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§1. Introduction

A linear Lie algebra is called toroidal if it is abelian and consists of
semi-simple transformations. The maximum, #(L), of the dimensions of the
toroidal subalgebras of the derivation algebra, 4(L), is an invariant of L.
This paper is mainly concerned with the relation between the magnitude
of #(L) for nilpotent L and the structures of L and 4(L).

Now, if L is quasi-cyclic (in particular, if L3 =0) then #L)=1. We
discuss a class of metabelian algebras in which the equality holds. The
holomorphs of these algebras have a remarkably simple structure and their
study lead to the discovery of non-isomorphic nilpotent Lie algebras with
isomorphic holomorphs and even isomorphic derivation algebras. The
question of whether or not Lie algebras are determined by their holomorphs
was first studied by Schenkman in [5]. He showed that free nilpotent Lie
algebras are so determined but the general question was unsettled until now.

It was conjectured in [4] that if #(L) =1 then 4(L) is solvable. We
show (Theorem 2.2) that this is correct provided L has a non-singular
derivation and give an example showing that this latter restriction is needed.
In section 3 we investigate briefly the restrictions imposed on a nilpotent
Lie algebra by a requirement that most of its ideals be characteristic. If
every ideal of L containing L? is characteristic then #(L)=<<1. Also, if every
ideal of a metabelian Lie algebra over an algebraically closed field is
characteristic then L can only be one dimensional.

If L is nilpotent and L=U 4+ U?+- -3+ U* (+ denotes vector space
direct sum), where U is a subspace of L and U’ =[U, Ui™'], then L is called
quasi-cyclic. If the ground field has characteristic 0, a nilpotent Lie algebra
is quasi-cyclic if and only if there is a subspace U with L = U+ L? such that
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the identity map Iy extends to a derivation of L. This is not the case in
characteristic p >0. However, the extension of I, to a -derivation occurs
often and, when it exists, we still write I, for this (unique) extension.

§2. Solvability of A(L).
2.1 Remark: A nilpotent Lie algebra is abelian if and only if L/L?
1s abelian.

2.2 THEOREM. Let L be milpotent, non-abelian over a field of characteristic 0.
Let D in A(L) induce a non-singular derivation of L/L:. Then D is not contained
in any simple three-dimensional subalgebra of A(L).

Proof. We may assume, without loss of generality, that the ground
field is algebraically closed. Let D induce the non-singular derivation D on
L/L3. D, (the semi-simple component of D) is induced by the semi-simple
component D, of D and D is non-singular if and only if D, is. If D, and
therefore also D, (a semi-simple Lie algebra is algebraic) is contained in a
three-dimensional simple subalgebra S of 4(L) then D (and therefore also D;)
is contained in the three-dimensional subalgebra S of 4(L/L?% induced by S,
for the restriction to S of the homomorphism 4(L)— 4(L/L%) induced by the
natural map L— L/L? is injective since L is nilpotent. This means that L/L?
has a non-singular semi-simple derivation contained in a three-dimensional
simple subalgebra of its derivation algebra. Thus we may assume that
L3 =0 and that D is semi-simple. Multiplying D, if necessary, by a non-
zero scalar we may choose E, F, in S so that D, E, F is a basis of S and
so that

[E,D]=2E [F,D] = —2F [E,F]1=D.

Now 0 is not a characteristic root of D so the discussion on page 84 of [3]
shows that all of the characteristic roots of D are odd integers. Let
%y, ¢ +,%, be a basis of L consisting of characteristic vectors of D, say
Dz, = p;x; with the p; odd integers. Then D[w;, x;]=[Dx; x,]+ [, Dx,]=
(p; + o) 2,1 so that [x,2;] is an eigenvector of D with corresponding
characteristic root p; + 0;. But p;+ p,; is even whence [x;,2,]=0 and L
must be abelian.

2.8 Remark: A derivation as in 2.2 may be contained in a simple
subalgebra of 4(L) of dimension greater than 3. Consider a free nilpotent
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Lie algebra L generated by an n-dimensional vector space U with #n > 2.
Every element of Hom (U,U) extends uniquely to a derivation of L; and
amongst these those of trace 0 form a simple subalgebra of 4(L). Over an
infinite base field some of these are non-singular.

2.4 Treorem. If L is a Lie algebra over a ground field of character-
istic 0 with #(L)=1 and if L has a non-singular derivation then 4(L) is
solvable.

