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CIRCULAR COLOURING AND GRAPH HOMOMORPHISM

XUDING ZHU

For any pair of integers p, g such that (p,q) = 1 and p > 2g, the graph GJ has vertices
{0,1,...,p—1} and edges {z’j gL |i—j € p—q}. These graphs play the same role
in the study of circular chromatic number as that played by the complete graphs in
the study of chromatic number. The graphs Gg share many properties of the complete
graphs. However, there are also striking differences between the graphs G and the
complete graphs. We shall prove in this paper that for many pairs of integers p, q,
one may delete most of the edges of GJ so that the resulting graph still has circular
chromatic number p/g. To be precise, we shall prove that for any number r > 2, there
exists a rational number p/q (where (p,q) = 1) which is less than r but arbitrarily
close to 7, such that GJ contains a subgraph H with x.(H) = xc(Gg) = p/q and

|E(H)| = O(‘/,E(Gg), ’ This is in sharp contrast to the fact that the complete

graphs are edge critical, that is, the deletion of any edge will decrease its chromatic
number and its circular chromatic number.

1. INTRODUCTION

All graphs considered in this paper are finite and simple. Suppose G and H are
graphs. A homomorphism from G to H is a mapping f from V(G) to V(H) such that
f(z)f(y) € E(H) whenever zy € E(G). Homomorphisms of graphs are studied as a
generalisation of graph colourings. Indeed, a vertex colouring of a graph G with n-
colours is equivalent to a homomorphism from G to K,. We write G < H if there exists
a homomorphism from G to H. Then =< defines a partial order on the set of all finite
graphs, which we denote by (F,<). Two graphs G and H are hom-equivalent, written
as G~ H,if G < H and H X G. Obviously ~ defines an equivalence relation on the set
F. We shall denote by [G] the equivalence class of F /~ that contains the graph G.

The structure of the partial order (F/~, <) has been extensively studied, [3, 6,
8, 10, 11]. For example, there are many density results concerning this partial order
(6, 8, 10, 11], and it is known that (F/~, <) forms a distributive lattice [3], et cetera.
The study of the chromatic number of graphs can also be viewed as an investigation of
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the structure of this partial order (F/~, <). We shall denote by Z; the set of complete
graphs, that is, Zg = {K1,K,,...,}. Then Z; forms an infinite increasing chain in
(F ~,X), which maybe viewed as a representation of the natural numbers. Any graph
G € F admits a homomorphism to some member of the set Z;. The chromatic number
x(G) is the minimum n such that G <X K, that is, the least element of the set Zg which
is “above” G in the order <X (as we use K, to represent the integer n). In this sense, we
may view the set Zg as a scale that measures a dimension of graphs.

Just as the set of natural numbers is extended to the set of positive rationals, we
can “extend” the set Zg into a larger set. For those fractions p/q with (p,¢) = 1 and
p > 2q, we construct the graph GJ, which has vertices {0,1,...,p—1} and edges {ij : ¢ <
[t —j|] € p—q}. We shall denote by Qg the set {Gg :(p,g)=1landp> 2q}U{K1}. Note
that Gzl, = Kp, and hence Qg is indeed an extension of Z;. Moreover, the set Qg is also
linearly ordered. It was shown in [2, 9] that if p'/¢’ > 2 and p/q = 2, then p'/¢' < p/q
if and only if GZﬁ = G§. Thus the set Qg together with the order X may be viewed as a
representation of those rationals r > 2 or r = 1. The circular chromatic number x.(G)
of a graph is the infimum of the ratios p/q for which G < G%. It was shown in [9] that
the infimum in this definition is always attained, and hence the infimum can be replaced
by minimum. Therefore x.(G) is the least member of Qg which is above G in the order
= (as we use GY to represent the rational p/q).

If the set Z; is considered as a scale that measures a dimension of graphs, then
the set Qg is a refinement of that scale, just as the set of rational numbers provides a
finer scale than that of integers that measures the length of an object. In this sense, the
chromatic number x(G) of a graph G may be regarded as an approximation of its circular
chromatic number x.(G). The circular chromatic number of a graph was introduced by
Vince [9] in 1988 under the name “the star chromatic number”. The concept has enjoyed
considerable attention [1, 2, 4, 7, 9, 12, 13, 14, 15, 16].

