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Abstract  We obtain inverse factorial-series solutions of second-order linear difference equations with a
singularity of rank one at infinity. It is shown that the Borel plane of these series is relatively simple, and
that in certain cases the asymptotic expansions incorporate simple resurgence properties. Two examples
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1. Introduction

In this paper we study the resurgence of inverse factorial-series solutions of the second-
order linear difference equation

w(z+2)+ f(Rw(z+ 1) + g(z)w(z) =0, (1.1)

where f(z)/z and g(z)/2? are analytic for |2| > A > 2. The special case where f(z) is
a linear function of z and where g(z) is a quadratic function of z is studied in [9]. This
paper can be seen as a generalization of that paper.

The usual large z asymptotic expansions of this difference equation are of the form*

4 - Cs
P Z o8t (1.2)
s=0

(see, for example, [5]). In [5] it is shown that the Borel transform of the formal series
(1.2) has infinitely many singularities in the complex Borel plane, and these give rise to
infinitely many exponentially small terms in the complete asymptotic expansion that has

* The solutions of (1.1) grow like factorials. Asymptotic expansion (1.2) is the expansion for the
function y(z) = w(z)/I'(z).
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(1.2) at its highest level. For an example of infinitely many exponentially small terms
in a complete asymptotic expansion see [2] and [11], where the exponentially improved
asymptotic expansion of the gamma function is discussed.

The original reason that we study inverse factorial-series solutions of the form

’l,UJ(Z) ~ pjzas,jr(z — Q5 = 8)7 .7 = 1527 (13)
s=0

is that these expansions show up in the asymptotic expansions of late coefficients in
asymptotic expansions for differential equations and integrals. In [7] and [8] it is shown
that inverse factorial series are the natural asymptotic basis in these problems, and in the
second example we show that they are the natural basis for asymptotics of hypergeometric
functions with large parameters, that is, the coefficients in the expansions are very simple.
Note that an expansion of the form (1.2) can always be converted in an expansion of
the form (1.3), and vice versa. The (normal) factorial-series solutions of (1.1) are of the
form (2.1) and are discussed in [3] and [4]. These factorial series converge (slowly) in
half-planes.

We will study the Borel transform of (1.3) and show that it has only three singularities
in the complex Borel plane, located at 1/p1, 1/p2 and the origin. The singularities at 1/p;
are simple in that they correspond to the two formal series solutions of the form (1.3)
of (1.1). The singularity at the origin is more complicated.

In the case in which 1/p; is closer to 1/ps than it is to the origin, we give an asymp-
totic expansion for the coefficients as1, as s — oo. The coefficients in this expansion
are ay_ 2. This phenomenon is called resurgence. In this case the divergent inverse facto-
rial series (1.3), with j = 1, can also be optimally truncated and re-expanded in a new
series. The coefficients in the re-expansion are again a, 2. This exponentially improved
asymptotic expansion determines the solution uniquely. The case in which 1/p; is closer
to the origin than it is to 1/ps is more complicated and will be discussed in a future
paper.

The structure of this paper is as follows. In §2 we state the main results, which are

(i) formulae to compute all the coefficients on the right-hand side of (1.3);
(ii) Theorem 2.1, which states that solutions of the form (1.3) exist;
(iii) the large s asymptotics of the coefficients a, ; in Theorem 2.2; and
(iv) Theorem 2.3, which contains the exponentially improved version of expansion (1.3).

The Borel transform is introduced in § 3, where we prove that the complex Borel plane
contains only three singularities. Two of these singularities are relatively simple, that is,
we are able to obtain local expansions near these singularities. For the Borel transforms
that are defined near one of these ‘simple’ singularities, we determine the local behaviour
near the other ‘simple’ singularity, and the growth at infinity.

The proofs of Theorems 2.1-2.3 are based on the results of §3 and are given in §4.
Some remarks on the excluded cases are given in §5, and since the proofs of all of the
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results of this paper are very technical, we also include § 6, which contains two examples.
The second example is the large a asymptotics of the Gauss hypergeometric function
oF1(a,b; ;). In this case the inverse factorial series are convergent in certain z-regions.
However, the sum of the convergent series is in general not equal to the special solutions
of the difference equation that are defined via the Borel transform, that is, the complete
asymptotic expansion of the sum of the convergent inverse factorial series contains more
terms than just the convergent series itself!

2. The main results

Recall that we assume that f(z)/z and g(z)/2? are analytic for |z| > A > 2. The
factorial-series expansions for these functions are
J2 E fa

@ =feth+ 5 e T a6y T (21a)

93 94 95
z)=go(z—Dz+giz+ g2+ + +
9(2) = 90 )2+ g1zt 2 z4+41 (+DE+2) (z+1)(z+2)(z+3

(2.1b)

These series converge absolutely for Re z > A. The integral representations for the coef-
ficients are

1 I'z+k—-1) 1 I'z+k—2)

= d = — d 2.2
f=smd o Ry O a=spd SR @)
k=0,1,2,..., where the contour of integration is the circle |z| = A. We will need the
estimates

I'A+k—-1) I'A+k—2)
< ———F——M(f, A, < ————M(g, A), 2.3

where M(f, A) = max{|f(z)| | |2| = A}. Note that the condition A > 2 guarantees that
(2.3) holds for k£ =0, 1.
Difference equation (1.1) has a formal solution of the form (1.3), where p is a solution

of
P>+ fop+90=0 (2.4)
and
a=1— M (2.5)
Jor + 290

We call these solutions p; and po, and we assume that go # 0 and p; # ps2. Let aq, as
correspond, respectively, to p1, p2. Then by using (2.4) we obtain

Jipr + 01 ap =1+ fip2 + a1

P1(Pl - ,02)7 p2(p2 — P1)' (26)

In the proofs of Theorems 2.2 and 2.3 we will assume that for j = 1,2, Rea; > 1 and
o is a non-integer. If this is not the case, then we can replace the independent variable
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z by z — ¢, where we choose ¢ such that for j = 1,2, Re(o; +¢) > 1 and a; + ¢ is a
non-integer.
The coefficients are given by the recurrence relations

p1(p1 — p2)(s + Dasy11 = (go(ar + 5 — 1)(041 +5) +g1(a1 + 8) + g2)as

> — kE+q\ I'(s+a3+1)
+Zp1f‘” — (5) g < k )F(sk+a1+1)

s—1 s—1—q
kE+q\ I'(s+ar+1)
+qu+3z Gslkq,( k >F(s—k+a1+1)

(2.7a)

O

and

p2(p2 — p1)(s + Dast12 = (go(az + s — 1)(az + 5) + gi(aa + 8) + g2)as 2

kE+q\ I'(s+ax+1)

+Zf’2fq+2z “S—’f—qﬂ( k )F(s—k+a2+1)
k=
s—1—

E+q\ I'(s+az+1)
k
+qu+3 Z ) a’Sle»Q( k >F($-k+0{2+1)

k=0
(2.7b)

Usually, the recurrence relations for the coefficients in (inverse) factorial series are very
complicated. A consequence of taking factorial-series expansions (2.1) for the functions
f(2) and g(z) is that here we have a relatively simple recurrence relation.