Proof: As in 2.2 we may assume that the ground field is algebraically
closed and that L has a non-singular semi-simple derivation D. If 4(L)
were not solvable then 4(L) would contain a simple subalgebra S. A Cartan
subalgebra of S would consist of semi-simple transformations and so, since
t(L) =1, it follows that S can be chosen so that D is in S. Now from the
classification of simple Lie algebras it follows that S has dimension 3. The
result follows from 2.2.

§3. Characteristic ideals and #(L).

3.1 Prorosition. Let L be a nilpotent Lie algebra over a perfect
field F and let D be a derivation of L which induces the identity on L/LZ.
Then there exists a subspace U of L such that L = U 4 L? and the identity
map Iy extends to a derivation of L.

Proof: Since the ground field is perfect we may write D=S+N where
S is semi-simple, N is nilpotent and S is a derivation of L. Since the
transformation induced by D on L/L? is semi-simple it is identical with the
transformation induced by S. Thus if U is a subspace of L with SUCU,
L =U 4 L? then S induces the identity on U.

3.2 Remark: If F has characteristic 0 and L is as in 3.1 then L is
quasi-cyclic i.e., L=U+U*+ -+ + U*. However this need not be the
case if the characteristic is » >0. To see this let L, =U, + U2 4 .- + U
and L, =U, + U2 + + -+ + U,**? be quasi-cyclic Lie algebras over a field of
characteristic p >0, where we assume k¥ >1 and U,* #=0, U,**? 0. Choose
a non-zero «; in U,* and a non-zero z, in U,**? and let L =L, ® L,/J
where J is the ideal of L, ® L, generated by (z,,%,). This L is not quasi-
cyclic. However L = U4 U2+ - -« + U**? where U is the image of U,®U,
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in L and the map which is j times the identity on each power U’ is well-
defined and is a derivation of L.

3.3 Remark: If L is a nilpotent Lie algebra the collection of deriva-
tions D such that DLcL? is a nilpotent ideal of 4(L).

3.4 ProrosiTioN: Let L be a nilpotent Lie algebra over any field F. Sup-
pose that every ideal of L which contains L? is characteristic.  Then every derivation
induces a scalar multiple of the identity on L|L%.

Progf: Take 6 in 4(L). For any z in L, with 2 not in L2, we have
6z = A(x)x mod L® with 2(z) in F since the ideal (x, L?) is characteristic. If
# and y are linearly independent and are not in L? then i(z) = A(y) since
(®¢ — v, L?) is characteristic.

3.5 CoroLLARY: Let L be milpotent and such that every ideal of L which
contains L? is characteristic. If the ground field is perfect then #(L)<<1. Further,
every ideal of L situated between powers of L is characteristic.

3.6 Remark: If L*=0 the elements of Hom (L, L?) which map L? to
0 are derivations of L.

3.7 LemMA: Let L be a Lie algebra with L* =0 and dim L2=2 over an
algebraically closed field. Then there exists an x in L not in L® with [z, L]#=L%

Progf. Assume first that dim L? = 2.

Let 2, +--,2,, a b be a basis of L with a,b a basis of L2, Let
[2,2,;] = a;;a+ B;;b and put A= (a;;), B=(8;). Choose 2 in the ground
field such that A — 2B is singular and let » = (v, 7y, + + -, 7,) be a non-trivial
solution of #(A —2B) =0. Then [J 72, L1SQa +0)&L% If dimL?=5s>2
the problem reduces to the above by factoring out an ideal of dimension
s — 2 contained in L2,

3.8 ProrosiTiON: Let L be a Lie algebra with L® =0 over an algebraically
closed field. If every ideal is characteristic then dim L = 1.

Progf: We shall show that L?=0. Then L abelian with every ideal
characteristic forces dim L =1,

First suppose dim L?=2. 3.7 gives us an z not in L? with [x, L]#L2.
But then the ideal (z)4-[z, L] is not characteristic.
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If dimZL2=1. Write L=V 1 (z2). For v, v, in V, [v,0,] = p(vy, 05)2
where g is a skew symmetric bilinear form on V. If the rank of g were
less than dim V then L would have an abelian direct summand, which
would be a non-characteristic ideal. Thus we may choose a basis v, « « -, v,,
wyy » + -,ws for V so that [v;,w;]=4;;2. There is a derivation mapping
v, w,, w;—v, and other basis elements to 0. But then the ideal (v;) + L2
is not characteristic.

