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Introduction

Recently Widder (3) has obtained inversion integrals for a convolution
transform whose kernel is a Laguerre polynomial. Buschman (1) has con-
sidered convolution equations with generalised Laguerre polynomial kernel.
His result includes that of Widder. However no attempt has so far been
made towards the study of singular integral equations involving Laguerre
polynomials as kernel. Here the author obtains an inversion integral for
such an equation.

The operator %, and its properties
The operator &, occurring in this note is defined by the formula

I PR
F (0} = I L (y—xy"""ef(ydy. (D
1If n is a positive integer, then by explicit computation we have
£ [, 0] = (e @
F.{f(x)} =0 for x =1. 3)

Integral equations and their solutions
Consider the integral equations
1 y—ar,,
LA =0 4, — f0), 6L, n=1,2,3, 4, ... )
(u—o)

where the integral is taken in the Riemann sense, I = {o: c S ¢ £ 1}, ¢>0
is a constant and f{(o) is defined on /. 1t is assumed that

[

(a) O<a<l,
® N =0for0< k < 2n,

(€) f2"*1(0) is piecewise continuous on /. If these conditions are satisfied,
then the solution of (4) is given by
L (v—u)
(

y(@) = — A(n, o) J —
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where
A(n, o) = {(m)!1PT(n—a+DI(n+a),

d2n+l

F) = il {f()}

and L;%(x), n =1, 2, 3, ... are Laguerre polynomials.

As a preparation for the proof of the dual relation (4) and (5) we ha ve to
establish the following summation result. It can be easily shown that for

n=1
> 3 = —(PLu(-D.  ©
nZo +Zo (n—m)(n—r)(m+r)(r)'(m)! Yo
To prove this, we consider the sum
n n 2n
S = Z Z am,rzm+r = Z Cpr
m=0r=0 p=0
where
am, , = [(n=m)(n=r)(m+r)()(m)'] ™",
and
P
& = Z As,p—s for p < n;
=0
2n—-p

= Y Gg4popn-s—1 fOr pZn+1l.
s =

Substituting the value of a,, ,, we get

6 = (Z’) Y {2

Hence our result follows.

Proof of the dual relation

By virtue of the conditions (a), (b) and (c) it is obvious that the integral (5)
exists and that the double integral

J = —A(n, @) f 'L, u—0) ( J ) .2’/72,,{F(v)}du) du. (D)
o (W—0o) \J, (w—u)™®

obtained by directly substituting (5) in the left-hand side of (4) is convergent.
This double integral can be written as

J=—Am | f DLl 0w o ponavdu, (8)
lime=0 Jgip Jusre @—0) (w—u)"*

Since the integrals are uniformly bounded and there are at most a finite number
of discontinuities of F(v) in the region

ut+esv=sl,
R:

c+e=u=<l,
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it is justifiable to interchange the order of integration in R. Thus we obtain
1 o~¢ y-af,. a—=1¢,
J=~A(n, o) Z z..{F(v)}va L (u— o)L, (l:_ “) du.
lime=0 Jg42, ate (u—o)"(v—u) ¢

Because L, *(u—o)I% *(v—u) is continuous and finite in the interval v S ¥ < o
and

£

(u—0)(v—u)' ~°du = n/sin na,

the integral

vr—a _ a—1 —
L.%(u—o)L, "(v—u) du

o (u—o)Y(v—u)'"
exists, so that we can write

J = —An, o) J“ on{F(v)}dvfu L, (u—o)L, (v—u) d

o (W—o)(v—u)'~*

(10)

From ((2), p. 188 (7)) we have
E(x) = i <n+a) (—x)m.

m=To\n—m/ (m)!
Hence
cay -1, v v L(r—a+DI(n+a)(=)"" (u—0)"(v—u)
L=y (v—u) m;o,;o(n—m)z(n~r)!r(m—a+1)r(a+r)(r)!(m)z'
(11)

Substituting (11) in (10), writing u— o = x(v— o) and making use of the following
Euler’s integral of the first kind

J" (=) (o—u)*""'du = (v—a)™* F(m—a+ 1)I‘(a+r), a2)
) (m+r)!
(10) reduces to
J=—{my f F 2l F0)}B(o— 0)dv a3
where ’ +
Bo-o)= ¥ 3 (n-m)!(n(jr);}()m IO

By (6), we have after using Rodrigues’ formula for the Laguerre polynomial
B(v—0) = Ly, (v—0a)/{(m)!}?
e v
2n){(n)1}? dv™"
Introducing (14) in (13), we get

1 1 d2n
7= (2n)!j dv?" {e™"(v—0)*"}[e"F 1, { F(v)}]dv.

{e"*(v—0)*"}. (14
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Successive integrations by parts and application of the properties (2) and (3)
give

2n+l

- — o [ = E o
Further successive integrations by parts and application of the conditions
f¥1) = 0,0 < k < 2n, finally yield
J = f(o).

I am thankful to the referee for his valuable suggestions.
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