Theorem 2.1. The difference equation (1.1) has solutions wi(z) and ws(z) with the

properties
wy(z) ~ p5 Zas)lf(z —aj —9), (2.8a)
s=0
(o)
wa(z) ~ pj Z as 2l (z —as —s), (2.8b)
s=0

as z — 400, provided that py # ps.

Theorem 2.2. As s — oo,

. T P1— P2 /e
as,1NK1( > Zaﬂf’ s—j+a1—a2)< ) (2.9)

j=0 1

provided that
1 1

P1 P2

1

, 2.10
P1 ( )
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and

n YT p2—p Y

Qs 2 NKQ( > CL'JF(S—].-FOZQ—OQ)( ) (211)
P2 — P1 ; / P2

provided that

1 1

P2 pP1

1

=l (2.12)

The K;, j = 1,2, are constants.

Theorem 2.3. Provided that (2.10) holds, the difference equation (1.1) has a unique
solution w1 (z), determined by

N;—1 2 Ni+aq
w1 (z) ~ pi Z as,lf(z—al—3)+K1PTF(Z—CY1—N1+1)< )

=0 P1 — P2
% i ajol'(Ny —j + o1 — ) (Pl — p2 >j+a2
iz zZ—og— ] p1

o (BN —ita—a pm (2.13)
TN s+l Tp—p) T

as z — 0o. The optimum number of terms in the first sum of (2.13) is

—1
ﬁ ) 2. (2.14)

Provided that (2.12) holds, the difference equation (1.1) has a unique solution we(z),
determined by

we (s

N>—1 o Na+a
wa(z) ~ p5 Z as,zf(z—az—3)+K2P§F(Z—a2—N2+1)< )

s=0 p2 =P 1
% i aj I'(N2 —j + g — ) (Pz — p1 >j+a1
= z—og - P2

oy (LN i taz—ar P (2.15)
2t z—ar—j+1 "pr—p1)’ .

as z — 00. The optimum number of terms in the first sum of (2.15) is

—1
pgp_lm ) 2. (2.16)

The constants K;, j = 1,2, are the same as in Theorem 2.2.

v i+

In this paper we shall make repeated use of the integral representation for the beta
integral:

(@)l (y) /°° tr!
Blz,y) = w2 = [ — : 2.1
(z,y) Tty ~ ) Trpervdh Bew>0 Rey>0 (2.17)
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3. The Borel transform

In this section we introduce the Borel transform. Locally it can be defined via dividing
each term of the divergent asymptotic series by a suitable factorial (see (3.5)). For a
more global representation we use integrals. In the case of differential equations, one
usually uses a Laplace transform to define the Borel transform (see, for example, [7]).
For difference equations it is more natural to use a Mellin transform.

We write the solutions of (1.1) as a Mellin transform

o1 H1ey)
w;(z) = ——/ Y;(t)t =t dt, (3.1)

27 J o

where the contour of integration starts at co, encircles the point ¢ = 1/p; once in the pos-
itive sense, and returns to its starting point. The difference equation for w;(z) translates
to the differential-integral equation

(L= )1 = V] 0+ (ot + £V} + (4 2 )0

t—s—Q t

+ Z ol (gs+3t + fs+3)/ (t—7)°Y;(r)dr =0. (3.2)

s=0 1/p;

Estimates (2.3) show us that the sum in (3.2) converges in the half-plane

1
Pj:{tHl— <1}. (3.3)
tp;

In this half-plane we can interchange the integration and summation and use integral
representations (2.2). We obtain

(1= (1= 0¥, )+ nt+ 1Y/ + (o2 + 2 ) 150

1 ¢ t* z+1 _
[ v 7@ (A)TZ“(g(z)—k ! f(z)> dzdr =0. (3.4)

2mi J1/p,

This differential-integral equation can be used in the entire complex ¢-plane.
It is easy to check that

Yi(t) = as T (—aj — s)(1— pt)** (3.5)
s=0

is a formal solution for these differential-integral equations.
Let P, be the half-plane Py, with, in the case that 1/ps € P;, a branch cut from 1/ps
to coexp(iph(1/p2 — 1/p1)). The definition for P; is similar.

Theorem 3.1. Differential-integral equation (3.2) has a unique solution Y;(t) in Pj
such that Y;(t) ~ ag ;jI'(—c;)(1 — p;t)® ast — 1/p,. For this solution (3.5) is a conver-
gent series expansion that converges in a neighbourhood of t = 1/p;, and there exists a
constant M; such that Y;(t) = O(t"i) as |t| — oo in P;.
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Proof. Let Yi(t) = (1 — p1t)** (1 + h(1 — p1t)) and 8 =1 — (p1/p2). Then
got(t — B)R"(t) + golan + 1)(t — B)R'(2)
= —tho(t)(1 + h(t)) — ¢ath'(t)

Z gs+3 + (p1fsys/(1 — 1)) /0 (z — t)° <f) 1(1 + h(z))dz, (3.6)

(1 —t)stls!
where
_ p1fo B
’(/Jo(t) = Ozl(Oél — 1) T—¢ and 1 = (041 — 1)90 +9g1-
We get
VKt T
)= [ EET w1+ b)) - ()
9s 3+ plfs 3/(1_T)) s ‘ral
Z + . J;+1SI ; (:L'—T) = (14 h(x))dz|dr,
(3.7)
where ) .
— (651
Kty = 1=
GoCx1
The 7-integration in (3.7) will be along straight lines. Since Re a; > 0 we have
2 0 1
K(i,7)<—— and |=K(t,71)|<—. 3.8
) lgoc | o (-7 ltgo| (38)
Note that
gs+3 + (p1fsss/(1 — 7)) (=Y
Z 07yt i (x—T) ) o <ea(n), (3.9)
where

o0

_ I'Rean +1) P15+l 7\
w2(7>_§F(Rea1+s+2) ('gs+3+ =7 >(|1T|) - (310

The ﬁnal sum converges for Rer < %

t
/W)O H% )ldr|, u'/l(t):/ i dr| and K(f)= sup | T,
T—r] o 1=7] re@o |7~ B
(3.11)

We take ho(t) = 0 and, for p=0,1,2,...,
"K(t7)

()= [ S0

[—¢0(7)(1+hp(7)) i (7)

+ng+3+1plfti{8 D[ e (2) 1+l ad] ar

T

(3.12)
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The reader can check that for p =10,1,2,...