3.9 The hypothesis L? =0 cannot be removed from Proposition 3.8 as
seen from the example, L, of a characteristically nilpotent Lie algebra given by
Dixmier-Lister [2].

For the reader’s convenience we give the multiplication table; the ex-
ample has a basis x;, « -, 25 with [, %] = s, [, 23] = @6, [21, 2] = 27,
[®1, 25] = — sy [@, @3] = @s, [0, 2] = &, [2, Bl = 2o, [2g, 2] = — @5, [#5,25] =
— %y, [24 %e]l=— %s. Asshown in [2], 4(L)=N, + I(L) where N,={D|DLc L3}
and I(L) denotes the inner derivations. It is an easy matter to check that
every ideal of this example is situated between powers of the algebra and
thus, since the derivation algebra has the above structure, every ideal is
characteristic.

3.10 One may ask if every characteristically nilpotent Lie algebra has
only characteristic ideals. An example showing that this is not the case is
constructed as follows: Start with the example, L, given in Bourbaki [1,
page 123]. Here L =(x,, + - +,2;5) with

2] =25 [2p2]=2 [2,2]=25 [2,2:]=2

[0, 6] = 25 [@, 2] = 5 [@2 2] = @5,  [20, 0] = s

(20 #s] = @7 [@y, w] = 205 [@3, 2] = — @2+ 25 [, 2] = — @s
other products 0. This algebra also has only characteristic ideals. Now
let H be the nine-dimensional algebra (xz,) + L with [z ¢,] = 2, [Ze 2] =0,
i+ 1.

A calculation much like the one indicated in Bourbaki [op. cit.] shows
that His characteristically nilpotent. Note however that the mapping which

sends #; —> 2, and z;, >0 for i %=1 is a derivation of H and thus 4(H)HE H?.
Thus H has a non-characteristic ideal, e.g. (x,) + H>.

§4. L*=0 and holomorphs.
If L2 =0 and L = U 4 U? then every element & of Hom (U, U?) extends
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uniquely -to- an element, still denoted by %, of 4(L) such-that A(U?) =0.
By this means Hom (U, U?) is identified with an abelian subalgebra of 4(L).
Further I extends to a derivation of L also denoted by ;. One naturally
asks if an algebra with L3 =0 can have a derivation algebra no larger than
(Iy) + Hom (U, U?). We shall give two non-isomorphic examples over -any
fixed ground field of characteristic 0. :

Let L, have a basis x,, - + -, %, with the multiplication table

[0, 2] = 25 [®, 23] =27 [0, 25] = 25 [@2, 23] = 2,

[y ] = 25 [®o, 5] = 27 [23,204] = 25 [24, 25] = 24

with [#;,2,]1=0 for { < s if it is not in the above list.

Let U be the subspace (xy, %5, 3, %4, #5), U? = (@, %+, ¥, ¥,) and compu-
tation will show that 4(L,) = (I;) + Hom (U, U?).

Let L, have a basis y;, « - -, ¥, with the multiplication table

Wovl=vs [Wo¥sl=Yr [W¥sl=¥s [¥2yd=19s
[Wo¥ysl=y: Wa¥dl=Y [Wanysl=ys [Wo¥ysl=Ys

with [y;,%;1=0 for i <j if it is not in the above list.

Let V= (44¥2¥s¥s¥s), V:=(YeYn¥Ys¥,) and again computation will
show that 4(L,) = (Iy) + Hom (V, V?2).

To see that L, is not isomorphic to L, verify that the rank of the linear
transformation ad « is either zero or is greater than or equal to 3 for all
2 in L, while ad ¥, has rank 2 in L,.

We shall show that these algebras have isomorphic holomorphs and to
this end we introduce a type of Lie algebras as follows: Let m, n be non-
negative integers let U, V be vector spaces of dimensions m, n respectively
over the same field of characteristic 2. Form an algebra H<{U,V)> whose
underlying vector space is () + Hom (U,V)+ U+ V where (6) is a one-
dimensional space. Make H(U,V) into a Lie algebra so that

[, u] = h(u)
[6,h]1="h
[0, u] =u

[0,v1=2v  for all # in Hom (U, V), all # in U
and all v in V while
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[Hom (U, V), Hom (U, V)] =[Hom (U, V), V]
=[U,Ul1=[0,V]=[V,V]=0.