The graphs G share many properties of the complete graphs K,. We say a graph
G is vertez critical if for any vertex z of G, we have x.(G — z) < x.(G). We say a graph
G is edge critical if for any edge e of G, we have x.{G —e) < x.(G). It was shown in
(2, 9] that for any pair of integers p,g with p > 2¢ and (p,q) = 1, the graph Gj is
vertex critical. It follows that the graphs G, just like the complete graphs, have the
least number of vertices among all the graphs G with x.(G) = p/q. However, there are
also striking differences between the graphs G and the complete graphs. It was noted in
[12] that for some pairs of integers (p, q), the graphs G} are not edge critical, while the
complete graphs are obviously edge critical. We shall explore this observation further in
this paper. We shall determine exactly which graphs G} are edge critical, and we shall
estimate the number of edges that can be deleted from a graph G§ so that the resulting
graph still has the same circular chromatic number. Surprisingly, we shall prove that for
many pairs of integers (p,q), we can delete most of the edges of G§ without decreasing
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its circular chromatic number. To be precise, we shall prove the following theorems:

THEOREM 1.1. Suppose p > 2q and (p,q) = 1. The graph G} is edge critical if
and only if either g =1 orp =2¢q + 1.

THEOREM 1.2. For any number r > 2, there is a sequence of rational numbers
vi/g; (where (p;,q;) = 1) such that the following is true:

® pi/¢; <r and lim p;/q; =T;
1—=0
e each of the graphs G contains a subgraph H; with x.(H;) = Xc(GZﬁ-) =
pifas and |E(H)| = 0( /| EGH)])-

2. THE CONSTRUCTION

We note that if ¢ = 1 then G} = K, is obviously edge critical. If p = 2¢ + 1, then
G¢ = C, is an odd cycle, which is also obviously edge critical. This proves one direction
of Theorem 1.1. The rest of this paper is devoted to the proof the other direction of
Theorem 1.1 and the proof of Theorem 1.2. We shall first present a systematic way of
constructing, for any pair of integers p > 2q and (p,q) = 1, a subgraph M(p, q) of G3
which has the same circular chromatic number as Gj. Once the construction is finished,
the proofs of Theorems 1.1 and 1.2 are just a comparison of the number of edges of G}
and M(p,q). The method presented here is a generalisation of the method used in [5]
and [15] to construct planar graphs with circular chromatic number r for any rational
2 <7 <4 Incase g = 1, then the graph M(p,q) = G} = K,. In the following we only
need to consider the case that p/q is not an integer.

For the remaining part of this section, we assume that p/q > 2 is a fixed rational
number and that (p,q) = 1. Let m = |p/q|. Thus p/q is strictly between m and m + 1.
To construct the graph M(p, q), we need to construct two auxiliary sequences of numbers:
the Farey sequence and the alpha sequence, which are determined by the number p/g.

Let p’, ¢’ be the unique positive integers such that p' < p, ¢ < ¢ and pg' — ¢gp’ = 1.
It is straightforward to verify that p'/q¢’ < p/q and that p'/¢’ is the largest fraction with
the property that p'/¢’ < p/q and p’ < p. Similarly, we let p”, ¢" be positive integers such
that p” < p', ¢" < ¢ and p'q" — p"¢’ = 1. Then p"/q" is the largest fraction with the
property that p”/¢"” < p'/q' and p” < p’. Repeating this process of finding smaller and
smaller fractions, we shall stop at the fraction m/1 in a finite number of steps. Thus we
obtain a unique sequence of fractions

m_b P _ D2  _Pn_P
1 @ ¢ @ @ g

We call the sequence (p;/q; : i =0,1,...,n) the Farey sequence of p/q.
For convenience, we let p_; = —1 and ¢_; = 0. AS pigi—1 — p;-1¢; = 1 and p;_,q;_2 —
Pi-2¢i-1 = 1, it follows that p;_;(g; + qi—2) = qi-1(pi +pi-2) for ¢ > 1. As p;_y,q;_; are
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co-prime,
o= P +Pi2 _ Gt G2

' Pi-1 gi-1
is an integer (for 7 2 1), which is greater than 1, and hence is at least 2. We call

(o, 02,. .., an) the alpha sequence of p/q, which is obviously uniquely determined by p/gq.
The process of deducing the alpha sequence from the rational p/q can also be reversed. In
other words, given the integer m, each sequence (a, s, ..., a,) with a; > 2 determines
a rational p/q between m and m + 1. Indeed, given the alpha sequence {a1,as, ..., a,),
the fractions p;/¢; can be easily determined by solving the difference equations

(*) Pi = QiDi—1 — Pi-2, @i = Qi) — Qi-2,

with the initial condition that (p_1,¢-1) = (-1,0) and (po, @) = (m, 1).
Having determined the alpha sequence

(ala Qg,..., aﬂ)
and the Farey sequence
m_P_P1_P_  _Pn_P
1 @ o @ ™ g

of p/q, we can start the construction of the graph M(p, q).