B 2KC(t) 1 /2K(t) K(t) P
i1 (£) = o (E)] < 1o o P00 <|goa1|%“) T WO ’ (3.13)
S K@), .1 (2K() K@)\ '
H 6001 < oty (Lot + o).
Now let -
Bty = (s (8) — (). (3.14)
Then 2K(1) 2K (1) k()
o) < 2Ot e"p(moal%(” n w%(t)). (3.15)

Let P(t) be the half-plane Ret < 1, with, in the case where Re 3 < 1, a branch cut from
B to coexp(iph ). The sum in (3.14) converges uniformly in any compact set in P(t).
Hence, h(t) is a solution of (3.6) that is analytic in P(¢). From (3.10) and (2.3) it follows
that in the case Rea; > A+ 1 and ¢ restricted to the half-plane Ret < %, function (t)
is bounded. Since |t (t)] is also bounded in this half-plane, it follows from the definition
of ¥;(t) that ¥;(t) = O(In|t|) as |t| = oo in P(t). Thus there exists a constant M such
that

h(t) = O(tM), as|t| — oo in P(t). (3.16)

To obtain this result we needed the assumption Reay > A + 1. If this is not the case,
then we take an integer m such that Rea; + m > A+ 1. Let

w(z)
(z—=1)--(z—=m+1)

v(z) = p,

This new function is a solution of the difference equation

v(z +2) + f(2)v(z +1) + §(2)v(2) = 0,

where
Hence, f(z)/z and §(z)/z% are analytic for |z| > A > 2.

The new difference equation has formal solution

o Z bp1l'(z — a1 —m — k),
k=0

where the coefficients by ; are related to as i:

(m\ (g +s)!
51 = AT
' ;(q>(a1+8—qy “
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Let -
Yim(t) =Y bl (—ar —m —k)(1 — pyt)ortm,

k=0

It follows from the analysis that gave us (3.16) that there exists a constant M; such that
Yim(t) = O@M), as|t| — oo in P(t).
The reader can check that
Yi(t) = my (@),
Hence, also in the case Rea; < A+ 1 we have the estimate
Yi(t) = O(tM), as|t| — oo in P(t).

When we compute the ‘Taylor’ series expansion of Y7 (¢) at t = 1/p; we see that (3.5),
with j = 1, is the unique series expansion. O

Theorem 3.2. The function Y;(t) of Theorem 3.1 is analytic in the entire complex
t-plane, except for the branch points att =0, t = 1/p; and t = 1/p2. The function Y1 (t)
is bounded as t approaches t = 1/ps and the function Y3(t) is bounded as t approaches

Proof. We integrate the 7-integral in (3.4) by parts, and use the fact that Y1(1/p1) =
0. The result can be written as

S ) (L= pot) Y (1)

= -t [ v f ROl L

2mi 1/ T z T

Write Y/ () = (1 — p1t)** (1 + h(1 — p1t)) and again 3 = 1 — (p1/p2). The condition
h(0) = 0 gives us the integral equation

—aq

b = 3- 0 [B-mefi-as T [T napan

TN SCRT e
(3.18)

The domain 2 is C minus the half-lines [1,+00), [, c0exp(iph3)), and let D be a
compact convex domain in (2 containing the origin. We also define

) e £, G=5)
T [p1p2|27 Jo(ay [\1—=

(P2

1—=2x
Np = sup{lﬂl‘”l [+t
C

Mp = sup{

+ teD, Te0,t], z € [O,T]}, (3.19q)

te D}, (3.19b)
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where C is the contour 7(8 —t)/(8 — tr), 7 € [0,1]. We use in the following derivation
the substitution 7 = s8/(6 — t + st) and obtain

0= [ 18 =)=l ar] = 18 - 0> 1|/| 5= rt) | dr

d
= [ttt
- e (B—t+sD)
< |t|Np. (3.20)

Again, we take ho(t) =0 and, for p=10,1,2,...,

¢ oy r
I e ACEE R [1 —art T [y

<f () (12 828 zas o

(3.21)

We use (3.20) and obtain

hn(1)] < I(ﬂt)““/ot 6= (1 - el + 32 [l a]

< (Mp + |1 — as|)Nplt|, (3.22)
and
a —Q 1 T
Iha(t) — ha (£)] < Mp|(5 21|/\ ) 2||T|/0 ()] |d]|dr]
) t 1 |7
< (Mp +[1 = aa)MpNp(3 =] [ (5 =ry I [ adalar
0 0

t
= (Mp +[1 — az[)MpNp|(8 —t)** | ; (B —7)=5lr||dr]

t
< Lt/(Mp + 11— anl)MpNp|(8 — )] / (8 — 7)=°||dr|

< HtP(Mp + 1 — asl)Mp N, (3.23)
The reader can check that for p =0,1,2,...
1
[hpt1(t) — hp(t)| < TR [t|PH (Mp + |1 — aﬂ)MﬁNﬁ“, (3.24)
Now let -
h(t) =Y (hps1 () = hy(t)). (3.25)
p=0
Then o -
Ih(t)| < Mo +]\} Qs (eMoNolil _ 1), (3.26)
D

Hence, h(t) is analytic in 2.
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To show that h(t) is bounded as t — 3 we take D = [0, 3). Then

1
Np = sup |32 \( B —t+st)*2 2| ds
t€(0,8)

= s gt [ s
[t1€(0,]81) 0

= sup ___r (1 — ('ﬁ _ |t|>Rea2_1> _ 1
ltle(o,18)) [tI(Reag — 1) 18| 16l

Thus

Ih(t)] < W@Mo\tl/lﬁl —1).
D

Hence, h(t) is bounded as t — 3, that is, Y1 (¢) is bounded as t — 1/pa.

