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Absolute Continuity of Wasserstein
Barycenters Over Alexandrov Spaces

Yin Jiang

Abstract. In this paper, we prove that on a compact, n-dimensional Alexandrov space with curva-
ture at least —1, the Wasserstein barycenter of Borel probability measures yi,. .., ym is absolutely
continuous with respect to the n-dimensional Hausdorff measure if one of them is.

1 Introduction

In this paper, we study the barycenters in Wasserstein space over a compact Alexan-
drov space.

Let M be a compact, n-dimensional Alexandrov space with curvature at least —1.
Denote by P(M) the set of Borel probability measures on M, and by P,.(M) the set
of absolutely continuous Borel probability measures on M.

Definition 1.1 A Wasserstein barycenter (with equal weights) of y, ..., i € P(M)
is defined as the Borel probability measure on M that minimizes

m
o 2 W (i ),
i=1
where W, (y;, u) denotes the quadratic Wasserstein distance from y; to u.

The existence and uniqueness (under mild conditions) of Wasserstein barycenters
are not difficult to establish; see Theorem 4.1. When m = 2, for yo and py, the barycen-
ter y1 is equivalent to the displacement interpolation [16], which was introduced in
R. McCann’s PhD thesis [15]. Proving that displacement interpolants are absolutely
continuous (with respect to Hausdorft measure of the appropriate dimension) plays
a key role in studying the behavior of functionals along these interpolants. Absolute
continuity of displacement interpolants was proved in R” in McCann’s thesis, on Rie-
mannian manifolds in [9], and on Alexandrov spaces in [10].

In the multi-marginal case, the Wasserstein barycenters were considered previ-
ously by Agueh-Carlier [1] when the underlying space is Euclidean. They proved that
the barycenter is absolutely continuous with an L™ density if one of the marginals
is. See also [7,20,21] for other results. Recently, for compact Riemannian manifolds,
Y.-H. Kim and B. Pass [13] proved the absolute continuity of the Wasserstein barycen-
ter for probability measures when one of yy, . .., i is.
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For our purpose, first of all we study the multi-marginal optimal transport prob-
lem. The existence and uniqueness of the solution is fundamental for our proof.

Let M be an n-dimensional Alexandrov space with curvature at least -1, possibly
non-compact. Given Borel probability measures y1, yz, . . . , 4, on M and a cost func-
tion c: M™ — R, we consider the multi-marginal optimal transportation problem of
Monge. That is, minimize

(M) ch(xl,Fz(xl),...,Fm(xl))d/,tl(xl)

among (m — 1)-tuples of mappings (F,...,F,,) such that for each i, F; M - M
pushes py forward to y; (often denoted by Fyy; = ;). That is, for any Borel subset
Ac M, ui(A) = m(F; ' (4)).
Let
i (X, ey X)) EM™ — x; € M

be the projection operator. The set of probability measures on M™, which project to
yifori=1,...,m,is denoted by

T(p1s o pim) = {ylmey = i}

The corresponding Kantorovich formulation of the multi-marginal optimal transport
problem is to minimize

(K) A/I"' C(x1,x2,...,xm)dy(xl,xz,...,xm)

amongy € ['(yy,..., 4m). When c(xy,..., xp, ) is lower semi-continuous, an optimal
plan for (K) always exists; see [2]. Note that the minimum may be +oco when M is
non-compact.

When m = 2, this problem has been studied extensively over the past 25 years.
In recent years, the multi-marginal case m > 3 of the Monge problem has attracted
increasing attention. However, the structure of solutions for general cost functions is
not well understood. Gangbo and Swiech [11] proved the existence and uniqueness of
an optimal map for Monge problem for the cost function };4; |x; —x i|* on Euclidean
space. Kim and Pass [14] generalized this result to compact Riemannian manifolds
for cost

m d2
> e =i f A i .
i) = 0655 5 )

Our first result is the following existence and uniqueness theorem for the cost
8 c(x1, %2, .., X ) = inf Zf,-(d(x,-,y)),
yeM -1

where f;:[0,00) — R are C!, strictly increasing, strictly convex functions, and the
right derivative f;"(0) = 0 for each i = 1,..., m. This is a generalization of Kim and
Pass’s result.!

IKim and Pass [14] proved an existence and uniqueness theorem for costs as in (1.1) in the case of a
compact Riemannian manifold and when the f;'s are C2.
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Theorem 1.2 Let M be an n-dimensional Alexandrov space (not necessarily com-
pact) with curvature at least —1. Denote by H" the n-dimensional Hausdor{ff measure.
Assume y is absolutely continuous with respect to H" and

ir)}f{fmc(xl,...,xm)dy:yeI‘(/,tl,...,ym)} < 003

then the solution y to (K) is concentrated on the graph of a mapping (F,, ..., Fy) over
the first variable. This mapping is a solution of Monge’s problem (M). And the solutions
of both (K) and (M) are unique.

If y € M attains the infimum of z » Y17, fi(d(xi, z)), then we say that y is a mean
of x1,..., Xp. If in addtion f; = t2/2, y is called a barycenter of xy, ..., Xp.

The approach of [14] consists of two parts. Let y be an optimal measure in (K). In
the first part, Y.-H. Kim and B. Pass showed that if x; is y;-a.e., then those m-tuples
(x1,...>%m) € spt(y) share the same means, which is a single point y. A key lemma
in [14] is that any mean y of xi, ..., x,, is not in the cut locus of x; for each i, so
each function d?/2(x;, - ) is differentiable at y (in fact C?) and Y77, V),%z (xi,y) =0.
In the second part, by this lemma, they showed that for each y there is at most one
corresponding point (xi, ..., X, ) in the support of y. The combination of these two
facts implies the existence and uniqueness of the solution of Monge problem. Our
proof is basically along the lines of [14]. However, on Alexandrov spaces, the means
might not even be regular points (see Example 3.9). To overcome this difficulty, we
use the result by Ohta on barycenters on Alexandrov spaces (see Theorem 3.5).