We shall construct a sequence of graphs G; such that x.(G:) = p:;/g;. Then M(p,q) =
G,. Before constructing the graphs G;, we shall recursively construct ordered graphs
F;, H;, that is, the vertices of F; and H; are linearly ordered. Let f; = |F;| and h; = |H;|,
then the vertices of F; will be denoted by (z;1,%;2,...,%:f) in that order, and the
vertices of H; will be denoted by (i 1,¥i2,-..,¥ins,;) in that order. For an edge e = (z,y)
of an ordered graph, we define the order length of e, denoted by £(e), to be the positive
difference between the positions of z and y.

DEFINITION 2.1. Suppose X andY are disjoint ordered graphs whose vertex
orderings are (z1,Za2,...,%s) and (y1,¥2,--.,y:), respectively. When we say hook X to
Y, it means to add the following edges between X and Y':

1Yt Tr¥Ye—1y - - -y TiYt—m+2, TsY1, TsY2, TsY3, - - -, TsYm—1-

The result of hooking a sequence X1, X, ...,Xz of ordered graphs is regarded as another
ordered graph, the order of the vertices being: those of X; in order, followed by those of
X, in order, and so on.

For an integer t, we let Q; be the (m — 1)th power of the path of length ¢ — 1,
that is, Q; has vertex set {v1,v,...,v:} in which two vertices v; and v; are adjacent if
|z — 7] € m — 1. The graph @, is considered as an ordered graph in the following, where
the order of the vertices is (vy, Vo, ..., v;).

https://doi.org/10.1017/50004972700032627 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700032627

5] Circular colouring 87

First of all, we let F} be a singleton, let H) = Qma,, and let F5 = Qm(a,-1)-

For i > 1, to construct the graph H,;,, we take a;.; copies of Fj, denoted by
FLF2,. . F™* and a;; — 1 copies of H;, denoted by H} HZ,... H¥" ™' Ifiis
odd, then for j = 1,2,...,a;,1 — 1, we hook F,j and F',-j+1 to H,’ If 7 is even, then for
j=1,2,..., 054 — 1, we hook H? to F/ and F/*'. The resulting graph is H;;,. The
graph Fj;, is constructed in the same way as the graph H;,,, but with one less copy of
F; and H;, that is, Fj, is constructed from ¢;,; — 1 copies of F; and o;;; — 2 copies of
H;, by appropriately hooking them together.

Finally when 1 is even, we let G; be the graph obtained by hooking H; to F;; when
1 is odd, we let G; be the graph obtained by hooking F; to H;.

This finishes the construction of the graphs G;. The graph M(p, q) is equal to G,,.
We note that when m = 2, the graphs constructed here are the same as constructed by
Moser in [5).

3. THE CIRCULAR CHROMATIC NUMBER

In this section, we shall prove that M(p,q) = G, is a subgraph of G and that

xe(M(p,9)) =p/a.
First we count the number of vertices of G;.

LEMMA 3.1. The graph G; has p; vertices.
PRrROOF: From the construction of G;, we know that G; has ¢g; = f; + h; vertices.
From the construction of F;, H;, we know that
fi=1, fa=ma—-m, h=man,
and for i > 2,
hi = aifio1 + (i — 1)hiy,
fori 2 3,
fi = (0ticy — V) ficg + (aic1 — 2)hi_sa.
Simple algebraic calculation shows that
hi = ajgio1 — hicy, fi= (@ic) —1)gi2 — hica = hicy — gi_a.
Hence
gi = @igi—1 — gi-2-
Since g; = p1, 92 = D2, and gi, p; satisfy the same difference equation, we conclude that
|Gil = gi = pi. 0
Next we shall show that M(p,q) is a subgraph of G¥. For this purpose, we shall
prove by induction that for each ¢ < n, the graph G; is a subgraph of GZ.
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Before proving this, we need some preliminary results about the relation between
the Farey sequence and the alpha sequence. We observed before that the Farey sequence
is uniquely determined by the alpha sequence. The numbers p; and ¢; are obtained by
solving the following difference equations:

(%) Pi = opPi—1 — Pi-2, i = Qi1 — Gi-2,

with the initial condition that (p_1,¢-1) = (—1,0) and (po, go) = (m, 1).

By repeatedly applying the equation (%), we may express p; (respectively ¢;) in terms
of p; and p;_, (respectively g; and ¢;_;) for any 0 < j < % — 2. Lemma 3.2 below gives
the explicit expressions.