431

(3.27)

(3.28)

O

Theorem 3.3. Differential-integral equation (3.2) has a solution Y;(t) that is analytic
for ¢t in a neighbourhood of 1/p;. This function is uniquely determined when we take

Y,(1/p)) = 1.

The proof of this theorem is very similar to the proof of Theorem 3.5. The main
difference is that the right-hand side in (3.34) is zero. Thus all the ¢s in the proof of

Theorem 3.5 are zero. We omit the details.

Theorem 3.4. Let Y (t) be a solution of differential-integral equation (3.4). Then
there are constants A and B such that Y (t) = AY;(t) + BY;(t), where Y,(t) and Y}(t)

are given in Theorems 3.1 and 3.3.

Proof. Let Yi(¢) and Y (t) be the functions given in Theorems 3.1 and 3.3. We write

Y (t) = A(t)Y1(¢t) and substitute this in (3.4) and obtain

(1= p1t)(1 = p2t)Ya(£) A" (t) + (2(1 — prt) (1 — p2t)Y{ () + (g1t + f1)Y1 (1)) A'(2)

1 t

s [ - ammeo) e (96 + ZE2 1)) dzar =

27 1/p1

We integrate the 7-integral by parts and obtain

(1= prt)(1 = pat) Vi (£) A" (t) + (2 (1 —mt)(1 - ) (1) + (at + f)Y2 (1) A'(2)

(3.29)

! t z+1
- A/ _ |
2mi 1/p1 ") 1/p1 j{ ;vz+1 ( z)+ - f(2)> dzdxdr =0
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Note that A’(t) = y(t) := (d/dt)(Y1(t)/Yi(t)) is a solution. We substitute with respect
to A’(t) = B(t)y(t) and obtain

(1= p1t)(1 = pat)Ya(t)y(t) B'(t)

1t T v i )
5 /., (B0 = BOWe) Umyuxyiwﬁzﬂ4(g@)+ 1)) dsdear =
(3.31)

Again, we integrate by parts and obtain
(1= prt)(1 = pot) Vi(E)y() B'(2)

__1 t B'(7) /T y(x) ’ Y (50)7{ r (g(z) 2 i 1f(z)> dzdzdzdr
2 J1/p, 1/ U Jo & z '
(3.32)

Note that

(1= prt)(1 = pat) Vi (£)y(t) = O(1) %tﬁgi

and

/T y(z) ’ 5/1(33)]{( Ntz(g(z)+z;;1f(z)>dzda?dzz@(l—plr) as7'—>i.

1
1/ 1/p1 ca) T p1

Hence, for ¢ in a small neighbourhood of 1/p; the only solution of (3.32) is B’(t) = 0.
Thus B(t) = B, a constant, and A(t) = A+ BY1(t)/Y1(¢t), where A is a constant. O

Theorem 3.5. Let Y;(t), j = 1,2, be the functions given in Theorem 3.1. Then there
exist constants K1 and Ko such that

2mi

Yi(t) = Kll_emyé(t) +reg(t —1/p2), (3.330)
2mi
Ya(t) = KZHWYIU) +reg(t —1/p1), (3.330)

where reg(t — 1/p;) denotes a function that is analytic in a neighbourhood of t = 1/p;.

Proof. Since Y;(7) is bounded as 7 — 1/po, the right-hand side of
(1= prt)(L = p2t)Y"(t) + (928 + f1)Y'(t) + (92 + f2) (1)

1 t t? z+1
— Y — dzd
ram ) YO f (o + T asar

1 1/p1

" omi

¥i(7) fc . % (g(z) + 2 ! f(z)> dzdr (3.34)

1/p2
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is well defined. Note that Y (¢t) = Y1(¢) is a solution. The solutions of the homogeneous
version of (3.34) are all of the form Y (t) = AY5(t) + BY3(t). We will construct a solution
of (3.34) that is analytic in a neighbourhood of ¢t = 1/ps.

First, we note that the right-hand side of (3.34) is analytic in a neighbourhood of
t = 1/ps. The Taylor series expansion

1/ 1 z 2 o)
L[ Yl(f)fC(A)TﬁH(g(zH ilf(z)> dzdr =3 e,(1—tp)*,  (3.35)

2mi 1/pa =0

where

Ve s—2z)py~ z
1 Yi(r) fc Lls=2)p " <g(z) n j ! f(z)) dzdr (3.36)

Cs = 7
2mi 1/p2 (A) S!F(*Z)’TZ+1

converges for |1 — tpa| < 1.
For t in a neighbourhood of 1/ps we can expand the z-integral on the left-hand side
of (3.34), compare (3.2) and (3.4). We write (3.34) as

(L= pt) (1 — pat) ¥ () + (aat + F)Y' (1) + <g2 . Jf)m)

t—p—2 ¢

+Z ») (gp+3t+fp+3)/

p=0 1/p2

(t=7)PY(r)dr = eo(l—tp2)*. (3.37)
s=0
We substitute the series expansion
o0
Y(t) = bi(1—tpa)*, (3.38)
s=0

and obtain for the coefficients the recurrence relation

p2(p1 — p2)(s + 1)(s + 1 — a2)bs 41
= (p1p25(s — 1) + g15 + g2 + p2f2)bs

s—1 s—m—1 B B '
! bm< (S " 1)m _\p+1 v
mZ::() pz:;) D (m+1+p)!( )T gp+s
+ Z)Z:(:) (5 —pm) (ﬂ;n_’_!p)!(_)pPpr-iQ) —cs. (3.39)

Note that from (2.3) we obtain the estimate

Sf:l(s—m—l>m!g 3|<M(97A)8§:1<5_m_1>w
po )1l T4 A P (mt14p)lt

(3.40)

p=0
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Since
S”z”fl<s—m—1>r(A+p+1)
= D (m+1+p)!
1 b —A —m—1
S N 1— )AL 4 ) if 1
F(m+1_A)/Ot( HmA(L 4 1)L it A< mt 1,

1
F(.A _ m)/ (1 + eQﬂiO)Ae27ri0(mfA+1)(2 + ezﬂie)877R71 do if A> m,
0

(3.41)
we obtain the estimate
S_i_l (sml) m! o]
L1 Lo 9p+3
= D (m+1+p)!
‘A s—m—1 :
M(g,A) 2 if A<m+1,
o m+1 (3.42)
= mID(A=m) 4oemo1 '
M —_— 223%™ f .
(9, A) T(A) 3 if A>m
Similarly,
gién <sm> m! el < M(f,-A)-':ﬁ;(l ) if A<m,
T L )1 1IPT21 : — Aqgs—m _
=\ (m+p)! M(f,A) A 243 if A>m—1.
(3.43)

