¢(x), ¢ (x)
and F(x), G(x), the latter defined in (3.1), we have:

fom Y(x)F(x) dx = J;m Y (x)G(x) dx.
Or,

(4.1) fo ? Aﬂx)(%)xﬂ{x"‘ﬂf(x)} d = fom Ax(x)<;—x>)+l{x_k’2g(x) | dx.
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The left-hand side can be written as

N
lim A@)DMP{xTFf(x)} d,

Nooo 0

where D = d/dx. Integrating by parts N\ + 1 times, the above integral yields:
A N

(4.2) lim {[ > (—1)TAx—r(x)DQ—T){x_mf(x)}]

Now r=0 0

N
o e N
Since f(x) € Grir2, we have:

f®(x) = O™ 12) asx—0oro,if0<n<\N+ 7,
and
DO=D{x=kR2f(x)} = O(x™*2M7-172) 35 x — 0 or 0.

Furthermore,
M, (x) = O (=) 4 O(x?-7+2) asx — 0.
Hence, at the lower limit, the integrated terms in (4.2) are
O (xF24172) O (p2-%/223/2) = 0 asx —O0fork > 0and !> (kB + 2\ — 3)/4.

We shall now show that the integrated terms in (4.2) at the upper limit, x = N,
are limitable by Riesz means (R, N, 7) to zero as N — oo for a large 7. Let

A
SWVN) = > (—=1)" M, (N)D*{NTFF(N)}.
=0
It is required to show that

N
lim tN™" SN — ) dt = 0.
0

N

The left-hand side is

ﬁ: (=7 lim N7 J;N M, (O)DOUTR )V — 1) dt

r=0 Nowo

Integrating by parts 7 — 1 times, we obtain:

(4.4) io (=1)"r lim N"{[ 211 (—1)™ ™ A_pym () D™D

N

X 17 = 07Dy )1 |

+ 0 [ A DL t)"lD“"’{t“’“""f(t)}]dt} .

Now D™=D[(N — )™ 1DO=n{t=*72f(£)}] can be expressed in terms of finite
series of the form

(N — t) —1-n)(A\—T+m—1-n) { t_"/zf(t) } ,
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where 0 = =m —1,0=r =) and 1 =m =7 — 1, which vanishes at
t = N. Furthermore, this contributes a term of the order

Nf_n_lo(tn_k/z—_)\+r—m+l/2) ast— 0,

from (4.3).
From the definition of A,(¢), we have:

Arerpn () = O(FH=THmHL) 4 O(#1=7+72)  as ¢ — 0.
Therefore, the integrated terms in (4.4), at the lower limit, are

lim TN_(n+1){0(tk/2+n+3/2) + 0(t2l—k/2—)\+n+5/2 )} — O,

N>

as t—0, where 0 =2 =<m —1,k> 0, and I > (k+ 2\ — 5)/4. Now the
expression (4.4) reduces to

A N
Z;O (=)™ lim N7 J; Arergra()DTOL(N — )T DR (1)) dt.

N

Splitting the range of integration into (0,4), (6, N), 6 > 0, and writing
DU=D[(N — )" IDA=n{=*k2f(1)}] as a sum of finite series of the form
(N — )"DO—m+m=*2f (1) where 0 £ n < 7 — 1, the above integral can be
written as

(4.5)  lim N"’< fOA + fo N>AA_,.,_,_1(t) (N — )" DO (741 (1)} dt,

N-co
where0 =7 = N\0=n =<7—1.
Now from (4.3),

(4.6) DO—rm (i=kI2f ()} = Q(¢~F2—MT—n=1/2)  a5¢— () or ©©
and
Mnerpraa(t) = O@FH—TH7) 4 O(P7HHY)  ast— 0.
Hence, the integral with the range (0, §) contributes terms of the type
lim N"T{O(¢FFHTHh) 4 R 2

Noowo

as t—0,since 0 =n=7r—1,%k2>0,and I > (B + 2\ — 27 4+ 2n — 3)/4.
The last condition holds since I > (& 4+ 2\ — 3)/4.
We know that (11)

S S _ow_§A+RTA A E) g 1A
asx — 00 and 0 < £ < N — 1/2. Therefore,
M_ppra(t) = O(P=77) + O(B=+Y)

as t—o and 0 <k <N—r+7—3/2,0 =7 =\ To ensure this when
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r =\ let > k4 3/2 and & > 1. Then the integral with the range (5, N)
yields:

N

B N7 | (0™ + 0@ ™ WV — )" DO (1)) dt.
Noowo h)

From (4.6), the above is

N
lim N—‘r {O(tl—k/2—n—l/2) + 0(t2l—k/2—)\+r—n—3/2)} (N _ t)n dt
Noo 8
= lim N(H‘)’QOJ fi Dt (I dx}
Now l 8/N
+ lim N”—’“”—*—”Zo{ fl TR ) dx} , 0sns<7-—1
N> §/N