For1 <r <s<n, welet

a 1 0 0 0
1 (7% ] 1 0 0
1 o 0 0
A, s = det .+2
0 0 0 Qs 1
0 0 0 1 o

LEMMA 3.2. For0< j<1—2, wehave
(%%) Pi = PilNjrri — Pi-1Aje24 @ = Gl — g Ajras

Proor: It suffices to prove the first equality. We shall prove it by induction on 3.
When i = j + 2, by applying (*) twice, we obtain (*+). Suppose 7 > j+ 3, and that (%x)
is true for any i’ < i. Then by cofactor expansion,

Pilj1i — Pi-ifjr2i = 0a(piAjrrio1 — PiciAjai1) = (PiAjari-2 — Pi—1Ajuz,ic2)
= @ipPi-1 — Pi-2 = Di-

The second equality uses the induction hypothesis. 0

By letting j = 0 in (*x), and by using the initial condition, we have
(* * ) pi=mAi+ Moy, g = A

LEMMA 3.3. For0< ES 2, Diqi = Digj — AJ'+2,,'.

ProOF: By applying Lemma 3.2, we have

pig; — P& = (PiMjiri — Pi—1Aj+24)0 — Pi{GiA i — gi—10j42:)
= Aj+2,i(pigj-1 — Pj-145)

= Ajio;
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LEMMA 3.4. Forany2<t<i, Ay < A1y 0

We omit the proof, which is an easy induction, by noting that a; > 2.

Let the vertices of G} be {0,1,...,p; — 1}. We shall define a 1-1 mapping ¢ from
V(Gi) to V(G%) as follows:

We know that the vertex set of G; is the union of the vertex set of F; and the
vertex set of H;, while the vertices of F; are (zi1,%i2,...,Zis) and the vertices of H;
are (¥i1,%i2,.-->Yin;)- We shall rename the vertices of G; by letting v; = z;; for j =
1,2,...,fiand let vy =y 5 for j= fi+ 1, fi +2,..., fi + hi(= ps).

Let c¢(v;) = jg (mod p;). As p; and ¢; are coprime, we know that ¢ is a 1-1
mapping. Now we shall show that for any edge (vj,vy) of Gi, (c(v;), c(v;)) is an edge of
G, that is, ¢; < |c(vj) - C(vj')l < pi — ¢.

First we determine the order length of all edges of G;. Recall that the order length
(e) of an edge e = (z, y) is the positive difference of the positions of z and y in the above
ordering of the vertices of G;, that is, if e = (v;, v;) then £(e) = |i — j|.

LEMMA 3.5. LetL={p;—s:0<j<1i, 1<s<m-—1}. Then for any edge e
of G;, we have ¢(e) € L.

PROOF: This is easily proved by induction. Each edge of H; or F; has order length
m —§ =po — s for some 1 < s < m — 1. Suppose the order length of edges in H; and
F; are elements of L. When copies of F; and H; are hooked together to form Hj,, or
Fji,, then the order length of the edges in the copies of F; and H; are unchanged. For
those edges e of the hooks, it is easy to verify that either £(e) € {1,2,...,m — 1} or
l(e) € {p; — 1,p; — 2,...,p; — m + 1}. This completes the proof of Lemma 3.5. 0

LEMMA 3.6. For each i< n, the graph G; is a subgraph of G%.

ProOOF: It suffices to show that the mapping ¢ defined above is edge preserving,
that is, for any edge (z,y) of G;, ¢; < |c(:z:) - c(y)l <pi— g

Suppose e = (z,y) is an edge of G; of order length £(e). Then by the definition, we
have |c(x) - c(y)l = {(e)g; (mod p;). By Lemma 3.5, £(¢) € L.

By Lemma 3.3, for any 0 € j € i — 2, we have

P;jq = piq; — Ajias

By Lemma 3.4, (* * *) and the definition of A,,, and by noting that py = m, g = 1, we
have
2€ ai = A S Ajy2i € Ay = py — mg;.

This implies that forany 0  j€i—2and 1 <s<m—1,

gi=pi—(m—1)gi — Ao <Pi— 8¢ — Ajy2i SPi—5¢ —2<p; — g
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Now if £(e) = pj — s where 0 < j £ i—2and 1 < s < m — 1, then by Lemma 3.3, we
have
le(z) = c(v)| = (b — 8)g: = pi — 56 — Ajyas  (mod py),

and so ¢; < |c(a:) - c(y)l < p; — qi, as required.
If (e} = p;-1 — s for some 1 € s € m — 1, then since pigi_; — p;_1¢; = 1 by the
definition of the Farey sequence, we also have

g < €e)gi (mod p;) < pi —qi.
If ¢(e) = p; — s for some 1 £ s < m — 1, then trivially we have
g < £(e)g; (mod p;) < pi — gi-

0

As M(p,q) = Gn, it follows that M(p,q) is a subgraph of GJ. Next we shall prove
that x. (M (p, q)) = p/q. This is achieved by showing recursively that for each 2, x.(G;) =
pi/ 4.

As G; is a subgraph of G, it follows that x.(G:) < pi/gi. Thus it suffices to show
that x.(G;) = pi/g;. First we need a few lemmas.