Since the Taylor series expansion (3.35) converges for |1 —¢ps| < 1, we can find a constant
K such that |c;| < K3%, for all s. Now, let 85 = |bs| for s < |az|—1, and, for s > |ag| —1,

lp2|p1 — p2l(s +1)(s + 1 — |aa])Bst1
= (|p1p2ls(s = 1) + |g1|s + |g2| + [p2f2])Bs
min(s—1,[A—-1]) m'F(A _ m)

Ags—m—1
+ Z:O B M (g, A) =723
s—1 A
s—m—1
D OnMg A3

m=min(s,[.A])

min(s—1,[A])
mI'(A-m+1 s
m=0
s—1
+ ) BulpeM(f, A)AZTT
m=min(s,[A+1])
+ K3, (3.44)
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1/p,

/p,
[

0o
Figure 1. Contour £; with an indentation to the right of 1/ps.

where [A] denotes the integer part of A. Then [, > |bs| for all s. When s >
max(|az|, [A] + 2), then we re-sum (3.44) and obtain

lp2] [p1 — p2l(s + 1) (s + 1 — |az|) Bss1 — 3|p2| |p1 — pa|s(s — |az])Bs
= (lp1p2ls(s = 1) + [g1ls + |g2| + |p2f2])Bs
= 3(lp1p2l(s = 1)(s = 2) + |g1](s — 1) + |g2| + |p2.fa]) Bs—1

A
= (S804 43I A) ) rcr. (385
The dominant part of this recurrence relation is

lp2| [p1 — p2|Bss1 — (lp1p2] + 3|p2|[p1 — p2])Bs + 3|p1p2|Bs—1 = 0.

The final recurrence relation has solutions 3° and |p1/(p1 — p2)|®. Thus the series
> Bs(1 —tp2)* converges on the disc |1 — tpo| <min(3, [(p1 — p2)/p1|). Hence, (3.38)
converges on the same disc.

We have shown that (3.34) has a solution Y (£) that is analytic in a neighbourhood of
t = 1/ps. Since Y (t) = Y1 (¢) is also a solution, we can find constants A and B such that
Yi(t) = AYa(t) + BYa(t) + Y (t). Hence, (3.33a) holds. O

4. The proofs of Theorems 2.1-2.3

In this section we will use the notation co3 for coe! PP,

Proof of Theorem 2.1. Let £; be the contour that starts at oo/p;, encircles the
point t = 1/p; once in the positive sense, and returns to its starting point. In the case
that this contour encounters 1/ps, that is p1/p2 > 1, we have to indent the contour on
the left or right of 1/pa. We leave the choice to the reader. See figure 1.

Let
z!

wl(z) = —% . Yl(t)tizil dt. (41)
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First we have to show that w;(z) is a solution of (1.1). To ensure that all the sums
converge uniformly, we take Rez > A + §, where J is a positive constant, and obtain

wi(242) + f(2)wi(z+1) +g(z)wi(2)

=wi(z+2)+ <f0z+f1 + f—El -)wl(z+1)+(go(z—1)z+glz+gz+- -~ Jwy(2)
!
= —% [left-hand side of (3.2)]t~*~*dt = 0. (4.2)

Ly

Second we have to show that (2.8a) is an asymptotic expansion. We substitute into
(4.1) by means of a truncated version of (3.5), with j = 1, and obtain

N-1
wy(z) = p5 Z as1I'(z — a1 —s) + Rn(2), (4.3)
s=0
where
N+aq z—1

t—1 t Yi(r
Ry(z2) = / % < /s ) TN gy, (4.4)

2771 L1 J{t,1/p1} 1/p]_ T—1

The 7-contour of integration is a closed contour that encircles ¢t and 1/p; once in the
positive sense. We collapse £ on to [1/p1,00/p1) and obtain

N+aq z—
(t_l/m) e (1 P (4.5)
t.1/p1} 1/p1 T—1

oo /p1

RN(Z) — (1 27r1a1

1/p1 {

Again, in the case p1/p2 > 1, we have to indent the t-contour of integration.
Let d be a fixed positive constant such that d < |1 — (p1/p2)|. Then

z!
(27i)?

(1+d)/p1 _ N+ar ,—»—1
></ f (tl/pl) ﬂdet—i—SN(z,d), (4.6)
1/p1 {61/} \T = 1/p1 T—1

Ry(z) = (1 —e*™)

where

Sn(z,d) = (1 —e?™er) /OO/pl j{ (t p1 >N+°‘1t TIN(r )drdt
’ 27“ 1+d)/p1 J{t.1/p1} 1/p1 T—1

- <1i1d>zz10(1)7 (4.7)
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Figure 2. Contours C1 and C> (the ‘bold’ contour).

as z — +oo. For the first term on the right-hand side of (4.6) we have the estimate

2! /<1+d>/f’1?§ (t—l/p )N+O‘1 t—z—lYl(r)d dt
(27i)? 1/p1 {t,1/p1} 1/p1 -t

O T

—plz!/ gNFReon (1 | )~ Res—1 gs (1)
0

= pil'(Re(z — a1) — N)O(1), (4.8)

as z — +o0. In the second line of (4.8) the 7-contour of integration encircles the interval
[0,d]. Thus for fixed positive integers N we have

Ry(z) = piIM'(Re(z —an) — N)O(1), as z — +oo. (4.9)
O

Proof of Theorem 2.2. We use the integral representation

S —p1 7{ Yi(t)
51 F(*Oll — 8)27Ti {1/p1} (]. — plt)s+a1+1

_ —p1 / Yi(t) dt — p1 / Yi(t) dat
I'(—oq — )27 Jo, (1 — prt)starti I'(—oq —5)271 Jgo, (1= pyt)stoatt =7
(4.10)
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where C; and C5 are depicted in figure 2. Let € be a small positive constant such that
e < 1—11—(p1/p2)|- For the small loop encircling 0 in figure 2 we take radius ¢/|p1].
Then Y7 (¢)(1—p1t)~*1 1 is bounded along Cy and |1 — p1t|=* < (1 —¢)~% for all t € (4.
Finally, for the C5 integral we use (3.33 a) and obtain