The first integral is:

lim ONY* ™) ifr—k/2—n+1/2> 0,

Noowo

lim ON™™) ifr—k/2—n+1/2 <0,
N-oo
and

IimOWN""logN) ifr—k/2—n+1/2=0,

Noow

all of which vanishfor0 £# £+ —1and 2 > 1.
The second integral contributes a term which is

lim QP22 §f 2l —k/2 =N+ 71 —n—1/2> 0,

Noow

imOWN™™ 20 —k/2—A+7—n—1/2<0,

Nowo
or

im ON"log N) if20 —k/2—Adr—n—1/2=0,

Nowo
which consequently vanishes for 0 <= # =7 —1 and I < (k4 2\ 4+ 1)/4.
Hence, the integral with the range (§, N) in (4.5) vanishes, and thus (4.5)
vanishes as well. Ultimately, we have shown that

N
Lm N | SEOW — )" dt =0,
0

N>

as required, whenever 7 > k + 3/2.
Now the integral in (4.2) yields:

lim tN~" fo Y (N — ) tdt J; tx"‘”f(x)d(Ao(x)).

N

By substituting the value of As(x) in it, the above can be written as
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lim tN_T[ fON (N — )™ dt J:x—""‘y(x) d( Zj ok(n)>

Nowo n=zr

— 1+ k) fON (N — )"t dt J;txmf(x) dx

I R i A )
[<k§/4] _(_—_1)"(2”)&1 de

n=0 (2”)'

= lim iN _T[ J;N x () d( é ak(n)> J;N (N — ) adt
-1+ k) J;N xk/?f(x) dx J;N N — 0 dt — ¢(1 — &) Jw x-k/?f(x)

[(k—1) /4]
X{cos%rx— nZ::O (= 122—%7‘&1_((1 J (N — t)fldt}

The inversion is justified because of absolute convergence. Evaluating the
integrals with range (x, V) and using the fact that >_,<, o, (n) is a step func-
tion, and non-decreasing, the above can be written (by Stieltjes integral) as:

Illiml: n‘; o (n)n % (n )< N) — (14 k) f ’°/2f(x)<1 — N)de
-1 —k) J x_k/2f(x){cos 2mx — [(kzlz,m L:L(Q—Tﬂ—}<l — %)de:l.

n=0 (2%)!
Treating the right-hand side of (4.1) in the same manner, we obtain a similar
expression involving g(x). Thus, we have the following result.

THEOREM 4.1. Let x;(x) be as defined by (2.4). If f(x) € Gris?, then there exists
g2(x) € Grys?, such that

X {cos 2wx —

@ = [ joued,  w>0,

and -
i@ = | CaOnend, x>0
Further, if (1) 1 <k<A—1/2, (i) k£4dn+ 1, =0,1,..., (iii) Nis a

positive odd integer, and (iv) T > k + 3/2, then

“iﬁl[ 5 ol mf(’”( _sz> —sa+n '”f(x)( ~ 5 as
—sa-n x-“%){coszm—“ki/” (remytl( ;‘V)dx]

7=0 (Qn)!
) fON x‘k’2g<x)-{cos 2 — '(kg“ _(__1_221%?90) }(1 %> M]
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For the case thatk =4n 4+ 1,2 =0, 1,2, ..., note that ¢ (x) = ¢(x). Now
using the same technique which has been used to prove the main theorem, for
the two pairs of Fyyays-transforms, ¢(x), ¢(x) and F(x), G(x), we obtain the
following result.

THEOREM 4.2. Let xi(x), f(x), and g(x) be as defined in Theorem 4.1. Then if
)k=4n+1,n=12...,
(i) 1<k <N—=1/2, and
(i) = >k + 3/2,
then

lim{ é ak(n)n—"/?(n)<1 - %) — 1+ k) j:vxmf(x)<1 - %Cv>dx}

N

= lim { ﬁ_; a,c(n)n*mg(n)(l — %) — (1 + &) J;N x'mg(x)(l — %)dx}

5. An example. Let

flx) = % y >0, and gx) = J;mf('t) xx (xt) dt.

The kernel x,(x) can be evaluated explicitly from (4.3) when % is an odd
integer and is given by

(2m) (—1)*+D/2 ], (4751/2);

then

o) = 2n(—1)®D7 f T g (da/ (1))

= (@) (=1)*D —(1+k)xk/26—47r21/z/.

y

The functions f(x) and g(x) satisfy all the conditions of the summation formula
which becomes:

oo}

) 2
2; or(n)e™™ — (—1)(k+1)/2(2ﬂ')k+1y_(1+’”) Zl O’k(n)e_” nly

n=

=1+ f:, W+ (L4 B (~ D))y [ g g,
0

whenever k is a positive odd integer. Evaluating the integrals in the above
equation, the summation formula can be expressed as

)

o 2
; o(n)e™ — (__1)(k+1)/2(27r)k+1y—(1+k) ; Uk(n)e_“ ' ly
(="

(_1)(Ic—1)/2
T2k +1)

Biy1 + SEFI)

+1 —(1
(277)I+ y ¢ +k)Bk+lr
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where B, B,, . . ., are Bernoulli’s numbers, such that

2 4

4 14
=1-2/24+ B - Baly

2
e —1

+....
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