Lemma 3.7 below was proved in [4] and also implicitly used in [9, 12]. Suppose
k > 2d are integers and (k,d) = 1. We call a homomorphism of G to the graph G¢ a
(k, d)-colouring of G.

Given a (k, d)-colouring ¢ of a graph G, we define a directed graph D.(G) on the
vertex set of G by putting a directed edge from z to y if and only if (z,v) is an edge of
G and that ¢(z) — c¢(y) =d (mod k).

LEMMA 3.7. For any graph G, x.(G) = k/d if and only if G is (k, d)-colourable,
and for any (k, d)-colouring c of G, the directed graph D.(G) contains a directed cycle. [

A simple calculation shows that the length of the directed cycle in D (G) is a multiple
of k, and hence is at least k.

CorOLLARY 3.1. For any graph G, if x.(G) = k/d where (k,d) = 1, then G
v(G)|- 0

Suppose x.(G:) = pi/q:, and that A is an (p;, ¢:)-colouring of G;. It follows from
Lemma 3.7 that there is a directed cycle of Da(G;) of length at least p;. Since |G;| = p;,

has a cycle of length at least k. In particular k <

we conclude that there is a Hamiltonian cycle, say @ = (c1,¢2,...,6,,¢1), of G; such
that A(¢;) — Acj-1) = ¢ (mod p;).

We say a Hamiltonian cycle Q = (c1,¢, ..., ¢, 1) of the graph G is a good Hamil-
tonian cycle (with respect to p/q) if for any edge (c, ¢;) of G we have k — s # m,m+ 1.
Similarly a Hamiltonian path P = (¢, ¢y, . .., ¢;) of a graph G is a good Hamiltonian path
if for any edge (cx, c¢) of G, we have k — £ #m,m + 1.
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Now we shall show that if x.(G;) = pi/g:, then the Hamiltonian cycle induced by
any (p:, ¢:)-colouring of G; is a good Hamiltonian cycle.

LEMMA 3.8. Suppose x.(G;) = pi/q: and that A is an (p;, ¢;)-colouring of G;.
Let Q = (c1,¢2,. - -,¢p, c1) be a Hamiltonian cycle of G; such that A(c;) — A(cj—1) = ¢
{mod p;). Then Q is a good Hamiltonian cycle of G;.

PROOF: Assume to the contrary that there is an edge (cx, ¢,) of G; such that |[k—s| =
m or m + 1. Then |A(ck) — A(es)| =mg;  (mod p;) or (m+1)g;  (mod p;). However,
pi — ¢ < mg; < p; and (m+1)g; (mod p;) < g;, because m < p;/g; < m+ 1. This is
contrary to the assumption that A is a (p;, ¢;)-colouring of G;. 0

LEMMA 3.9. Ifiisodd (respectively even), then for any good Hamiltonian path
P of H; (respectively F;), the first (m — 1) vertices of P (as a set) are the first (m — 1)
vertices of H; (respectively F;), and the last (m — 1) vertices of P (as a set) are the last
(rn — 1) vertices of H; (respectively F;). Here we may reverse the order of all the vertices
of P, if needed.

PrOOF: First we consider the graphs H, and F;. Each of them is of the form @,
for some positive integer t. We shall simply prove that for any positive integer ¢, the
graph @, has a unique good Hamiltonian path, up to an isomorphism. When m = 2,
then @ is simply a path, and there is nothing to be proved. When t < m, then @, is a
complete graph, and there is also nothing to be proved. Assume now that t > m+ 1 and
m > 3. Suppose the vertices of Q; are 1,2,...,t, where (z,y) is an edge if and only if
iz —yl <m—1. Let P = (z1,%2,...,%:) be a good Hamiltonian path of @;. Then for
any edge (z;, z;) of Q;, we have [i — j| # m,m + 1. This, in particular, implies that for
any 1 < t —m, the pair (z;, Z;4,) is not an edge of @;. In other words, for any 7 < t —m,
|Zi = Zmsi] = m.

We shall assume that z; < z,,,4,. The case that z; > z,,4, can be treated similarly.
(In that case, we need to reverse the order of all the vertices of P.) Since |21 —Zm11| 2 m,
we have 7 € T — M. Because 23 € z; +m — 1 and Zyag 2 Ty —m+ 1 (as
(Z1,72) and (Tpmy1, Tmy2) are edges of @,), we conclude that z5 < 40 + m — 2. Since
|2 —ZTm42| = m, we conclude that 2 < Zp,+2—m. Repeating this argument, we can prove
that z; € Ziym — m for all # £ ¢ — m. This implies that {z1,zs,...,zn} = {1,2,...,m},
for otherwise there would exist an z £ m and an ¢ 2 1 such that z;,,, = z and hence
1< z; € ZTizm —m =1z —m £ 0, an obvious contradiction.