_ p1K1 Ya(t) (1—e)*
g1 = (e2mor — 1)[(—ay — s) / (= prt)erartt dt + (o = 8)0(1)7 (4.11)

as s — 0.
Now we substitute into the integral of (4.11) by means of a truncated version of (3.5),
with j = 2, and obtain

1K, / Ya(t)
(@ =D =) Jo, (0= pi et
- Z lelan 2F —Q — TL) / (1 — p2t)n+a2
(

eQTrloq _ 1 ( oy — S) 1— plt)s+a1+1

dt + Ry (s), (4.12)

p1Ky
27r1(e2’”°‘1 —1I(—ay — s)

N+as
1— pot Y;
/7{ — +1< pQ) 2 grar. (4.13)
e Jita/pay ( Plt)s AL = por Tt

By taking the radius of the outer circle in figure 2 large enough we obtain for the terms
in the sum of (4.12)

p1Kian 2l (—as — n) / (1 — pat)ntoz
(627ria1 — 1)]_‘(*041 — S) Co (1 _ plt)s+a1+1

K F(—OQ _ n)(GQﬂiag _ 1) /oo(l/pzl/pl) (1 _ p2t)n+a2
= —p1ri1an 2 F(—al _ s)(627ria1 _ 1) 1ps (]_ _ plt)s+a1+1
(1—¢g)"
——0(1
+ I'(—aj —s) (1)
2micg n+aoz s+ 00 n4oo
— Kua QF(—a2—n)(e —1)<P2—P1) ( p2 ) / T dr
T (—an = s)(e?mea — 1)\ p2 = p1 o (L4 7)stett
(1—¢g)—®
——0(1
+ I'(—aj —s) (1)
s+aq n+as _
P2 p1— p2 (1-¢)®
=K —— anol'(s—n+oa —ag)| —— + ——"0(),
1(P1—P2) mal( ' 2)( P ) I'(—oq —s) S
(4.14)

as s — co. In this analysis we assumed that Re(s —n + a; — as) > 0.
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Figure 3. Contours C; and Cs (the ‘bold’ contour).

The proof of

(1—-¢)"
I'(—aj —s)

s+aq
Rn(s) = ( P2 ) I'(s— N +Re(ag — a2))O(1) + o@1), (4.15)

P1 — P2

as s — 00, is very similar to the proof of (4.9) and we omit the details. Thus we have
shown that in the case |1 — (p1/p2)| < 1, that is (2.10), we have

2 s+a; N—1 p1 — po n+as
astKl( ) Zan,gf(s—n—l—al—ag)( P
1

n=0

1—¢)~°

—~

. (Pz)”“lns — N+ Re(an — a2))0(1) +

as s — 0o. Since
1

1—¢’

P2
P1 — P2

we can absorb the final terms in (4.16) in the penultimate term in (4.16). Hence, we have

shown that (2.9) is an asymptotic expansion. a

Proof of Theorem 2.3. In this proof we assume that (2.10) holds. We also assume
that 0, 1/p; and 1/py are not collinear, that is p;/pa % 0. If this is not the case, then
we have to make indentations in some of the contours of integration, and show that the
contributions from the indentations are of the correct size.
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In the proof of Theorem 2.1 we obtained integral representation (4.5) for the remainder.
We replace the 7-contour of integration by the union of C; and Cj, given in figure 2,
and then, in the double integral with C; as the 7-contour, we use the substitutions
t=(f+1)/p1 and 7 = (7 4+ 1)/p1, transforming C; into C}, given in figure 3. The result

is
oo/p1 _ Ntoay -1
Ry (2) = (1 — o) (t 11//)1) t _Yl()det
ml Cs /p1
N+ay z—1
(tf+1 Y, 3
(1 — e2mion) [ ( ) + 1)~ 1(5 )/pl)d%dt

(4.17)

In this proof we assume that N = Az + O(1), as z — +00, where A is a constant. We
estimate the second term on the right-hand side of (4.17) by

z(l o eQﬂ'ial

P1 ( >N+a1 (+ 1)7Z71Y1(£% +1)/p1) d7dt

7t

o
1 —¢e) V(N +Reas +1)I'(Re(z — ay) — N)O(1), (4.18)

as z — +oo. For the first term of the right-hand side of (4.17) we use (3.33a) and
substitute a truncated version of (3.5), with j = 2, and obtain

oo/p1 t—1 Ntony—z—1y
(1 271'1(11 / ( /pl > ;(T) dT dt
Cy

2771 1/p1 _1//)1 T =

27T1 /P1 Cs 1/P1 T—1

K ] oo/p1 t—1 Ntony—z—101 _ Jjtaz
_ 1% Z aj ol (—ag —j / / ( /P > ( p27) drdt
2w 0y \T— T—1

/p1 T 1/p1
Klz' /oo/Pl/ j{ (tl/m >N+a1(71/ﬁ'2)J+a2 = Y5(7) 47 dr dt
2m)? 15, Joy Jira)pm 1/m 7T —1/p2 (=07 —7)
— L~ L+ I, (4.19)
where
K2 oJ1 co/pr poo(l/p2=1/p1) /4 _q N+a;
Il _ 12-: (1 _ 6271'10(2) Z aj72F(—042 _ ])/ / </p1>
2mi =0 1/p1 1/p2 T — 1/p1
t—*1(1 = Jtaz
x (L= p2m)™ e,
T—1
(4.20)
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KlZ' p2mia oo/p1  poo(l/p2—1/p1) t—l/pl N+ay
"= o Zaﬂp ez =) / / T—1/p1

1/p1 1/p2+P(1/p2—1/p1)

o t*2*1(1 — pgT)j+a2
T—1

Kq2! ) oo/p1 pl/p2+P(1/p2—1/p1) t—1 Nt
I3 _ 1.22 (1 _ eZ'mag) / / % ( /Pl )
(2ri) Ve /e {r/pp \T — 1/p1

. Jtoaz 51 ~
% (f 1//)2) t L(T) d7 dr dt,
7—1/p2 (=) —7)

drdt,
(4.21)

(4.22)

where we have collapsed the contour Cs onto [1/pa,1/pa+ P(1/p2—1/p1)], where 1/pa +
P(1/p2 — 1/p1) is the point where Co meets C;. We can choose P as large as we want.
For I, we give the estimate