Denote by y the unique optimal measure in the multi-marginal problem (K) and
bybc(xy, ..., x,) the set of barycenters of x;, . . ., x,, (which, by Lemma 3.3 and The-
orem 3.10, is unique for y almost all (x1, x2, ..., %X, )). A result of Carlier and Ekeland
[7] implies that v := bc#y is the unique barycenter. This property plays an essential
role in the proof of absolute continuity. Our main result of this paper is the following
theorem, which generalizes a result of [13] on manifolds to Alexandrov spaces.

Theorem 1.3  Let M be a compact, n-dimensional Alexandrov space with curvature at
least —1. Let yy, . . ., im be Borel probability measures on M. If u; is absolutely continu-
ous with respect to H", then the Wasserstein barycenter of 1, . . ., m is also absolutely
continuous with respect to H".

In [13], the authors adapted an argument of Figalli-Juillet [10] (who studied the
two measure case on the Heisenberg group and Alexandrov spaces). They first fix
X25. .., Xy and prove that the map G from the barycenter y to x; is Lipschitz contin-
uous. Then for i = 2,...,m, they approximate y; by finite sum of Dirac measures,
obtain uniform estimates for the approximating barycenters and pass to the limit.
The Lipschitz continuity of G is essential, and their proof relies on the property that

> & (xi, - ) are C? near y for all i. Our proof is basically along the same lines as

i=1 3
theirs. However, for Alexandrov spaces, d? (x;, - ) might not even be differentiable
at y. To overcome this difficulty, we use Petrunin’s perturbation method to perturb
2
the function Y77, % (xi, - ) in order to achieve the minimum at points where it is dif-

ferentiable. Then we use the semi-concavity of d*(x;, - ) to prove that G is Lipschitz
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continuous. It seems to me that, at least, we cannot use the Lipschitz character of
gradient curves relative to a semiconcave function directly; see Remark 4.4.

Our paper is organized as follows. In Section 2, we will recall the definition of
Alexandrov spaces and some properties. In Section 3, we will prove Theorem 1.2 for
compact Alexandrov spaces. In Section 4, we will prove Theorem 1.3. In the appen-
dix, for the completeness of the theory of existence and uniqueness, we will prove
Theorem 1.2 for non-compact Alexandrov spaces.

2 Preliminaries

In this section, we review the definition and some properties of Alexandrov spaces
with curvature bounded below. These definitions and results are mainly taken from
[5,6,18].

Let (M, d) be a metric space. A rectifiable curve y connecting two points p, g is
called a geodesic if its length is equal to d(p, q) and it has unit speed. A metric space
is called a geodesic space if any two points p, q € M can be connected by a geodesic.
Denote by M} the simply connected 2-dimensional space form of constant curvature
k. Given three points p, g, r in a geodesic space M, we can take a comparison triangle
AP q7in M3 such that

d(p.q) =d(p,q), d(p.7)=d(p.r), d(q.7)=d(q.r).

If k > 0, we add the assumption d(p,q) + d(p,r) + d(g,r) < 27/\/k. The angle
Zypqr:= £pqTis called the comparison angle.

Definition 2.1 A geodesic space M is called an Alexandrov space with curvature at
least k if it is locally compact, and for any point x € M, there exists a neighborhood
U, such that, for any four different points p, a, b, c in Uy, we have

Zkabp + Zkbpc + Zrcpa < 2.

The Hausdorff dimension of an Alexandrov space is always an integer. Let M be
an n-dimensional Alexandrov space with curvature > k. Denote the #-dimensional
Hausdorft measure by H". Given any two geodesics y(¢) and #(s) with y(0) = #(0) =
p, the angle

2(7(0),77(0)) = lim Zxy(t)pr(s)
is well defined.

We say 1(t) is equivalent to y(t) if < (y*(0),#7(0)) = 0. Denote by X, the set of
equivalence classes of geodesic y(t) with y(0) = p. The space of directions X, is the
completion of metric space (X, <).

The tangent cone at p, Tj, is the Euclidean cone over X ,; it is an Alexandrov space
with curvature at least 0. For any two vectors u,v € T,. The “scalar product” (see
[26, section 1]) is defined by

(u,v) = |u||[v|cos < (u,v).

The distance |uv| is defined by the law of cosines

[uv]? = [u* + [v|* = 2|ul|v| cos  (u, V).
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For each point x # p, we denote by ﬂ; the set of directions at p corresponding to all
geodesics connecting p to x. The symbol 1, denotes the direction at p corresponding
to some geodesic px. Given a direction { € X, it is possible that there exists no
geodesic p(t) starting at p with y*(0) = & However, it was shown in [23] that for
p € M and any direction & € X, there exists a quasi-geodesic y : [0, +00) — M with
y(0) = pand y*(0) = £

For p € M, denote by

W, := {x € M\p | there exists y € M such that y # x and |py| = |px| + |xy[}.

According to [18], W,, has full measure. Since geodesics do not branch in Alexandrov
spaces [6], for any x € W), there is a unique geodesic connecting p to x, ﬂ; contains
only one element, and the direction 17 is uniquely determined. Recall that the map
log,: W), — T, is defined by log,,(x) := |px|- 17. Setting

W, :=log, (W) c T,

the map log o Wp — W), is one-to-one. The exponential map exp ,: T, -~ M is defined
by Petrunin [25] as follows: exp,, (o) = pand forany v € Ty\{o, }, exp,,(v) isa point
on some quasi-geodesic of length |v| starting from p along direction v/|v| € X,. If the
quasi-geodesic is not unique, we fix some one of them as the definition of exp,, (v).

Next, we introduce A-concave functions and semi-concave functions. See [26, sec-
tion 1].

Definition 2.2 Let M be an n-dimensional Alexandrov space without boundary
and let U c M be an open subset. A locally Lipschitz function f: U ~ R is called
A-concave if for any geodesic y(t) in U, the function f o y(t) — At?/2 is concave.