Suppose z; = m + 1. Then i > m + 1, by the previous paragraph. Since z;_, <
z; —m =1, we conclude that z;,_,, = 1. Ifi —m > 1, then 2 < z;_,,_; < m and hence
[Zi = Tiem-1] € m — 1 and z;_p,_1z; is an edge of Q,, contrary to the assumption that P
is a good Hamiltonian path. Therefore we have z; =1 and z,,,; = m + 1.

Now we shall prove by induction that for all 1 < i € min{m,t — m}, we have z; = ¢
and Zi,, = i +m. When i = 1, this has been proved in the previous paragraph. Assume
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that for any 1 € j < 4, we have z; = j and z;3, = j + m. Let ¢ + m = z,. By
the previous discussion and the induction hypotheses, we know that & > 7 + m. Since
Tp—m & Tx —m = i, we conclude that zx_,, = 7, because zx_,, # j for any j < ¢ by
the induction hypotheses. If k > i + m, then i < £4_n-1 €< m (by using the induction
hypotheses). This implies that (zx_m-1,Zx) is an edge of Q,, contrary to the assumption
that P is a good Hamiltonian path. Therefore we must have z; = 7 and z;(,, = i+ m,
for all i < min{m,¢t —m}. If t > 2m, then we have z; =i forall 1 i < ¢t. ft=m+j
for some 1 < j < m, then z; = i except possibly where j + 1 < 7 £ m. But each
vertex labelled j+1,...,m is adjacent to every vertex of Q, except itself, so an arbitrary
permutation of these vertices gives an automorphism of Q.

This finishes the proof that any good Hamiltonian path of H; (respectively F,) has
the same first (m — 1) vertices and the same (m — 1) last vertices as H; (respectively
F).

Assume that the lemma is true for i. We shall show that it is true for : + 1. First
we consider the case that ¢ is even. The graph H;,, is obtained by approriately hooking
copies of H; to copies of F; (see the construction in Section 2).

Since the first and the last vertex of each copy of H; (in H;;;) form a 2-vertex cut of
H;.,, we conclude that any good Hamiltonian path of H;,, is the concatenation of good
Hamiltonian paths of the copies of F; and H;. Therefore the first (m — 1) vertices of any
good Hamiltonian path of H;,, are the first (m — 1) vertices of a good Hamiltonian path
of the first copy of F;. By the induction hypothesis, these (m — 1) vertices are the first
(m — 1) vertices of the first copy of F;, which by definition are the first (-n — 1) vertices
of Hy,,. Similarly the last (m — 1) vertices of any good Hamiltonian path of H;,, are
the last (m — 1) vertices of H;4,.

The case that ¢ is odd can be treated similarly, and is omitted. 0

LEMMA 3.10. Suppose x.(G;) = p:i/q; for somei. Let A be any (p;, g;)-colouring
of G;. If i is odd, then the colours of the first and last vertices of F; uniquely determine
the colours of the first and last (m — 1) vertices of H;. Conversely, the colours of the
first and last (m — 1) vertices of H; uniquely determine the colours of the first and last
vertices of F;. Ifi is even, then the colours of the first and last vertices of H; uniquely
determine the colours of the first and last (m — 1) vertices of F;. Conversely, the colours
of the first and last (m — 1) vertices of F; uniquely determine the colours of the first and
last vertices of F;.

PROOF: We only consider the case that 7 is odd. Let A be a (p;, g;)-colouring of G;.
By Lemma 3.8, there is a good Hamiltonian cycle @ = (c1,¢3, . .., ¢p,, c1) of G; such that
Alej) = Alcj-1) = ¢ (mod pi).

The graph G; is obtained by hooking F; to H;. The first and the last vertex of F;
form a 2-vertex cut of G;. Therefore the good Hamiltonian cycle @ is the union of a
good Hamiltonian path P of H; and a good Hamiltonian path P’ of F;. By Lemma 3.9,

https://doi.org/10.1017/50004972700032627 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700032627

(11] Circular colouring 93

the first (m ~ 1) vertices of P are the first (m — 1) vertices of H;, and the last {m - 1)
vertices of P are the last (m — 1) vertices of H;. As the first and the last vertex of F;
form a 2-vertex cut of Gj, the first and last vertex of P’ must be the first and last vertex
of F;, respectively. Therefore the colours of the first and last vertex of F; are uniquely
determined by the colours of the first and last {(m — 1) vertices of H;, and that the first
and last (m — 1) vertices of H; are uniquely determined by the colours of the first and
last vertices of F;. 0

To prove that x.(G;) = pi/g; (and hence x.(G;) = pi/q:), we need another gadget.
If 1 > 2 is even, let T; be the graph obtained by hooking F;.; to F;. If i > 2 is odd, let
T; be the graph obtained by hooking F; to Fij_;.