N+a; J—-1 Qo
z P2 Klz' 27r1a (p2 — p1>
I, = 2) ajol'(—ag —
? pl(ﬁl_/)2> 27i ];o 52 2~ J) p1
0o oo N+aq —2—1_j+as
" J
></ / () (t+ 1)~ dr dt
o Jp \7+1 T+ 1—1tp2/(p1 — p2)
N
= p? (p1[)—2p2> I'(Re(z — a;) — N)[(N +Rea; + 1)(P+1)"NO(1), (4.23)

as z — +00, and for I3 we give the estimate

N+aq

K 2! ;

IS — Pi( P2 > 1:22 (1 o e27r1a2)
p1 — P2 (2mi)

oo pP n N+ai
I 1)
o Jo Jgrop\T+1

J4an —x—1 ~ N
" <T) (t+ Dol p2 + T p2 = V1)) oy o
7 (T +1—tp2/(p1 — p2))(7 = 7)
N
=i (52 ) T(Re(s ) = NF(Y = J + Refen — 02))O(1) (1:24)
1= P2
as z — +00.
Finally, for the terms in the sum in I; we use the change of variables
1 1 — t—1
t=—(z+1)(y+1), T:+<p1 p2> iy (4.25)
P1 P1 P2 T
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and obtain
Ky 2! oics o poo/er poo(l/p2=1/p1) fy 1/p1 N+ay
—(1 —e™")a; o' (-2 — j) —
2m o J1/pe T—1/p
tfzfl 1— Jtas
x (L= pa)™™™
T—1
P P2 Ve P2 — M Jras Ky 2! 2mia N[ yitee
—pl( ) < ) " (176 2)0,%2]_‘(70427])/ 7z+1dy
p1— P2 p1 27 o (W+1)
0 N—jtai—az—1 1)—zt+itaz
x/ x (z+1) dzx
0 L+ xp2/(p2 — p1)
N+ay jtas
z P2 P2~ P1 K 2mia . .
pl(m—m) < p1 ) oL T agel (mar = )z 45+ 1)
XF(N—j—l—oq—ozg)F(z—al—N—i—l)F LN —-j4+ai—as p1
z—aoag—J 2 z2—ae—j+1 " p1—po
N+aq . s
ol '(N — — —
:Klpir(z—al—NH)( i ) aj21( Jto a2)<p1 Pz)
P11 — P2 zZ—Qa2— ] P1
I,N—3j —
X2F1(7 j+a1 a2; P1 )7
z—ay—j+1 "p1—p2
(4.26)

where we have obtained the hypergeometric function via the integral representation
(3.6.3) in [6]. Since we assume that (2.10) holds, we can combine the estimates (4.18),
(4.23) and (4.24) to produce the result

P2 N+aq
Ru(2) = Kapil(z — ar — N +1) (>

p1— P2
J—1 . ]
y Z aj,QF(N —j+a;—a) <p1 - 02>J+a2
=~ sy P

1.N—j —
OB [ J+04.1 Oéz; P1
z—az—j+1 " p1—p2

N
z p2 e(z —ayp) — - e(a; — ag
+pl(pl_p2) I'(Re(z — o) — N)I(N — J + Re( >><(9<1>,)
4.27

as z — +o0o. In this result J is a fixed positive integer. Recall that we assume that
N = Xz + O(1). The reader can check that

)\<1+‘p2
P1 — P2

minimizes the final term in (4.27).

)_1 (4.28)
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With this choice for A and J large enough the final term in (4.27) is o(p51'(z — a2)).
Hence, w1 (z) is uniquely determined by (2.13). O

5. Some remarks on the excluded cases

For (2.9) and (2.13) to hold, we need (2.10). The Borel transform Y;(¢) is via (3.5) defined
in a neighbourhood of ¢ = 1/p1, and it has distant singularities at ¢ = 1/ps and ¢ = 0.
Condition (2.10) means that t = 1/po is the nearest singularity. In the case in which the
origin is the nearest singularity we need to know the singular behaviour of Y;(t) near
t = 0. This case is much more complicated. The singular behaviour of Y;(¢) near t = 0
depends on the singularities of f(z) and g(z) in the disc |z]| < A.

In the case in which these singularities are only poles, then we can evaluate the z-
integral in (3.4), with j = 1. In this way we can obtain for Y7 (¢) a higher-order linear
ordinary differential equation for which ¢ = 0 is a regular singularity. Hence, the dominant
singular behaviour of Y7 (t) near ¢t = 0 will be of the form

Yi(t) ~ Kt (Int)™ | ast — oo, (5.1)

where K, 3 € C and M is a non-negative integer. Again, we will be able to obtain an
asymptotic expansion for as 1 as s — oo and a re-expansion of the form (2.13) for ws (z).
The main difference will be that in these expansions the coefficients will not be a ».
Hence, it seems that we lose the resurgence property.

In the case in which either f(z) or g(z) has an essential singularity in the disc |z| < A
we have no information on the possible singular behaviour of Y7 (¢) near ¢ = 0.

6. Two examples

Example 6.1. We take p; =1 and ps = % Hence, fo = —g and gg = % For the other
coefficients we take
-2 1
3k’ 3k’
and fr =g =0, for k > 6. Thusoq:%andagz
appears in (2.9) and (2.13) we take s = 40, comput

fr = fork=1,...,5, (6.1)

gk =
%. To compute the constant K; that
e

as0,1 = 6.498 951116 498 708 068 4 x 10°7,

P2 40+a; 20 p1— po YRR
(2 )" Rartin- e (22)
1

— P2 - P1
7=0
= 3.470227511 6975573732 x 105 — 2.911 866 625 166 670 549 6i x 1058,
(6.2)
via (2.7), and obtain from (2.9)

K7 =0.109898 877075266 717 90 4 0.092 216 107 220 653 536 44i. (6.3)
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5 10 15 20 25 30

Figure 4. The relative size of the terms in (2.13).

In this example we want to approximate wi(60) via (2.8a) and (2.13). The optimum
number of terms on the right-hand side of (2.8a) is, according to (2.14), 15 terms. We
take 15 terms in (2.8 a) and obtain for w;(60) the approximation

1.465 652 254 306 984 7309 x 107", (6.4)

For our second approximation we take in (2.13) N7 = 15 and 10 terms in the j-sum and
obtain

1.465 650 555270188 1713 x 107", (6.5)

The relative size of the terms in (2.13) is displayed in figure 4. Note that we truncate the
original asymptotic expansion at its smallest term.