We shall denote an isomorph of the above algebra by H<{m,n> whenever
the spaces U and V do not require explication.

4.1 ProrosiTION: H<{m,nd has the following properties:

1) If J is a proper ideal of H<m,n> then ] is nilpotent.

2) If S is any subalgebra of H<{m,n) then the maximal nilpotent ideal of S
has codimension in S<1.

Proof: Suppose J is a non-nilpotent ideal of H<U,V). Then there is
an « in J of the form =0+ %2+ u +v where % is in Hom (U,V), u in
U, vinV. But[6,2]1=h+u-+2v so § —v is in J. Now [4,0 —v]=— 2
so that v, and therefore ¢ is in J. This means J2[6, H<U,V>]=Hom/(U,V)
+U+V so that J = HU,V). 2) is clear.

4.2 THEOREM: Let L be a Lie algebra over a field of characteristic + 2 with
holomorph H(L) and derivation algebra A(L). H(L) is isomorphic to H<{m,n> for
some myn if and only if

1) L is nilpotent with L3 =
2) If L=U4U®? then AL)=(Iy) + Hom (U, U?).

Proof: Suppose H(L)=< H<{m,n>. We may assume dimL >1. L is a
proper ideal of its holomoph and thus, by 4.1, L is nilpotent. Furthermore
L3 =0 since the maximal nilpotent ideal of H {m, n) has that property. Now
let L =U+U? As noted 4(L)2(Iy)+ Hom (U, U?).

Next we assert that L has no non-zero abelian direct summand. For
suppose L = L, ® A, where A is a non-zero abelian ideal. I, extends to a
derivation of L, also denoted by I, such that I,(L;)=0. Since I, and I
are commuting, linearly independent, non-nilpotent derivations of L, the
subspace (I,) + (Iy) + L of H(L) is a subalgebra violating 2) of 4.1.

Again using 2) of 4.1, 4(L) ='(I;) + N, where N is the maximal nilpotent
ideal of 4(L). If D is in N then some power of ads.)(D) annihilates 4(L)
and hence also the ideal of inner derivations. This means that some power
of D maps L into the center of L which, since L has no abelian direct
summands, is contained in L% Then some higher power of D annihilates
L. Thus N consists of nilpotent derivations and therefore N+ L is a nil-
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potent ideal of H(L). It follows that (N+ L)*=0 and therefore that the
square of every derivation in N is 0. »

Take D in N, u in U. Let v=Du. If v were not in U? then # and
v would be independent since D is a nilpotent linear transformation. Then
one could choose % in Hom (U, U?) such that #(x) =0, h(v)=0. But D+nh
would be a derivation of N with (D + k)?+0 which is impossible. Thus
N = Hom (U, U?).

Conversely suppose 1) and 2) hold. Then H(L)= (1) + Hom (U, U?) +
U 1 U2 (Note that we are not finished; ~H(L) is not H<U, U?> since [U, U]0.)
Put V ={u— L Duuin U}, W=U" Then [V,V1=[V,W1=0 and [, v]=v

for all v in V. For 2 in Hom[U,U?), I:h,u—%Du] =h(u) so we may

identify Hom (U, U?) with Hom (V,W). Thus H(L) = (Iy) + Hom (V, W) +V
+W=H{V,W).

4.3 CoroLrArY. If H(L)= H<{myn) then dim L = m+ n and dim L*=n.

4.4 CoroLrArY. For dim L >1, H(L)= H {m,n) if and only if L*=0
and the algebra of outer derivations, A(L)/I(L), is tsomorphic to an algebra of the
Jorm (I) 3+ B where B is an abelian ideal of dimension m(n —1) and [I,b]1=0b for
all b in B,

The above results coupled with the examples given at the beginning of
this section give us the following:

4.5 TurOREM. There are‘non-ixomorp/zic Lie algebras Ly, L, with L}=L}=0
and with A(L,)= A(L,), A(L.)JI(Ly)= A(Ly)/I(Ls), H(L,)= H(L,).