A function f:M ~ R is called semiconcave if for any point x € M, there is a
neighborhood U, 5 x and A € R such that the restriction f|y, is A-concave. Given
a semiconcave function f: M + R, its differential d, f is well defined for each point
p € M. Let 9:R — R be a continuous function. A function f: M — R is called ¢(f)-
concave if for any point x € M and € > 0, there is a neighborhood U, 3 x such that
flu, is (¢ o f(x) + €)-concave.

A point p in an n-dimensional Alexandrov space M is said to be regular if its tan-
gent cone T}, is isometric to R” with standard metric. Denote by Reg(M) the set of
regular points.

Definition 2.3 We say that a function u is differentiable at x € Reg(M), if there exists
a vector in T, denoted by Vu(x), such that for any geodesic y(t) with y(0) = x

u(y(t)) = u(x) + (vu(x),y*(0)) t + o(2).

The Rademacher theorem, in the framework of a metric measure space with a dou-
bling measure and a Poincaré inequality for upper gradient, was proved by Cheeger [8].
In [4], Bertrand proved it in Alexandrov space via a simple argument: a locally Lip-
schitz function u is differentiable almost everywhere with respect to " in M. The
points where a distance function is differentiable have the following property.
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Lemma 2.4 Foranype M, if f(-):=d(p, -) is differentiable at x, then there exists
a unique geodesic connecting p to x.

Proof Suppose not; then there exist two geodesics y;(t), y2(t) connecting p to x
with y;(0) = y2(0) = x. Since f is differentiable at x, for i = 1,2 we have

—t = foyi(t) = f(x) = (Vf(x),y7 (0)) t+0(2).
This means that

T oy
ORI

which is impossible. ]

COS 4(

We will make frequent use of the following two lemmas.

cosh f
sinh f

Lemma 2.5 Foranyp € M, let f(x) := d(p, x), then the function f is

on M\p and d*(p, x) lsf:;ﬁjf‘

-concave

-concave on M.

Lemma 2.6 Let f: M — R be a semiconcave function. If f achieves a local minimum
at x € M, then d, f = 0. If we assume in addition that f is differentiable at x, then

Vf(x) = ox.

Next we introduce the first variation formula, which is important in the proof of
Theorem 1.2; see [5, Corollary 4.57 and Remark 4.5.12].

Theorem 2.7 (First variation formula of arc length [5]) Let M be an n-dimensional
Alexandrov space with curvature at least —1. For any geodesic y and p € M, p # y(0),
the function t — 1(t) = d(p, y(t)) has the right derivative and

lim 71(” — Z(O) = —COS £ Omin>
t—0* t

where amin is the infimum (in fact, minimum) of angles between y and shortest geodesics
connecting y(0) to p.

Set Zomiy 2 2 (ﬂ‘;(o),y*(O)). Note that for any Ti(o) € ﬂ;’(o), since

< ( ﬂs(oy Y+(0)) << ( T;(O)’ )/+(0)) >
we have

I(t)-1(0
(21)  lim M = —cos A(ﬂ;’(o),er(O)) < —cos 4(T§(0)>)/+(0))

t—0+
(12 007" ().

Next, we introduce Perelman’s concave function.

Lemma 2.8 (Perelman’s concave function [22,24]) For any p € M, there exists a
constant r; > 0 and a function h: B, (r1) = R such that

(i)  his—l-concave;
(ii)  h is 2-Lipschitz (i.e., 2 can be a Lipschitz constant).
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(iii) For each x € B,(r1), we have

[ den(&)dg<o.
Zx
Moreover, if “=” holds, then x is regular.

The existence of such a concave function and (i), (ii) are due to Perelman [22].
Part (iii) is implicitly claimed in Petrunin’s manuscript [24]. See [29, Lemma 3.3] for
a detailed proof.

We now follow Petrunin in [24] to introduce a perturbation argument; we also
refer the reader to [29]. The following lemma is used to perturb a non-regular point
to a regular point; it is a particular case of one appeared in [24, p. 10].

Lemma 2.9  Let h be as above. Suppose that u is a A-concave function on B,(r1).
For any € > 0, if x € B,(ry) is a minimum point of function u + eh, then x has to be a
regular point.

Sketch of proof First, we state a property. Let QO ¢ M be a domain, suppose f: Q —
R is a semiconcave function, and x € Q; then

[Z d. f(§)dE <.

See, for example, [29, Proposition 3.1] for a proof. It follows that
(2.2) f deu(£)dE <0, f d,h(£)dE <0.
Z, Zx

Since x is a minimum point of u + ¢h, by Lemma 2.6, for any £ € X, we have

0=dy(u+eh)(§) =dyu(§) +edch(§).
It follows that

(2.3) fz dxu(f)d£+efz d.h(E)dE = 0.

Since € > 0, by combining (2.2) and (2.3), we obtain

[ den(ag-o.
By Lemma 2.8, x is a regular point. |

Let u be a A-concave function on a bounded domain U. Suppose x, is the unique
minimum point of u on U and u(xp) < minyeyy u. It is easy to see that A > 0. Other-
wise, by Lemma 2.6, we have u(x) < u(xp) for x € U, which contradicts the fact that
X is the unique minimum point. Suppose also that x is regular. By [6, theorem 9.4],
there exist #n points ay, . .., a, € U such that

g=(d(a,-)s....d(an -))
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maps a small neighborhood Bg, (x0)(c U) almost isometrically onto a domain in R”".
That is, there exists a sufficiently small number « > 0 such that

F{CRF {1 I
d(x.y)

For1 < i < n, denote g;(x) = d(a;,x). By Lemma 2.5, there exists a positive con-

stant 1o depending only on min<;<uy d(a;, Br,(X0)), such that g; are Ay-concave on

Bg, (xo) for 1 < i < n. There exists € > 0 such that for each vector V = (v',v2,...,v")

with |v| < g for all 1 < i < n, the function

G(V,x):=u(x)+ ivigi(X)

(2.4) <k forallx,yeBg,(x0),x#y.

has a minimum point in the interior of U. We can define p:[0,¢]" ¢ R” ~ U by
letting p(V') be one of the minimum point of G(V, x). The following lemma is used
to perturb a regular point to a nearby point; compare the lemma on [24, p. 8].