THEOREM 3.1. Foreachi 2 2, x.(G:) = pi/q: and x.(T;) > pi—1/¢i—1. Moreover,
X(G1) =p1/qr-

PROOF: First we prove that x.(G1) = p1/q1. By Lemma 3.6, it suffices to show that
xc(G1) 2 pi/ay. It is easy to verify that x(G1) = m + 1. Hence x.(G:1) > m. Suppose
X(G1) = k/d > m, then k £ lV(Gl)l = p; by Corollary 3.1. Therefore k/d = p,/q,
because it follows from the construction of the Farey sequence that any fraction a/b
strictly between m = pp/qo and p, /¢, must have numerator a > p;.

Next we show that x.(T>) > pi1/q:- Again it is easy to verify that x(72) = m + 1.
Suppose x.(T2) = k/d > m. As ]V(Tg)l < p; (because IV(Fg)l < lV(Hl)l), we know that
k < py. Therefore k/d > p1/q:, because by the construction of the Farey sequence, any
fraction a/b strictly between m and p; /¢, has numerator a > p, (note that k/d # p,/¢1).

Now assume that ¢ > 2, x(Ti) > pi—1/¢;i—1 and that x.(Gi~1) = pi-1/¢i-1. We shall
prove that x.(G:) = pi/g;-

Assume to the contrary that x.(G;) = k/d < p;/¢; and (k,d) = 1. Then k < p; and
hence k/d < pi—1/¢i-1, because by the construction of the Farey sequence, any fraction
a/b strictly between p;_;/g;—; and p;/g; has numerator a > p;. Since x.(G;-1) = Pi-1/¢i1
and that G;_, is a subgraph of G;, it follows that x.(G;) = pi—1/gi-1-

Let A be a (p;—1, gi—1)-colouring of G;. The graph G; is obtained by hooking H; and
F; together, and H; is constructed from «; copies of F;_; and o; — 1 copies of H;_,. The
union of the first copy of H;_, the first copy of Fi_; induces a G;_;. The union of the
first copy of H;_.; and the second copy of F;_, also induces a G;_,.

Assume first that i is odd. By using the induction hypotheses that x.(Gi-,) =
pi_1/Gi-1, and by applying Lemma 3.10 to each of the two copies of G;_;, we conclude
that the last (m — 1) vertices of the first copy of F;_; are coloured the same way as the
last (m — 1) vertices of the second copy of F;_;. Similarly, the first and last vertices of
the first copy of H;_, are coloured the same way as the first and last vertices of the second
copy of H;_,. Repeating the same argument, we conclude that the last (m — 1) vertices
of the first copy Fi., are coloured the same way as the last (m — 1) vertices of the last
copy of F;_, of H;.

https://doi.org/10.1017/50004972700032627 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700032627

94 X. Zhu (12)

This implies that the restriction of A to the union of F; and the first copy of Fy_.; in H;
is indeed a (p;—1,¢;—1)-colouring of T}, contrary to our assumption that x.(7}) > pi_1/gi-1-
The case that i is even can be treated similarly.

Finally, assuming that ¢ > 2, xi(G:) = p;/¢; and that x.(T}) > p;-1/gi_1, we shall
prove that xc(Tit1) > pi/g:.

Assume to the contrary that x(Tiyi) = k/d < pi/qi- Since |Fiy,| < |H;, hence
|Ti+1] < |Gil = pi. It follows from Corollary 3.1 that k < p;. As p;_1/gi_, is the
largest fraction with the property that p;_; < p; and p;_1/¢;-1 < pi/¢:, we conclude that
Xe(Tiv1) < pic1/gi-1-

We consider two cases:

CASE 1. o; = 2. In this case Fiy; = F,_;, and hence T;;; = T;. By the induction
hypothesis, xc(Ti) > pi-1/¢i-1-

CASE 2. a; > 2. In this case F;4; consists of a;—1 copies of F;_; and a; —2 copies of H;_;.
The union of any copy of F;_; and the consecutive copy of H;_; induces a copy of G;_;.
Therefore we must have x.(Ti4+1) = pi—1/gi—1- Using the same argument as before (see
the proof of the fact that x.(G:) = pifa:), we conclude that for any (p;_;, gi-,)-colouring
A of Ty, the restriction of A to the union of F; and the first copy of F;_; in F,,, is
indeed a (p;—1, gi—1)-colouring of T;, contrary to our assumption that x.(73) > pi—1/qi_1-
This completes the proof of Theorem 3.1.