4.6 The examples above both have holomorph H<5,4) and a reason-
able question is whether or not L?!=0 and #(L) =1 forces the holomorph
of L to be an H<m,n)>. The answer is no and an example L is giveri as
follows:

Let L have a basis @, @, + + +, 2, over a field of characteristic 0 with the
multiplication table:

[21, 22] =[5, 24] =[5, X6] = 24
[y, 5] = [24, 23] =
[, 25] = [0, %4] = @

[2g, 23] = [24, 25] = %0 where [2,2;1=0
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if it does not appear in the list. Computation shows that 4(L) is spanned
by IU where U = (%, 23, * + +, %), D with Dzs =2, and Dz, =0 if i =5 and
Hom (U,U?). Clearly #(L)=1 however 4(L)% (Iy) + Hom (U,U? so that
H(L)+ H<6,4> by Theorem 4.2.

It is worth noting that our examples of Lie algebras with holomorphs
H(m,n) are “minimal”’. We shall show this in 4.9.

Let V be the space of mXxm matrices, m >2, over a field of character-
istic =2, W the mm—1)
ces. Define ¢ : V—Hom (W,W) by ¢(B)(A) =BA+ AB' for A in W, B in
V. Then ¢ is an injective linear transformation and ¢(J) = 2.

-dimensional subspace of skew-symmetric matri-

Suppose L = U + U? with u,, + - «, %, a basis of U, ¥, ¥s » + -, Y. a basis
of U? and [u;, u;] = %}a’;jyk. Let X be the subspace of W spanned by (af;),
k=1,2,+++.,n. Note that dim X = » and

(*) osns—m(iz_i).

One may verify

4.7 ProrosiTioN. A map T in Hom (U,U) extends to a derivation of L
uf X is @(t,;) tnvariant, where Tu; = 33t 0;.
J

We shall need also the following lemma.

4.8 LemMmA. Let X be a subspace of a vector space W, C a subspace of
Hom (W, W) such that CnHom (W, W)=(I,) (T is in Homx(W, W) if T(X)=X),
then dimC<dim X-codim X + 1.

Proof. Let r =dimW, s =dim X, D = Homy(W,W).
Then 72 = dim (Hom (W, W))
=dim (C + D)
=dimC +dim D — dim (CnD)
=dimC+ 2 —rs+s2— 1.

The result follows.
We can now prove

4.9 Tueorem. If H(L)= H<{m,n)> for some L of dimension >1, then either

m=5 with 4<n=<6 or m=6 with 3§nsL’”Z_1—)—3.

L=09.

In particular, dim
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Proof. Suppose H(L) = H<{m,n). By 43, L =U+U? dimU = m,
dim U2 = n, and the only elements of Hom (U,U) which extend to deriva-
tions of L are the scalar multiples of the identity.

It follows from 4.7 that

s(V)NHomx(W, W) = (Iy).

By computation, L is not one of the two algebras with m =2 and then by
4.8

(%) m: =< <———m(m2—- D _ n)” + 1.
If m =3 or 4 (x) and (*+) cannot be satisfied simultaneously. If m =5, these
inequalities yield 4<#»n <6. Finally, if m=6, (++) is not satisfied by the six

solutions of () not in the range 3£n£L7’12—L)_3.

§5. An answer to a conjecture concerning #(L).

If L is an H<{m, m) then Theorem 4.2 gives us the structure of 4(L)
and we see that #(L) =1 while the maximal nilpotent ideal of 4(L) is Hom
(U,U?) where L =U 4 U?% It seems natural to ask whether there exists a
metabelian Lie algebra L with maximal nilpotent ideal of 4(L)=Hom(U, U?)
and #(L)>1. We shall give an example of such an algebra with #(L)=
dim L/L? (the maximum possible for #(L)).

The example L has a basis @, « - +,2,, over a field of characteristic 0
with

[y, %] = @6 [, 2] = 2
(@, @3] = @5 [@y, 5] = X5 [, %5] = @40

and [#;,2;] =0 for ¢ <j if it is not in this list.

Computation will verify that the derivations of this algebra have desired
structure i.e., (L) =5 and every nilpotent derivation maps L into L2

Now we shall show that L yields a counterexample to the conjecture
HL)<¢L[])+ ¢(J) (4], Remark 3, p. 640) for any ideal J of L. To see
this let J be the ideal generated by

2L=% Xy 2y =X+ Xy 23 = X+ 24 = s —x,.  First note that
[y =« *y24)y (Zey »++y20]= (2 +++, %, so that codim J =1 and therefore
t(L/])=1. To see that #(J) =3 (as least in characteristic 0) suppose T is a
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linear transformation of J such that T2, = 1,2; then T is a derivation of J
if and only if 22, =2, —2;. Now let A= {T|Tz =22;;2 =2, — 23} and
check easily that A is a maximal toroidal subalgebra of 4(J) and has di-
mension 3. Thus L yields the desired example since 541+ 3.