Lemma 2.10  Let u,xo,{g;}_, and let p be as above. Then there exists some € €
(0,€9) and & > 0 such that

A(p(V).p(W)) 28|V =W, ¥V, W e[o,c]"
In particular, for arbitrary € € (0,¢), the image p([0,€']") has nonzero Hausdorff

measure.

Remark 2.11 In Lemmas 2.9 and 2.10, we assume that u is A-concave, which is
stronger than Petrunin’s assumption. In [24], Petrunin used a chart with concave
components near a regular point, while in Lemma 2.10, we do not need the compo-
nents to be concave.

Proof AsV —0,G(V,x) — u. Since x; is the unique minimum point of u, we have
that p(V) = x. We fix a small positive number € > 0 such that when |v;| < € for all
1<ig<np(V)e BgTO(xo). Since p(V) is the minimum point of G(V, x), we have
that
25 G(W,p(W)) -G(W,p(V))
=G(V,p(W)) = G(V,p(V)) + (W - V)(g(p(W)) - g(p(V)))
>(W-V)(g(p(W)) -g(p(V)))
> 2| W = V]d(p(W).p(V)),
the last inequality holding since g is an almost isometry. Denote A := A + nedy > 0.

Since g; are Ag-concave for all 1 < i < n, G(V,x) is A-concave. Since p(V) is the
minimum point of g(V, x), by Lemma 2.6, for any x € Bg,(x¢), we have

(2.6) G(W,x)-G(W,p(V))
=G(V,x)-G(V,p(V)) +(W=V)(g(x)-g(p(V)))

< Slxp(V)F + (W = V)(5(<) - 2(p(V)).
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For any 0 < R < 20 there exists x € Bg,(xo) with d(x,p(V)) = R and

wW-V —g(p(V
2.7) (W - V)(g(x) —elp(V))) <~ H H Hg(xz) glp(M))|
_Iw-VIR
R
Since G(W,x) > G(W, p(W)) for any x € Bg,(xo), by combining (2.5), (2.6), and
(2.7), we have
ERZ _ M
2 4

Set N = 4”; +1, choose
0

>=2d(p(W),p(V)) W - V.

_IW-vl_ ne R
0IN 10N S 10
We get that

Ap(W).p(V) > (1= )W = V]|

Letd = 1- =), and we complete the proof ]

80/\N(

3 Existence and Uniqueness of the Solution of Multi-marginal
Optimal Transport Problem

The dual problem to (K) is to maximize

(D) Zl Jeatmes

among all m tuples (uy, ..., u,,) of functions, with u; € L'(u;) and

m
Zui(xi) < C(.XI,...,Xm)
i=1

for y1-a.e. x1 € M,..., Um-a.e. Xy € M

We say that an m-tuple (u;, ..., Uy, ) is c-conjugate if, for all i = 1,.. ., m, we have
31 i(x;) = inf yeves - i(xi)|-
(31) wilxi) = inf [ canom) ;muﬂ

The following theorem is well known. In fact, it holds on more general settings;
see [12,19,27,28] for further discussion.

Theorem 3.1 If
il;f{me c(xl,...,xm)dy:yel"(yl,...,ym)} < 00

then there exists a c-conjugate solution (u1, ..., U, ) to (D) and the maximum value in
(D) is finite. If y is an optimal measure in the Kantorovich problem, we have

m

(3.2) ui(x;) =c(x1,..., %m)

i=1
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y-almost everywhere.

In this section, in order to make our argument more clear and understandable,
in this section, we only prove Theorem 1.2 for compact Alexandrov spaces, which is
enough for our use. The non-compact case, the proof of which follows the same steps
as that of the compact case, is left to the appendix.

So in this section, we suppose that M is a compact, n-dimensional Alexandrov
space with curvature > —1. The following two lemmas are standard.

Lemma 3.2 The cost function c(xi, . . ., X, is Lipchitz. Suppose uy is given by (3.1).
If uy is not identically infinity, then u, is Lipschitz.

Proof For any (xi,...,%xm),(x],...,%;,) € M™. Let y be a mean of xy,..., Xp.
Since f] is increasing for each i, any x;, y € M,

fi(d(xi,y)) < f{(diam M) = L; < oo.
By the definition of ¢, we have

c(x)s..xh) = e Xm) < if,(d(x:y)) =S fi(d(xi9))

i=1

3

<1 (dh ) - il d(x )]

m m
L,-d(x,-,x,'»)irnZL,- Zdz(xi,xlf).
i=1 \l i=1
Thus, cis m(L; + - + L, )-Lipschitz.

Since ¢ isbounded on M™, if there exists a point z € M such that u;(z) = —oo, then

<

M=

1

Il
—_

there exists a sequence (x%,...,x% ) e M™! such that P uj(x;.‘) — +ooask — oo.
For any x; € M, choose this sequence in (3.1), and we can get 1y = —oo. If there exists
a point z € M such that u;(z) = +o0, then for any m — 1 tuple (x5, ..., %),

m
- Z uj(x]) = +090;
=2

thus, 43 = +o0. So if u; is not identically infinity, it is finite.
In the case where u, is finite, for all € > 0, there exists (x2,¢, ..., Xm.c) € M™ ! such
that

m
ur(x1) > (1, X600 r Xmye) = . uj(x;) — €.
=2

For x| # x1,
Ml(X{) - M](xl) < C(x{7 X265+ axm,e) - C(xl’ X2,€5 00+ axm,e) te€
< Lid(xy, x7) +e.

By the arbitrariness of €, we have that u; is L;-Lipschitz. [ |

Since u; € L'(y;), we have that u; is not identically infinity; then u, is Lipschitz,
hence y;-a.e. differentiable. For any x; € M, by the compactness of M, there exists
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(x25 ... %Xm) € M™ P such that ¥ u;(x;) = c(x1, ..., X, ). The next lemma implies
that for y;-a.e. x;, those m-tuples (x;, ..., x,;) € spt(y) share the same means, which
is a single point.