0

4. COUNTING THE NUMBER OF EDGES

In this section, we shall prove Theorems 1.1 and 1.2, by counting the number edges
of M(p, q) for special values of p and gq.

PROOF OF THEOREM 1.1: It has been proved, at the beginning of Section 2, that if
g = lor p = 2g+1 then G} is edge critical. It remains to show that if ¢ # 1 and p # 2¢+1
then G is not edge critical. As M(p,q) is a subgraph of G with xc(M(p, q)) = p/q,
it suffices to show that M(p,q) # GJ. This is obvious, because GY is regular, but when

g #1andp# 2¢+ 1, M(p,q) is not regular. 0
ProOOF OoF THEOREM 1.2: First we consider the case that r is rational. Let 2
m < 7 < m+ 1 be any rational number. Let (a;, as,...,a,) be the alpha sequence of 7.

Note that when r = m + 1, then we let the alpha sequence be (1). This does not satisfy
the definition of alpha sequence, however, all the argument below are still valid.

For each ¢ > 1, let r; be the rational number corresponds to the alpha sequence
(o1,02,...,00+1,2,...,2), whose first (n — 1) entries coincide with the first (n — 1)
entries of the alpha sequence of r, the nth entry is equal to 1 plus the nth entry of the
alpha sequence of r, and the last 7 entries are equal to 2. In particular, when r = m + 1,
then the alpha sequence of r; has 7 + 1 entries, all equal to 2.
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Let

m/1=po/qo <P1/q < < Pn-2/Gn-2 < Pn-1/Gn-1 < Puf@n =T

be the Farey sequence of r, and let

m/1 = po/gy < Pi/q) <+ < Pp/@h < Ppy1/nsr < < Pnyif/Gogi = T

be the Farey sequence of ;. Then p}; = p; and q; = g; for 7 =0,1,...,n — 1. Moreover,
by applying (**), it is straightforward to verify that

Pn = QnPn-1 — Pn-2, P:, = (aﬂ + l)pn—l = Pn-2
and that for j =1,2,...,1, we have
p:;.{.j = (.7 + 1)((an + 1)pn—1 - pﬂ*Z) - jpn—l = (.7 + l)pn + Pn-1

and similarly
q;+j = (J +1)gn + ga1-

Therefore )

(7' + l)pn + Pn-1

Ty = —
(it 1)gn + gna

< pn/qu

and hence lim r; = r.
1—00

As we counted before, the number of vertices of M (p'n i On +,-) is equal to the number

’
qn+i

of vertices of G_*', which is p}, ;. Now we shall count the number of edges of the graphs

q‘n +i

.
pn+i

p’n+i
M(pryir @hys) and G

In the graph G:é‘:;, each vertex has degree pl,,; — 2¢,,; +1 = (¢ + 1)(pn — 2¢a) +
Pn_1 — 2qn_1 + 1. Hence the number of edges is equal to

%((i + 1)pn +pn_1) (G +1)(Pn — 24n) + Pno1 — 201 + 1)
which has order O((z + 1)2) as ¢ goes to infinity.

Let F; and H; be the graphs constructed as described in Section 2, by using the
alpha sequence of ;. Let a,b and ¢ be the numbers of edges of the graphs F,,, H, and
F,41 respectively. Then for j = 1,2,...,4, Fyy; has a edges if j is even, and has ¢ edges
if j is odd. Let e; be the number of edges of H,,;. Then e; = e;_;, + 2(a + 2m - 2)
when j is odd, and e; = e;_; + 2(c + 2m — 2) when j is even. The number of edges of
M(p;+“ qu,,.) is equal to e; + a + 2m — 2 when i is even, and is equal to e; + ¢+ 2m — 2
when i is odd. An explicit formula for this number can be found by solving the difference
equation above. However, we shall not bother to solve it, just to observe that e; — e;_ is
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bounded by a constant. Therefore the number of edges of M (p; ir @ +,-) has order O(3)
when ¢ goes to infinity. Hence

204t aia)|= 0 (e (c50)])

This completes the proof of Theorem 1.2 for the case that r is rational. If 7 is irrational,
then we let s; be rationals less than 7 but approaching r. For each of the rationals s;,
we construct the corresponding sequence of graphs as above, then we use the diagonal
method to choose one graph from each of these sequences of graphs. It is obvious that
the resulting sequence of graphs gives a proof of Theorem 1.2 in this case. 1]

When m > 3, we know that some more edges can be deleted from M(p, q) without
decreasing the circular chromatic number. However, we do not know if the order could

be reduced to be smaller than O (,/|E(G;’,)| } On the other hand, let H be a subgraph

of G¢ with the least number of edges such that x.(H) = p/g. We do not know any
non-trivial lower bound for the number of edges of H.
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