To compute the ‘exact’ value for w;(60) we use 41 terms on the right-hand side of
(2.8 a) and obtain

wy(161) = 9.783 773690 518 290 058 7 x 10280,} (66)

w1 (160) = 6.178 267 433 484 865 2222 x 102",

and use (1.1) in the backwards direction. In this way we obtain for w;(60) the approxi-
mation

1.465 650 555270 195806 2 x 107", (6.7)

Example 6.2. As a second example we study the large a asymptotics of the Gauss
hypergeometric function, but first we introduce this function. The Gauss hypergeometric
function is defined via the series

Py (a’cb; x) - i (2)(2?3:8 (6.8)

s=0

where Pochhammer’s symbol (a)s is defined by (a)s = I'(a + s)/I'(a). The Gauss series
(6.8) converges for all |z| < 1, and is defined elsewhere by analytic continuation. The

https://doi.org/10.1017/50013091503000609 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091503000609

Inverse factorial-series solutions of difference equations 445

right-hand side of (6.8) can also be seen as an asymptotic expansion of the left-hand side
for large |c|, and in that case the  domain of validity is much larger. Thus

2y (“’ ’ a:) V3 @O s . (6.9)

|
c = (c)ss!

as |c¢| = oo. The precise restrictions on a, b and z are discussed in [13].
Let

w(a) = I'(a)Fy (“’ b, :v) (6.10)

c

We will assume that z is fixed and 0 < phz < 27. From the recurrence relation of the
hypergeometric function with respect to the parameter a (see [1]) we obtain

2— 2—c+ (-1 —a-—1
w(a+2) + (2= az)at e )xw(a +1)+ Mw(a) =0. (6.11)
z—1 z—1
Thus
2—z 2—c+ (-1 1 2—c
_ - = = = 12
fO z—1 fl z—1 ’ go 1_2’ g1 1_ 2’ (6 )
and f, = g, =0 for n =2,3,.... The reader can check that
1
plzla /)2:1_x; alzba OéQZC—b, (613)
and that
b)s(b—c+1 e 1—=b)(c=b)s (1—2zY
R e R

It follows from (3.2) that since f, = g, = 0 for n = 2,3,... the Borel transforms have
no singularities at the origin. Hence, the restrictions (2.10) and (2.12) do not apply in
this example and Theorems 2.2 and 2.3 are valid for all non-zero p; and ps such that
p1 7 p2, that is, for all fixed x ¢ {0, 1, 00}.

Theorem 2.1 tells us that there are solutions wy(a) and wa(a) of (6.11) such that

- 1
Zaslfa—b—s a—bz _a:+ )x*i (6.15a)

s=

wa(a) ~ (1 —I)iaZCL&QF(CL—Fb—C— s)
s=0
a+b—c) = (1-0) b)s Y
1—— 150
l—sc ;c—a—b—kl) ( x)’ (6.155)
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as a — +o0o. Thus

[(a)sF ( ) ~Ci(a a—bi _afl“)x*s

+ Cs(a) (( +b)_c) > (il__abzséi_l[;); (1—31:), (6.16)
s=0 s

where C;(a) and Cs(a) are periodic functions in a with period 1. To find the exact
values of these periodic functions we are going to express wi(a) and ws(a) in terms
of hypergeometric functions. The surprising fact is that although the right-hand sides

of (6.15) converge in certain & domains to hypergeometric functions and according to (6.9)
these hypergeometric functions have the right-hand sides of (6.15) as their asymptotic
expansions, these hypergeometric functions are not equal to w;(a), which are defined via
the Borel transform representation (3.1). Thus

(6.17)

wi(a) 7er(a,—b)2F1<b’b‘c+1~ 1).

b—a+1'z

To obtain the correct expressions of wy (a) and ws(a) in terms of hypergeometric functions
we use (6.14) in (3.5) and obtain

b+1 = =z

c—b
t —bec—-bt+ax—1
Ya(t) = (1‘ 1_1;) F<b‘c>2F1< cob1’ x)

Yilt) = (1= )P I (~b)oFy (‘*b —etl, H)

(6.18)

We substitute these results into (3.1), use one integration by parts to simplify the inte-
grand, and obtain

w(a)_F(a)F(a—c+1) bb—c+1 1
YT Pat+b—c+ )7 \a+b—c+ 1 x)’

(6.19)

_ Wl@la—c+1)  (1—bec—b 1
wala) = (1) ZFl(abH,x)

In this derivation we use contour integral representations of hypergeometric functions
(see [12]), but omit the details. The connection relation (3.9.7) in [6] of hypergeometric
functions can be rewritten as

bb—c +1 1 7_‘_e(c—a—b)Tribe—c(1 _ ],‘)C_b
= F — F ! y
wi(a) = I'(a—b)s 1<b_a+1 ’m>+]“(b)F(bc+1)sin((ba)7r)

wa(a), (6.20)

which clearly shows that in general (6.17) is correct. To obtain the period functions C1(a)
and Ca(a) in (6.16) we use the connection relation (3.9.13) in [6]

b—c
w(@) = (0 D@+ (1) Pt

(6.21)
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and obtain
I'(¢) B z \V°° I'(c)
Te-p W= (1 - x) ') 022

We have shown that for large a the hypergeometric function has asymptotic expansion
(6.16), where C;(a) and Cy(a) are given in (6.22). This result holds for fixed b, ¢ and z,
where 0 < pha < 27. The large a asymptotics is also discussed in [6]. Equation (7.2.22)

Ci(a) = (~2)"

in [6] is connection relation (6.21), and the dominant behaviour is determined. However,
asymptotic expansion (6.16) seems to be new.
The first part of Theorem 2.2 gives us the expansion

B)s(b—c+1)4
s!

~ K (=) () ey (1Y A=b)ile=b); b);'_gc “Oips—jran-c), (623)

(—2)™°

as s = 0o. We compare this with the well-known result (see [10, (2.2.42)])

I'b+s)'(b—c+1+s > (1=b);(c—b); _
( ) (5' )NJXZ:O<_1)J()]‘§)F(S_]+QZ)_C)7 (624)

as s — oco. Hence, we can compute the constant

(_m)Qb—c(l _ .’L‘)c_b o - Qjc_%(l _ x)b—c
T —ct1) and similarly Ky = TA=0)I(c—b)

Ky = (6.25)

We could now use these constants and obtain an exponentially improved version of
asymptotic expansion (6.16). The numerical results are similar to those of Example 6.1.
The re-expansions are in terms of hypergeometric functions with a large parameter.
Hence, the approximants are roughly of the same complexity as the function that we try
to approximate. Thus the exponentially improved version of asymptotic expansion (6.16)
is not very interesting.
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