Lemma 3.3 If x; € Reg(M) is a point where u, is differentiable, then for any
(X2, -, xm) € M™ such that Y1 u;(x;) = c¢(x1,...,%m), ¢ is differentiable with
respect to xy at (x1, ..., %y, ) and

(3.3) V(%1505 %Xm) = Vg (x7).

The mean is uniquely determined by Vu, (x;):

(3.4) y= {xl’ _ V() l:fvul(xl) N
exp,, (~(N (Vi (x)) &) if Tun () £ 0.

Proof Lety(t)bea geodesic with y(0) = x;. Forany (x3,...,X,) € M™ ! such that
Yimui(xi) = (X105 Xm),

(3.5) c(y(t),xz,...,xm) —c(Xtyen k) 2 ul(y(t)) +§:ui(xi) —iui(xi)

=ui(y(t)) —wm(x)
= <Vu1(x1),y+(0)) t+o(t).
Let y be amean of xy, ..., x,. Then

(3.6) c(y(t),xz,...,xm) —c(XtyeesXm)
<HA0W) + 5 Ald000)) =3 d )
= f(d(y(1).7)) - fi(d(x ).

If y # x1, for any 1%, € fi7 , by (2.1), we have

A(dy(1),9)) = fid(x, ) <=(F(dCx, ) 1297 (0)) £+ 0(8).
If y = x1, since f*(0) = 0, then

A(d(y(1),)) - f(d(x, 7)) = f(£) = £(0) = o(t),
which coincides with the above inequality.
Thus, we have

(Vin () + f/(d(x )) 15077 (0)) <O
Applying the above argument to a sequence of geodesics starting at x, whose direc-
tions converge to —y* (0), we get
S (dCe, )%, = -V ().

Together with (3.5) and (3.6), we can get that c(-,x3,...,%,) is differentiable at x;
and (3.3).
Thus, we have

(3.7) f(d(x1,9)) = [Vui(x1)].
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If Vi (x;1) = 0, since f{ is strictly increasing from 0, then y = x;. If Vu;(x;) # 0, then

. Vul(xl) _ Vul(xl)
fild(x,y)) [V ()l

Thus, we have (3.4). [ |

(3.8) =

Remark 3.4 1If y # x;, from (3.7) and (3.8), we can see that there exists a unique
geodesic connecting x; to y.

In [17], Ohta obtained a crucial property of the means; see [17, Lemma 4.6 and
Theorem 4.11]. We adapt the original statement for our use.

Theorem 3.5 (Ohta [17]) Let M be an Alexandrov space and let y € M be a mean

of x1,...,Xm € M. Then for each i, there exists a unique geodesic connecting y to x;. If
y = x; for some i, we just let T;“ = 0y. Moreover, 1, ..., T;"’ are contained in a subset

H c T, which is isometric to a Hilbert space, and

(3.9) S £1(d(xi ) = 0.
i=1

t2
5
Following the proof of [17, Lemma 4.6 and Theorem 4.11], it is not hard to prove the
above theorem.

Remark 3.6  Ohta’s original theorem corresponds to the case where f;(t) = &

Corollary 3.7 ([17, Corollary 4.12])  Suppose that, at a point y € M, no pair of direc-
tions &, n € X, satisfies « (&, n) = m. Then y cannot be a mean.

Next we list two typical examples.

Example 3.8 Let M be the Euclidean cone over a circle of length I € (0,27). Then
the origin of the cone cannot be a barycenter.

Example 3.9  Let S be the spherical suspension over a circle of length I € (0, 27). Let
M be the Euclidean cone over S with origin p. Then £, = S, so p is not a regular point.
Let &, 17 € S with « (&, 7) = 7. Then the two rays starting at p along the directions &
and 7 form a geodesic through p. Thus, p is a barycenter of any two points on this
geodesic with the same distance to p.

Next we show that given a mean y € M, the m tuple (xi,...,x,,) € spt(y) can be
uniquely determined.

Theorem 3.10  Suppose x = (x1,...,Xm) and x = (X1,...,%Xm) are both in spt(y)
and there exists y € M that is both the mean of x1, ..., Xm and Xy, ..., X . Then x = X.

Proof First, we recall a basic fact about multi-marginal optimal transport, known
as c-monotonicity. If x, x” € spty for an optimal y, set x” = (x1,...,%;,..., %) and
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x = (X1, .+ Xis. .., Xm). Then
(3.10) c(x') + C(f’) > e(x) + x(%).
We will show that x; = x;. We have

c(x) +e(x) < ;fj(d(xpy)) + fi(d(xi.y)) +;fj(d(7j>y)) + fi(d(xi,))
Jrt J#i

=2 fild(x; ) + 2 fi(d (%)) = e(x) + c().
j=1 j=1
In view of (3.10), the above inequalities are equalities, and we have

c(x) = ;fi(d(xj’)’)) + fi(d(xi, y))-
j#i

That is, y is also a mean of x,...,%;,...,Xm. By (3.9), we have
Y fi(d(xiy)) 15 =0= Z#:fj’(d(x,-,y)) + fi(dGxin )1y
i=1 i

Hence, we obtain

F(dCe )1 = £ ) 1.
If y = x;, then Tf" = 0, or d(X;,y) = 0; in either case, y = X;. If y = x;, we have
y=x;. If y # x; and y # X;, then

¥ = 5” and f/(d(xi,y)) = f{(d(xi. ).
Since f] is strictly increasing, we have d(x;, y) = d(x;, y). So x; = x;. [ |
Next, we prove Theorem 1.2 for the compact case.

Proof For any optimal measure y, we need to show that for y;-a.e. x;, there is a
unique (x1, X2, ..., Xm ) € spt(y). If not, then there exists a Borel subset A ¢ M with
p1(A) > 0, such that for x; € A, there are no (x1,xz,...,%,,) € spt(y). That is,
A x M™ ' nspt(y) = @. However, y(A x M™™1) = y;(A) > 0, contradiction. So we
have existence.