§6. Resolutions of some questions about A(L).

In this section we shall resolve the following questions concerning the
structure of derivation algebras of nilpotent Lie algebras:

6.1 Does there exists a nilpotent Lie algebra L with #(L) =1 such that
A(L) is not solvable? (See [4, p. 640] Remark 5).

6.2 Does there exist a nilpotent Lie algebra L such that the radical
of 4(L) consists of nilpotent derivations but is not a direct summand of 4(L)?
(See [6, p. 214]).

6.3 Does there exist a directly indecomposable nilpotent Lie algebra
L which has a semi-simple derivation but no non-singular derivation?

6.4 Does there exist a nilpotent Lie algebra L such that 4(L) annihi-
lates the center of L but L is not characteristically nilpotent? (The affir-
mative answer to this question shows that the claim added to Remark 5 in
[4] is incorrect.)

We construct a Lie algebra L which answers 6.1-6.4 in the affirmative.

We begin with any characteristically nilpotent Lie algebra A such that
{w in Allw, A]lcZ(A)} < A2 where Z(A) is the center of A. Note that the
algebra given by Dixmier-Lister [2] has this property. Let V be a two-
dimensional vector space over the ground field of A with basis z, y. Take
a non-zero z in Z(A). Now let L be the Lie algebra whose underlying
vector space is the direct sum of V and that of A. Products are defined
in L so that [x,y]=12, [V,A] =0, and the products in A are as before.

6.5 ProrosiTioN. A(L)=S+ N where S is a simple three-dimensional
subalgebra and N s an ideal consisting of nilpotent derivations.

Proof. First note that any linear transformation D in Hom (L, L) induces
D, in Hom(L,V) and D, in Hom (L, A) such that D(u«) = D,(u) + Dy(u) for
all # in L. Now if D is in 4(L):

(1) Dy|, is in 4(A).
(2) trace (D,],) =0.
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Since A?c A and [V,A]=0, for a,b in A one has Dja,b] = Dla, b] = [Da, b]+
[a, Db] = [D,a, bl + [a, D;b] ; hence (1). For (2), let Dx) =-ex + By, Di(y) =
72 +dy. Then Dz = Dx,y] = (a + d)2z. By (1) and the characteristic nilpo-
tence of A4, a+ 4 =0.

Any T in Hom (V,V) extends to a unique 7* in Hom (L, L) such that
T*v) = T() for v in V and T*A) =0. Let S={T* T in ‘Hom (V,V), trace
‘T=0}. One sees easily that SC4(L) and that S is simple of dimension
three. '

{# in L|[u,L]lcZ(L)} is a characteristic ideal of L containing V and,
since Z(L) = Z(A), it is contained in V 4+ A? by hypothesis on A. Thus for
any D in 4(L), D(V)cV + A%, Now let N={D in A(L)|D(V)cA}. Then,
in fact, the elements of N map V into A? and since A?= L? which is a
characteristic ideal of L, N is an ideal of 4(L).

If D is in 4(L) then (Dy|,)* is in S by (2). Thus D — (D], )* is a
derivation of L and clearly maps V into A. Hence 4(L)= S+ N.

To see that N consists of nilpotent derivations, take D in N and see by
induction that D*(A)cV + A®+ D% A), for integral k=1. By (1) and the
characteristic nilpotence of 4, there is an # such that D"(A)<V + A% Then
Dr*Y(L)c A? = L2, Since L is nilpotent, D is nilpotent.

To exhibit a specific L answering 6.1-6.4 take A to be the algebra in
[2]. The answer to 6.1 is evidently yes. 6.3 and 6.4 are answered affir-
matively since A is directly indecomposable and 4(A) annihilates Z(4). N
is the maximal nilpotent ideal of 4(L) so that to answer 6.2 affirmatively
we need only show [S, N]# 0. for this, let 73 and T: in 4(L) be defined
so that T\ =0, Ty =2, Ty(A)=0 and Tt =1y, Ty =0, T3(A)=0. Then
Tiyisin N, T, is in S and [T}, 73]+ 0.
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