Since w4 is Lipschitz, it is differentiable J{"-a.e. Since y; is absolutely continuous
with respect to ", we have u is differentiable y-a.e. Thus, at yj-a.e. x3, uy is differ-
entiable and there exists (x1, X2, . .., Xm ) € spt(y).

For such a point, by Lemma 3.3, all the m-tuples (x;,x2,...,%n) € spt(y) have
the same unique mean y. While by Theorem 3.10, there is only one (x1, x2,..., %) €
spt(y) such that y is the mean of (x1, X3, . . ., X, ). Thus, we have the uniqueness. We
define the map (x2, ..., %) = (F2(x1), ..., Fn(x1)), it is well defined p;-a.e.

It remains to prove the uniqueness of the optimal measure y. Suppose there exists
another optimal minimizer y. By the above argument, it is concentrated on a graph,
denoted by (F,...,F,). By linearity of the Kantorovich functional, 3y + 17 is also
optimal and must be concentrated on a graph. This implies that

(Fay...,Fp) = (Fy,...,Fp)
for pp-a.e. x € M. Thus, we complete the proof. ]
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Remark 3.11 1In [14], by assuming f; to be C2, the authors proved that the mean y
is not in the cutlocus of xi, ..., x,, We only assume that f; € C', since our argument
does not rely on this property.

4 Barycenters in Wasserstein Space Over Alexandrov Spaces

In this section, we prove Theorem 1.3. Recall the basic setting: M is a compact,
n-dimensional Alexandrov space with curvature atleast -1, gy, . . ., y,, are Borel prob-
ability measures, y; is absolutely continuous with respect to J{".

We present below an existence and uniqueness theorem, which is due to Pass and
Kim.

Theorem 4.1 ([13, Theorem 3.1]) Let M be a compact, n-dimensional Alexandrov
space with curvature at least -1, let y; be Borel probability measures on M. If at least one
of them is absolutely continuous with respect to H", then there exists a unique Wasser-
stein barycenter.

Since y; is absolutely continuous with respect to {", there exists a unique Wasser-
stein barycenter. The corresponding cost function we consider in this section is:

m dz
yeees =inf Y —(x;,2).
c(x1 Xm) ;?M; 5 (xi,2)

In this case, the means are also called barycenters. We adopt some notation from
[13]: be(xy, x2, .. -, X ) denotes the set of barycenters of x;, . .., x,,. For each Borel
set E c M, and m — 1 points x,, ..., X, let

be(E, x5 .5 %m) == U be(xy, %25 .05 Xm)-
x1€E

Let y be the unique optimal measure in the multi-marginal problem (K). Since
the barycenter is unique for y-a.e. (xj,...,x,), this gives a y-a.e. one-to-one map
be:spty — M. A result of Calier and Ekeland [7, proof of Proposition 3] implies that
v := be#y is the unique Wasserstein barycenter.

Now fix X3, . .., X, set bc(E) := be(E, x2, . . -, X1y ); then be(M) is the set of bary-
centers in M. For each y € bc(M), there exists x; € M such that y € be(x;). By (3.9),
we know that x; is uniquely determined. Then we can define a map G:bc(M) » M
by letting G(y) = x1, which can be seen as the inverse of bc.

Lemma 4.2 G:bc(M) — M is continuous.

Proof For any y € bc(M), let u = G(y). For any sequence bc(M) 5 yx — , let
ux = G(yx). If ux + u, by the compactness of M, there exists a subsequence of uy

(still denoted by uy for simplicity) such that uy — v # u. Since x; = c(x1,..., %) is
Lipschitz,

c(Up, %25 ooy Xm) —> (Vs X25 oo oy X ).
Note that

m m

d? d? d? d?
(2 er5m) = 5 () + 2, 5 (50 0) = S (009) + 2, - (i

i=2 i=2
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then y € be(v), which contradicts to the fact that G(y) is unique. Thus, we have
proved that G is continuous. ]

Denote by D the diameter of M. Our main result is the following theorem.
Theorem 4.3 G is Lipschitz with a Lipschitz constant Cp only depending on D.

To make our argument more understandable, we first explain the idea of our
proof. Given two points y;,y, € bc(M), let u = G(y;) and v = G(y;). To sim-
plify our explanation, we assume that yy, y, are regular points and d*(u, - ), d*(v, - ),
d*(xz, +),...,d*(xm, - ) are differentiable at y;, y,. Note that this assumption does
not hold for all barycenters. We do not even know whether such a point exists. Let

fim G 5T, f S0+ 5 S,

By Lemma 2.6, we have V f1(y1) = 0,V f2(y2) = 0.
Then on T),, we obtain
2 2

(4.1 uv:yzv—yzu:—vyzy(v,-)—(—Vn?(u,'))

=V ) T AGD) - T T () = i),

Since d(u,v) < Lp|uv| (see Lemma 4.5 below), if we can prove

IVA(2)| < Cd(p1, 92)

for some constant C only depending on D, then we are done. To estimate |V fi(y2)],
we use the A-concavity of distance functions. By Lemma 2.5, f; is A p-concave for each

. ,_ cosh D
i, where Ap := mD o - Let

—exp (- VA(2) |,
z2 =exp,, ( d(yl’yZ)\Vfl(;vz)l)’

then we have

@D fie) - fi0) < -d0n TS0+ 2 ().

Since fi(z2) > fi(y1), we have

43) fi(02) =~ z2) < fir2) = i) < 2 (3.

The second inequality holds, since V fi(y1) = 0. By combining (4.1) and (4.2) with
(4.3), we have

9| = [V i(y2)l € Apd(y1, y2).-

Remark 4.4 One may think that we can approximate the barycenters by regular
points. However, we do not know whether the subset bc(M) n Reg(M) is dense in
bc(M). One may wonder whether we can use the Lipschitz character of gradient
curves relative to a semiconcave function (see [26]). However, G(y) is not on the
gradient curve of ¥, d*/2(x;, - ) starting from y € bc(M). It seems to me that at
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least we cannot use gradient curve directly. So we use Petrunin’s method to perturb
/i, f> such that they achieve a minimum at a “good” point.

Now we begin our proof.

Proof We divide the proof into two steps:

Step 1. Perturb the functions to achieve the minimums at points where the square of
distance functions are differentiable.

Now given any two points y;, y2 € bc(M), let u = G(y1) and v = G(y,). We
suppose that yy, y2 # 4, v, x2,..., Xp. For i = 1,2, by Lemma 2.9, there exists a neigh-
borhood U; > y; ; we can choose Perelman’s concave function h; defined on U;. Let

f(z) = %(u,z) +§;dz(xi,z) and f»(z) = %(v,z) +§;dz(x,~,z).

ByLemma 2.5, f; is Ap := mD ‘Sf’rf]:‘g -concave for each i. Let f,(z) = fi(z) +d*(yi, 2).
Then for any r > 0 with B,(y;) ¢ Uj, there exists C, > 0, such that when z «
Ui\B,(y:), f,;(2) = f,(»i) > C,. Since h; is 2-Lipschitz, we can choose a sufficiently
small € > 0 with 0 < € < {75, such that f, + €h; achieves a strict minimum at some
point y; € B,(y;). By Lemma 2.9, y, is a regular point.

Now we choose a coordinate system near y, by semiconcave functions g1, g2, ..., gn
and another coordinate system near y, by semiconcave functions g1, ..., g2x. De-
note by Y c M the set of points where

d(u, ), d(v, ), d*(u, - ), d*(v, - ), d*(x2, - ), ...
dz(xma ‘)a dz(yl) ')) dz()/z, ')agl’~ .. )g2n)

are all differentiable. By Rademacher’s theorem, H"(Y) = H"(M). By Lemma 2.10,

there exist small positive numbers ay, . . ., dy, with 0 < a; < —— such that H; achieves

100n
aminimum at ¥ ¢ Y n B,(y;), where
_ n _ 2n
H, ::f1+eh1+2a,-g,~ and H,:=f, +ehy + Z aigi.
i=1 i=n+l

Then by Lemma 2.4, there exists a unique geodesic connecting y; to u, a unique ge-
odesic connecting y; to v.
Note that

* * dz * d2 *
(4.4) VA(:) - V(y3) :Vyif(”7)’2)_vy;?(v’)’z)

_ _au vy _ 2
=Ty~ () =u,
T AV _ U
where uv := Tyz* Tyz*ETJ'z*'

Step 2. Estimate |uv| and prove that G is Lipschitz.
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Note that H; is semi-concave in B, (y;), by Lemma 2.6, we have VH; (y;) = 0. For
i=1,2,1et

n
wy = =Vyed’ (y1, 1) = eV (y7) = D aivgi(y7),
i=1
2n

wy = _vy;‘dz()’z’)’;)—‘?VhZ()’;)_ > aivgi(y3).

i=n+l

Then we have

(4.5) Vi(yi) = -wi.
By combining this and (4.4), we obtain
(4.6) uv = Vfi(y3) +wa.
Note that by (2.4), we know that g; is 2-Lipschitz for all 1 < i < 2n. Then we have
(4.7) |wi| < 2r +2e+2n _—
100
Next we estimate |V fi(y5 )|- Suppose |V f1(y5 )| # 0 and
. «ow Vi(2)
zy =expy ( —yiyalic 5 )
’ (s IVfl(yz)l)

Since f; achieves a local minimum at y;, we have

48)  filz2) - A1) = h(z2) = i) + A0 - fi(y2) 2 ily) = A1)

Since f, + €h; achieves a local minimum at y,, we have

(4.9) ARG+ (7)) +el(3y) < Aln) + ().
Since H; achieves a local minimum at y;, we have

(410)  fily1) +d*(yyi) +em(yy) + Y. aigi(y7) <

i=1

LG + (7)) +el(y) + . aigi(3y).
i=1
Let . .
a=d(y,y0) +em(y)) —em(y) + Y aigi(yy) = Y. aigi(3,)s
i=1 i=1

then we have

r
(4.11) |e1] < 7% + 2er +2n <
100n

By combining (4.8), (4.9), and (4.10), we obtain
(4.12) fi(z2) - ily1) 2 a1

Since f; is Ap-concave, we have
* * * ; * * A * *
(4.13) Hh(y3) = Al < (vfl()’l )’T;’;)d()’l Y3) + TDdz(J’l ' Y3)

Iy * * A’ * *
= _<W1,T;§>d(y1 Y3)+ TDdZ(}’l Y3 )s
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the equality following from (4.5).
By combining (4.12) with (4.13), we obtain

* * ; * * /\ * *
(4.14) h(z) - fA(y3) 2 a+ <W1’T£1*>d(y1 2 Y5) TDdZ()’l 2 Y3 )

On the other hand, since f; is Ap-concave,

A
(4.15) fi(z5) - fi(yz) <=d (s y2)IV iy + fdz(yf,yﬁ)-

By combining (4.14) with (4.15), we obtain

* * * 5 (%]
VA < Apd(yi,p3) = (Wi 1)2) + ————~.
? b o d(yy3)
This inequality, together with (4.6) imply that
* * (5]
v < Apd(y7,y3) +wi| + [wa| + ———~.
b d(yt>y3)
By combining (4.11) with (4.7), we have
’
|u—>v| < /\Dd(y*,y*) + 61+ TR
oz d(yi>3)
By the following lemma, we have
— r
|uv| < Lp|luv| < Lp( Apd(yi, y;) +6r + ———<
( o2 d(y7>3) )

1
<Lp ADd(}/h)’Z) + 2/11) +6+2——— 1|,
[ ( o))
where Lp is a constant depending only on D.
By the arbitrariness of r, we have |uv| < LpApd(y1, ¥2).
Let Cp = LpAp. If y, = x; for some 2 < i < m, we just remove the term d;(xi,z)
from the function fi(z), f2(z). If y = u (y = v), we remove the term d;(u,z)

(d;(v, z)) from f1(z) (f2(z)). In these cases, f; is (m - l)D‘;i":}}ig-concave; thus, in

particular Ap-concave. Then we can repeat the same argument as above and get the
same result. ]

The following lemma is well known; see [5, proposition 10.6.10] for a proof.

Lemma 4.5 Let M be a compact, n-dimensional Alexandrov space with curvature
at least —1. For any three points p,q,r € M such that there exists a unique geodesic
connecting p to q(r). If curvature > k > 0, we add assumption d(p,q) + d(p,r) +

d(q,r) < 2—\/’% Let P = 0,,Q = |pq|t}, R = |pr|t}, in T, M. Then there exists a constant

Lp only depending on the diameter D such that d(q,r) < Lp|QR]|.

Remark 4.6 If M has curvature > 0, then Lp can be 1; i.e., the exponential map in
non-expanding. In this case, for any p € M, the function d?/2(p, - ) is 1-concave, then
Ap = m, thus Cp = LpAp = m. This constant is sharp, since in R” with the standard
metric, d(u,v) = md(y1, y2).
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Now we prove Theorem 1.3.

Proof of Theorem 1.3 Since we have proved that G is Lipschitz, we can follow the
same lines of the proofs of [13, Lemmas 5.3 & 5.4 and Theorem 5.1, p. 26], and finally
prove Theorem 1.3. ]

Next we give a proposition that highlights the relationship between the barycenter
and the optimal maps in Theorem 1.2.

Proposition 4.7  Under the assumption of Theorem 1.3, the optimal maps F; are of the
form G; o G;', where Gy is the optimal map pushing u, forward to v for the quadratic
cost d*(x;, y), and G; is the optimal map pushing v forward to ;.

The proof is quite similar to the proof of [14, Proposition 5.1]. Just note that since
we have proved the absolutely continuity of Wasserstein barycenter, G; are optimal
maps pushing v to y;.

A Existence and Uniqueness: the Non-compact Case

In this appendix, we prove Theorem 1.2 for non-compact Alexandrov spaces. The
proof is similar to that of [4, theorem 4.2]. We refer the reader to [3, thm 6.2.4] for a
detailed proof in the Euclidean case. Recall that a point x € M is a Lebesgue point of
a function f if

lim

: "(y) = lim n
i (B () oy 0D =limf 7))

exists and coincides with f(x). We also have a Lebesgue differentiation theorem for
Alexandrov spaces. If f:M — R is a locally integrable function, then H"-a.e. x ¢
M are Lebesgue points. Since for any measurable subset U c M, the characteristic
function yy is locally integrable,

H"(UnB,(x))
im————"
=0 3" (B,(x))
that is, H"-a.e. x € U have density 1in U.

Since the potential function u; may not be locally Lipschitz, we use the approxi-
mate differential of a map. We recall the definition in this setting.

(A1) =1for H"a.e.x € U;

Definition A.l ([3,4]) We say that f: M — R has an approximate differential at
x € Reg(M) (denoted by V f(x)) if there exists a function g: M — R which is dif-
ferentiable at x such that the set {f # g} = {x € M : f(x) # g(x)} has density 0
at x.

Next, we prove Theorem 1.2 for the non-compact case.
Proof By Theorem 3.1, we have the existence of an optimal measure y and a c-con-

jugate solution (uy,...,uy) to (D) with u; € L'(y;) for each 1 < i < m that sat-
isfies (3.2). Set S := m(spt(y)); then y;(S) = 1and for any x; € S, there exists
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(x25 ..., %Xm) € M™ ! such that

(A2) iui(xi) =c(X1y s Xm).

i=1

Now fix a point p € M, for any k € N*, define functions
k m
ur (x1) = inf (p)[c(xl,...,xm)—;ui(x,-)].
By an argument similar to Lemma 3.2, we can prove that c(x;, . .., x,, ) is locally Lip-
schitz on M™ and uF is locally Lipschitz on M. Denote by
Uy = {x; € M : uF is differentiable at x, };

then we have y;(Uy) = 1for each k.
For any x € S, choose an m — 1 tuple (x5, ..., x,, ) satisfying (A.2) and a k¢ suffi-

ciently large such that x,, ..., x,, € Bg,(p). Then for k > k¢, we have
(Xt osXm) = o ui(xi) 2 ubo(x) > uk (%) > w(x) = c(xts oy xm) - ui(xi).
i=2 i=2

It follows that uX (x;) = u;(x;) for any k > ko. Set Vi = {x; € S uk(x1) = w1(x1) }s
then we have Vi c Vi, and U2, Vi = S. It follows that

(A.3) kli_)n;yl(Vk):yl(gl Vk) =wm(S) =1

Set
Wi := {x1 € Vi : x; has density 1in Vi }.
If Vi # @, then by (A1), u1 (W) = p1(Vk). By (A.3), we have

1>#1(kt;1 Wi) > lim (W) = lim (Vi) = 1.

It follows that gy (Upe; Wi) = 1.
Set

then y;(A) = 1.

For any x; € A, there exists k € N* such that x; € Wy. By Definition A.L, 4; has
approximate differential at x,, and Vu;(x;) = Vuk(x;). By a similar argument as the
proof of lemma 3.3, we can get that the mean y is uniquely determined by x; and

X15 1fv~1/ll(XI) :0)
y= -5 Vi (x N Th
exp,, (~(F) (T () ) 22 ) if T () £ 0.
Note that Theorem 3.10 also holds on non-compact Alexandrov spaces; it follows that
the m-1 tuple (x3,...,xp) with (x1,..., %) € spt(y) is uniquely determined by y,

hence by x; € A. Following the last part of the proof of Theorem 1.2 for the compact
case, we can get that Theorem 1.2 also holds on non-compact Alexandrov spaces. W
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